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Cancer cells, despite their shared origin, could be heterogeneous with respect to their stemness, 
plasticity, self-renewal, and oncogenicity. Recent findings indicate that a small proportion of the 
cancer cells oligopolize the capacity to produce diverse cancer subtypes and metastasize to other sites. 
Analogous to the apical hierarchy observed in adult stem cells, such versatile cancer cells were termed 
cancer stem cells. Meanwhile, hypertumors that exploit the cooperation of other cancer cells may 
disrupt the integrity of the tumor, prompting tumor regression. The biology of cancer stem cells and 
hypertumors has substantial clinical potential, but no study up to date has investigated the effect of 
cancer hierarchy on hypertumor progression. In this study, we developed biologically relevant models 
that elucidate the dynamics of hypertumor progression under different hierarchical structures. Our 
models align with previously observed data from human breast cancer subpopulations capable of 
state transitions. We tested and compared the progression dynamics of cancer clusters with different 
characteristics. Considering the trade-off between proliferation and mutation risk, our computational 
results suggest that existence of the cancer stem cells with high self-renewal and replication could be 
the prerequisite for attaining larger cancer size. In contrast, if a small cancer size is sufficient to induce 
lethality, a tumor composed of homogeneous cells would take less time to reach such a threshold size. 
Consequently, the hierarchical structure of cancer that reaches a lethal size may vary across species, 
representing a relevant mechanism of Peto’s paradox. The formulations presented in this study link the 
less attended aspects of cancer which would provide integrative insights for therapeutic strategies.

Mankind still being afflicted by cancer, facets of cancer that have gained minor clinical attention could be the 
cornerstone for developing transformative therapeutic applications. One such facet is the existence of the cancer 
hierarchy. Lines of empirical evidence suggest that not all cells in a tumor have the capacity to form another 
cluster of tumors (tumorigenicity). Comparable to the stem cells of normal tissue, a small subpopulation in a 
tumor endowed with tumorigenicity and self-renewal can generate diverse types of cancer cells, referred to as 
cancer stem cells (CSCs)1–4. At least in some cancers, CSCs produce identical CSCs or other cancer cells that 
lack tumorigenicity called bulk tumor cells or non-CSCs1. The distinction between CSCs and bulk tumor cells 
established the conceptualization of hierarchical organization in cancer (cancer stem cell model), rather than an 
aggregation of homogeneous mutated cells.

The CSC has significant clinical implications as a small number of the CSCs that are not eliminated by therapy 
would elicit relapse with a poorer prognosis (minimal residual disease)5. Moreover, it is commonly accepted 
that CSCs are more resilient to conventional therapies, presumably due to their dormancy3. Though selective 
elimination of CSCs will confer improved prognosis, off-target effects of such therapy may have detrimental 
effects on normal stem cells as both types of cells have multiple traits in common2.

However, there is a wide range of disputes concerning the technical pitfalls of experiments designed to verify 
the existence and characteristics of CSCs2,3. The ordinary procedure to elucidate CSCs is the xenograft assay 
whereby cancer cells of the same type are engrafted to immunosuppressed animals. Although a specific type 
of cancer cells sorted by surface markers can form a tumor or induce leukemia in immunosuppressed animals, 
this does not fully validate the hierarchy of cancer. Incompatibility of cancer growth factors across species, 
heterotopic transplant, lack of appropriate tumor microenvironment, and the effect of the cell sorting obscure 
the interpretation of the results obtained from xenograft assay2,6,7. In addition, the cell surface markers used to 
classify the cancer cell types might be uninformative3.

On the other hand, some types of cancers do not exhibit a hierarchical structure. Most cancer cells of 
melanoma and a specific type of leukemia have tumorigenicity (or leukemia-initiating capability), which 
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confirms the absence of hierarchy2,8,9. The lack of hierarchy might be attributed to the frequent interconversion 
of tumorigenic (or leukemia-initiating) state and non-tumorigenic state1. The high explanatory power of the 
stochastic Markov model on the subtype frequency of breast cancers implies that state transitions underlie the 
phenotypic equilibrium within the cancer cluster10. Though hardwired stemness has been a canonical framework 
in theories of stem cells and CSCs, observations obtained from lineage-tracing methods provide stronger support 
for the higher prevalence of plasticity in the hierarchy than previously estimated1. Hierarchy also could be less 
distinctive if a tumor is saturated with cancer cells that gained stemness by accumulated mutations3.

The evolutionary dynamics of cancer without explicit hierarchy are explained by the clonal selection model 
of cancer progression2,3. Analogous to theories of natural selection11, replication of cancer cells will result in the 
formation of subclones composed of slightly different genotypes, and those subclones that are equipped with 
higher fitness will be selected for and proliferate2,3. The pattern of branching evolution found in certain cancers 
is coherent to this model12–15.

It merits particular attention that CSC theory and clonal selection theory are not mutually exclusive2–4. 
Neither model alone can explain the general progression dynamics of cancers 2,3. For example, the clonal 
selection model alone cannot interpret cancer composed of a hardwired hierarchy in which a few cells produce 
bulk tumor cells without the interconversion of states. On the other hand, the CSC model is inapplicable to 
cancer composed of equipotent cells without hierarchy. Rather than adopting a single framework, both models 
can collectively explain the cancer progression. Within each subpopulation, there could be variability in each 
cell, and some of the cells may work as CSCs for that subpopulation3,16. As CSCs exhibit genetic diversity14,17, the 
clonal selection model can be employed to describe the competitive dynamics of hierarchical subpopulations, 
where the presence of such hierarchy requires the application of the CSC model2,3. A mathematical model 
that postulated hierarchical structure and state transition reliably illustrated empirical results, demonstrating 
the coordination of the CSC model and clonal selection model18. The nature of the CSCs and corresponding 
cancer hierarchy holds substantial clinical implications which will pave the way for reliable and effective cancer 
therapies2,3.

Another underexplored facet of cancer is the social cooperation19. Cancer cells emit diverse growth factors 
such as IGF-2 or TGF-β that promote the fitness of the conspecific cancer cells in an autocrine and paracrine 
manner19–21. As it is metabolically costly to produce those growth factors, production of them is a form of 
cooperation among cancer cells19. Some cancer cells may take advantage of growth factors produced by other 
cancer cells while not producing them22,23. Such cheaters were referred to as hypertumors, coined to imply the 
‘tumor of tumor22,23.’ Compared to the CSC model, this paradigm is in its infancy: While a plethora of empirical 
experiments were performed to verify the CSC model, few, if any, experiment was conducted to investigate 
the hypertumor24. Nonetheless, implementation of the artificially manufactured hypertumor into the tumor 
cluster may lead to tumor regression by interfering the intratumor cooperation, a concept labeled as autologous 
cell defection24,25. Mathematical models, spatial simulations, and a set of in vitro experiments revealed the 
clinical potential of this approach21,25,26. Meanwhile, the emergence of hypertumor is speculated to be one of the 
underlying factors of Peto’s paradox23,27. Peto’s paradox refers to the absence of a significant correlation between 
cancer susceptibility and cell number (or life span) across species27. This lack of correlation is intriguing because 
it is natural to expect that a larger number of cells and a longer lifespan during which mutations accumulate 
facilitate carcinogenesis28. In the same line with this speculation, body mass and age elevate the cancer risk 
when analyzed within a species. For example, intraspecific comparisons of domestic dogs and humans support a 
positive correlation between body size and cancer risk29. Other factors including size-dependent metabolic rates, 
evolutionary pressure for costly tumor-suppression mechanisms, or elaborate immune systems were proposed as 
underlying mechanisms of Peto’s paradox29–32.

Cancer hierarchy and intratumor cooperation mechanism are the decisive features of cancer that could 
reconstruct our understanding of cancer to develop translational clinical approaches. Although numerous 
studies focused on the dynamics of CSC progression were proposed33–35, to our knowledge, there has been no 
in-depth study that analyzed the effect of cancer hierarchy on the development of hypertumor. In this study, we 
developed mathematical models that reflected diverse possible hierarchies of cancer to estimate their impacts on 
hypertumor. Our formulations imply that the hierarchy of cancer that reaches the lethal size could be different 
across species36.

Evolutionary dynamics of cancer cells without hierarchy
Evolutionary dynamics when state transition is not allowed
As in the case of melanoma, most cancer cells (other than those that are damaged or senescent) may possess 
the homogeneous replication capability2,8,9. Under this scheme, the state transition was not postulated and all 
cancer cells were assumed to be equipotent. It should be noted that intratumor heterogeneity does not guarantee 
the existence of hierarchy because branching evolution with multiple subpopulations suffices to explain such 
heterogeneity2. Therefore, to refer to the condition that all cancer has similar cancer-initiating capability without 
ambiguity, the term homogeneous cancer model (henceforth, HC model) will be used in this study.

For each replication, there is a possibility that hypertumor may arise by mutation at growth-factor-producing 
genes21,24,25, as malfunction of such genes can transform the cancer cell into the hypertumor24. Mutations in 
other genes involved in establishing the tumor microenvironment, such as Vegfa for angiogenesis, can also lead 
to hypertumor formation22.

For a cancer cluster of cell number NC(t) at time t (excluding hypertumors), suppose that cancer cells 
have a replication rate of R0 and decay rate of δ0. µ represents the degree of mutation that contributes to the 
emergence of hypertumors during cancer cell replication (Fig. 1a,b). Then, the following differential equation 
can be derived.
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Fig. 1.  The illustration of the cancer progression under the homogeneous cancer model (HC model) and 
cancer stem cell model (CSC model). (a) Under the HC model, cancer cells (green cells) produce identical 
progeny cells given that mutation does not occur with the probability of 1 − µ. (b) During the replication, 
hypertumors (blue cells) may appear as a result of mutation with the probability of µ. (c) If the rate of state 
transition among cells is sufficiently higher compared to that of the replication, the cluster of cancer will act 
similarly to the homogeneous cluster. (d) Under the CSC model, cancer stem cells (red cells) may generate an 
identical CSC with the probability of (1 − λ)ψ. Here, (1 − λ) represents the probability that mutation does 
not occur. (e) Likewise, with the probability of (1 − λ)(1 − ψ), a CSC produces a bulk tumor cell lacking 
stemness. (f) Due to a mutation, a hypertumor may arise during the replication of a CSC. (g) Under the HC 
model, if the ratio of hypertumors reaches a certain threshold, the cancer growth is arrested. Hypertumor 
saturation time refers to the duration it requires for hypertumors to reach such a ratio. The cancer size at 
hypertumor saturation time is defined as the eventual cancer size (U∗

C). (h) Same as (g) for the CSC model. (i) 
The graphical illustration of the cells described in (a)–(h).
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dNC (t)

dt
= ((1 − µ) R0 − δ0) NC (t) . � (1)

For simplicity, take ω0 = (1 − µ) R0 − δ0 which refers to the net growth rate of the cancer cells. The sign of 
ω0 determines whether the cancer size increases or decreases as time goes by, which is occasionally termed the 
realized intrinsic rate of increase or the Malthusian parameter37.

Given that the number of cancer cells at the beginning is 1 (NC(0) = 1),

	 NC (t) = exp [((1 − µ) R0 − δ0) t] = exp [ω0t] � (2)

where exp [x] = ex.
While tumor growth may follow the exponential regime at the early stage, the growth at the later stage 

could be impeded due to the inaccessibility to nutrients or oxygen38. The impeded tumor growth under in vivo 
conditions is considered in computational simulation by replacing the time terms of the general solutions (see 
Computational analysis).

Let HC (t) denote the number of hypertumor cells at time t under the HC model. The replication rate of the 
hypertumor is RH,C  sharing the same decay rate with the normal cancer cells.

	
dHC (t)

dt
= (RH,C − δ0) HC (t) + µR0NC (t) � (3)

where µR0NC (t) corresponds to the mutation of the newly replicated cancer cells that supply the hypertumor 
population. Similar to ω0, take ωH,C = RH,C − δ0 which represents the net growth rate of hypertumor. Given 
that HC (0) = 0, the solution of Eq. (3) is

	 HC (t) = µR0
ωH,C −ω0

(exp [ωH,Ct] − exp [ω0t]) . � (4)

Suppose N∗ is the minimal number of cancer cells that leads to lethality. Put another way, if the number of 
cancer cells reaches N∗, the organism dies. Take t∗

C  as the time it takes for the cancer cell number to reach N∗ 
after the first appearance of the cancer cell. Based on Eq. (2),

	 t∗
C = ln[N∗]

ω0
. � (5)

where ln [x] is the natural logarithm of x.
Similarly, suppose that there is a critical ratio ρ∗

H  such that the cancer cluster cannot grow anymore if the 
ratio of the hypertumor cells to the cancer cluster is above ρ∗

H . Take z∗
C  as the time it takes for the hypertumor 

ratio becomes ρ∗
H  after the first appearance of the cancer cell. As HC (z∗

C) /NC (z∗
C) = ρ∗

H  should hold,

	
z∗

C = 1
ωH,C −ω0

ln
[
1 +

(
ωH,C −ω0

µR0

)
ρ∗

H

]
. � (6)

Let the hypertumor saturation time (HST) denote the time it takes to reach the critical hypertumor ratio 
(Fig. 1g). Let the eventual cancer size (U∗

C) denote the cancer size at HST (z∗
C).

Evolutionary dynamics when state transition is allowed
On the other hand, state transition between subpopulations can be postulated (Fig. 1c). Let Vi(t) denote the 
number of cells of the i-th subpopulation at time t. With a certain probability, some cells in the i-th subpopulation 
may transform into the j-th subpopulation (i ̸= j). Such state transition can be formulated as follows.

	
dVi(t)

dt
= ηiVi (t) +

∑
j ̸=i

τj,iVj (t) , � (7)

	 ηi = Ri − δi −
∑

j ̸=i
τi,j � (8)

where τj,i is the rate of state transition from the j-th to the i-th subpopulation. Ri and δi are the replication rate 
and the decay rate of the i-th subpopulation, respectively.

Given that there are m subpopulations, we can formulate the following matrix differential equation.

	

V̇ (t) =




V ′
1 (t)

V ′
2 (t)

V ′
3 (t)
...

V ′
m (t)


 =




η1 τ2,1 τ3,1 · · · τm,1
τ1,2 η2 τ3,2 · · · τm,2
τ1,3 τ2,3 η3 · · · τm,3
...

...
...

. . .
...

τ1,m τ2,m τ3,m · · · ηm







V1 (t)
V2 (t)
V3 (t)

...
Vm (t)


 = QV (t) . � (9)

For brevity, assume that Q has distinct real eigenvalues. Then, the general solution is

	 Vi (t) =
∑m

j=1 bi,jexp [λjt] � (10)

where λi is the i-th eigenvalue of Q and bi,j ’s are coefficients determined by the initial condition and the 
eigenvectors.
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Without loss of generality, take λ1 as the largest eigenvalue (principal eigenvalue). For an i-th subpopulation 
whose coefficient of exp[λ1t] is not zero (bi,1 ̸= 0), the following holds.

	
lim

t→∞

Vi(t)∑m

j=1
Vj (t)

= bi,1∑m

j=1
bj,1

. � (11)

Consequently, state transition establishes stable heterogeneity of cancer clusters under specific conditions even 
in the absence of the hierarchy.

In this study, it was defined that a subpopulation is persistent if its proportion in the total population does not 
tend to 0 as time tends to infinity. (Refer to Definition 2 of Supplementary Materials.) Hence, an i-th subpopulation 
with bi,1 > 0 is persistent. If a transition from an i-th persistent subpopulation to a j-th subpopulation is allowed 
(τi,j > 0), then the j-th subpopulation is also persistent (Proposition 1 and corollaries). Detailed mathematical 
analyses are presented in Supplementary Materials.

Evolutionary dynamics under the hierarchy of cancer stem cell
Evolutionary dynamics when state transition is not allowed
As underpinned by a plethora of evidence, a cancer could be composed of CSCs that produce identical CSCs and 
bulk tumor cells (henceforth, BTCs). As a simpler model, it was assumed that the fate of each cell is hardwired. 
In other words, state transition was not postulated. Suppose that with the probability of ψ, a CSC produces a 
CSC during replication, and with the probability of 1 − ψ, a CSC produces a BTC, given that the mutation 
did not occur during the replication (Fig.  1d,e). The stochasticity of CSC to produce CSC or BTC is based 
on the empirical observation of CSC replication dynamics in skin papilloma through clonal analysis39. In our 
model, CSCs have a replication rate of RS  and decay rate of δS . Likewise, define RP  and δP  as those of BTCs, 
matching RS  and δS , respectively. While normal adult stem cells can self-renew, normal differentiated somatic 
cells cannot persistently replicate (Hayflick limit)40–42. In parallel with such a relationship, BTCs have limited 
proliferative potential40. Hence, it is natural to postulate that RS − δS ≥ 0 > RP − δP  , implying that a cancer 
cluster solely composed of BTCs will eventually regress.

Hypertumors under the CSC model have a replication rate of RH,S , whose decay rate is the same as that of 
the equipotent cancer cells under the HC model (δ0). The degree of mutation that hypertumor is produced by 
CSC replication is λ (Fig. 1f). For simplicity, take ψ = 1 − ψ and λ = 1 − λ.

Define ωS  as ψλRS − δS , the net growth rate of CSCs. The net growth rate of BTCs is ωP = RP − δP < 0. 
It was assumed that replication of the BTCs does not produce hypertumor due to the lack of stemness in BTCs. 
Similarly, the net growth rate of hypertumor under the CSC model is ωH,S = RH,S − δ0. The numbers of CSCs, 
BTCs, and hypertumor at time t under the CSC model are NS (t), NP (t), and HS (t), respectively. Given that 
HS (0) = 0, NP (0) = 0, and NS (0) = 1, the following holds.

	
dNS(t)

dt
=

(
ψλRS − δS

)
NS (t) , � (12)

	
dNP (t)

dt
= ψ λRSNS (t) + ωP NP (t) , � (13)

	
dHS(t)

dt
= (RH,S − δ0) HS (t) + λRSNS (t) . � (14)

The general solutions are

	 NS (t) = exp
[(

ψλRS − δS

)
t
]

= exp [ωSt] , � (15)

	 NP (t) = ψ λRS
ωS−ωP

(exp [ωSt] − exp [ωP t]) , � (16)

	 HS (t) = λRS
ωH,S−ωS

(exp [ωH,St] − exp [ωSt]) . � (17)

Total cancer cell number is the summation of CSCs and BTCs, which can be approximated as

	
NS (t) + NP (t) ≈

(
ψ λRS

ωS−ωP
+ 1

)
exp [ωSt] � (18)

because exp [ωP t] tends to 0 as t increases.
Let t∗

S  denote the time it takes to reach the detrimental number of cancer cells under the CSC model. As 
NS (t∗

S) + NP (t∗
S) = N∗ should hold,

	
t∗
S = 1

ωS

(
ln [N∗] − ln

[
1 + ψ λRS

ωS−ωP

])
. � (19)

HST under the CSC model (z∗
S) can be accordingly calculated.

	
z∗

S = 1
ωH,S−ωS

ln
[
1 +

(
ψ λRS

ωS−ωP
+ 1

) (
ωH,S−ωS

λRS

)
ρ∗

H

]
. � (20)

Likewise, U∗
S  is the eventual cancer size under the CSC model. Major variables are explained in Table 1.
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Meanwhile, if we set ψ = 1 [Eq. (12)] so that CSCs always produce CSCs (or hypertumor cells by mutation), 
then the CSC model is structurally identical to the HC model. This is intuitive as the HC model postulates all 
cancer cells, unless they are hypertumors, possess equipotent replication capability.

Evolutionary dynamics when state transition is allowed
As the most generalized model, a stochastic transition from one state to another can be postulated within 
the hierarchical framework. In the hierarchical model, there are two types of state transitions. The BTC may 
dedifferentiate into a CSC, and a strain of BTCs may transdifferentiate into another strain of BTCs. Let γ denote 
the rate of dedifferentiation that a BTC becomes a CSC.

Given that there is a single strain of BTCs,

	
dNS(t)

dt
=

(
ψλRS − δS

)
NS (t) + γNP (t) , � (21)

	
dNP (t)

dt
= ψ λRSNS (t) + (ωP − γ) NP (t) , � (22)

	
dHS(t)

dt
= (RH − δ0) H (t) + λRSNS (t) . � (23)

The general solutions of NS (t) and NP (t) with arbitrary initial conditions are provided in Proposition 3.
In addition, suppose that there are m types of BTCs which exhibit identical dedifferentiation rates. Under 

these conditions, the sum of all types of BTCs should be identical to NP (t). Let Pi (t) denote the size of the i-th 
BTC subpopulation. When a CSC produces a BTC, εi is the probability that a newly replicated BTC is of the i-th 
subpopulation. ηi is explained in Eq. (8), and α = ψ λRS

In the form of a matrix differential equation,

	




N ′
S (t)

P ′
1 (t)

P ′
2 (t)
...

P ′
m (t)


 =




ωS γ γ · · · γ
αε1 η1 τ2,1 · · · τm,1
αε2 τ1,2 η2 · · · τm,2
...

...
...

. . .
...

αεm τ1,m τ2,m · · · ηm







NS (t)
P1 (t)
P2 (t)

...
Pm (t)


 . � (24)

Any BTC subpopulation which is produced by CSCs is persistent (Proposition 4). Although a BTC subpopulation 
is not produced by CSCs, if the relay of state transitions can lead to a transition from a persistent BTC 
subpopulation, such a BTC subpopulation is also persistent (Corollary 4).

Validation of the model to empirically observed data
Gupta et al.10 measured the proportions of stem-like, basal, and luminal cancer lines from human breast cancer. 
To evaluate the validity of the model presented in this study, we fitted our model to changing proportions of the 

Variable Description

NC (t) The number of cancer cells at time t under homogeneous cancer model (HC model)

δ0 The decay rate of cancer cells under the HC model

R0 The replication rate of cancer cells under the HC model

µ The probability that a hypertumor is produced due to the mutation during the replication of cancer cells under the HC model

ω0 The net growth rate of cancer cells under HC model considering the decay and mutation defined as ω0 ≡ (1 − µ) R0 − δ0

HC (t) The number of hypertumor cells at time t under the HC model

RH,C , RH,S The replication rate of hypertumor cells under the HC model and CSC model, respectively

ωH,C The net growth rate of hypertumor cells under HC model defined as ωH,C ≡ RH,C − δ0

N∗ The number of cancer cells that results in the lethality of an organism

ρ∗
H The ratio of hypertumor cells that arrests the cancer growth

t∗
C The required time that the cancer size becomes N∗

z∗
C The required time that the hypertumor ratio reaches ρ∗

H  under the HC model, referred to as hypertumor saturation time (HST)

z̃∗
C

Hypertumor saturation time when the effect of impeded in vivo tumor growth was considered (ivHST)

ψ
The probability that a cancer stem cell (CSC) divides symmetrically to produce two CSCs under the CSC model, given that no 
mutation occurs. With the probability of 1 − ψ, the asymmetric division produces one CSC and one bulk tumor cell (BTC) 
given that no mutation occurs. For simplicity, ψ = 1 − ψ

λ The probability that a hypertumor is produced due to the mutation during the replication of CSCs. For simplicity, λ = 1 − λ

NS (t), NP (t),HS (t) The number of CSCs, BTCs, and hypertumors at time t, respectively, under CSC model.

RS The replication rate of CSCs

δS , δP , The decay rates of CSCs and BTCs, respectively

t∗
S , z∗

S Same as t∗
C  and z∗

C , respectively, under the CSC model

Table 1.  The description of the variables used in this study.
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actual cancer subpopulations among which state transition is possible. Let S (t), B (t), and L (t) represent the 
number of the stem-like, basal, and luminal cancer lines at time t. Since the growth rate of each subpopulation is 
practically identical (denoted as w0, refer to Fig. S1 of Gupta et al.10), the following matrix differential equation 
can be derived.

	
Ż (t) =

[
S′ (t)
B′ (t)
L′ (t)

]
=

[
w0 − τ1,2 − τ1,3 τ2,1 τ3,1

τ1,2 w0 − τ2,1 − τ2,3 τ3,2
τ1,3 τ2,3 w0 − τ3,1 − τ3,2

] [
S (t)
B (t)
L (t)

]
= WZ (t) . � (25)

As there were approximately 2.4 population doublings during 48 hours10, it was postulated that 
w0 = 0.8318 ≈ ln

[
22.4]

/2 for SUM159 and SUM149 populations. Using manual digitization, we graphically 
extracted the observed composition of breast cancer lines (Fig. 3 of Gupta et al.10). The model with estimated 
coefficients is congruent to observed data (initial proportion, proportion at day 6, equilibrium proportion) 
(Fig. 2). The estimated coefficients used in the fitting for SUM159 populations are as follows.

	
ŴSUM159 =

[
w0 − 0.56 − 0.11 0.0154 0.0344

0.56 w0 − 0.0154 − 0.0013 0.7
0.11 0.0013 w0 − 0.0344 − 0.7

]
. � (26)

Results of mathematical analyses (Proposition 2) imply that the finalized proportion itself cannot always uniquely 
determine the state transition rates, which could work as a guide or caveat for experimental researchers. For 
example, another set of estimated parameters results in similarly reliable fitting (dashed lines in Fig. 2a–c).

	
ŴSUM159R =

[
w0 − 0.8398 − 0.11 0.0154 0.0344

0.8398 w0 − 0.0154 − 0.0013 0.4153
0.11 0.0013 w0 − 0.0344 − 0.4153

]
. � (27)

In addition to SUM159 cancer populations, we applied our model to SUM149 population data which also results 
in reliable fitting results (Fig. 2d–f).

	
ŴSUM149 =

[
w0 − 0.12 − 0.43 0.02 0.005

0.12 w0 − 0.02 − 0.13 0.0006
0.43 0.13 w0 − 0.005 − 0.0006

]
. � (28)

The estimated parameters imply that overall rates of state transition are lower than those of SUM159. This would 
be the reason that the observed proportion of SUM149 populations at day 6 is divergent from the equilibrium 
as shown in Gupta et al.10. It is predicted that it would take approximately 50 days for SUM149 populations to 
approach equilibrium (Fig. 2d–f).

Computational analysis
Implementation of long-term in vivo growth impediment
While the tumor growth of the early stage is well explained by exponential growth dynamics, a plethora of 
experimental results imply that tumor growth is impeded as the tumor size increases owing to hypoxia and 
limitations in nutrients43–45 (Fig. 3a). For instance, if the active replication is restricted to the surface of the 
tumor cluster, the growth should follow a power function of time43. This prompted the development of intricate 
tumor growth models including the Mendelsohn model, Gompertz model, and von Bertalanffy model43,44. To 
implement the impeded yet positive growth of the tumor at the later stage of the progression, the time variable 
can be rescaled according to the following transformation (Fig. 3b).

	 f (t) = 1
Ψ ln [1 + Ψt] . � (29)

The merit of such transformation is that it can demonstrate exponential tumor growth at an early stage and 
impeded growth governed by a power function at the later stage with minimal mathematical complexity 
(Fig. 3c,d).

Suppose that the time-scaling method is applied to NC(t) [Eq. (2)].

	 ÑC (t) = NC (f (t)) = exp
[

ω0
Ψ ln [1 + Ψt]

]
= (1 + Ψt)

ω0
Ψ . � (30)

For t ≪ 1,

	
dÑC (t)

dt
= ω0(1 + Ψt)

ω0
Ψ −1 ≈ ω0 (1 + ω0t − Ψt) ≈ ω0exp [ω0t] = dNC (t)

dt
� (31)

which is intuitive to understand as f (t) ≈ t when t is sufficiently small.
For large t, we can approximate ÑC (t) to power function (Ψt)

ω0
Ψ  because

	
lim

t→∞

ÑC (t)

(Ψt)
ω0
Ψ

= 1. � (32)
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Fig. 2.  The proposed model fitted to the observed data from Gupta et al.10. (a) The proportion changes of 
the SUM159 breast cancer lines when the initial population is composed of stem-like breast cancer cells. The 
proportions of basal, stem-like, and luminal cancer cells are illustrated with blue, red, and green markers 
or lines, respectively. The filled circles indicate the estimated proportions of the subpopulations based on 
the Markov process from Gupta et al.10. The rhombuses combined with short horizontal lines represent the 
asymptotic equilibrium obtained from the observed data. They are marked at day 12 in SUM159 lines and 
at day 60 in SUM149 lines. The solid lines are the fitted model based on equations proposed in this study 
[Eq. (26)]. The high fidelity of the alternative model [Eq. (27)] illustrated with dashed lines implies that state 
transition rates could be estimated in a different manner. For graphical simplicity, zero initial proportion was 
illustrated with 0.001. Explanations of the graphical elements are provided in the inset of (d) due to space 
limitations. (b) Same as (a) where the initial population is composed of basal breast cancer cells. In this 
panel, the solid and dashed lines are almost indistinguishable. (c) Same as (a) where the initial population is 
composed of luminal breast cancer cells. (d)–(f) We also fitted our model to the observed data of SUM149 
populations [Eq. (28)]. Graphical components are identical to those in (a)–(c). As state-transition rates are 
generally lower than those of SUM159, it takes more time for SUM149 cells to reach the equilibrium.
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Positive Ψ determines the degree of impeded in vivo growth: The higher Ψ is associated with the transition from 
exponential growth to power-function growth at the early phase of growth. Promoted angiogenesis will result in 
a lower value of Ψ in the model.

As such, when comparing simulation results of in vivo tumor growth under diverse parameters, we substituted 
the time terms of the generalized dynamics under HC and CSC models [Eqs. (2, 4, 15–17)] with the rescaled 
time.

	 ÑC (t) = NC (f (t)) , H̃C (t) = HC (f (t)) , � (33)

and

	 ÑS (t) = NS (f (t)) , ÑP (t) = NP (f (t)) , H̃S (t) = HS (f (t)) . � (34)

Likewise, we can define in vivo HST (ivHST) under the HC model (z̃∗
C) such that

	

H̃C

(
z̃∗

C

)
ÑC

(
z̃∗

C

) = ρ∗
H � (35)

Fig. 3.  The mathematical approach to implement impeded in vivo tumor growth at the later stage of tumor 
progression. (a) When in vivo tumor size is small, all tumor cells in the cluster would be oxygenated and 
nourished. If they replicate equally, the tumor grows exponentially. On the other hand, as tumor size becomes 
larger, the tumor cells in the central area of the cluster are inhibited from replicating. (b) To implement 
the attenuated growth at the later stage of the tumor progression, a specific transformation of time (time 
rescaling) was applied [Eq. (29)]. Specifically, by substituting t with f(t) in equations postulating exponential 
growth, power-function-like growth at a later stage can be demonstrated. Here, Ψ represents the degree of 
growth suspension as higher Ψ results in the transition from exponential-like growth to power-function-
like growth at the earlier phase of the tumor progression. The dashed line corresponds to the linear identity 
function (f(t) = t). (c) Suppose that the tumor size follows exponential growth of n(t) = exp [0.5t]. (d) By 
substituting t with f(t) in n(t), we obtain ñ (t) = n (f (t)) = exp [0.5f(t)]. ñ (t) grows in an exponential-
like manner when t is small, while it becomes power-function-like when t is large. This transformation allows 
us to capture the impeded tumor growth at a later stage.
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where z̃∗
C = f−1 (z∗

C). Similarly, ivHST under the CSC model can be defined as z̃∗
S = f−1 (z∗

S).
Note that f : [0, ∞] → [0, ∞] is a monotonic bijective function, hence t1 < t2 implies that 

f (t1) < f(t2). In addition, a change in time scale does not affect the eventual cancer size (at ivHST) because 
ÑC (z̃∗

C) = NC (f (z̃∗
C)) = NC (z∗

C) = U∗
C .

Comparison of growth dynamics
Cancer progression under HC and CSC models was analyzed by computationally solving differential equations 
for cancer and hypertumor growth, incorporating in vivo growth impediments. If the replication fidelity of the 
CSCs is sufficiently lower than that of the homogeneous cancer cells (µ = 0.02, λ = 0.001), the eventual cancer 
size (the tumor cluster size at ivHST) is larger under the CSC model than that of the HC model (U∗

S > U∗
C  

in Fig. 4a,b). However, until the ivHST of the HC model (z̃∗
C), the cancer cluster size under the HC model is 

larger than the size under the CSC model (Fig. 4b). If the cancer cluster that induces lethality is small enough 
(N∗

1  in Fig. 4b), then homogeneous cancer cells will reach that lethal size faster than hierarchical cancer cells 
(t̃∗

C,1 < t̃∗
S,1). On the other hand, if the lethal cancer size is greater than the eventual cancer size under the 

HC model yet smaller than the eventual cancer size under the CSC model (U∗
C < N∗

2 < U∗
S  in Fig. 4b), only 

hierarchical cancer cells can exhibit lethality.

Fig. 4.  The computational results of hypertumor and cancer growth under the homogeneous cancer model 
(HC model) and cancer stem cell model (CSC model). (a) We posited that the cancer cluster cannot expand 
anymore if the ratio of hypertumor cells to cancer cells reaches 0.5 (ρ∗

H = 0.5 in Eqs. (6) and (20). The model 
parameters are: ψ = 0.5, RS = 1/3, δS = 0.01, δP = 1/7, R0 = 1/4, δ0 = 1/45, RH,S = RH,C = 1/2.8,
µ = 0.02, λ = 0.001 on assumption that the replication fidelity of cancer stem cells is higher than 
homogeneous cancer cells (i.e., µ > λ). The blue and the red line represent the hypertumor ratio under the 
HC model and CSC model, respectively. Note that time rescaling was applied to implement the impeded 
tumor growth at the later stage [Eq. (29)]. Hypertumor ratio reaches ρ∗

H  at z̃∗
C  and z̃∗

S  under HC model and 
CSC model, respectively (in vivo hypertumor saturation time, ivHST). (b) The dynamics of the cancer size 
under the HC model (blue line) and CSC model (red line). Suppose that the cluster becomes lethal when it 
reaches the size of N∗

1 . As shown in the graph, the time it takes for a cancer cluster to reach N∗
1  is shorter 

for the homogeneous cluster compared to the hierarchical cluster (t̃∗
C,1 < t̃∗

S,1). In contrast, cancer cluster 
under the HC model cannot reach the size of N∗

2  because the hypertumor ratio becomes 0.5 before then. Only 
cancer clusters under the CSC model can attain the size of N∗

2 . U∗
C  and U∗

S  are the eventual cancer size (the 
cancer size at ivHST) of the HC model and CSC model, respectively. (c) Same as (a) except that λ = 0.005. 
The hypertumor ratio under the HC model reaches ρ∗

H  within a shorter time compared to the CSC model. (d) 
Same as (b) except that λ = 0.005. In this condition, though there is more time for the cancer cluster under 
the CSC model to expand, the cancer cluster under the HC model grows faster.
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If the replication fidelity of CSCs is not sufficiently higher than that of the homogeneous cells (µ = 0.02, 
λ = 0.005), the eventual cancer size under the HC model could be larger than that under the CSC model 
(Fig. 4d). Moreover, homogeneous cancer cells grow faster than hierarchical cancerous cells. In both conditions, 
the ivHST of the HC model is shorter than that of the CSC model (z̃∗

C < z̃∗
S  in Fig. 4a,c).

In order to comprehensively compare the growth of the cancer clusters in the presence and the absence of 
the hierarchy, cancer progression dynamics were computationally solved under a range of parameters. Similar 
to the high fidelity of normal stem cells46, CSCs are more resilient to mutations compared to BTCs by reducing 
reactive oxygen species47,48. Based on this trait, we posited that the replication fidelity of CSCs is higher than 
homogeneous cancer cells of the same replication rate. As the number of cell replications is a reliable estimator 
of the accumulated mutation49, a higher replication rate of the CSCs was assumed to elevate the emergence of 
the hypertumors. In this model, the probability of hypertumor emergence during the replication of the CSCs 
is proportional to the replication rate. The specific relation between CSC replication rate and hypertumor 
generation is provided in Supplementary Materials (Eq. [S68]).

For fixed parameters for the HC model, the parameters of the CSC replication rate (RS) and self-renewal 
probability (ψ) were varied. We adopted the HSB (HSV) color system to compare the cancer progression 
dynamics of the two systems. We identified the vector whose horizontal component is the difference of ivHST 
(z̃∗

S − z̃∗
C) and the vertical component is the difference in eventual cancer size multiplied by a scalar factor 

(s (U∗
S − U∗

C)) where s = 0.05. Let this vector be denoted as the comparison vector. If the cancer reaches 
maximal lethal size (cancer size of 1010) before the hypertumor reaches the arrest ratio (ρ∗

H ), ivHST was set to 
be the time at which the maximal lethal size is reached. In this case, the eventual cancer size is identical to the 
maximal lethal size.

The direction of the comparison vector is illustrated with hue (0° to 360°). The saturation of the color is 
determined by the length of this vector with a specific transformation. Hence, achromatic color (low saturation) 
implies that the vector is short. For a model that can reach a larger eventual cancer size, the range of the cancer 
size in which that model takes a shorter time to attain that size was reflected in the brightness (value) of the 
color. For example, although the HC model can gain a larger eventual cancer size (U∗

S < U∗
C) in Fig. 5a, cancer 

cells under the CSC model can reach small cancer size in a shorter time (red vertical bar). In this case, the color 
becomes less bright. The computational results are presented in Fig. 5b–g.

Discussion
In lieu of the conventional understanding that a tumor is composed of homogeneous mutated cells, it became 
widely accepted that there is a hierarchical structure in cancer more prevalent than previously appreciated1,4. 
Due to this hierarchy, the elimination of BTCs may give a misguided conclusion that the cancer has regressed 
though the paucity of remaining CSCs are intact. Hence, the therapeutic sensitivity and relapse potential of CSCs 
are of particular interest to biomedical researchers1.

In the meantime, the possible presence and implications of the defective hypertumors have been proposed22. 
Along with higher evolutionary pressure of the cancer suppression in larger and longer-living animals30 
supported by the elaborate anticancer mechanisms in those animals36,50, the spontaneous generation of 
the hypertumor within the cancer cluster was suggested as the grounds of Peto’s paradox23. Given that cells 
with identical mutations cooperate via diffusive cancer growth factors, they may satisfy the conditions of the 
green-beard effect20. Within this framework, hypertumor is the false beard19,20, whose fitness is reliant on the 
recognition error of cooperators51 mediated by the nondiscriminatory cancer growth factors. By employing the 
cooperative characteristics of the cancer cells, implementation of the defectors would jeopardize the integrity of 
the cancer cluster, conceptualized as autologous cell defection25.

Stem cells, normal or cancerous, occupy the pinnacle of the hierarchy whose fidelity determines the overall 
stability of the progeny cells52. This imposes higher evolutionary pressure for stem cells or CSCs to sustain higher 
replication fidelity as evidenced by empirical findings46–48.

Cancer is not an exception in small multicellular animals including Hydra, Planarians, and Drosophila53. For 
larger animals (e.g., whales or elephants), N∗ should be much larger than that of smaller animals23. As shown in 
Eqs. (5) and (19), larger N∗ increases the time it takes to reach detrimental cancer size under the CSC model and 
HC model. It would be difficult for the cancer cluster to reach the detrimental size if hypertumors predominate 
rapidly. In a mathematical sense, this implies t∗

C > z∗
C  (equivalently, t̃∗

C > z̃∗
C) for HC model and t∗

S > z∗
S  

(equivalently, ̃t∗
S > z̃∗

S) for the CSC model. It should be noted that t∗
C  and t∗

S  (together with ̃t∗
C  and ̃t∗

S) increase 
as N∗ increases, while z∗

C  and z∗
S  (as well as z̃∗

C  and z̃∗
S) are independent to N∗. Therefore, for a sufficiently 

large N∗, we can expect that z̃∗
C  and z̃∗

S  will become the limiting factor for a cancer cluster to reach N∗ (Fig. 6).
In support of this argument, our comprehensive computational results demonstrate there are specific sets of 

conditions including the existence of hierarchy, CSC replication rate, and CSC self-renewal rate that are favorable 
to reaching the lethal cancer size in a shorter period of time. Based on the results shown in Fig. 5, cancers that 
lead to the lethality of large animals might be hierarchical and equipped with a high self-renewal rate while those 
for small animals might be relatively homogeneous. This implies that the cancer hierarchy of small and large 
animals may be different. With advanced single-cell analysis techniques54, subsequent investigations of necropsy 
(or autopsy)36 samples will be required to validate this argument.

As previously reported, different types of cancers exhibit different hierarchies. Furthermore, the hierarchy is 
not organ-specific: Though not conclusive, the hierarchy may be present or absent in the same type of tumor2. 
Underpinned by differences in mutations responsible for leukemic identical twins55, it appears that stochasticity 
plays a central role in cancer progression, diversifying possible outcomes of the cancer structure. Considering 
these findings, cancers with different hierarchical structures may arise within the same organism, influencing 
the probability of lethality.
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Employing the hypertumor model focusing on blood vessel formation, Nagy23 computationally investigated 
the cancer susceptibility across animals of different body mass and lifespan. As larger animals require a 
proportionally larger tumor to reach lethality, the time required for a lethal tumor to develop and cause mortality 
is correspondingly prolonged in larger animals, during which hypertumor is likely to appear. Hence, Nagy23 
showed that emergent hypertumor leads to tumor suppression in large animals. In other words, the absence 
of hypertumor development should be the prerequisite for the tumor to become lethal for larger animals in 
Nagy’s23 study. This is in the same line with our model in that hypertumor acts as a constraint for the maximal 
tumor size. Our study adds a new layer of understanding with respect to the hierarchical structures of the lethal 
tumors across species. Given that cancer stem cells have higher fidelity of replication, we propose that lethal 
tumors of large animals would be composed of cancer stem cells and bulk tumor cells. In contrast, homogeneous 
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tumor cells despite their enhanced susceptibility to hypertumors could promptly reach the size of the lethality 
for small animals.

Mutated cells responsible for leukemias and tumors exhibit different degrees of mobility56,57. Additionally, 
it was revealed by biopsy data that subpopulations of tumors could be spatially clustered or blended13,15,58. 

Fig. 5.  Comparison of HC and CSC model under diverse parameters. (a) To illustrate the discrepancy 
between the two cancer progression models, we devised a comparison vector (black arrow) whose horizontal 
component is z̃∗

S − z̃∗
C  and the vertical component is s(U∗

S − U∗
C). Here, s is the scale factor (s = 0.05). The 

positive angle of the comparison vector from the x-axis corresponds to the hue and the length of the vector 
is positively associated with the saturation of the color. For example, a comparison vector whose angle is 0° is 
marked in red. The range of cancer size that requires less time for the models to reach that size determines the 
brightness. In this example, brightness is less than 1 as cancer under the CSC model can reach the small cancer 
size in a shorter time (red vertical bar), although cancer under the HC model has a higher eventual cancer size. 
(b) For fixed parameters of the HC model, we varied the parameters of cancer stem cell replication rate (RS) 
and self-renewal rate (ψ). At each grid on the plane, the cancer progression of the two models was represented 
with HSB color schematics explained in (a). The eventual cancer size of the CSC model is larger in the light 
green region. Higher replication rates of cancer stem cells accordingly elevate the hypertumor-inducing 
mutations (Eq. [S68]). The region delineated by an alternating white-and-black dashed line is shown in (c). (c) 
Magnified image of the delineated region in (b). Cancer progression in four points is illustrated in (d)–(g). (d) 
The in vivo hypertumor saturation time of the HC model is 1589.9 with an eventual cancer size of 4260. For 
RS = 0.245 and ψ = 0.704, the eventual cancer size under the CSC model is smaller. Note that the dynamics 
of cancer progression under the HC model are identical in (d)–(g). The inset color represents the grid color in 
(c). (e) Same as (d) for RS = 0.179 and ψ = 0.867. (f) Same as (d) for RS = 0.195 and ψ = 0.83. (g) Same 
as (d) for RS = 0.16 and ψ = 0.85. (h) The HSB color schematics with brightness from 0.5 to 1.

◂

Fig. 6.  The possible trade-off of the homogeneous and hierarchical cancer cluster. (a) For a larger animal, the 
tumor should be proportionally larger to become lethal (dashed outlines). As it takes a longer time for a tumor 
to reach a larger size, a group of hypertumors (blue cluster) may appear which will hinder that cancer cluster 
from reaching the lethal size. Hence, only hierarchical cancer clusters containing cancer stem cells with higher 
replication fidelity might become lethal in large animals. The effect of the hypertumor on a large cancer cluster 
was suggested as a principle to explain Peto’s paradox. (b) For a small animal, the tumor size that becomes 
lethal would be correspondingly small. The time for a cancer cluster to reach the lethal size is accordingly 
small. As a hypertumor is unlikely to appear and propagate within such a short time, homogeneous cancer 
cells—each endowed with replication capability—might reach a lethal size faster than hierarchical cancer 
clusters.
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Therefore, hypertumor cells in a spatially relaxed environment would be blended with other cancer cells, while 
hypertumor cells with little mobility are likely to be clustered59. A previous simulation study that reflected cancer 
growth factor diffusion indicated that the spatial structure of cancer cells and hypertumor cells has a significant 
impact on hypertumor progression26. For example, hypertumor cells adjacent to hypertumor–cancer interface 
are expected to gain substantial fitness while those at the central region of the large hypertumor cluster would 
have lower fitness as they are deprived of growth factors produced by cancer cells26. In contrast, cancer cells at the 
periphery of the cancer cluster will have lower fitness compared to those in the central part of the cancer cluster, 
again due to the difference in cancer growth factor exposure26. Hence, the fitness of cancer and hypertumor cells 
is not constant as postulated in this study but dependent on their spatial configuration which will fluctuate as the 
tumor progresses. Furthermore, the hierarchy established by cancer stem cells could be more complicated than 
previously perceived1. Subsequent studies should embrace the effect of spatial structure, competition among 
diverse subpopulations, and sophisticated hierarchy.

In conclusion, this is the first study, to our knowledge, that bridges the gap between cancer hierarchy 
and hypertumor progression. Pioneering experiments designed to verify autologous cell defection should 
consider such a cancer hierarchy. For instance, free radical scavengers of CSCs could be suppressed48 to elevate 
the mutation rate and to promote the development of hypertumors. The site-directed mutagenesis in genes 
responsible for the cancer growth factors or tumor microenvironment establishment at CSCs could promote 
spontaneous hypertumor formation. The framework established in this study will lay conceptual foundations 
for novel anticancer strategies.

Data availability
The MATLAB code used to derive the computational results is available at https://zenodo.org/records/15033596.
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