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This paper presents a comparative analysis of deterministic and stochastic computational modeling
approaches for the optimal control of COVID-19. We formulate a compartmental epidemic model
with perturbation by white noise that incorporates various factors influencing disease transmission.
By incorporating stochastic effects, the model accounts for uncertainties inherent in real-world
epidemic data. We establish the mathematical properties of the model, such as well-posedness and
the existence of stationary distributions, which are crucial for understanding long-term epidemic
dynamics. Moreover, the study presents an optimal control strategies to mitigate the epidemic’s
impact, both in deterministic and stochastic sceneries. Reported data from Algeria are used to
parameterize the model, ensuring its relevance and applicability to practical satiation. Through
numerical simulations, the study provides insights into the effectiveness of different control measures
in managing COVID-19 outbreaks. This research contributes to advancing our understanding of
epidemic dynamics and informs decision-making processes for epidemic controlling interventions.

Keywo rds COVID-19 stochastic modeling, Extinction, Stationary distribution, Stochastic optimized control,
Simulation

Mathematical modeling and simulation are essential tools for informed decision-making in epidemic control'=.
Each epidemic exhibits a unique biological characteristics, necessitating the formulation of dynamical models
to accurately capture the transmission processes and address real-world scenarios. The highly contagious
Coronavirus infection which first arose in China in December 2019 and spread quickly to cover practically
the whole world posing a serious threat to everyone on the globe®. The COVID-19 epidemic has created an
unparalleled worldwide health crisis causing great human suffering and societal upheaval. The virus has been
the target of multiple efforts to stop its spread, including non-pharmaceutical therapies, vaccination drives, and
other public health measures. Mathematical models help to explore how a disease spreads through a population
and suggest effective control interventions. These models can be applied to analyze public health measures’
efficacy and forecast the progression of epidemic. It’s a potent instrument that may be utilized to comprehend
the spread of illness and formulate control methods*>.

Although, several deterministic epidemic models have been discussed in previous studies®’. Stochastic
differential models are more effective than deterministic models for simulating biological phenomena, as
they offer a higher level of realism®'°. Running a stochastic model multiple times generates a distribution of
possible outcomes, providing deeper and more practical insights. In contrast, deterministic models yields only
a single predicted value!""'2. The transmission of infectious disease is inherently random, making it essential
to incorporate environmental noise into models to capture environmental fluctuations. Different types of
environmental noise, such as white noise!?, Lévy noise!* and colored noise'®, each contribute unique advantages
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to disease modeling. Whit noise in epidemic modeling captures random, uncorrelated fluctuations that address
uncertainties in disease spread. It is frequently incorporated into deterministic models to account for variability
in transmission processes, human behavior. It offers a practical approach to introducing randomness, improving
the realism of epidemic predictions. In recent studies, many researchers have utilized white noise in epidemic
modeling to better understand and simulate stochastic effects in disease dynamics!®-'%. A recent study on
computer virus propagation using stochastic modeling approach has been presented in'°.

The optimal control theory in epidemics plays a significant role in providing effective preventative control
techniques?’. Many researchers have applied optimal control theory to various epidemiological models for
effetely mitigating the outbreaks. For example in?!, the authors studied a deterministic SEIQR type optimal
control model for mitigating COVID-19 in Nigeria. A novel stochastic optimal controlling model of hepatitis C
was analyzed in?. In’ fractional control of coronavirus epidemic in Algeria was investigated. InS, the researchers
analyzed COVID-19 spread in Indonesia, incorporating vaccination effects using real data.

This study aims to formulate a stochastic and deterministic optimal control frameworks for modeling
and managing the dynamics of the COVID-19 epidemic. Our approach integrates mathematical modeling
and optimization techniques to develop strategies that minimize the spread of the virus while considering
the constraints imposed by limited resources and societal needs. The present study initiate by formulating a
COVID-19 compartmental model that incorporates the effects of perturbations induced by white noise. The
resulting stochastic problem helps to provide a more realistic scenario of the inherent uncertainties and random
fluctuations observed in various real-world problems including epidemic dynamics. We aim to gain a deeper
insights into the dynamics of the pandemic and identify optimal control measures. The impact of various
control measures, such as vaccination campaigns, social distancing, and treatment strategies on reducing the
incidence and new outbreaks of the epidemics are analyzed graphically. To ensure the practical applicability of
our model, we parameterize it using real-world data reported in Algeria for a specific time period. We estimate
the model parameters via a statistical tool that best fit the observed data, thereby enhancing the accuracy and
reliability of our mathematical framework. To analyze the effectiveness of our proposed control measures, we
employ numerical simulations to depict the analytical results obtained from our model. The numerical results
demonstrate the efficacy of different control strategies in managing the COVID-19 pandemic. This knowledge can
inform policymakers and public health authorities in making informed decisions regarding the implementation
of control measures, resource allocation, and the optimization of public health interventions.

This study is mainly divided in six sections. Mathematical formulation of the stochastic model is provided
in “Mathematical formulation of the model” Some qualitative aspects are presented in “Qualitative analysis
of our stochastic model”. Formulation and analysis of optimal control problem is presented in “Formulation
of stochastic optimal control”. Numerical simulation and parameter estimation are presented in “Numerical
simulations” to support our results. Finally, the work is concluded in “Conclusion”

Mathematical formulation of the model

Motivated by the above, as well as by works®’, we construct a stochastic mathematical model for the dynamics of
the transmission of the COVID-19 epidemic. The classification of the totla population N(¢) take place into four
classes: S(t) susceptible, V(t) vaccinated, I(¢) infected, R(t) recovered, at timet > Owith N =S +V + 1+ R.

According to the characteristics of COVID-19, the following presumptions are considered in our model:
there are no negative parameters, the susceptible population gets vaccinated, infected people is able to transmit
the infection to susceptible or vaccinated person, recovered persons have temporary immunity.

The assumption that white noise is proportional to the compartments is a widely used and practical approach
for modeling random fluctuations in population dynamics'®~%23, This approach captures the notion that larger
population undergo greater random variations.

Considering that white noise is in direct proportional to S, V, I, R. Thus, we get the following stochastic
model:

al(t) — (0 4+ p)R(t) |dt + paR(t)dWa(t),

ds(t) = [A - 6% 4 uR() — (k + J)S(t)} dt + p1S(t)dWi (t)
v (t) = [m(t) —a- 7)5% - 6V(t)} dt + paV (t)dWs (t)

(1)
dI(t) = [5% (1 7)5% —(a+d+ 60)I(t)] dt + psI(£)dWs(t)

where W; {j = 1,..,4} are independently Brownian motion. p; {j = 1, ..,4} denotes the thew white noise
intensity.
If we put p; =0, j = 1,2, 3,4, the following deterministic version of model (1) will result:
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dS(t) = [A - ﬁ% 4 uR() — (5 + k)S(t )} dt,

AV (t) = [kS(t) (- r)ﬁv(t)NI( ) _svie )}dt, o
2

ar) = [#1050 4 50— VIO o454 501100,

dR(t) = [od(t) ~ (u+ O)R(D)] dt.

Detail of the model embedded parameters are listed in the below table 1.
The dynamical characteristics of the COVID-19 model (2) can be thoroughly analyzed based on the threshold
number, which, as referenced in?, and is defined as follows:

Bé+ (1 —7)Bk
(k+8)(a+d+6)

RY =

More precisely, if RS < 1, the disease-free equilibrium Py = ( kﬁ 5 §(k T 5),0 0) is globally asymptotically
stable (GAS). If RS > 1 the model posses an endemic equilibrium denoted P* = (S*,V*,I*, R*), and it is
further GAS.

In the subsequent section, we present a comprehensive qualitative study and dynamic analysis of
compartmental model (1). In this study, we presume that (2, 7, P) is a complete probability space coupled with
a filtration (F;)¢>0 that meets the standard condition.

Qualitative analysis of our stochastic model
Existence of unique and global positive solution
In the following, we will demonstrate that the system (1) has a unique positive solution.

Theorem 1 For all (S(0), V(0), ( ), R(0)) € R%., a unique solution of the system (1) can be determined. More-
over, the solution will remain in RAY t > 0 almost surely.

Proof As the coefficients of the model are locally Lipschitz continues for all initial values in € R?., there exists
a unique solution (S(¢), V(¢), I(t), R(?)) for t € [0, 7¢), where Te denotes the final time. To show that the afore-
mentioned solution is global, it is necessary to prove that 7. = 0o a.s. Assuming that m is a sufficiently large
non-negative number and S(0), V(0), I(0) and R(0) all lie within [%, m]. The stopping time is given by

T —inf{t €[0,7e) : min{S,V,I,R} < % Or maX{S,V,I,R} > l}, vl > m,

where in the subsequent results, we set inf @ = co where, & is an empty set. It is clear that 7; has an increasing
nature as | — oo. Further, setting Too = lim;_s o 77, with 7. > Too a.s.

Under the confirmation that 7. = o0 a.s., then, we have 7.=00 and in a result
(S(t),V(t),I(t), R(t)) € RY a.sVt > 0.Further, we proceed to prove that 7o, = co. Based on the assumption
that 7o < 00, then there exists T greater than 0 and ¢ € (0, 1) satisfying P{7oc < T'} > . Therefore, there
exists an integer [y > m such that

P{n<T}>e, V 1>1. 3)

We define a C?-function ¥ : R% — R as follows :

(S, V,ILR)=S+V+I+R—4—(InS+InV +Inl+1nR).

parameters | Description

A Birth rate

k Vaccination rate

B Contact rate

T Vaccine effectiveness rate

Loss of natural immunity

So Death rate due to COVID-19 infection
F) Natural mortality rate
a Recovery rate

Table 1. Parameter’s biological description.
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¥ is non-negativity as can verified via z* —Inz* — 1 > 0, V2™ > 0. Moreover, the implementation of Itd
formula gives

dX(S,V,I,R) = <1 - g>ds+ 57 (d9)” + <1 - —)dV

+ W(dvf + (1 - 7>dl+ e (dI)*

+ (1 - E)dR—i— ﬁ(d}%)
= <1 - %) ([A - ﬁ% + uR(t) — (k+ 6)S(t)] dt + p1S(t)dWh (t))

+$<[A 3 ()I(t)+MR(¢)7(k+5)S(t)}dt+p15(t)dW1(t)>

+ <1 - %) ([k;S(t) - 7)5% — V()i + ng(t)dWZ(t)>

VI
N

+ # ( [kS(t) - B8(1—7) - 6V(t)} dt + pQV(t)dWZ(t)>

+ (1 - %) ([ﬁ OI) | 50— )% ~ (a+ 6+ 60)I()dt + p31(t)dW3(t))

+ % ( [6 (tJ)VI( ) 4 51— ) (t])vl(t) a4+ JO)I(t)} dt + pgl(t)dW3(t))

+ (1 _ ,) ( -0+ u)R(t)] dt + p4R(t)dW4(t))

+ ﬁ ( [al (t) -+ u)R(t)] dt + p4R(t)dW4(t))

=LX(S,V, I, R)dt + p1(S(t) — 1)dWi(t) + p2(V (t) — 1)dWa(t) + pa(I(t) — 1)dW3(2)
+ pa(R(t) — 1)dWa(t),

where LY : RY — Ry is given by

A I R
LZ(S,V}I,R) —A—5(S+V+R+I)—§+/BN—M§
S I S
—hy A=)y By~

2 2 2 2
—6(1—7’)K—a£+u+a+45+50+k+w
N R 2
2 2 2 2
§A+ﬁ+(1—7)ﬁ+4,u+oc+5o+k+5+m—pz;—%mIZM-

In the given context, M denotes a constant that is independent of t, S, I, V, and R.
= dX(S,V,I,R) < Mdt + p1(S — 1)dWi(t) + p2(V — 1)dWa(t) + ps(I — 1)dWs(t) + pa(I — 1)dWa(t).

Integration from 0 to 7y A T = min{7, T} gives

T ANT T ANT T ANT
/ d%(S,V,I,R) < / Mdr + / p1(S(r) — 1)dWi (r)
0

/ " — 1))
i / " 1) — D) + / " o (RE) - Dawi ().

Taking expectation on both sides, We obtain
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E [E(S(n AT, V(r AT), I(r AT), R(m; A T))}

< %(S(0),V(0),1(0), R(0)) + E {/TMT Mdr}
0

E [E(S(n AT), V(n AT), I(r AT), R(r A T))]
< %(S(0),V(0),1(0), R(0)) + MT.

LetT'; = {m; < T}V [ > [ and by the result stated in (3) we have P(I";) > e. It is worth noticing that for every
w in I';, we can find at least one S (7, w), V (71, w), I(71,w), and R(7; A T') that are equal to ] or %, consequently

5 (S(m,0),V(m,0), 1(m,0), Rim, ) > (L= Il = 1) A (7 =1+ Ind).
Therefore,
I, (W)E(S(m AT),V(n AT), I(r AT), R(ri A T))}
Ir, (W)E(S(Tl,w)7V(Thw),I(Thw),R(Tl,w))}

Ir, (W)(I = Inl —1) A (% +1Inl— 1)}

I, (w) denotes the corresponding indicator function for I';.
If | — oo, then co > E(S(O), V(0),1(0), R(O)) + MT = oo is a contradiction. Hence, we conclude that

Too = OO A.S.. O

Extinction criterions of the infection
In this part of the study, we focus on investigating the sufficient conditions that lead to infection extension in the
system (1). This remains a fundamental problem in epidemiology.

Define a parameter

p+BA-7)

Ry = ~
(0+a+d+ )

Theorem 2 (S, V, I, R) be a solution of the model (1) with (S(0),V(0),1(0), R(0)) € R?, ifRo < 1 then
nI(t)
t

1
lim sup < 0 a.s., namely, I(t) — 0 exponentially a.s.

t—o0

Proof Make use of Itd formula we have

V(o)

2
e+ s+5+ 2 }dt—i—pgde(t). )

din I(t) = {ﬁ%t) +(1-7)8

Integrating over [0, ¢] and then with the division with ¢ yields

lnI ﬂ/ 1t—r)/0 V](J)dr—(a+5+50
In 1(0)
+2)+—/OdW() ’ )
<B(L+ (1—7)) — (a+ 5+ 80 + 2”7/ AWs(r) + 1n€(0>

In I(t)
t

=

<(a+6+d+ 2)(ROfl)Jr*/ dWs(r) +

Moreover 7 f dW3(r) is a continuous local martingale. By lemma (Strong Laws of a Large Numbers), we

obtain
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¢
lim l/ dWs(r) =0 a.s.
tJo

t— oo

Taking tlim sup of (5) and if Rg < 1 we get
— 00

InJ 3
lim sup nI(t) S(a+6+5o+p—3)(Rofl)<0,
t—o0 t 2
which further simplifies lim I(t) =0 a.s. O
t—o00

Stationary distribution and ergodicity
Studying how diseases stay or die out in epidemiology is a crucial problem. In this part we will demonstrate that
system described in (1) posses a stationary distribution with some specific conditions.

Let Z(t) follows the homogeneous Markov process in R™ which ca be shown by the SDE

dZ(t) = b(Z)dt + Y or(Z)dB,(1).
r=1
The diffusion matrix is descried as
k
Dy = (450) disly) = > ot weolw).
r=1

Lemma 1 % The Markov process Z(t) possesses a unique stationary distribution m(-) if there we can find a bound-
ed domain U C R™ with a regular boundary I'.

(a) There exists a positive constant M such that

> di;(¥)0:0; > MO y U, © € R",

i,j=1
(b) A non-negative C*-function V and a neighborhood U exists, where LV is negative for any R™ \ U.

Theorem 3 Under the assumption
— 0kp(1—7)
Ro = p? p2 p2
(+k+3)0+ F)(0o+a+6+2)

> 1,

the solution of (1) posses a unique stationary distribution (.), and it is ergodic.
Proof To prove Theorem 3, it is sufficient to verify the conditions of Lemma 1.

First we investigate a condition (b), We will constructing a non-negative C*-function x : Ry — Ry.
We define

Ti(S,V,I,R)=S+I1+V+R—wilnS—w2InV —wslnl,

where w1, w2, w3 are positive constants we will define later.
Utilizing the It6 formula we obtain

L(S+I+V+R =A—5(S+I+V+R)—0l,

_ kS (-mBI o3

L-V) = -3+ 7 — +0+ 5,
B _BS _(A-7)BV r3
L(~Inl)= = o tath it

Consequently,
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2
LY, =A—§(S+V +I+R)— bl — wng + w}\fl - wlgR +wi (5 +k+9)
~w2kS | wa(l—T)BI &% ~w3BS  ws(l-T)8V &%
v + N +w2(5+2) N N +w3(a+60+5+2),

using the inequality ai1azasas < i(al +as+azx+as) ai,asaz,as > 0.

A wakS w3(1 —7)8V wiBl  wipuR
< _ 4t w1 2 3 _ B
LY, < 4\/6(S+V+I+R) T i + A — ol + N 5
7 1—7)8I 2 338 2
+w1(%+k+6)+%+wz(6+%)—wﬁ +wsla+00+3+22)
2 p—
— — 4bwn Dwkwa (1 1B + A - ol + T R (P gy gy 2T
N S 2 N
5 S 2
+wa(5+ 5 —w‘j\f w8 + 8+ 2.
Putting
P2 p2 p2
A=wi(+k+5)=w @+ ) =ws(do+a+d+5}),
then
A A A
w1:7pz, 'LU2:7P2 5 WJ:—pz
0+k+3) (6+3) (bo+a+d+3)
As a result
_ 4
LT, < 42 26k[3(12 A ] +4A_601+w}§[_w1:}%
C+k+3)6+2) 6o +a+5+5)
+w2(1*7)ﬂ1 _wPs
N N
§—4A<4 . 6155(1_7—) _ _1)+w}51+w2(1&r)ﬁ]_w3}55
C+k+)0+2)00+a+5+ %)
_ oy 1 wifl  wo(l—7)BI wsBS
= —4A[(R5)T —1] + N T ~ "
We define

To(S,V,[LR) =ws(S+V+I+R—wilnS—wylnV—wslnl)+S+V+I+R-InS—hR—InV.
Obviously
lim inf Y2(S,V,I,R) = +oo,

a—+00,(8,V,I,R)ERY \Uq

where Uy =1, q[x]3, alx]¢. alx]5. al.

On the other hand
8T2(S, V,I,R) _ wawi + 1 8T2(S,V,I, R) - wawsz + 1
o5 Wl T g Ty Twtle T
8T2(57V,I,R) _ o w4aws3 8T2(S,‘/,I, R) _ . l
ol =watl= g 9R swtleg

the function Y2 has a unique stagnation point that is

(S*,V*,I*,R*) = (w4w1 +1 waws +1 waws 1 )

wyg +1 ’ 14+ wa ’1+w4’1+w4

The Hessian matrix of Y9 at (S«, Vi, I, R.) is given by
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w41§%+1 0 0
P
0 w4:/u%+l 0
s
waw3g
0 0 =
0 0 0 2=

*

The Hessian matrix is positive definite and Y is continuous function then we can conclude that Y> has a unique
minimum (Sx, Vi, I, Ri) € R4,
Let

X(S,V,I,R) = Ya(S,V, I, R) — To(S., Vi, I, R.).

Applying It6 formula we obtain
Lx(S,V,1,R) = LY2(S,V,I,R)

Nt wiBl  we(l—7)BI  wsBS
§w4[—4A[(RO)4—1]+ el O ) L A (S +V + T+ R)
_A _al BI_pR_ pi pi_ kS (1-7)BI rs
g R+N S+2+k+25+u+2 V+ N +5+2
s\ L w4w161 w4w2(1—7—)61 w4w365
= — 4w A[(Rg)T — 1] + Nt N - =N tA-NS+V+I+R)
A _al  BI_pR _ pi pi_ kS (-7)BI 0
g R+N S+2+k+2§+u+2 V-‘r N +(5+2.
Lete; > 0,1 =1,2,..., 8, we state a bounded closed set
. 1 1 1 1
U:{(57MI7R)€R+:€1§SS77€3§V§7765§I§7757§R§7}-
€2 E4 €6 €8

We can choose €; and w4 positive constant such that the subsequent conditions fulfilled

2 2 9
' w4w1ﬂ+w4w2(1_7)5+A+5+%+k+36+“+%+%_§<o,
. w4“’15+w4w2(1—7)5+A+k+36+u+pi+p72§+p?_g<0,
le“W”Z“—T>5+A+k+36+u+p§+p72§+pi—6e1+§<o,
) 1
. w4w15+w4w2(1*T)6+A+ﬂ+k+36+u+w7%<O’
. w4w15+w4w25(1—T)+A+5+k+36+u+w_g<0,
. w4w15+w4w25(1—T)+A+B+k+36+u+w_é<07
. w4wlﬁ+ww26(1—T)+A+6+k+35+u+w_%<0.

Next step we show that Ly < 0onRL \ U, RL \ U = Uj‘:1 U; where

U, :{(S,V,I,R)eRi,o<S<sl}, Ug:{(&VJ,R) 6R4,0<V<53,S>51},

Us = {(S,V,I,R) €RL,0 <I<55,S>51}, Us = {(S,V,I,R) €RL,0 <R<57,I>s5},

Us = {(&VJ,R) eRY, 5> gi} Us = {(S,V,LR) ERYV > Ei}
2 4

Uy = {(S,V,I,R) R, I> Ei} Us = {(S,V,J,R) R, R> Ei}
6 8

Casel.For (S,V,I,R) € U
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Lx(S,V,I[,R) < — 4w4A[(RO)% 1] 4 Bl wawa(l - T)BI _ wawsps

v ¥ - U LA NS+ V+I+R)
A B8l  uR kS | (17l P
_=2_ gr_HEr A 2 Eo VTP P2
S R i S+ +k+6+u+ v ¥ +o+ 5
A
<w4w16+w4w2(177)ﬁ+A+ﬂ+ +k+35+u+5+57§
A
<w4w16+w4w2(1—r)ﬁ+A+ﬁ+ +k+36+u+ +p22—6—<0
1

Case 2. For (S,V,I,R) € U,

LX(S,V, T, R) < — 4wiAA [(RS)% 1] 4 wawiBL | wawp(l 2 7)BT waws5S

5 ¥ ~ O LA (S+V I+ R)
A BI _pR  pi ks ~(A-7)BI Pa
_o_ =, e A 2 Fa 22 4 7 P70 £z
5 R ~ g T th+20+u +2 AR o s

2 2 2
S
§w4w16+w4w2(1—r),8+A+B+k+36+u+W—kv
2 2 2
§w4w1ﬁ+w4w2(1fT)ﬁ+ﬁ+A+k+35+,u+W*ki—l.
3

Putting e3 = af

2 2 2
Sw4w1ﬂ+’w4’w2(l—T)ﬁ+5+A+k+35+u+w .
1

Case3.Let (S,V,I,R) € Us

Lx(S,V, I, R) < — 4w4A[(Ro)% -1] + “’“]"Vlﬁf + “’“”Z%V* AL _ w‘*‘j;ﬁs +A-8(S+V+I+R)
A BI  uR kS (1 —71)pI p3
= == B A 2 eI S Ll r2
S R N S+ Lkt 6+u+ i e VA A

2 2
I
§w4w16+(w4w2+1)(177)5+A+k+36+u+w76S+Bf

2 2 2
§w4w16+w4w2(1—7—)[7’+k+A+35+,u+W—651—&-68—5.

1
LetEE,:g
2 2 2
§w4w1/3+w4w2(1—T)B+A+k+35+u+w—6al+§<o.
1
Case 4. Considering (S,V, I, R) € U
Lx(S,V,I,R) < —4w4A[(RS)% —-1] + w“]'i;m + w“’”(iv_ B _ w“;’\?ﬁs +A-6S+V+I+R)
A BI  uR pi kS (1-1)BI 3
5 R ~ S+2+k+26+ +2 N TS
2 2
I
§w4w16+’w4w2(1—T)5+A+ﬁ+k+36+u+w—aﬁ
2 2 2
§w4w15+w4w2(1fr)ﬁ+A+ﬂ+k+36+u+W a?
5
10t57=e§
Pit+p+p o
§w4w16+w4w2(17T)ﬁ+A+ﬁ+k+35+,u+f7;<O.
5
Case 5. For (S,V,I,R) € Us
Lx(S,V,I,R) < — 4ws A[(R§)* — 1] + w“]”vlm + “’4“’2(;\[_ A1 w“]”\;‘ﬁs +A—§(S+V+I+R)
A BI pR  pi p4 kS  (1—7)BI 3
- _ = B 2 S I S ol £z
5 R+N ot k20t B ~  to+ 5

2, 2
Sw4w15+w4w2,3(1—T)+A+ﬁ+k+36+u+w—55’

2 2 2
5
§w4w1ﬁ+w4w25(177-)+A+ﬁ+k+36+u+Wf;
2

< 0.

Case 6. For (S,V,I,R) € Us
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1 1—7)8I
Lx(S,V,1,R) < — 4wy A[(R§)* — 1 }er“]fi[l[” +7~U4UJ2(N )8 7U)4u]1\:];55+A75(5+V+I+R)
A BI  uR kS (1-7)8I 2
e 22, e A 2 LA S /el P2
3 R+N S+ +k+6+u+ e T+
2 2
gw4w1f3+w4w26(1fr)+A+ﬂ+k+36+u+W—5V
2 2 2
1)
§w4w1[ﬁ+w4w2[ﬁ(1—T)+A+ﬁ+k+36+u+w—;<O.
4

Case7.For (S,V,I,R) € Uy

Lx(S,V. T, R) < — 4w A[(R3)F 1] + “’“X;ﬁ[ g vl DL wawsBS A (s v 14 R)

A BI R kS (1 -71)pI P2
5 R+N S+2+k+25+u+2 vt N +5+2

> | o
P +/)22+p4 I

<wgw1f + waw2B(1—7) + A+ B+ Ek+ 35+ p+

pitps+pt S

<wswi1 B+ wawaB(1—7)+A+B8+k+30+pu+ 2 .
6

Case 8. For (S,V,I,R) € Us

Lx(S,V, 1, R) < — 4w A[(R3)} —1] + “’“]”Vlﬁf g el ZDBL_wssBS N (s v 14 R)
A BI uR kS | (1—m7)8I p3
g R+N S+2+k+25+ +2 V+ N +5+2
2 2
§w4w16+w4w25(1—T)+A+,3+k+3§+u+W—6R
2 2 2
5
§w4w15+w4w25(17T)+A+ﬂ+k+36+u+wf;<0~
8

According to the above Ly < 0 forall (S, V, I, R) € R% \ U therefor, the condition (b) of 1 satisfied.
Next, we show a condition (a). The diffusion matrix of the problem (1) is determined by

pis% 0 0 0
0 p3v? 0 0
0 0 pirr o |
0 0 0 p2R?

and

Z (S, V,1,R)0,0, = p?5°0? + p2V202 + p2I*0? + piR*0?

>m|O* forall (S,V,I,R)eU, © R},

where m = min{p%S 2 p3V2 p3I2, piRQ}, thus, the condition (a) is verified. Therefore, the transmission
model (1) admits a uniquely determined ergodic stationary distribution, denoted as (-). d

Formulation of stochastic optimal control
This section aims to determine the optimally intervention measures for minimizing the transmission of illness
via a mathematical optimization techniques. The main goal is to identify the controls that, while taking into
account a variety of constraints, reduce the overall impact of the epidemic. In order to do this, the epidemic
model is constructed and then control variables are included to reflect the various interventions that can be
employed to stop the disease’s spread. Measures such as social isolation, immunization, quarantine and treatment
are examples of these control variables.

The following two control variables ci(t), and c2(¢) will be applied in this work to analyze our suggested
models (1)and (2), where

o The control variable c; (t) is the COVID-19 time-dependent vaccine.
o The control variable ¢z (t) is the time-dependent treatment effects.

The objective in this study is to reduce susceptibility and infection burden and to maximize the recovered
individuals at the lowest cost of control variants.

Analysis of deterministic optimal control problem
In this part, we introduced a control scheme that is considered to be optimal if it reduce the cost function
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Te
Ji(er,e2) = / [als + aol + %(plcf(t) +pgc§(t))} dt, (6)
0
subject to
_ {A 3 tﬁ D 4 LR — (ker (1) + 5)5(t)] dt,
- {kS Bew(t) — (1 — 7)5% - 6V(t)} dt,
7)
{51 ti\f B(1— ﬂw ~(acs+ 5+ 5@1@)} dt,
AR(t) = [aca(0)I() — (3 + w)R(D) at,
along with the following initial values of the state variables
S(0) =50 >0,I(0)=1o>0,V(0) =V, >0,R(0)=Ro >0. (8)

In cost function (6), the positive constants a1, a2 represent the balancing factors to maintain a balance of the size
of susceptible, infected individuals respectively. The positive coeflicients p1 and p2 are the cost on vaccination
and treatment respectively and 7 is the end time. From the expression of the cost function (6), our main goal
is to reduce the number of the susceptible and the infected while reducing the cost of controls c¢; and c2. Hence,
we are intendment to evaluate optimal variables (c7, c3) € € such that

J1(CT,C;) = mén Jl(clch)v (9)

subject to the system (7) with (8), where €2 is control admissible set

Q= {(01,02)| ¢j : [0,Te] — [0,1] Lebesgue measurable, j = 172.}.

Existence of optimal control problem
This section present the necessary condition for the existence of a solution of problem (6)-(8), and then we prove
the existence of optimal control variables. The control variables c1 and c2 are positive, bounded, and Lebesgue
measurable. With a positive initial value, the solution remains positive and bounded.

Let

Z, = AZ + G(2)

, where
rS(t) —(ker(t) +6) 0 0 0
|V 4 ke (t) i 0 0
B (O] R 0 0 —(ac2(t)+5+d) 0 |7
L R(1), 0 0 acs(t) —(0+ )
A _ BI®)S®)
_sa-nithv
G(2) = BIBS®) BU—n) IV (1)
N N

G(Z1) — G(Z2) < b1]S1 — Sa| + b2|Vi — Va| + b3|I1 — 12| + ba|R1 — Ra|
<b||S1 — S2| +|Vi — Va| + |11 — I2] + |R1 — R2||,

where b = max{b1, bz, b3, bs} denotes a positive constant that remains independent of the model’s state
variables.

|F'(Z1) — F(Z2)| < 2M|Z1 — Za|,

and M = max{b, || A||} < oon, then F is uniformly Lipshitz continuous. The control and state parameters are
clearly positive hence, we conclude that the solution of model (7) exist.
Now, we show the result that ensures that we have the optimal control that minimizes the cost function

Theorem 4 There is a control variable ¢* = (c7, c3) € §2 satisfying

Ju(cl,e3) = min Ji(c1, e2),
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for all (S(0),V(0), I(0), R(0)) € R4.

Proof We need to verify the conditions of Corollary (4.1) in?® for the necessary result

o The set of admissible control with the respective state variables is nonempty, because the solution of system

exist.

« The set Q2 is closed and convex and therefore, by definition 2 is closed. Let u1,u2 € Qand 0 < A < 1 such
that u1 = (c1,c2) and uz = (ci,c5). Hence, Aui + (1 — Nuz = (Aer + (1 — A)cl, Aez + (1 — X)ch)

€ Q. Thus € is convex.

« The optimal control system is bounded by a linear function in the state and control variables. Our system is
linear in c; and co, in addition, the solution is absolutely continuous and from it we conclude the boundness

of the solution, hence, the condition is fulfilled.

« The integrand £ of the cost function is strictly convex on €2, because the Hessian matrix of £1 on 2 is given

by

is definite positive.
o There exist m; > 0, m2 > 0and ms > 1 such that
Li(c1, c2) > mi|(e, c2)|™® — ma,
1
L1 (017 CQ) =a1S + a2l + i(plcf(t) +p2C§(t)

%min{pl, P} (A (t) + A1)

v

Y

%mm{pl,pz}(c%(t) +3(t) -1

1 .
Qmm{m,mH(Cl,Cz)\Q -1

Let my = %mm{pl,pg} ,mo = 1and m3 = 2.

Thus, the above conditions guarantee the existence of the optimal set (c7, ¢3).

Solution of the optimal control system

d

This section investigate the necessary optimality criterion and the characterization of control optimal for our

control problem, by using Pontryagin’s principle?®. This principle shifts the problem (6)-(8) into a problem of

minimizing point-wise a Hamiltonian 1 corresponds to the controls c1,c2. We define the Lagrangian £

associated to the control problem (7)

1
£1(S71761762) = a1S+ a2I + 5(1)16%(1&) —+ bzcg(t)),

and the Hamiltonian function H; is given by
Hi(z,¢,7) = v9(2,¢) + La(2, 0),

where

z=(S,V,I,R), v=(m1, 72,73,7), ¢ = (c1,¢2), ¢ = (¢1, P2, 3, p1).

pi(z,0) = A /Bw + uR(t) — (kea(t) + 0)S(¢),
w2(z,¢) = ker(£)S(t) — (1 — T)ﬂ% — 6V (1),
S()I(t) V()I(t

=20 (-8

So the Hamiltonian will have this forme

) — (OtCQ + 6+ 60)I(t),
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1
Hi(z,c,v) =a1S + a2l + i(blcf(t) + bach(t))

7) + uR(t) — (kea(t) + 5)S(t)]

[

+ 2 [ker (£)S(t) — (1 - 7)5% v )
[ +(1- T)g%
[

aca(H)I() — (6 + pR()].

— (CMCQ +6+ 50)I(t)]

To find the characterization of (c7(¢), c5(t)), we apply Pontryagin minimum principle which states that if
(2%, ¢*) be an optimality solution for the control system, we can determine a non-trivial vector say 7y such that

B (o 1), (1), 1(6) o
0= 000 1), (9,40,
with transversality condition
1(Te) =0, (11)
and the maximality condition
Ha (2 (1), (0, 9(1)) = min Ha (=" (8), (), 4 (1) 12

ceN

Theorem 5 Let (S*V*I*R*) be the optimal solution associated to the optimal control c¢i and c5 of the proposed
problem, then 3 adjoint function v;(t) # 0, for j = 1...4 that satisfies the following

I
M= 5N71 + ke — ax,

I
Yo =(1— T)B5 2 + 672,

(13)
A ——Bﬁ —l—(T—l)BK + (acz2 + 04+ 60)vs — a
V3 = NWS N’y3 2 0)73 2,
Ya = (64 p)ya,
with terminal conditions
and
ci = min{max{7165(’yl — 72),0}, 1},
as
(15)
cy = min{max{ial(fy3 — 74),0}, 1}.
a4

Proof Applying the adjoint system (10) of the Pontryagin Minimum Principle, it gives us the system (13), and
the condition (14) is a direct result of terminal condition (11).

In order to get the formula of the optimal control ¢}, ¢ which is given by (15), we solve the following system

dH: _
do, — 502 —m) +asa =0,
C?C{; =al(ys —73) +asc2 =0,
by considering the upper and lower limits of the control. Thus, we obtain the result (15) 0

After that, we will discuss the control analysis of stochastic case of problem (2) with the application of the same
measures mentioned above.

Scientific Reports |

(2025) 15:11710 | https://doi.org/10.1038/s41598-025-96127-y nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Stochastic optimal control strategy
In this part, we formulate and study the stochastic control version of model (1) by considering the same control
function. The proposed stochastic control system as following

ds(t) = [A - 5% + uR(t) — (ke (t) + 5)5(15)} dt + pr S(£)dWh (¢),

v (1) = [kcl(t)S(t) —(- 7)5% - 6V(t)] dt + paV(£)dWa(t),
(16)
dI(t) = [5% (1 7)5% — (aca+ 0+ 50)1@)} dt + ps1(£)dWs (1),

dR(t) = [aCQ OI(E) — (1 + 5)3(1&)} dt + paR(£)AWa(1).
To simplify writhen, we put
z=(S,V,I,R), ¢=(c1,c2), h=(h1,h2,hs,ha), o= (01,02,03,04),

then system (16) become

dz(t) = h(z,c)dt + o(z)dW (),

where
ha((t), () = A — gL (tﬁ(t) 4 UR(t) = (keu(£) + 8)S(1),
ha(z(t),c(t)) = ke (t)S(t) — (1 — T)ﬂ% — oV (1),
ha(z(t),c(t)) = 6% +(1— T)ﬁ% — (ac2 + 0+ d0)I(t),
ha(z(t), c(t)) = acz2(t)1(t) — (u+ 6)R(1),

and

o1 =p1S, o2 =p2V, o3 =p3l, 04=psR.

The Cost function is given by

Te
. ¢ 1
jale) =B / |18 + aal + 5 (aacd(t) + asch®) | dt, + 2821 + 22T + B(n) + BRA(T)|
0

where a;, p; ¢ =1, ...,4 are non-negative real numbers.
Our objective to find optimal controls ¢* = (cJ, ¢3), such that
Jole") = min ja(e),
where
O ={c;(t): ¢(t) €0,¢]*"], Ve; € L*[0,T.], j=1,2}.
We define the Hamiltonian function
Ha(z,¢,0,m) = (M2, ¢),v) + (0(2),m) + L2(z, ),
where (., .) represent the inner product in Euclidean space and v = (v1, v2,v3,v4) and 5 = (N1, 72, M3,74)

represent the vectors adjoint respectively.
Then

1 ST
Ho =a1S + aol + 5(&36% + a4c§) + v (A — ﬁﬁ + uR — (ke +6)S)

+o(kerS — (1— 7)% — V)
+U3(5% fa- 7)% ~ (aes + 5+ 60)I)

+ vg(acal — (0 + p)R) +m1p1S + n2p2V + n3psl + napaR.

The stochastic maximum principle confirmed that the following relation hold:
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_ OHa(27(t), " (t), v, m)

dz"(t) 30 dt + o (2*)dW (t),
do(t) = — GHQ(Z*(%ZC* 01 gy ¢ paw (s).
Ha(="(0), ¢ (1), 0,m) = min Ha (=" (8),(0), v,1), a7
with initial and terminal condition
00(z(Te))

2*(0) = (So, Vo, Io, Ro), v(T.) = ————%%,

where

0 =553 1) + BV + DT + TR (1),

and z* (t) represent the optimal trajectory of z(#).

Theorem 6 Our control problem has an optimal control as the following form

(CI7C§) = (min{max{M,0}7C;naz}7min{max{w70}jc?az}).

as aq

Proof Applying the well-know minimum principle in stochastic case, we get the adjoint system

dvi(t) = (a1 + (v1 — vg)ﬁ%t) + (v1 = w2)kei(t) + vid + nup1)dt +mdWa,
dva(t) = ((v2 —vs)(1 — 7)5% + v26 + n2p2)dt + n2dWa,
dv3(t) = (70,2 + ('U1 — vg)ﬂ%t) —+ (v3 — ’U4)(CMCQ) —+ 7_)3((5 + 60))dt + 773dVV3,

dva(t) = (—vip + va(0 + p) + Mapa)dt + nadWa,

with terminal condition

U1 (Te) = —pls(Te)aW(TE) = —p2V(Te)7”3(Te) = _p3I(Te)aU4(Te) = —p4R(Te)a

and we have

05;[12 =kS(v2 —v1) + azc1 =0,

C?:; = ol (vs —v3) + asco = 0.
Then

i) = OO =)

3 = 2T OO ()

From the lower and upper bounds of c1, c2, we derived

a@®) = min{max{ RS™ (D) (w1(t) — v2(t) , 0}, 1}7

as

() = min{max{ o' (#)(vs(t) = va(t)) , 0}, 1}.

aq

Numerical simulations

Parameter estimation

In this section, we discuss the process used to estimate the parameters of our model, employing the nonlinear
least-squares method. This approach is a widely recognized statistical technique that is commonly used for
estimating parameters in mathematical models. It operates by minimizing the sum of the squared differences
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Parameters | Value References | Unit

A 1534 527 Per day

k 0.0100 Fitting Per day

B 0.2918 Fitting -

T 0.5038 Fitting Per day
0.0001 Fitting Per day

So 0.0579 Fitting Per day

F) 1/(77.5 * 365) | > Per day

a 0.1175 Fitting per day

Table 2. Values of the model embedded parameters.

4
1
45 o T T T T T T T T

4 © Incidence Data i

Model simulation

Cororna Incidence Data in Algeria

0 20 40 60 80 100 120 140 160 180

Days

Fig. 1. Observed corona virus cases in Algeria and the deterministic model predicted cumulative infected.

between observed data and the corresponding model predictions, ensuring the best possible fit of the model
to the given data. Nonlinear least squares is particularly advantageous in regression analysis and curve fitting.
To obtain accurate parameter values, we utilized a combination of previously established data and real-world
COVID-19 case reports. Some of the model parameters were directly obtained from the reference®. The
remaining parameters were determined by fitting our model to actual COVID-19 case data reported in Algeria
during the period from October 22, to March 14, 2022. These data were sourced from the website?”.

The parameters values are listed in Table 2 and the fitted plot is depicted in figure 1.

Sensitivity analysis

Sensitivity analysis plays a crucial role in epidemic modeling, helping to assess the impact of specific parameters
on variations in the model’s variables. It quantifies the extent to which Ry responds to changes in the model’s
inherent parameters. We use the normalized sensitivity procedure to evaluate the relative indices of crucial
parameters. This approach is expressed by the following formula?;

_3R0 p

"= o Ro’

Mathematical expressions for the normalized sensitivity indexes can be expressed as follows:

- = -4
Sp=1, Sa:—ang7 36:—”2, 850:—07727
a+d+4 00 + 3 a+d4d0 + 3 a+0+d00 +
2
—r —p
ST:ﬁ’ Spsz—g’qQ.
a+d+do+ 3

As shown in Table 3 and Figure 2, model parameters with positive index suggest a direct relation with Ro. In other
words raising the values of these parameters while maintaining the others unchanged will lead to an increase in
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Parameters B8 & 5 do 7 P3
Value 0.2918 | 0.1175 1/(77.5 x 365) 0.0579 0.5038 0.3

—_

Snsitivity index —0.5330 | —1.6037 x 10~* | —0.2627 | —0.3367 | —0.4083

Table 3. The sensitivity index of Ry to the parameters.

1.0 4

0.8 4

0.6 A

0.4 4

0.2 A

0.0 A —_—
—0.2 1 - - .
—-0.4

—0.6 - T L ¥
-] ¢ o o A @
Model Parameters

Sensitivity Indices

Fig. 2. Sensitivity analysis results of Ry for model (1).

Ry indicating that COVID-19 would spread more widely within the population. Conversely, parameters with
negative index imply a reduction in the infection rate. Based on the sensitivity indixes presented in Table 3, the
most critical factors influencing the spread of COVID-19 include the transmission rate /3, which accelerates the
virus’s spread. Also, one of the most important parameters contributing to the reduction of prevalence is cv. To
more effectively combat the virus, it is essential to implement an optimal strategy that focuses on improving the
recovery rate « while simultaneously reducing the transmission rate 3.

Numerical simulation examples

To show the theoretical findings, we perform simulations of the problem in this part. We applied stochastic
Range-Kutta method to discretize system (1) as follows:

S. I 2
S]‘+1 = Sj + [A — /5# + ,U,Rj — (k +4 5)5]] dt + p1Sj\/%Blj + %Sj(Blj — l)dt,
J

Vi1, 3
Visr = Vi[85 = (1= 18222 = 8V, |dt + paVyVliBa, + 2V (B, — 1),
! (18)
Sil; Vil o ri
Ij+1 = Ij +4 |:ﬁ N, +4 (1 — T)B N, — (Oé +0+ (50)Ijj| dt + p3Ij dthj + ?Ij(ng — ].)dt,
J J

2
Rj+1 = Rj =+ |:an — ((5 + /L)Rj] dt + p4Rj\/%B4j + %Rj(B;;J. — 1)dt,

where B; (j = 1, .., 4) are normally-distributed A/ (0, 1) independent random variables and dt is step size.
The following aspects will be highlighted through a number of empirical examples:

« The dynamical behavior of model (1) if Ry < 1.
o The existence of stationary distributin of (1) if Ro > 1.
« The impact of control strategies on COVID-19 dynamics.

Numerical examples for extinction and stationary distribution

We assumed the values of the parameters shown in the two examples to verify the extinction and stationary
distribution. The values in example 1 are used to demonstrate Theorem 2 numerically. According to this theorem,
the disease will die out with probability one if Ry < 1. Figure 3 confirms this, as the parameters in this case
satisfy the theorem’s condition.
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Fig. 3. A comparative deterministic and stochastic trajectories of solution of model 2 and model 1 respectively
with parameter values of Example 1.

We use another set of parameter values in example 2 to show the results implied by theorem 3. This set of
parameters ensures that Ro > 1 as can be seen in Figure 4.

Example 1 We assume that: A =1530, [B=0451, k=0664 , p=0.01, 7=0.576
, 00=0.795  §=0.65, a=0.791, p1 =0.2,p2=0.1,p3 =0.3,p4 =0.2, and initial values
S(0) = 500, V(0) = 50,1(0) =30, R(0) = 0, we get Ry < 1, then the epidemic will be extinct from the pop-
ulation.

Example 2 Taking another parameter’s values : A = 1530, 8 = 0.451, k = 0.664, T = 0.057, o = 0.127,
1 =0.01,6 = 0.65,a = 0.179and wereducethe noiseintensity values: p1 = 0.1; p2 = 0.1; p3 = 0.1;p4 = 0.1
, and the same initial values of example 1. Based on these parameters we find Ry > 1, by theorem 3 model (1)
has a unique stationary distribution, biologically this means that the disease will persist in the population and
will not be naturally eliminated under the present condition.

Through the integration of theoretical analysis and numerical simulations, we discovered that smaller white
noise enables model (1) to exhibit a unique ergodic stationary distribution when Ry > 1. Conversely, larger
white noise can lead to disease extinction in model (1) when Rp < 1. In comparison to the deterministic
model, the inclusion of random white noise in the epidemic model significantly influences the persistence and
extinction of the desease, thereby enriching the dynamic behavior of the epidemic model.

Numerical example on control strategies of COVID-19
In this part, we will present the simulation results of the optimal control model. The Rung-Kutta method will
be used to provide the numerical solution for the control problem. In paticular, we will discretize the models,
the adjoint systems and the control models while adding the control caracterisation and saubsidiary conditions.
The parameters in Table 1 were used for the simulation in the presence and absence of control. The results
are as shown in Figs. 5 and 6.
Figures 5 and 6 show simulation of deterministic and stochastic models describing the dynamics of S, V
and I, R classes respectively, both with and without optimal control strategies (c and c3). We note that the
implementation of vaccine control and treatment control leads to a decline in the S and I populations while
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Fig. 4. A comparative deterministic and stochastic trajectories of solution of model 2 and model 1 respectively
with parameter values of Example 2.

increasing the V and R groups. We can interpret this as the vaccination reduces the number of susceptible by
moving them into the vaccinated class. Simultaneously, the optimal treatment helps I individuals recover more
quickly, decreasing the I population and increasing the number of R.

Through these results we concluded that time dependent treatment control and vaccine control play crucial
roles in COVID-19 epidemic models, shaping efficient public health strategies to mitigate the virus’s impact.
Treatment control, which includes antiviral drugs and supportive care, reduces disease severity and shortens
recovery time, thereby alleviating pressure on healthcare systems. On the other hand, vaccine control decreases
the number of S, lowers transmission rates, and prevents severe cases, contributing to herd immunity and long-
term epidemic control. Public health policies must integrate both approaches, ensuring widespread vaccination
while maintaining effective treatments to manage emerging variants and protect high-risk populations.
A balanced strategy combining vaccination and treatment is essential for sustainable disease control and
preparedness for future pandemic.

Conclusion

This paper aimed to presents a comprehensive mathematical framework for optimal control of the COVID-19
in stochastic case using a robust computational mathematical modeling approach. By integrating stochastic
elements, implementation with empirical data, and sophisticated optimization techniques, our approach offers
a potent tool for modeling, analyzing, and effectively minimizing the spread of COVID-19 outbreaks. The
model in stochastic case is rigorously analyzed in theoretical point of view. The theoretical results are validated
graphically using the estimated parameters. Moreover, a stochastic optimal control model was developed by
incorporating time-dependent control variables for the necessary mitigation of future outbreaks. The necessary
optimality conditions and solution of the stochastic control system was presented in detail. The insights gleaned
from this study hold immense value for policymakers and public health authorities, empowering them to devise
evidence-driven strategies aimed at curbing the transmission of the virus, safeguarding public health, and
fostering societal well-being.
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Fig. 5. Simulations of the deterministic and stochastic models describing dynamics of susceptible and
vaccination classes in both with and without optimal controls.
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Fig. 6. A comparative deterministic and stochastic simulation of infections and recovered individuals under
constant and variable controls.
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