ARTICLE B v

https://doi.org/10.1038/541467-020-18264-4 OPEN

Quantum clocks observe classical and quantum
time dilation

Alexander R. H. Smith® "2* & Mehdi Ahmadi® 3%

At the intersection of quantum theory and relativity lies the possibility of a clock experiencing
a superposition of proper times. We consider quantum clocks constructed from the internal
degrees of relativistic particles that move through curved spacetime. The probability that one
clock reads a given proper time conditioned on another clock reading a different proper time
is derived. From this conditional probability distribution, it is shown that when the center-of-
mass of these clocks move in localized momentum wave packets they observe classical time
dilation. We then illustrate a quantum correction to the time dilation observed by a clock
moving in a superposition of localized momentum wave packets that has the potential to be
observed in experiment. The Helstrom-Holevo lower bound is used to derive a proper time-
energy/mass uncertainty relation.
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hat allowed Einstein to transcend Newton’s absolute
time was his insistence that time is what is shown by a
clock!:

“[Time is] considered measurable by a clock (ideal periodic
process) of negligible spatial extent. The time of an event
taking place at a point is then defined as the time shown on
the clock simultaneous with the event.”

Bridgman highlighted the significance of this definition of
time?:

“Einstein, in seizing on the act of the observer as the essence
of the situation, is actually adopting a new point of view as
to what the concepts of physics should be, namely, the
operational view.”

Extending the operational view to quantum theory, one is led to
define time through measurements of quantum systems serving as
clocks?. Such descriptions of quantum clocks have been developed
in the context of quantum metrology*’. In this regard, time
observables are identified with positive-operator valued measures
(POVMs) that transform covariantly with respect to the group of
time translations acting on the employed clock system®?. This
covariance property ensures that these time observables give the
optimal estimate of the time experienced by the clock; that is, they
saturate the Cramer-Rao bound!?. Furthermore, covariant time
observables allow for a rigorous formulation of the time-energy
uncertainty relation~7, circumvent Pauli’s infamous objection to
the construction of a time operator!1:12, and play an important
role in relational quantum dynamics!3-17.

Given that clocks are ultimately quantum systems, they too are
subject to the superposition principle. In a relativistic context, this
leads to the possibility of clocks experiencing a superposition of
proper times. Such scenarios have been investigated in the context of
relativistic clock interferometry!8, in which two branches of a matter-
wave interferometer experience different proper times on account of
either special or general relativistic time dilation!?-26. Such a setup
leads to a signature of matter experiencing a superposition of proper
times through a decrease in interferometric visibility. Other work has
focused on quantum variants of the twin-paradox2”-?8 and exhibiting
nonclassical effects in relativistic scenarios?-3°.

We introduce a proper time observable defined as a covariant
POVM on the internal degrees of freedom of a relativistic particle
moving through curved spacetime. This allows us to consider two
relativistic quantum clocks, A and B, and construct the probability
that A reads a particular proper time conditioned on B reading a
different proper time. To compute this probability distribution we
extend the Page-Wootters approach3”8 to relational quantum
dynamics to the case of a relativistic particle with internal degrees
of freedom. We then consider two clocks prepared in localized
momentum wave packets and demonstrate that they observe on
average classical time dilation in accordance with special relativity.
We then illustrate a quantum time dilation effect that occurs when
one clock moves in a superposition of two localized momentum
wave packets: On average, the proper time of a clock moving in a
coherent superposition of momenta is distinct from that of the
corresponding classical mixture, see Fig. 1. We describe the
average quantum correction to the classical time dilation observed
by such a superposed clock. In addition, our description of proper
time as a covariant POVM allows for both proper time and par-
ticle mass to be treated as dynamical quantum observables, leading
to a time-energy/mass uncertainty relation.

Results
Page-Wootters description of a relativistic particle with an
internal degree of freedom. In adhering to the operational view
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Fig. 1 Quantum time dilation. Two clocks are depicted as moving in
Minkowski space. Clock B is moving in a localized momentum wave packet
with average momentum pg, while clock A is moving in a superposition of
localized momentum wave packets with average momentum p, and p),.
Clock A experiences a quantum contribution to the time dilation it observes
relative to clock B due to its nonclassical state of motion.

espoused earlier, we employ the Page-Wootters formulation of
quantum dynamics in which time enters like any other quantum
observable. One considers a state [¥)) € H,,,,, of a clock C and a
system S that lives in the physical Hilbert space H,. This
Hilbert space is defined as the Cauchy completion of the set of
solutions to the constraint equation:

Cyl¥)) = (Hc + Hg)|¥)) = 0, (1)

where H; € L(H) and Hg € L(H) denote the Hamiltonians of
C and S. One then associates with C a time observable defined as a
POVM:

T = {Ec(t) VEeG |l = /G Ec(dt)}, 2)

where E(t) = |t)t| is a positive operator on H; known as an
effect operator, G the group generated by Hc, and [t) will be
referred to as a clock state associated with a measurement of the
clock yielding the time t. What makes T a time observable is that
the effect operators transform covariantly with respect to the
group generated by He>"7»

E(t+ 1) = Uc(f) E(t) UG(t') (3)

where Ug(t) := e7Hlct, This covariance condition implies that
|t + ¢') = Uc(t')]t). One then defines a state of S by conditioning
|¥)) on C reading the time ¢

lvs() = (t| @ L5|¥)). (4)
It then follows from Egs. (1) and (3),
i% }‘/’s(t» = Hs“/’s(t>>7 (5)

which describes the evolution of S relative to C.

As described in the “Methods” section, a relativistic particle
with an internal clock degree of freedom can be described by the
Hilbert space H, ® H.y, ® Hgoao  Where M, ~ L*(R),
Hey =~ L2(R?), and ‘H oy are Hilbert spaces associated respec-
tively with the temporal, center-of-mass, and internal clock
degrees of freedom of the particle. When the relativistic
particle has positive energy, the physical state satisfies Eq. (1)
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with Hc = P; equal to the momentum operator on H, and

p2 H 2
Hg = mc®\[——+ 1 +=k) | (6)
m2c? mc?

where P2 := #,P'PJ, ;; the Minkowski metric, and m the rest mass
of the partlcle Equation (5) then becomes the relativistic
Schrédinger equation and the state |yg(f)) may be interpreted
as the state of the center-of-mass and internal clock of the particle
at the time ¢, interpreted as the time of an inertial frame observing
the particle with respect to which the center-of-mass degrees of
freedom are defined. With this identification, the dynamics
implied by the Page-Wootters formalism is in agreement with
previous descriptions of a relativistic particle with internal
degrees of freedom!%-31,39,

We note that in the “Methods” section the above analysis in the
Page-Wootters formalism is generalized to the case of a
stationary curved spacetime and in Supplementary Note 1 the
Klein-Gordon equation is recovered. Further justification of the
Page-Wootters formalism is provided in Supplementary Note 2.

Proper time observables. We now make precise how the internal
degrees of freedom of the relativistic particle introduced in the
previous section constitute a clock by introducing a proper time
observable. We define a clock to be the quadruple:

{Hclock’ Ps Hclock7 Tclock}7 (7)

the elements of which are the clock Hilbert space H g, a fiducial
state p, Hamiltonian H o, and time observable T¢joc. Similar to
the definition of T above, Tqoq is defined as a POVM that
transforms covariantly with respect to the group action
U, o (7) = e Haoa™, The physical significance of the covariance
condition in Eq. (3) is that it implies the time observable satisfies
the following two physical properties commonly associated with a
clock, which we state in a theorem.

Theorem 1 (Desiderata of physical clocks) Let Tgoq be a
covariant time observable relative to the group generated by
Haoao p be a fiducial state such that (Tyeq), =0, and

p(1) == Ugoa (7) p Udock( 7). The following two physical proper-
ties of such a time observable follow:

1. Tgock is an unbiased estimator of the parameter 7 such that
<Tclock> p(7) =T

2. The variance of the time olz)servable is 1ndep§:ndent of the
parameter T, ie, <(ATclock) > p(r) — <(ATclock) >p

Proof Statements 1 and 2 follow directly from the covariance
property of Tqoqs see Supplementary Note 3.

This theorem justifies interpreting Toq as a time observable:
when a time observable is measured on a quantum clock, we
expect on average that it estimates the elapsed time 7 unitarily
encoded in p(7). Also, the variance of this measurement should be
independent of the time 7 being estimated.

Taking this notion of a clock and applying it to the relativistic
particle model introduced in the previous section, we may
construct a proper time observable that transforms covariantly
with respect to the internal clock Hamiltonian Hgeq of the
particle. As explained in the “Methods” section, such a
Hamiltonian generates a unitary evolution of the internal clock
degrees of freedom of the particle, and thus a time observable
Taock that transforms covariantly with respect to the group
generated by Hoq Will measure the particle’s proper time.

Proper time-energy/mass uncertainty relation. For an unbiased
estimator, like the proper time observable T, introduced in the
previous section, the Helstrom-Holevo lower bound®> places the

fundamental limit on the variance of the proper time measured
by the clock

1

(ATgoa)®), 2 ma (8)

where ((AH,4)?) , is the variance of Heoc on the fiducial state
p. Equation (8) is a time-energy uncertainty relation between the
proper time estimated by Tgoq and a measurement of the clock’s
energy Hoc. Now consider the related mass observable defined
by the self-adjoint operator Mo = m + Hyoadc? (e.g.,1%). From
Eq. (8), an uncertainty relation between this mass observable and
proper time follows

1
A1MclockATclock 2 272 ’ (9)

where AA := ((AA)’ ) '/ denotes the standard deviation of the

observable A. This 1nequa11ty gives the ultimate bound on the
precision of any measurement of proper time.

The time-energy/mass inequality above can be saturated using
the optimal proper time observable provided that the effect
operators E o (7) defining T, are proportional to “projection”
operators

Egoac(7) = pl7)1l; (10)

for u € R such that [g Eqoa(dr) = Lo where Hyoe is the
generator of proper time translations, and |7) is the clock state
corresponding to the proper time 7. Here the motivation is that
measurements not described by one-dimensional projectors have
less resolution®, however, note that the clock states |7) are not
necessarily orthogonal, (7]7’) # 0.

It turns out that covariant observables satisfying Eq. (10)
constitute an optimal measurement to estimate the parameter T
unitarily encoded in the state p(7):= Udoad7)pUdoc(7), provided
that the fiducial state is pure p = |4 (Voac| and

|V/clock> = /GdT !V/clock(r)‘eiT<Hd°Ck>P‘T>7 (11)

where ¥y (1) == \/H(T|¥ o) and ’Wclock(T)’ is a real function
of 7 such that (T ), = 0°. Such a proper time observable T,
is optimal in the sense that it maximizes the so-called Fisher
information!?, which quantifies how well two slightly different
values of proper time can be distinguished given a particular
quantum measurement. For the effect operatrors E . and the
fiducial state in Eq. (11), we have

Flz;p(7)] = 4((AHgoa)") (12)

The covariance condition, " = Ugoa (7')|7), ensures that
the Fisher information is independent of 7.

Let us point out a connection between our above construction
of a proper time observable and quantum speed limits. From the
fact that \/F[r;p(1)]/2 < AH*, together with Eq. (12), we can
conclude that the covariant proper time observable in fact
saturates the so-called Mandelstam and Tamm inequality. That is

s s
Flnp(n]  2AM "
where 7 is the time that passes before the initial state of a system
evolves under the Hamiltonian H, into an orthogonal state.

We remark that in this construction both proper time and
mass are treated as genuine quantum observables; the former as a
covariant POVM T, and the latter as a self-adjoint operator
M_jock- Such a formulation of proper time and mass in the regime
of relativistic quantum mechanics has been argued as necessary
by Greenberger442,

T, = ATclock =

clock
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Classical and quantum time dilation. Let us now consider two
relativistic particles A and B, each with an internal degree of
freedom serving as a clock, {H3°X,|ysock) Hk T} and

{Hglock, |pgock) Hglok Ty}, Suppose these clocks move through
M1nk0wsk1 space and are described by the physical state |¥)),
which satisfies two copies of Eq. (1), one for each clock, as
detailed in the “Methods” section. To probe time dilation effects
between these clocks we consider the probability that clock A
reads the proper time 7, conditioned on clock B reading the
proper time 7p. This conditional probability is evaluated using the
physical state |¥)) and the Born rule as follows

prob[T, =7, & Ty =15]
prob|T = 7]
((¥|E5 (14)Eg(13)|¥))
((¥[Es(7p)[¥))

prob[T, =7, | Ty = 15] =
(14)

To evaluate this probability distribution note that the clock
states defined below Eq. (2) form a basis dense in H,, and thus a
physical state may be expanded as

)= [ atinlvsto
- /dt L ®ne{A,B}

where U, (t) := ¢!, H, is the Hamiltonian given in Eq. (6),
and in writing Eq. (15) we have supposed that the conditional
state at t = 0 is unentangled, |yg(0)) = |y,)|yy). Further
suppose that the center-of-mass and internal clock degrees of

|V/ >‘ll/clock
where [y<™) € HE™ is the initial state of the center of-mass of the
particle. Suppose that H<°* ~ [2(R), so that we may consider
an ideal clock such that H9°* = P_and T,, are the momentum
and position operators on ’Hfll‘”k. Such clocks represent a
commonly used idealization in which the time observable is
sharp, that is, the clock states are orthogonal (7;|7}) = 8(r — 7')
and so outcomes of different clock measurements are perfectly
distinguishable. Note that [Tn, Hg“k} = i, from which it follows
that the effect operators satisfy the covariance relation
|7+ 7)) = Uyou(7')|7). We employ such clocks for their
mathematical simplicity in illustrating the quantum time dilation
effect, however we stress that for any covariant time observable,
on account of Eq. (14), a quantum time dilation effect is expected
(e.g., see ref. 43).

By substituting Eq. (15) into Eq. (14), the probability that A
reads 75 conditioned on B reading 73 can be evaluated to leading
relativistic order in the center-of-mass momentum (P, /mc) and
internal clock energy (HS™/mc?)

(15)
clock

O]y

prob[Ty = 7, | Ty = 73]

2
(tA — ) 5

(HY") — (H5") (1 G @)} (16)

270 bt 2mc?

where (HS™) := w;m’Pz ’1// )/2m is the average nonrelativistic
kinetic energy of the nth particle and we have assumed the
fiducial states of the clocks |1//fll°°k> to be Gaussian wave packets
centered at 7 = 0 and have a width ¢ in the clock state (i.e.,
position) basis. As described by this probability distribution, the
average proper time read by clock A conditioned on clock B
indicating the time 73 is

e 202

e g, (17)

(1 = (1~ L)

and the variance in such a measurement is
Hcm> _ <Hcm>
ATV =(1- <A—B 2, 18
(ot = (1~ L (18)

As might have been anticipated, the variance in a measurement of
T, is proportional to ¢%, which quantifies the spread in the
fiducial clock state.

Now suppose that the center-of-mass of both clocks are
prepared in a Gaussian state localized around an average
momentum p, with spread A, > 0,

(p— pn)
v YR, /—/ dpe ™

for which (HJ™) = P“ + . It follows that the observed average
time dilation between two such clocks is

52 _ 52 L 1(A2
(TA>:|:17PA pB+2( A

2m?c?

If instead the two clocks were classical, moving with momenta
p,n and pg corresponding to the average velocity of the
momentum wave packets of the clocks just considered, then to
leading relativistic order the proper time 7, read by A given that
B reads the proper time 7p is

S )
VB Pa — Ps

Ty, =—Tg= |1 — T

A Ya B { 2’”262} &

where y, := /1 + p2/m?c%. Therefore, upon comparison with
Eq. (20) and supposing that Ay = Ap, quantum clocks whose
center-of-mass are prepared in Gaussian wave packets localized
around a particular momentum agree on average with classical
time dilation described by special relativity.

It is natural to now ask: Does a quantum contribution to the
time dilation observed by these clocks arise if the center-of-mass
of one of the clocks moves in a superposition of momenta? To
answer this question, suppose that the center-of-mass state of A
begins in a superposition of two Gaussian wave packets with
average momenta p, and p/,,

P =:[Pa),  (19)

— AZB)} Ty (20)

(21)

‘I/ICAm> ~ cos 0|p,) + € sin 9‘1‘)2&, (22)

where 6 € [0, 7/2), ¢ € [0, 7], and |p,) and ‘f)j& are defined
in Eq. (19). Further, suppose that the center-of-mass
degree of freedom of clock B is again prepared in a Gaussian
wave packet with average momentum pg as in Eq. (19).
Using Eq. (17), the average time read by A conditioned on B
reading 73 is

(1) = (v + 13" ) (23)

where

picos’0 + plZsin® — pi AL — AR
2m?c? am?

leads to the classical time dilation expected by a clock moving

in a statistical mixture of momenta p, and p/, with probabilities
cos?6 and sin®0, and

(24)

yo'i=1-

)

cos ¢ sin 20 [( pA) -2 (p7—7i) cosZ@]

8m2c? <cos ¢sin 20 + exp [@} >

Yo =

)

(25)
which quantifies the quantum contribution to the time dilation
between A and B. As expected, if either 6 € {0,5} or p, = Py,
then the quantum contribution vanishes, yg' =0. This is
expected given that in these cases the center-of-mass of the

4 | (2020)11:5360 | https://doi.org/10.1038/s41467-020-18264-4 | www.nature.com/naturecommunications


www.nature.com/naturecommunications

ARTICLE

002 008 004 005 ¢

0.06
(PA— Pa)/me
b T T
4t _—— S 1
I" \\ ., ’ ~
S \\\ , \\
/ ’
2 /I """""""" . \\ 4 A
- / . S ’ \ -
g Y
'-f|> / R \} ’ \
2 s 2 '
B Ve
g W~ ,l RS N
'O 0 2 Vi N e A
= A , DR Lo
\ \ Seel ianrd
\ ’ \\ ......... /I
* ’ ‘ AN i
N N ’
N e b ’
-2+ ~_ -7 Saeo b
L L L L L
0 T T 3n T
8 4 8 2
0
A A Pithy _
P = -0.06 P = -0.03 B2 o
PatPa _ __ Patba _
“Pr =0.03 Ph = 0.06

Fig. 2 Magnitude of quantum time dilation. The strength of the quantum
time dilation effect yg' is plotted in a as a function of the momenta
difference (b, — Pa)/mc, where p, = (P, 0,0) and p), = (P, 0, 0) denote
the average momentum of the wave packets comprising the superposition
state in Eq. (22) for @ = z/8, and in b as a function of superposition weight
0 for (p)y — pa)/mc = 0.17. Different values of the average total momentum
(P + Pa)/mc are shown and Ax/mc = 0.01 in all cases. The thin black line
in plot a traces the trajectory of the optimal momentum difference p,, for
different total momentum (B + pa)/mc.

clock particle is no longer a superposition of momentum wave
packets; see Eq. (22). From Eq. (24) it is clear that choosing
Ap = Ap and p} = picos?0 + p/sin®0 results in yc! = 0, and
thus any observed time dilation between clocks A and B would
be a result of the quantum contribution yg'.

To illustrate the behavior of quantum time dilation stemming
from the nonclassicality of the center-of-mass state of clock
A, the quantity yal is plotted in Fig. 2. For simplicity the one-
dimensional case is exhibited by supposing p, = (p,,0,0) and
P, = (P4,0,0) with p/, >p,. Figure 2a shows the behavior of
Yq as a function of the difference (P, — Pa)/mc in the average
momentum of each wave packet comprising the momentum
superposition in Eq. (22) for different values of their total
momentum (P}, + p,)/mc. It is seen that quantum time
dilation can be either positive or negative, corresponding to
increasing or decreasing the total time dilation experienced by
the clock compared to an equivalent clock moving in a classical
mixture of the same momenta wave packets. Further, there is an
optimal difference in the average momentum of the two wave

packets p,,; as the total average momentum of the wave
packets ‘[)/A +p A} /mc increases, the magnitude of y5' and pep
increase.

Figure 2b is a plot of y,' as a function of 6 quantifying the
weight of each momentum wave packet comprising the super-
position in Eq. (22) for a fixed value of the difference in average
momentum of each wave packet (f); —[)A)/ mec. It is observed
that when (P + p,)/mc =0, Yq is positive for all values of 6
and reaches its maximum value at § = n/4. As the total average
momentum increases, yél decreases for 0 < 6 < 71/4 and increases
for /4 < 6 < 7/2 with the largest negative value at 6 = 71/8 and
largest positive value at 8 = 37/8.

Quantum time dilation in experiment. Consider the two clock
particles to be 87Rb atoms, which have a mass of m = 1.4 x 10=2°
kg and atomic radius of r = A/A, = 2.5 x 10710 m. Suppose
these clock particles can be prepared in a superposition of
momentum  wave packets such that (P} +p,)/mc=
(Ply — Pa)/mc = 6.7x 1078, corresponding to each branch of the
momentum superposition moving at average velocities of
v, =5ms 'and ¥, =15 m s~ L. We note that (classical) special
relativistic time dilation has been observed with atomic clocks
moving at these velocities*#*>, and perhaps the momentum
superposition can be prepared by a momentum beam splitter
realized using coherent momentum exchange between atoms and
light*647. Supposing that 6 = 37n/4 and ¢ = 0 results in
Yq A~ 107", Assuming that the resolution of the clock formed by
the internal degrees of freedom of the 87Rb atoms is 10714 s,
corresponding to the resolution of 8Rb atomic clocks®3, it is seen
from Eq. (17) that the coherence time of the momentum super-
position must be on the order of 10 s to observe a quantum time
dilation effect. We note that the required coherence time is
comparable to coherence times of the superpositions created in
the experiments of Kasevich et al.#°, which are on the order of
seconds.

Concretely, one might imagine observing quantum time
dilation in a spectroscopic experiment using the width of an
emission line, which is inversely proportional to the lifetime of the
associated excited state, as a quantum clock. Indeed, it has recently
been shown that the lifetime of an excited hydrogen-like atom
moving in a superposition of relativistic momenta experiences
quantum time dilation in accordance with Eq. (25)%3. Alterna-
tively, Bushev et al.>* have proposed to use the spin precession of a
single electron in a Penning trap as a clock to observe nonclassical
relativistic time dilation effects, and it is conceivable that such a
clock might be able to witness the quantum time dilation effect
discussed here. Similar remarks apply to the ion trap atomic clock
discussed in the ref. 32.

Discussion

We considered the internal degrees of freedom of relativistic
particles to function as clocks that track their proper time. In
doing so we constructed an optimal covariant proper time
observable which gives an unbiased estimate of the clock’s proper
time. It was shown that the Helstrom-Holevo lower bound*>
implies a time-energy uncertainty relation between the proper
time read by such a clock and a measurement of its energy. From
this relation, we derived an uncertainty relation between proper
time and mass, which provided the ultimate bound on the pre-
cision of any measurement of proper time. This yielded a con-
sistent treatment of mass and proper time as quantum
observables related by an uncertainty relation, resolving past
issues with such an approach*!42, The approach adopted here
differs in that we construct a proper time observable Tg,q in

| (2020)11:5360 | https://doi.org/10.1038/s41467-020-18264-4 | www.nature.com/naturecommunications 5


www.nature.com/naturecommunications
www.nature.com/naturecommunications

ARTICLE

terms of a covariant POVM rather than a self-adjoint operator.
Using the standard Born rule, the conditional probability dis-
tribution that one such clock reads the proper time 7, condi-
tioned on another clock reading the proper time 75 was derived in
Eq. (14).

We then specialized to two such clock particles moving
through Minkowski space and evaluated the leading-order rela-
tivistic correction to this conditional probability distribution. It
was shown that on average these quantum clocks measure a time
dilation consistent with special relativity when the state of their
center-of-mass is localized in momentum space. However, when
the state of their center-of-mass is in a superposition of such
localized momentum states, we demonstrated that a quantum
time dilation effect occurs. We exhibited how this quantum time
dilation depends on the parameters defining the momentum
superposition and gave an order of magnitude estimate for the
size of this effect. We conclude that quantum time dilation may
be observable with present day technology, but note that the
experimental feasibility of observing this effect remains to be
explored.

It should be noted that the conditional probability distribution
in Eq. (14) associated with clocks reading different times was a
nonperturbative expression for clocks in arbitrary nonclassical
states in a curved spacetime. It thus remains to investigate the
effect of other nonclassical features of the clock particles such as
shared entanglement among the clocks and spatial super-
positions. In regard to the latter, it will be interesting to recover
previous relativistic time dilation effects in quantum systems
related to particles prepared in spatial superpositions and each
branch in the superposition experiencing a different proper time
due to gravitational time dilation!8-203450, We emphasize that
the quantum time dilation effect described here differs from these
results in that it is a consequence of a momentum superposition
rather than gravitational time dilation. Nonetheless, it will be
interesting to examine such gravitational time dilation effects in
the framework developed above and make connections with
previous literature on quantum aspects of the equivalence prin-
ciple®!-23, We also note that while we exhibited the quantum
time dilation effect for a specific clock model, based on the pre-
ceding analysis in terms covariant time observables it is expected
that any clock will witness quantum time dilation. Given this, it
will be fruitful to examine our results in relation to other models
of quantum clocks that have been considered®32>4->7 and
establish whether quantum time dilation is universal, affecting all
clocks in the same way, like its classical counterpart.

Another avenue of exploration is the construction of relativistic
quantum reference frames from the relativistic clock particles
considered here!>>8-61. In particular, one might define relational
coordinates with respect to a reference particle and examine the
corresponding relational quantum theory and the possibility of
changing between different reference frames®?-%%, Related is the
perspective-neutral interpretation of the Hamiltonian constraint
in terms of which a formalism for changing clock reference sys-
tems has recently been developed3>70-72,

Methods
Constraint description of relativistic particles with internal degrees of free-

dom. We present a Hamiltonian constraint formulation of N relativistic particles
with internal degrees of freedom. A complementary approach has been taken in

ref. 31,

Consider a system of N free relativistic particles each carrying a set of internal
degrees of freedom, labeled collectively by the configuration variables g,, and their
conjugate momentum P, (n =1, ..., N), and suppose these particles are moving
through a curved spacetime described by the metric g,.,. The action describing such
a system is S = X[ dr, Ly(7,), where

dq,

Ly(1,) = —m,c* + P == Hf‘l(’d‘,

i (26)

Temporal
degree of freedom
(. PR)

A

Internal clock
degree of freedom

@

(g, Pqn)

Spatial/momentum
» degrees of freedom
(Xn Pr)

Fig. 3 Degrees of freedom of nth particle. The temporal degrees of
freedom (xﬂ7 PS) and center-of-mass degrees of freedom (x!,, Pin) of the nth
relativistic particle are depicted. This particle carries an internal degree of
freedom (gq,,, Pqn) that is used to construct a clock which measures the nth
particle's proper time.

is the Lagrangian associated with the nth particle, 7,, and m,, denote respectively this
particle’s proper time and rest mass, and HI°* = ok (g | Pqn) is the Hamiltonian
governing its internal degrees of freedom. We use these internal degrees of freedom as
a clock tracking the nth particle’s proper time. Note that Eq. (26) specifies that HEk
generates an evolution of the internal degrees of freedom of the nth particle with
respect to its proper time. Let xh denote the spacetime position of the nth particle’s
center-of-mass relative to an inertial observer, see Fig. 3.

The differential proper time dr,, along the nth particle’s world line xh(¢,),
parametrized in terms of an arbitrary parameter t,, is

i 5
dr, = ,/—gwx’;x‘n/cz dt, =/ —x; dt,,

where the over dot denotes differentiation with respect to , and we have used the
dimensionless shorthand %2 := XX/ 2. In terms of the parameters ¢, the

(27)

action takes the form

S= Z/ dtn *Xﬁ Ln(tn)‘ (28)
n

This action is invariant under changes of the world line parameters f,, as long as
there is a one-to-one correspondence between f, and 7,,. This invariance allows for
the action to instead be parameterized in terms of a single parameter ¢, which is
connected to the nth particle’s proper time through a monotonically increasing
function f,(t,): = t. Expressed in terms of the single parameter ¢73, the action in Eq.
(28) is S = [ dt L(t), where

L(t):= Z \/7‘)631 —m,c* +

This Lagrangian treats the temporal, spatial, and internal degrees of freedom as
dynamical variables on equal footing described by an extended phase space
interpreted as the description of the particles with respect to an inertial observer.

The Hamiltonian associated with L(#) is constructed by a Legendre transform of
Eq. (29), which yields

H=Y {ngﬁkz + Pq"qn] —L(t)

clock
— Hn

P g
I In (29)

—x;,

(30)
=Y [g,wP*;fcﬁ +/ =k (m, @ + H;“”k)} :
n

where P¥ is the momentum conjugate to the nth particle’s spacetime position x4
defined as

oL(¢) i
R __*
Pli=¢ Fra - M, (31)

n —X,

where we have defined the mass function M,, := m, + HS°% /c2, comprised of the
nondynamic rest mass m, and the dynamic mass H9°* /¢? implied by mass-energy
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equivalence. Upon substituting Eq. (31) into the Hamiltonian H, we see that each
term in Eq. (30) is constrained to vanish

Hy = BRM, [ (m + HE)
= [+ H) — (6 + H) (32)

~ 0,

where = means H, vanishes as a constraint’4. Furthermore, using Eq. (31), the N
constraints in Eq. (32) can be expressed as

Cy, = g, PhPic + My ~ 0. (33)

This is a collection of primary first class constraints, which are quadratic in the
particles’ momentum and are a manifestation of the Lorentz invariance of the
action defined by Eq. (26).

Similar to”%71, each of these constraints may be factorized as Cy; = C{C,,
where C; is defined as

Cy = (Pa)oxhy (34)
and
hy = 1/ gPhPhct + Mict. (35)

In Eq. (34) we have assumed the time-space components of the metric vanish,
goi = 0. Such an assumption is not necessary, however, to illustrate the quantum
time dilation effect we consider clocks in Minkowski space for which this is the case
and hence we make this assumption for simplicity.

By construction, the momentum conjugate to the nth particle’s spacetime
coordinates satisfy the canonical Poisson relations {xfn, P} = §*/6,,,,.. This implies
that the canonical momentum P generates translations in the spacetime
coordinate x4. Moreover, if it is the case that C¥ ~ 0, it follows that (P,), = *h,,
which is the generator of translations in the nth particle’s time coordinate. Said
another way, *h, is the Hamiltonian for both the center-of-mass and internal
degrees of freedom of the nth particle, generating an evolution of these degrees of
freedom with respect to the time x% = ¢, interpreted as the time measured by an
inertial observer employing the coordinate system x.

In what follows, we will employ Dirac’s canonical quantization scheme’4-7. We
promote the phase space variables of the nth particle to operators acting on
appropriate Hilbert spaces: x{ and (P, ), become canonically conjugate self-adjoint
operators acting on the Hilbert space H ~ L*(R) associated with the nth
particle’s temporal degree of freedom; x|, and (P, ); become canonically conjugate
operators acting on the Hilbert space H{™ ~ L2 (RS) associated with the nth
particle’s center-of-mass degrees of freedom; and g, and P, become canonically
conjugate operators acting on the Hilbert space HI°* associated with the nth
particle’s internal degrees of freedom. The Hilbert space describing the nth particle
is thus H, ~ H> @ H™ @ HIok,

The constraint functions in Egs. (32) and (33) become operators CHn and C;
acting on H,,. The quantum analog of the constraints is to demand that physical
states of the theory are annihilated by these constraint operators

Cp, 1)) = C1C, [¥)) =0, Vn, (36)

where |¥)) € H,,., is a physical state that is an element of the physical Hilbert
space H,y,,,””78. The physical Hilbert space is introduced because the spectrum of
Cy is continuous around zero, which implies solutions to Eq. (36) are not
normalizable in the kinematical Hilbert space K~ @), H,,. To fully specify H,, a
physical inner product must be defined, which is done in Eq. (39). Note that
because [C;, C,] = 0, it follows Cyy; [¥)) = 0 if either C; [¥)) =0 or

c, ¥) =o.

The Page-Wootters formulation of N relativistic particles. In this subsection,
we recover the standard formulation of relativistic quantum mechanics with
respect to a center-of-mass (coordinate) time using the Page-Wootters formalism.
To do so, the physical state |¥)) of N particles is normalized on a spatial hyper-
surface by projecting a physical state |¥)) onto a subspace in which the temporal
degree of freedom of each particle is in an eigenstate state |t,) of the operator x)
associated with the eigenvalue f € R in the spectrum of x%, x0|r,) = ¢|t,). Expli-
citly,

I, ® I|¥)) = [1)]ys(1)),

where I denotes the identity on Hg ~ @, H™ @ HIX, 11, := |t)(t] is a projector
onto the subspace of H in which the temporal degree of freedom of each particle is
in a definite temporal state |t) := @), |t,) associated with the eigenvalue . Equa-
tion (36) defines the conditional state

lys(6)) == (t| @ I|¥)) € Hs,

which describes the state of the center-of-mass and internal degrees of freedom of
N particles conditioned on their temporal degree of freedom being in the state |¢, ).

(37)

(38)

We demand that this state is normalized (ys(t)|ys(t)) = 1 for all ¢ € R. This
implies that the physical states are normalized with respect to the inner product!4

(D) pw = ((YITL @ I|¥)) = (ws(D]ys(1)) = 1, (39)
for all t € R.

Note that the set {II,, V t € R} constitutes a projective valued measure (PVM)
on the Hilbert space @), 12, since (¢|t') = 8(t — ¢') and [ dt IT, = I°, where I° is the
identity on (,H2. Given this observation and the definition of the conditional
state in Eq. (38), it is seen that the physical state |¥)) is entangled relative to
Hi™ @ H,

(40)

)= ([ armeen)wn = [ a ol

We emphasize that this entanglement is with respect to a partitioning of the
kinematical Hilbert space K, and thus is not physical (i.e., not gauge invariant)!.
We consider physical states that satisfy

Cil¥)) = [(Py)g + ko] 1¥)) =0, (41)

for all n, where h, is the operator equivalent of Eq. (35). This amounts to
demanding that the conditional state of the system has positive energy as measured
by h,.

We now show that the conditional state ‘ws(t)>, defined in Eq. (38), satisfies the
Schrodinger equation in the parameter . Recall that [x0, (P,),] = i, and hence the

operators P} generate translations in x°,
|t,) = e IEDr), (42)

where |t,) and |t;1> are eigenkets of the operator x" with respective eigenvalues ¢
and #'. Now consider how |1//S(t)> changes with the parameter t:

o) =i @l 2 1))

= (Z(f\(f’m)o ®L,® Is> %)),

m

(43)

where I° | denotes the identity operator on all of the Hilbert spaces 2 for which
n # m and the derivative with respect to ¢ was evaluated using Eq. (42). The
constraint C;|¥)) = 0 can be rewritten as

(P)o® I, @ I¥)) = —I° ® hyy @ I§_|¥)), (44)

for all m, where h, is the operator equivalent of Eq. (35) acting on H™ @ HEok
and I is the identity on &), Hy" ® Helok, Substituting Eq. (44) into Eq. (43)
yields

n#m

i lwsl) = (Zm ©hy @Isﬁm>|w>>

m

= Z/ dr (tltHhy, @ 15 |ys(t))
= th ® ISﬁm H’S(t)>’

(45)

where the second equality is obtained using Eq. (40). Equation (45) asserts that the
conditional state satisfies the Schrodinger equation

i s (0) = Halys ), (46)

where Hg := >

mhm ®Is s the relativistic of all N particles.
Leading relativistic expansion of the conditional time probability distribution.
The Hamiltonian in Eq. (35) can be expressed as
h, = H** + H™ + H (47)
where we have specialized to Minkowski space, dropped an overall constant mc?2,
and defined the center-of-mass Hamiltonian H™ := P2 /2m and the leading order
relativistic contribution
int . 1 cm clock cm 2 48
Hn 'Ziw(Hn ®I—In +(Hn))7 ( )
which is derived by expanding Eq. (35) in both P,/mc and H;l"‘k /mc2.
Let us define the free evolution of the center-of-mass and internal clock degrees
of freedom respectively as

PR (D) = e e, (19)
and

_ _ izrdlock - relock

palt) 1= e g I (50)
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for n € {A, B}. Then the reduced state of the clock to leading relativistic order is
Palt) = tr, (E’iH‘"""pcm(t) ®p, (t )eiH;;“t>
<H ) T pyelock (51)

=p, () + it-—"L[HIH 5 (1)].

Using Eq. (51) the integrands defining the conditional probability distribution in
Eq. (14) may be evaluated perturbatively

<H>

tr(E, (7a)py (1)) = tr(Ey(7,)py (1)) + it tr(E, (1,) [HR" oy (1)) (52)

Suppose that the fiducial state |ydo) € H;l“k of the clock is Gaussian with a
spread o, then the first term in Eq. (52) is

(B, (1,)pa(0) = |(7ale '““|wd°ck>\

« ﬂz 2
= dr'( n|r
/ \/— (53)
[‘r{

e 7

Vo

where we used the orthogonality of the clock states, (7,|7') =
holds for an ideal clock.

Defining |ydok(t)) := e
te(Ex, (2) [H,5,(1)] ) = (x| [H%, 5, ()] Ir)
< Hdock ! 1’,clock > <V/:,IOCk ) ‘Tn>
< W/clock( )) <W;lock( )} HCIOCk‘Tn> (54)
= (g |HEEoK |y (1)), — (oK) [ FESock 7, )

8(t — 7'), which

\//S°“k>, the trace in the second term of Eq. (52) is

_(-n?

e 22
X s E——
mi\/o
It follows from the covariance relation in Eq. (3) that the clock states satisfy
_ipyclock 1
‘(T+ T')n> =), (55)

which implies that H°* = —i3 /9 is the displacement operator in the |,,)
representation!?. This observation allows us to evaluate the probability amplitudes in
Eq. (54)

(=12

. 0e 22
———
Jt niy/o
_(1)?
e 22

< Hclock ‘ lI/clock > _
(56)

T—t

G o2’

which simplifies Eq. (54) to

_=?
e & 17—t (57)

2i
N

tr(Ey (1) [HR*%, p, (1)]) =
and together with Eq. (53), Eq. (52) reduces to

By ()0 (0] = (B ()5 (0] + it ) [, ) [HE 7, 1))

=02 N _(?
e & H™ [ e @ 17—t

= +it 2 )
N e I\/fm 02 (58)

_e A [ H =)
o /no? me o |

Using Eq. (58) the conditional probability defined in Eq. (14) can be evaluated,

yielding Eq. (16)

J dt tr[EA(TA)PA(t)]tr[EB(TB>pB(t)]
f dt tr[EB(TB)PB(t)}

prob[T, = 7, [Ty = 78] =

EAS “ HM)+H(HE)  (HY")—(HE") 13 —13
_ € 1 + 2mL2 _ ‘\chz § Aaz . (59)
V2no 1+ 4
mc
(1a—7p)%
e ED) - HP) P -
\2mo mc? 202 ’

Had we instead considered the particle to be a two-level atom, the clock would
have been defined by H°* ~ C? = span{|0), |1)}, Hlok = Qg,, and the
covariant time observable with respect to the group generated by Qo,, i.e.,

{E(z) = |t)1]|, VT € (0,27/Q]}, where |7) = \%(\0) + €¥|1)). For such clock

states, we have (7|r') = 1[1 + ¢%®*'~7)], leading to a modification of the last

equality in Eq. (53) and the results that follow. Nonetheless, a similar analysis
should lead to an analogous quantum time dilation effect that will be modified by
the specific details of the clock. The details of clocks described by discrete spectrum
Hamiltonians and the associated covariant time observables have recently been
discussed in a related context!®.
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