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Abstract

Aim of study

The shape effects of nanoparticles are very significant in fluid flow and heat transfer. In this

paper, we discuss the effects of nanoparticles shape in nanofluid flow between divergent-

convergent channels theoretically. In this present study, various shapes of nanoparticles,

namely sphere, column and lamina in zinc oxide-water nanofluid are used. The effect of the

magnetic field and joule dissipation are also considered.

Research methodology

The system of nonlinear partial differential equations (PDEs) is converted into ordinary dif-

ferential equations (ODES). The analytical solutions are successfully obtained and com-

pared with numerical solutions. The Homotopy perturbation method and NDsolve method

are used to compare analytical and numerical results respectively.

Conclusion

The results show that the lamina shape nanoparticles have higher performance in tempera-

ture disturbance and rate of heat transfer as compared to other shapes of nanoparticles.

1. Introduction

Nowadays, biomedical nanomaterials have achieved significant attention due to their promi-

nent biomedical applications and biological characteristics. The significant development of

nanomaterials and metal oxide nanoparticles displays promising and far-ranging prospects for

the biomedical field, especially for anticancer gene/drug delivery, antibacterial, biosensing, cell
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imaging, etc. Jiang et al. [1] and Mishra et al. [2]. Zinc oxide nanoparticles have very important

metal oxide nanoparticles, which are employed in varieties of fields because of their chemical

and peculiar physical properties [3, 4]. Zinc oxide has excellent antimicrobial, antibacterial

and UV blocking properties. Adding Zinc oxide nanoparticles in finished fabrics in the textile

industry has exhibited the most attractive function of visible light and ultraviolet resistance,

deodorant and bacteria [5]. Due to strong UV absorption properties, Zinc oxide nanoparticles

are also used in care products like cosmetics and sunscreen [6]. Zinc oxide is also utilized in

other industry fields involving photocatalysis, concrete production, electrotechnology indus-

tries, electronics, etc. [4]. The small size of Zinc oxide makes it more convenient to absorb in

the body. Thus, commonly nano Zinc oxide is used in the preservation of food. Zinc oxide

nanoparticles have gained much consideration in biomedical applications. Zinc oxide nano-

particles relatively less toxic property as compared to other metal oxide nanoparticles. Zinc

oxide nanoparticles have a comparatively inexpensive and excellent exhibit in biomedical

applications such as antibacterial, anticancer, diabetes treatments, Drug delivery, anti-inflam-

mation, bioimaging and wound healing [1, 2]. The studies about heat transfer in Zinc oxide

nanofluids are relatively rare as compared to other metal oxide nanofluids [7].

Magnetohydrodynamics has various applications in industrial and geophysical fields. In the

field of fluid mechanics, magnetohydrodynamics is one attractive topic of researchers. Magne-

tohydrodynamics is applied in plasma generators, Hall acceleration and cooling of nuclear

reactors [8]. Many researchers did work on magnetohydrodynamics fluid flow. Makinde et al.

[9] discussed a numerical solution of magnetohydrodynamics Casson fluid flow on an upper

horizontal thermally stratified surface. Koriko et al. [10] examined the 3-dimensional flow of

water conveying alumina and water conveying alumina Iron oxide with the influence of a mag-

netic field. Tlili et al. [11] analyzed the 3-dimensional magnetohydrodynamics (AA7072

/AA7075) methanol hybrid nanofluid with slip effect. Ashwinkumar [12] studied heat transfer

and mass transfer analysis in unsteady magnetohydrodynamics flow of (aluminum alloy and

silver) water nanofluid. Samrat et al. [13] analyzed the effect of the chemical reaction and ther-

mal radiation on the 2-dimensional flow of magnetic nanofluid. Mabood et al. [14] studied the

boundary layer analysis of 2-dimensional unsteady hybrid nanofluid flow over a flat slendering

surface.

Most physical phenomena and scientific problems occur nonlinearly. To obtain the analyti-

cal solution of such problems are partially difficult, excluding in limited problems. Recently,

several methods have been achieved significant attention such as the variational iteration

method [9], Hirota’s method [10], Homotopy analysis method [11], homogeneous balance

method [12] as well as homotopy perturbation method. The first time, “He” introduced the

Homotopy perturbation method (HPM) [15]. The Homotopy perturbation method (HPM) is

an efficient and powerful technique to find the solution of nonlinear and linear equations. The

homotopy perturbation method (HPM) is a combination of the homotopy and perturbation

methods. Homotopy perturbation method (HPM) can take significant advantage of the

convectional perturbation method while eliminating its restrictions. The homotopy perturba-

tion method (HPM) has been most successfully applied by many authors to solve several types

of nonlinear and linear equations in engineering and science [16]. Homotopy perturbation

method (HPM) is applied by many researchers to handle varieties of engineering and scientific

applications to solve several function equations. The solution of Homotopy perturbation

method is supposed as a sum of an infinite series which converges quickly to exact solutions.

Many researchers have been conducted their research by applying Homotopy perturbation

method (HPM) to the nonlinear and linear equations [17].

Jeffery [18] and Hamel introduced a fluid flow which is known as Jeffery Hamel flow. It is a

two-dimensional flow between two parallel walls. Jeffery Hamel flow is caused by a sink or
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source at the intersection of channel walls. Analysis of Jeffery Hamel flow, mass transfer and

heat transfer of fluid between divergent and convergent channels are very important motive

[19]. The flow between divergent and convergent is very significant due to its uses in indus-

tries, medical, engineering and biomechanics. Various researchers have been tried to extend

the flow in converging and diverging channels by considering the impact of different parame-

ters such as slip, magnetohydrodynamic and heat transfer phenomena. Change in angle, it

makes a significant role in these flow as discussed in several studies [20]. Sheikholeslami dis-

cussed MHD Jeffery Hamel nanofluid flow analytically in the non-parallel wall [21]. Ochieng

et al. [22] examined the Jeffery and Hamel flow with nonlinear skin friction and viscosity flow

through a divergent conduit in the existence of a magnetic field. Nehad et al. [23] discussed

that the Nusselt number proportional to the heat transfer is ascertained at the higher value of

suction and stretching ratio the water conveying multiple wall CNT and silicon dioxide.

It is a necessity to find heat transfer under the exact shape of nanoparticles. The shape effect

of zinc oxide nanoparticles in Gold-hybrid nanofluid has been discussed by Dinarvand and

Rostami [24]. However, the shape effects of zinc oxide nanoparticles in nanofluid water base

between non-parallel walls have not been addressed previously. The present study aims to dis-

cuss the zinc oxide nanoparticles shapes effects between non-parallel. Furthermore, the results

of the Homotopy perturbation method are compared with NDsolve technique and have been

reported in the literature to check the reliability and validity of the Homotopy perturbation

method.

2. Mathematical formulation

In this report, the problem of steady, two-dimension and incompressible nanofluid flow

between divergent-convergent channels is considered. Furthermore, it has also considered

that flow is uniform along the z-axis and the velocity of nanofluid is radial. It also considers

that the velocity of nanofluid is dependent on r and θ coordinates. The magmatic field applied

transverse to the diction of flow. The equations of the problem are modeled as [25]. Thermo-

physical properties of zinc oxide (ZnO) and water are presented in Table 1. The values of

nanoparticles shape factor are presented in Table 2.
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Table 1. Thermophysical properties of zinc oxide(ZnO) and water as [23, 24].

Physical properties Zinc oxide Pure water

ρ (kg/m3) 5600 997.1

Cp (J/kg K) 495.2 4179

k (W/m K) 13 0.60

https://doi.org/10.1371/journal.pone.0245208.t001

Table 2. Shape factor parameters of nanoparticles [26].

Shapes column sphere lamina

ϕ 0.4710 1 0.1857

m 6.3698 3 16.1576

https://doi.org/10.1371/journal.pone.0245208.t002
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where p, vr, T, B, σ denote the pressure, radial velocity, temperature, electromagnetic induction

and fluid conductivity, respectively. Also unf ; vnf ; rnf ; knf ;Cpnf denote the dynamic viscosity,

kinematic viscosity, density, thermal conductivity and heat capacity of nanofluid, respectively.

The boundary conditions of the problem are

Vr ¼ Vmax;
@vr
@y
¼ 0;

@T
@y
¼ 0 at y ¼ 0

Vr ¼ 0;T ¼ Tw at y ¼ a ð5Þ

Tw denote the wall temperature.

For radial motion

f ðyÞ ¼ r:Vr

The variables are considered as [25]

f Zð Þ ¼
f ðyÞ
fmax

; g Zð Þ ¼ r2:
T
Tw
; Z ¼

y

a
ð6Þ

where fmax denote the central line of momentum. Substituting Eq (6) into Eqs (2–4) and elimi-

nating P, we get

f 0000 � 2Rea½BS�ff 0 þ ð4 � B:MÞa2f 0 ¼ 0; ð7Þ

g 00 þ 4a2g þ 2a2 Y
H

Pr fg þ
PrEc
ReBH

ð4a2f2
þ f 02Þ þ

PrEcM
H

f2
¼ 0 ð8Þ

In this study we consider as

S ¼ 1 � �ð Þ þ
rs
rf
�;B

¼
�
1 � �Þ

2�5
;Y ¼ 1 � �ð Þ þ

ðrCpÞs
ðrCpÞf

�;H ¼
½ks þ ðm � 1Þkf � � ðm � 1Þ�ðkf � ksÞ
½kS þ ðm � 1Þkf � þ �ðkf � ksÞ

ð9Þ

Where ϕ, subscript f and subscript s denote the nanofluid volume fraction, base fluid and

solid nanoparticle respectively.

Also

Re ¼ afmax
v is Reynolds number, Pr ¼ ðrCpÞf fmax

kf
Prandtl number, Ec ¼ a2f2max

ðCpÞf Tw
is Eckert number

andM ¼
ffiffiffiffiffiffi
sB2

vf rf

q
is Hartmann number.
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The Boundary value conditions of problems are

f ð0Þ ¼ 1; f 0ð0Þ ¼ 0; f ð1Þ ¼ 0; g 0ð0Þ ¼ 0; gð1Þ ¼ 1:

The physical quantity Nusselt number is given by

r2Nur ¼ H: 2 �
g 0ð1Þ
a

� �

ð10Þ

3. Homotopy perturbation method

In order to obtain the analytical solution, the homotopy pertutbation method is simulate non-

linear ordinary differential Eqs (7 and 8). The solution of Eqs (7 and 8) by applying the Homo-

topy perturbation method we conduct as follows:

ð1 � PÞðf 000 � f 000
0
Þ þ Pðf 000 � 2ReaBSff 0 þ ð4 � BMÞa2f 0Þ ¼ 0 ð11Þ

1 � Pð Þ g 00� g 00
0

� �
þ P g 00 þ 4a2g þ 2a2 Y

H
Pr fg þ

PrEc
ReBH

ð4a2f2
þ f 02Þ þ

PrEcM
H

f2

� �

¼ 0 ð12Þ

We consider f and g in the following form

f ¼ f0 þ pf1 þ p
2f2 . . . . . . . . . . . . . . . . . . . . . .. ð13Þ

g ¼ g0 þ pg1 þ p
2g2 . . . . . . . . . . . . . . . . . . . . . : ð14Þ

Assuming f 000
0
¼ 0 and g 00

0
¼ 0 substituting f and g from Eqs (13) and (14) into Eqs (11) and

(12) respectively. Also, some arrangement and simplification based on powers of p term we

have

p0 : f 000
0
¼ 0 ð15Þ

f0ð0Þ ¼ 1; f 0
0
ð0Þ ¼ 0; f0ð1Þ ¼ 0 ð16Þ

p1 : f 0000
1
þ 2ReaBSf0f

0

0
þ ð� BM þ 4Þa2f0 ¼ 0 ð17Þ

f1ð0Þ ¼ 0; f 0
1
ð0Þ ¼ 0; f1ð1Þ ¼ 0 ð18Þ

p2 : f 000
2
þ 2ReaBSf0f

0

1
þ 2ReaBSf1f

0

0
þ ð� BM þ 4Þa2f 0

1
¼ 0 ð19Þ

f2ð0Þ ¼ 0; f 0
2
ð0Þ ¼ 0; f2ð1Þ ¼ 0 ð20Þ

p0 : g00
0
¼ 0 ð21Þ

g 0
0
ð0Þ ¼ 0; g0ð1Þ ¼ 1 ð22Þ
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Solving Eqs (15–25) with boundary values conditions we have
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4. Result and discussion

In this section, nanofluid flow and heat transfer between divergent-convergent channels with

nanoparticles shapes effects are discussed. Also, the results obtained by using Homotopy per-

turbation are clarified with the numerical NDsolve method. Geometry of the problem is pre-

sented in Fig 1. The results of the comparative solutions are shown in Figs 2 and 3. Fig 4

displays the variation in the velocity of ZnO-water nanofluid within divergent-convergent

channels under the influences of ϕ. From Fig 4, it is also noted that the velocity of nanofluid

decreases with increase ϕ in a divergent channel but an opposite behaviour is found in the con-

vergent channel. The effects of α on the velocity of nanofluid are shown in Fig 5. It is also

observed from Fig 5 that the velocity of nanofluid has an inverse relation within the divergent

channel but direct relation within the convergent channel.
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The effect of shape factor on the temperature within divergent-convergent channels is pre-

sented in Fig 6. Fig 6 illustrates that sphere shape nanoparticles have higher, whereas lamina

shape nanoparticles have lower performance in temperature disturbance within divergent-

convergent channels. Fig 7 presents the variation in temperature profile with the influences of

Fig 1. Geometry of the problem.

https://doi.org/10.1371/journal.pone.0245208.g001

Fig 2. Comparison of results in diverging channel.

https://doi.org/10.1371/journal.pone.0245208.g002
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ϕ. It is observed in Fig 7 that the temperature of nanofluid is a decreasing function of solid vol-

ume fraction within divergent-convergent channels. It is also noted from Fig 7 that the perfor-

mance of sphere shape nanoparticles in temperature profile is higher than column and lamina

Fig 3. Comparison of results in converging channel.

https://doi.org/10.1371/journal.pone.0245208.g003

Fig 4. The effect of ϕ on velocity graphs.

https://doi.org/10.1371/journal.pone.0245208.g004
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nanoparticles within divergent-convergent channels. Fig 8 depicts the behaviors of α in the

temperature profile. The temperature of nanofluid has a decreasing function of α in the diver-

gent channel, while an opposite result has found in the convergent channel.

Fig 9 is plotted to check the effect ofM on temperature profile. The figure illustrates that

the temperature of nanofluid within divergent-convergent channels has a direct relation with

M. Fig 10 shows the effect of Ec on temperature profile within divergent-convergent channels.

Form Fig 10, it is noted that the effect of Ec within divergent channel is similar to the effect of

Ec in convergent channel. It is also noted from Figs 9, 10 performance of sphere shape nano-

particles is lower than other shapes of nanoparticles in divergent-convergent channels with the

effect ofM and Ec. Variation in temperature profile with the influences of Re is presented in

Fig 11. It is analyzed from Fig 11, Re has an inverse and direct relation with temperature distri-

bution within the divergent channel and convergent channel, respectively. The performance of

nanoparticles is similarly examined with the impacts ofM and Ec. Figs 12, 13 are sketched to

investigate the heat transfer rate. From Figs 12, 13, we observe that the heat transfer rate in

lamina shape nanoparticles is better than other nanoparticles shapes. The comparison of

Fig 5. The effect of α on velocity graphs.

https://doi.org/10.1371/journal.pone.0245208.g005

Fig 6. The effect of particles on temperature profiles.

https://doi.org/10.1371/journal.pone.0245208.g006
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homotopy perturbation method and NDsolve solutions are presented in Table 3. Table 4

Shows comparison of solution with already published paper.

5. Conclusion

The effects of nanoparticle shapes (sphere, column and lamina) in a dynamic of water convey-

ing Zinc oxide through divergent-convergent channels are computed by using analytical and

numerical techniques. The effect of the magnetic field and joule dissipation are also examined.

A fixed value of Pr = 6.2 is used in this study. Apropos to the above discussion, the following

dedications are pointed below:

• The sphere shape nanoparticles have a greater role in temperature distribution and the low-

est role in heat transfer.

• The lamina shape nanoparticles have a greater role in heat transfer and the lowest role in

temperature distribution

• The column shape nanoparticles have a middle role in heat transfer and temperature

distribution.

Fig 7. The effect of ϕ on the temperature profile.

https://doi.org/10.1371/journal.pone.0245208.g007

Fig 8. The effect of α on temperature profiles.

https://doi.org/10.1371/journal.pone.0245208.g008
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Fig 9. The effect of M on temperature profiles.

https://doi.org/10.1371/journal.pone.0245208.g009

Fig 10. The effect of Ec on temperature profiles.

https://doi.org/10.1371/journal.pone.0245208.g010

Fig 11. The effect Re on temperature profiles.

https://doi.org/10.1371/journal.pone.0245208.g011
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Fig 12. The effect of M on heat transfer.

https://doi.org/10.1371/journal.pone.0245208.g012

Fig 13. The effect of ϕ on heat transfer.

https://doi.org/10.1371/journal.pone.0245208.g013

Table 3. Comparison of values for ϕ = 0.2, M = 1.0, Re = 2.0 and α = 0.

x f(x) f(x) f0(x) f0(x)

ND HPM ND HPM

1 0.9900 0.9900 -0.2000 -0.2000

2 0.9600 0.9600 -0.4000 -0.4000

3 0.9099 0.9099 -0.6000 -0.6000

4 0.8400 0.8400 -0.8000 -0.8000

5 0.7500 0.7500 -1.0000 -1.0000

6 0.6400 0.6400 -1.2000 -1.2000

7 0.5100 0.5100 -1.4000 -1.4000

8 0.3600 0.3600 -1.6000 -1.6000

https://doi.org/10.1371/journal.pone.0245208.t003
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