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Some anomalous exact solutions
for the four-component coupled
nonlinear Schrodinger equations
on complex wave backgrounds

LuWang, Li Li** & Fajun Yu™

The coupled nonlinear Schrédinger (CNLS) equations are the important models for the study of the
multicomponent Bose-Einstein condensates (BECs). In this paper, we study the four-components
CNLS equations via Darboux transformation and obtain the N-soliton solutions with zero seed

and non-zero seed solutions(q; = 0org; = e~2t) The 1-soliton solution and 2-soliton solution are
calculated on complex wave backgrounds, the dark-bright-bright-bright soliton solutions and dark-
dark-bright-bright soliton solutions are constructed. We can obtain a new class of dark-bright-bright-
bright soliton solutions, which admit one-valley dark soliton in component g; and triple-hump bright
solitons in the other three components. The collision properties between dark-dark-bright-bright
solitons are considered, and the vector solitons are expected to be much more abundant than those of
previously reported vector soliton collisions.

As early as 1920, the scientists Bose and Einstein believed that all quantum states of atoms would be clustered in a
single quantum state based on Bos¢’s statistical mechanics of photons, which attracted the attention of physicists.
In the following decades, the abundant scientists began to explore Bose-Einstein condensation(BEC) through
some experiments. For example, London suggested that the tidal phenomenon of liquid nitrogen could be the
BEC of helium atoms at low temperatures'. Bogolyubov described the theoretical model of weakly interacting
Bose gases?. Hulin suggested that BEC experiments could be performed with exciton in cuprous oxide®. It was not
until 1995 that the first BEC was obtained in experiments of the gaseous rubidium atoms by Keightley, Cornell
and Wiman*. This was an important breakthrough in Bose-Einstein condensation experiments. Initially, these
experiments were performed with single atom, meaning that most of the Bose gases occupied the same quantum
state, called single-component BEC. With the development of science, the quantum states of BEC experiments
were no longer limited to one quantum state, so multicomponent BECs were further studied. The simplest
multicomponent BECs are two-component BECs. In this paper, we focus on the model of the four-component
BEC:s and their exact solutions.

The nonlinear partial differential equation is an important tool in modern mathematics, such as KdV
equation®:

qr + 6qq;: + Gxxx = 0,
the Gross-Pitaevskii (GP) equation®~:

4 h*a
s |u|2u,x € Rd,t >0,

W2 —
il = ——V2u+ Va(x)u +
2m
and the nonlinear Schrodinger (NLS) equation’:

iqr + Gux = 2q2q* =0.

Among them, the NLS equation is widely used in the study of nonlinear optics, Bose-Einstein condensation
and other physics. For the multicomponent BECs, most of them are studied by the CNLS equations. Qin and
other scholars gave the four-component BECs with repulsive interactions to establish the four-component CNLS
equations’.
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When theCNLS equations are given, it is particularly important work to solve their soliton solutions. The basic
idea of Darboux transformation: It uses a seed solution of the nonlinear evolution equation and the solution of
its Lax pairs, then obtains the new solution of the nonlinear evolution equation and the corresponding solution
of its Lax pairs via the algebraic algorithm and differential operation'"'2. Li and other researchers use Darboux
transformation to solve the two-dimensional NLS equation with PT symmetry potential'®. In addition, the NLS
equation can be solved by Hirota bilinear method*, inverse scattering method'®, Bicklund transform method!®,
and so on. Subsequently, some researchers used Darboux transformation to find the exact solution of the CNLS
equations. Priya et.al use the generalized Darboux transformation to obtain the N-order rogue wave solutions
of the CNLS equations with cross-phase modulation and four-wave mixing terms!’*°. Some soliton methods
are proposed to solve the NLS equation and CNLS equations with a (space, time)-modulated external potential
in Ref.?*%*, The physical exact nonlinear solutions of the (n+1)-dimensional Schrodinger are obtained using RB
sub-ODE and He’s semi-inverse techniques, and several types of solutions, bright optical and dark solitons are
derived in**. Some extract new solutions of space-time stochastic fractional nonlinear Schrodinger equation
with spatiotemporal dispersion are presented, and some new stochastic solutions with physical parameters are
constructed via exponential distribution in*.

In this paper, we mainly use Darboux transform method to investigate the four-component CNLS equations,
which is a tedious process compared with the two-component and three-component CNLS equations. By using
the Lax pair already given in the literature, we construct the matrix Lax pairs in the spectral problem, then the the
dark-bright-bright-bright soliton solutions and dark-dark-bright-bright soliton solutions of the four-component
CNLS equations are calculated via the zero seed solution and the non-zero seed solution, the dynamical behaviors
of the soliton solutions are shown on complex wave backgrounds.

Results

Darboux transformation for four-component CNLS equations.  Since most of the CNLS equations
are non-productible and contain imaginary numbers, the CNLS equations with some components are also more
computationally intensive, so some traditional methods are not effective in solving this problem. In the follow-
ing, with the help of the Lax pairs in the literature [9], the exact solutions of the four-component CNLS equations
are calculated by constructing Darboux transformation, then the interactions between the solitary solutions are
presented on complex wave backgrounds.

We consider the following four-component CNLS equations®:

iqLe + 2que — (19112 + 121> + 193> + 1941*) q
i + 3920 — (Iq11* + |q21* + |g31* + |941%)q )
i3 + 3930 — (Iq11* + |q21* + |g31* + |q41*)q

q

iqas + 340 — (111> + |q21* + |g31* + |q4l?)

the multicomponent BECs provide a good platform for the investigation of vector solitons both theoretically

and experimentally due to the abundance of intra- and interatomic interactions. And many more dark vector

solitons have been experimentally observed in multicomponent repulsive BECs, the experimental observations of

the collisions of bright-dark-bright solitons are realized in three-component BECs with repulsive interactions?.
The Lax pairs of Eq. (1) take the following forms:

il —iqi —iqy —iq3 —iq;
0 0

iqn —ii 0
Y = U4 QY = (o +iQy = | ig2 0 —il 0 0 v, )
ig30 0 —il 0
iqs 0 0 0 —il
where
10 0 0 0 0 —qf —q5 —4q5 —4;
0 —10 0 0 q1 0 0 0 0
o3=|00 —-10 0 ,Q=1 90 0 0 0 R
00 0 —10 q; 0 0 0 0
00 0 0 —1 40 0 0 0
and

ot = V(i QY = [i1203 +ilQ — %(iﬂst —03Q) Y =
02+ 3i(qiq + q3q2 + s + qiqe) — idal — 3at, —idgl — a5, —idgs — 3ak, —idgf — 3di,

) 1 292 1 * 1. * 1 * 1 *

iAq1 — 3q1x — % — siqq] — 3iq1q; — 3iq195 — 3iq1q;

i2q2 — 392 — 3iqq} — i/ = Jiqqs — 3iqaq; — Jidqad; 2
) 1 1. * 1. * 212 1. * 1. *

A3 — 3 Q3 — 719397 — 7iq34; T = 5igd — 20y

1444 — 5q4x — 31949, — 31949 — 219493 — AT — 51q4q,

3)
Here * is the complex conjugate, g;(i = 1,2, 3,4) is a function of the variable space x and time variable ¢, the
/A is the universal parameter.
Constructing Darboux transformation of Eq. (1) by introducing the transformation matrix T:
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Ty Ty Tz Ty Tis
~ To1 Toz Tz Tog Tos
Y =Ty, T=| Ts1 T2 T33 T34 T3s
Ty Ty Tyz Tyq Tys
Ts1 Tsy Ts3 Tsq Tss
Using the compatibility, we can yield:
Ve =0y, U = <Tx FilTos + iTE)) 71,

and

V=V, V = (T[ +i/2Toy + iATQ — LiTos QP + %T@@) -1,

(5)

(6)

If two Lax pairs U,V and U, V have the same types in systems (5) and (6), the ¢ = (@1, 02> 03, Pa> 95) T,
¢ = (d1, 02,031, $5) T, 1 = (01, 02513, 014, 15) € = (E1,62,63,64,65) T, & = (61, 62,3, 64,65)" are the basic

solutions of Egs. (2) and (3), then we give the following linear algebraic systems:

N=1 (4@ | 4@DarD) | s Dar@ | 4D | @)@ i N
im0 (AN HALM; T +ASM” + AMT + As MY )1 = =AY,
N=1 (4@ | q@Dar@) | D@ | 4 DarB) | D@ i @ N
Yico (A2l FARM; T+ Ay M + Apg My + Aps M ) 2 = =M,
N=1 (4@ | 4 @DarD) | 4 Dar@ | 4D | @@ i @) ,N
ico (A3 FARMY +ASM7 + Ay MY + ASM;Y )2 = —M;72F,
N=1 (4@ | x@Dar@) |y @Dar@ | 4 DarB) | @)@ i G) ;N
Yo (A +ARM; T+ AGMT + AuM;T + A M, )L]% = —M; Aj ,

N=1 (4@ | gDpr@) 4 gD ar@ o 4D aeB) L 4@ 5i 4@ 9N
Yico \Asi +AM; T+ A M + Ay M + Ass M ) 2 = =M

with
MO = <ﬂ2+V]-(1U¢2+Vj<m712+V]-(13)E2+V;14)52
i = T ¥} 3 i
J fﬂl+V{21:¢1+V]§22§m+V{23:€1+V{(24281 ’
M(z) I I I F R A R
i = 2 b7) bX] 24
] </71+V]i31;¢1+1’]§32;m+V]i}3i$1+vli34251 ’
M(s) Pat; ¢4+vj n4t+v; $4+vj &4
i = 31 32 33 GH__ >
J <p1+v154l:¢1+v]§42;n1+v1543:§1+vj(44281
(@) _ esty sty nsty Es+y) es .
Mj = @n @ @) a0 <j <5N,
P14y ity T my sty e

(8)

here 4; and v® are given the right parameters, so that the Eqgs. (7) and (8) are not zero. We consider a5 x 5 matrix

T, and T is of the form as following:

Ty =N + N AN T = N AL 2, Tis = SN A T = SN AT A, Tis = SO0t AR,
T = Y0 Ag 2, Top = 2N + SO0 AR T = S0 A Tog = 0001 AGy A Tos = Y000t AR A,
T = Y0 AR 2, Tap = S000 A oy = 2N + S0 A Tag = 0001 AL Tas = Y0001 AR A,
T = Y0 A2, Tap = S50 A, Tus = SO0 A Tug = 2N + 000 A Tus = SO0 AR A,
Tsi = S0 AV A, Tsp = S50 A Tss = S0 AL Tog = SN AG A Tos = AN + 0001 AR A,

)

where N is a natural number, the Ag,),,(m, n=1,2,3,4,5.i > 0) are the functions of x and ¢. By calculations, we

can obtain AT as following

AT = Hfi\rl (4= ;7),

(10)

which proves that 4;(j = 1 < j < 5N, )are 5N roots of AT Based on these above conditions, we will proof that

U and V have the same forms with U and V, respectively.

Proposition 1 The matrix U defined by Eq. (5) has the same type as U, we have

il —iqy —iqy —iqy —iq;
B iq —ik 0 0 0
U=|ig 0 —il 0 0 ,
iq3 0 0 —il 0
iq4 0 0 0 — il

the relations between the new solution and the old solution of Eq. (5) are given:
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G =q+245 ",
@=q+ 2A(N Y,
fqv _q3+2A(N 1)’
3 =qa+245 7"

(12)

T*

Proof SettingT~! = <7 and

B11(4) B12(4) B13(4) B1a(4) Bis5(A)
B)1(4) B2(2) B3 () Bas(4) Bas(4)
(Tx + TA)T* = | B31(4) B32(4) Bs3(4) B3a(4) Bss(d) |, (13)
B41(4) Byz(2) Byz(2) Bys(2) Bys(A)
Bs1(4) Bsy(4) Bs3(4) Bsy(4) Bss(4)

it is easy to verify that B (1 <'s,] < 5)are 5N or 5N + 1degree polynomials of A. Through calculation, Eq. (13)
can be obtained in the following form:

(Tx + TU)T* = (AT)P(J), (14)
where
P() = | P pgg> ng); +P P(°> P(O) , (15)
G
(0) (0) (0) (0) (1) (0)
Pg P, Ps3 Py P35’/ 4 Pss

and P,(Jf,)l (m,n =1,2,3,4,5,k = 0, 1) satisfy the functions without 1. Based on Eq. (14), the system is obtained
as following

(Ty + TU) = P()T. (16)
Through comparing the N + 1, N, N — 1-th powers of 1 in Eq. (16), we have the following systems:

P =i, P =0,P) = —igr —2iaAN "V, P9 = —igz —2ia 7Y,
Py’ = —iq — 2iAt, . PiS’ = —igy - 2iAg

PO igy+20A0 P i O 0P 0,09 — 0,0 —0,
P =gy +2iA 7V, P = 0,P) = —i, PY = 0,P{) = 0,PY =0,
P = igs + 21A(N Y P(O) 0Py = 0,P}) = —i,P{y =0,P{) =0,
P = igs + 21A‘N ”,P(°> =0,P{ =0, P(O) =0,P) = —i,P{) =

(17)

In this section, we set that the new matrix U has same type with U, which means that they have the same
structures only g, ¢* of U transformed into g, g* of U. After detailed calculation, we compare the ranks of AV,
and get the objective equations as following:

Q1—Q1+2A(N 1)

=g+ 2A§g 1), 18)
43 =qs+ ZA( ))
qs=qs+ 2A51 -,

from Egs. (17) and (18), we know that U = P(4). The proof is completed. O

Proposition 2 Under the transformation (6), the matrix V defined by Eq. (6) has the same form as V, that is,

i bie = A~ i 5 4~
B I L LI Bl L U S 11T zq1q4
V=|ilg— 3qx — 3iqq; — i fiqzqi‘ — i3 2102} (19
i3 — 5330 — %@‘ﬁ - *lqa% — il — 3ig3q5 — %i%’ﬁ
s~ I~ _ I~ _ 1 R Fo-dio-1 _’;2_l~~*
iMqs — 394x — 71044} 2104 3143 122 = 3i4ad}

where T = qiq1 + 592 + 9593 + 4544 the relations between the new solutions and the old solutions of Eq. (6)
are given:

Q1—Q1+2A(N 1)

=2y (20)
3 =qs+245 ",

Gs=q+2A8
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Proof Setting T~! = Z—;and

Ci1(4) Ci2(A) Ci3(4) Ci4(A) Cis(d)
Co1(4) Cn(A) Ca3(A) Cpa(A) Cas(A)
(Tt + TVIT* = | G31(4) C32(A) C33(4) Caa(A) Css(4) |. (21)
Ca1(2) Cp2(A) Cy3(A) Cya(A) Cys(h)
Cs51(4) Csz(A) Cs3(4) Csa(A) Css(4)

It is easy to verify that Cy (1 < s,I < 5)are 5N or 5N + 1 degree polynomials of 4.
Through some calculations, the 4; (j = 1 < j < 5,) are the roots of Cg (1 < s,I < 5). Thus, Eq. (21) has the
following structure

(T; + TV)T* = (AT)Q(2), (22)
where
7 Q(l)) + Q(O) Qi I+ Q(O) Q(l)/L + Q(O) Q(l) Q(O)
QYi+QY o QWi+QY Q¥i+Q¥ Qi+
QH =] QY2+ Qi+QY QWi+QY A2+ | @
QY2+Qf) Qy2+QY QYi+Q¥ u QY7+ QY

Qi+Q Qi+ Qi+ Qi+l

with 11 = QP2 + Qi+ Q9 1 = Q22 + Qi+ QY. 15 = Q222 + QY71+ QY s = Q¥ 22 + Q\) 4
+Qf&), T5 = Q(z)iz + Q(l)) + Qgg), and Qﬁ,lle(m, n=1,2,3,4,5k = 0, 1,2) satisfy the functions w1thout . We
obtain the following system from Eq. (22)

T, + TV = QU)T. (24)
By comparing the N + 2, N + 1, N-th powers of / in Eq. (24), we have the following system

). 0 N-1
Qil) =1, Q%l) =0, Qil) = Z(%ql + 392 + 343 + 41 = 44a)s Qlk =—iqf_; — Z’A( ),

Q(O) — % a .- Agzljx 1) 4 ZZA(N 2) Q(l) qu L+ ZZA(N 1)’
0 A (N=2 2 2 2 2 ,
QU = g, — AN 2% 0@ = @ = P = 0@ = —i,

i © _ _1; . (N-1) . (N—1) . (N=1) 4 (N—1)
Qe =0,Qy, flthlqul —igy_ Ay —iqno1 Ay, —2iA CAY

0 . . N-1 . N—-1 A (N—1 N-1
Q) = —3igk1diy — g A~ igeaaAy D = 2idl VAR,

0 . . N—-1 . N—-1 N-1 N-1
Q. =~ Sy — iaf Ay — i Ay = 20 VAR,

wherek = 2,3,4,5,h = 2,3,4,5,and h = h, kh and hk are referring tok < h.

In the section, we set that the new matrix V has same type with V, which means that they have the same
structures only g, g* of V transformed into g, 7* of V. After detailed calculations, we compare the ranks of AV,
and get the objective equations as following:

q1=q1+ 2A(N Y,
-

G2 =q2+245
B =g +240°D, (26)
G =qa+2457",

according to Egs. (25) and (26), we know that V= Q(A). The proof is completed. O

Conclusion and discussion

In this paper, the four-component CNLS equations are investigated, which describe the wave propagations of
multicomponent Bose-Einstein condensates. Starting from its Lax pair with initial non-zero plane-wave condi-
tions, we find the vector soliton solutions (non-zero backgrounds) and soliton-like solutions (zero backgrounds)
with the aid of the modified Darboux transformation. Then the N-soliton solutions of the four-component
CNLS equations in the case of zero-seeded and non-zero-seeded solutions are considered. And we construct
three kinds of solutions including bright-bright-bright-bright soliton solutions, dark-bright-bright-bright soliton
solutions and dark-dark -bright-bright soliton solutions. The 1-soliton solution and 2-soliton solution of the
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four-component CNLS equation are calculated using the zero seed solution and non-zero seed solution, the
dynamical behaviors of the soliton solutions are shown on complex wave backgrounds.

Very recently, the non-degenerate bright solitons are discussed in the N-component coupled systems with
attractive interactions based Hirota bilinear method. Our method can also be extended to N-component coupled
systems with repulsive interactions. Moreover, some numerical simulations may show that these soliton states
are robust against small deviations and weak noises. Therefore, there are many possibilities to observe them in
real experiments.

Methods

N-soliton solutions for the four-component coupled NLS equation on complex wave back-
grounds.  N-soliton solutions on zero wave backgrounds. In order to obtain the N-soliton solution formula
of four-component CNLS equations on zero wave backgrounds with Darboux transformation, we firstly give a
set of seed solutions q; = g2 = g3 = q4 = 0 and substitute these solutions into Egs. (4) and (5), which can get
five basic solutions for CNLS equations:

giix+iZt 0 0 0 0
0 e—iix—iizt 0 0 0
e=10 0=10 = | ei—it | g=|0 o e= 0
0 0 0 e~ iAx—id t 0 o
0 0 0 O e—l/LX—l). t
(27)
Substituting Eq. (27) into Eq. (8), we give rise to
Mj(l) = e 2(atiZt+Fry) pp@ _ p=2(iatiZ )
M = e—2(iix+i22t+F3J))M](4) = o 2(idxtiithFay) (28)

with e(72F1) = vm), e(T22)) = vm), e(T20) = v(33), e(—2Faj) — (44

J
In order to obtain N-soliton solutions of Eq. (1) with zero wave backgrounds, we consider matrix T as

following:
}MNN-}— Zfi?)l An/ljl: Ef\]:?)l Al\llz)v; . Z%T)l Aw/l;{ Zg:?)l A14;L]1; Z%Bl A15)V;E
Yo A AN+ 30 Andf 3 Avs Yito Auk XLy A
N=1 , i N-T 4 i ] N=T 4 5i NaN=1 4 i N=1, i
T = Z}»\?BIAni; Z}'\TBIAQ); AN;‘AZI‘:OA ‘A33i} >ico Afjﬁfl Z;‘\iolA%)y’: )
Zi:o A41}7" Zi=o A42)v]l‘ Z,-zo A43/L]1' N+ zi=o A44AJ'I Z;‘:o A45}~}
Yo' Asi ) Yo As2d Yo Assd] Yo' Ased] AN+ 3 Ass]
(29)
and
N=1 (40 (&) 5 (1) (D) 3 r(2) (D) 3 r(3) D ar@® Y 9i N
Yiizo (Al TARM T+ AGMT +AGMT + ASM;T ) = =47
o (AS) + A9M©Y + ADMP + AGMD + ASIM® ) Ji = —mV N,
N—1 [ 40 i (1 e IWE D2 @Y i 2
Y (AS) + AQM®Y + AQMP + AGMPD + ALM® ) i = MDY, (30)
Do (Af +ARMY + AGMP + AGMP + AGM i = —Mp7 2
N=1 (40 (&) 5 (1) (1) 3 r(2) () 3,3 D ar@® Y 9i @ N
iz <A5t1 +ARM + AsMT + AgM;” + Ags M )7} =—M;" 4

The N-soliton solutions of Eq. (1) on zero wave backgrounds are obtained according to Cramer’s rule in Eq.
(30) as following forms:

N-1
’11—2A%1V )’
-1
=2y (31
q3:2A4}{] >
~ -1
‘14:2Agl )’
where
(N—1) (N=1) (N-1) (N-1)
Ry TR e R A
with
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1 P11 2 s e (N D gN_l)eel,l
A= 1 %21 P22 pf23  phas (N D (N_l)e92,1
1 efsva 8951\12 eGSN’v e9sN4 (]I\\]I D (II\\TI Dgbsnt
1 %1 2 s e ;LEN) 01,1
AA;N_I) 1 21 22 23 gfaa — A;N)e%,l
1 =
1 e%N1 efsN2 ofsN3 oOsNa A(II\\’I)EQSNI
1 1 g2 O3 e WMo
A AéN_l) _ |1 e ez P2 e /lgN)eem
1 =
1 eP5N1 efsN2 pOsN3 pfsna i(II\\’,)EGSNZ
1 el Pz oz pfa AEN)391,3
AA(N_I) B! e 02 023 o024 A;N)e%a
41 -
1 e5N1 gfN2 oOsN3 pfsNa ;L(JI\\’T)EF?SNs
1 oefn ez s /IEN)e‘Q“‘
AA(N_I) B! e P2 023 ph24 A;N)e924
51 -
1 e5N1 gO5N2 oOsN3 pOsna ié%)e‘)w“

. /I(IN_I)eglv‘*
AN s

N-1
’IEN ) 5.4
2D oy
/«éN—neng

AN o

JWN=D) 61,
,(N—1
/é )eQZ»1

1(N—1) ¢, N1
Asy €PNl

J(N—1
/Lg )29“
H(N—1
/é ) gf21

D g

/{(IN—l)egu
ingl)egz,l

Doy

AN
D

.ee )L(IN_l) 691'4
D

.ee )L(IN_l) 691'4
g

)L(N— 1] efsN.4

>

)“gl\\jl =1 0sn4

2D s

and 91,1 = —Z(iﬂlx—l—i/l%t—I—Fl,l), 91)2 = —2(i/11x+iﬂ,%t+F2,1), 91)3 = —Z(iﬂlx—l—i/l%t—I—Fg,]),QlA = —2(i/11x

Fid3t + Fy1), 01 = —2(ilax +i23t 4 F1), 622 = —2(idox + i3t + Fa2),

0p3 = —2(iJpx + i23t + Fs,),

92)4 = —2(1')»23( + i/l%t + F4,2), 95N,1 = —2(1'/15Nx + U%Nl’ + F1’5N), 95N,2 = —2(i/15Nx =+ i/lgNt =+ F2)5N), 95]\])3

= —2(idsnx + 22yt + F35N), Osn4 = —2(idsyx + i25t + Fysn).

In order to obtain 1-soliton solution of the four-component CNLS equations on zero wave backgrounds, we
consider N = 1in Egs. (29) and (30), and obtain the matrix T

and

P+AD 4D A0 40
A 144D 4D 4D
T=|4ay AY 2+4Q af
Ay oA Ay
A Ay Ay 4y

A(O) +A(0)M(1) +A(0)M(2) +A(0)M(3) +A(0)M(4) —/1]»

0) (0) 5 r(1) 0) 5 r(2) 0) 5 ,(3) (0) 5 r(4) (1)
Ay +Ay Mj + A5 Mj +A24Mj +A25Mj = _Mj )”J"
A +AYMD + AQMP + aAGMP + AP MY =
Afﬁ) +A(0)M(1) —}—A(O)M(Z) +A(0)M(3) +A(0)M(4)

(0) (0) 5 (1) 0) 4 r(2) 0) 4 r(3) 0) 5 r(4)
Asp + Ay My + Agg Mi™ 4+ Agy M + Ay M~ =

According to Eq. (35) and Cramer’s rule, we can derive the systems

A A

-M? 7,
M(3))

4)
-M* )

(34)
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1 e 2PL1 72021 o=2p31 p—2pP41
1 e 2012 o=2P22 o=2P32 o—2P42
AL = |1 e7203 72023 72033 2043
1 e~ 2014 o=2024 o=2P34 o—2Pa4
1 e 2P15 o=2P25 o=2P35 o—2P45
— e 21 o201 o=2021 2031 o=2P41
—/126_2'013 e 72012 72022 2032 2042

=2p14 072024 2034 p—2044
=2015 p=2025 o=2P35 o—2045

_143—204,4

AA(O) —d3e 213 o203 072023 pT2P33 o204 |
—/146_2[)1’4 e 72014 72024 o—2034 =204
_;Lsefzﬂl,s e 2015 pT2025 o235 2045
—Ape"2P21 o201 o=2021 2031 o=2P41
—/126_2'02’2 e 2012 72022 2032 2042

AAg(i) — _/‘Lsefzﬂz,s e 2013 72023 72033 2043 , (36)
—Jge” 224 72014 072024 o=2034 —2p44
_156*292,5 e 2015 pT2025 2035 2045
_/'Lle_203,1 e 72011 72021 p=2031 =204
—/126_2’03’2 o212 72022 =232 o—2042

AAi(i) — _;Lsefzﬂs,s e 2013 o72023 72033 2043 ,
—dgeT2P34 o724 72024 2034 o=2P14
—/156_2'03’5 e 2015 o=2025 =235 2045
_;Lle*z/?ét,l e2PL1 o202 72031 2041
_126—2,04,2 e 2012 72022 2032 2042

AAé(i) — —/13672'04’3 e 72013 o223 2033 2043 |

e
e

—/156_2'0“’5

here p;) = 1A1x+ z/l t+Fi1, pig=ilox +il3 st + Fia, pis = il3x + 1A3t+Fl3, Pia = 1)4x—|—124t+F,4,
i1 = idsx + il2 t+F,5,z_ 1,2,3,4.
Based on the Eq. (32), we can obtain the following systems

ALY
Ay

AA31
Ay

AA41

aAY)
A2 a0 = oA @)

(0) (0) (0)
Ay = Azl = Ay = A

the analytic 1-soliton solutions of the four-component CNLS equations are obtained on zero wave backgrounds
by Darboux transformation as following

§1 =243,
G =24%),
G = 243),
Ga = 24%).

(38)

In order to obtain the 2-soliton solutions of the four-component coupled NLS equations (1) on zero wave
backgrounds, we consider N = 2 in Eqgs. (29) and (30), and obtain the matrix T

T=|4y A} F+M>M) A” , (39)
Ay Al Al 2 +A“> Aff)

and

AD 4 ADMO £ ADMO 4 aAOMO £ ADMO = 32,
A +A<1>M(1> +A<1>M<z> +A<1>M<3> +ADM® = _p0 2,
AD 14D M<1> + A(l) M(Z) +AD M(3> n Am MD = @52 (40)
Am +A<1>M(1> +A(1)M<2> +A<1>M<3> +A<1>M<4) —MO2,
A(l) +A<1>M<1> +A<1>M<2) +A<1>M(3> +A<1)M<4> M@ ;2

According to Eq. (40) and Cramer’s rule, we can derive the systems
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1 el ez s efa )y et Jiefie Jpefis )pefis
1 e etz 023 eha )y Jhef2i Jhef22 Jhefas )yetas

A; = ,
1 eP01 P2 pfos gl Ao )V106910,1 /11060“"2 },106910’3 /1106010'4
1 %11 b2 s e 1%691,1 et etz aqefs pqefia
AA( n_ |1 el ot oh3 pha /‘L% et s et Ao et s P23 A2 eP2a
21 — >
1 efor bz o3 pfoa _ /‘L%Oe@lo,l )»106910*1 /‘Lloe@lo,z )403910,3 /1106010'4
1 %11 b2 O3 e _ /1%601’2 )»1691'1 /11661’2 /’14691,3 /11691’4
AA @ _ |1 21 ot oh3 pha /1% P22 2 et Ao et 2 ef23 A2 P24
31 — >
1 ef01 b2 b3 b /‘L%Oe@lo,z J10e?101 10e?102 210ef103 1qpef104
1 %11 b2 fi3 e /1% 213 A efut M ez y PR M efLa
AA @ _ |1 21 ot oths pha /”é ef23 2 et A2 et 2 ef23 J2 eP2a
41 — >

1 ef101 P2 pfos pfoa —/1%069]0*3 )»109910’1 /1106910'2 /’{106910,3 /1106010'4

1 %11 o2 s e /1%691’4 )vleel,l /11691’2 ),1691'3 /11691’4
m 1 e%21 P22 P23 phaa  _ /1% P24 Ja et o ef22 Ja P23 A2 P24
AAg = ; (41)

1 ef01 pfo2 pfos pfoa _1%06910,4 J10e?101 10ef102 q0ef103 1qpef104

here 6j; = —2(iljx + i),jzt + Fijhi=1,2,3,4j=12,...,10.
Based on Eq. (32), we can obtain the following systems

Al
Ar

AAY)
JAV

AAY
Ay 2

AAY)
Ay

A= S A = S A ) )
the analytic 2-soliton solutions of the four-component CNLS equation are obtained on zero wave backgrounds
by Darboux transformation as following

g =243,
~ 1
92 = 2A51)>
~ 1
3 = ZAA(LI)’

1
q4 = 2Aél)

(43)

N-soliton solutions on zero and plane wave backgrounds. ~ The N-soliton solution of the zero seed solution case
is one of the simplest cases, however, the N-soliton solution formula of non-zero seed solution is more compli-
cated with Darboux transformation. Because the non-zero solution must satisfy Eq. (1), we firstly give a set of
seed solutions g = e™", g, = q3 = g4 = 0and substitute these solutions into Egs. (4) and (5), which can get the
basic solutions for CNLS equations:

He(w/l—}.z)x+it 0 0
0 K+ i1 = 22)e 1=/t o
0= 0 = 0 = e—mx—l). t
0 0 0
0 0 0
0 0 (44)
0 0
& = 0 LE = 0
o—itx—iltt 0
0 e—i)x—i/lzt
241
with H = jzfg K.
Substituting Eq. (44) into Eq. (8), we give rise to
M(l) _ K(;L-H' 1_/12> —2it+G1]‘ (2) _ 1 (7’.;'7V 17;“2>x7(i;'2+i)t+G2’j)
=€ LM = e , (45)
Mj(g) _ %e(—i),—«/1—fz)x—(i),z+i)z+c3,j)’Mj(4) _ %e(—M—«/1—;V27)x—(i12+i)t+G4,j)’

where ¢Cli = 1/4(11), ez = V»(zz), eG3i = vm), Gt = 1/-(44), 1 <j<5N.
In order to obtain the N-soliton solutions of Eq. (1) on zero and plane wave backgrounds, we consider matrix
T as following:
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AN+ A YIS A Yy Ak iy A Yiso AisZ]
ZNflAzM" AN+ A Z,NB]Azsfli Y Andl M5 Avsil

T=| >N A31)l SN ARk N+ YN A2 SN Al N Assdl ,
DN AM’ Yy Al St Anlf N+ Ay YL Ass]
SN Asi i S Ay S Asy SN Asydd N 4 3N Ass

(46)
and
oAl + ARMY + aA0MP + AGMD + ARM®) 1 = =Y,
va o A + A(’)M<1) + A(’)M(Z) + A(’)M(3) + A(’)M(4))/1’ =MV,
(A(l) (I)M_(l) +A(1)M(2) +A(1)M(3) +A(1)M(4))Al — —MJ-(Z)J.]N, (47)
ZNol( 49 4 40 ADMOY 4 A9 M(z) A0 M<3> £ ADM®) i = —MOY,

N1 40 <> 1 4007 o 401 O o 40y f® @) )N
Yico (As) +AGM Y +AGMT + AGM + A M, )A;:_Mj 2

The N-soliton solutions of Eq. (1) on zero and plane wave backgrounds are obtained according to Cramer’s
rule in Eq. (47) as following forms:

< (N=1) (48)
b
g4 =245, 7,
where
(N-1) (N-1) (N-1) -1
(N=1) _ AAS) (N=1) _ AASY) (N—=1) _ AAQ —1) _ AAS
Az =2 A3 = Ay =TA > A51 =— (49)
with
1 wpeft %891’2 %601’3 %ee‘v“ }(N D a)ligN_l)eelvl %/"L(IN D b1
A 1 wyef2 %692’2 %6023 %602'4 )<N b a)zfl;Nfl)eQ“ %/l&NﬁDeQ“
,
N-1 N—1 N—1
1 w5N695N,1 %6951\”2 %6051"’3 L oOsna )“éN ) w5N’léN )6951\/,1 H gN ) efsna
N N-1 N-1
1 wpef %691*2 —wllg ) a)lﬂ,(l ) bt 1/1(1 ) b
_ 02, 1 62 _ (N) 02, (N-1) 62, 1 (N—-1) 62,4
AA;II’ D _ |1 wpe™! e e — @2y el el o T e ,
J(N N-1 N-1
1 wsyefNi ﬁeesm _wSNﬂéN)eQSN’l —a)5N/1éN ) s %A( ) s
1 weft % bz — %/I(IN)eglvz a)l/lgN_l)eel’l %/'L(N_l)eelv“
N N—1 N—1
AA;IIFI) _ 1 wzeoz,l %692,2 1/1( )6922 ® /15 ) 021 1A( )6924 , (50)
N N-1 J(N=1
1 w5N295N1 1 L — %igN)eQSNvZ a)5NﬂéN Debsna %AéN ) fsna
N S(N-1 N—1
1 wpeft I; 2 — %?g )¢ a)l/ug Jef %lg ) e
0 1.6 1 ,(N) ¢ s (N=1) ¢ 1 ,(N=1) ¢
N—1) 1 wie?! Ze22 . — =1 e"3 wyd el g, ev24
AAS = H H”2 2
41 >
1 wpefsni %eQSN'Z = %ﬂ,g\l\]])e(m’ﬁ CO5NA§%71)€95N’1 %/la]v\, D gfna
N J(N—1 1
1w %891*2 = %/1(1 ) g a)l/ng )b . PII gN ) g
(2 16 1 ,(N) o s (N—1) 0 (N—l) 0
N—1) 1 wye! =e”2 . — 224wyl e’21 el24
AAL - H "N 2 1%
51 >
N N-1 J(N=1
1 wsyesvi %EGSN’Z . = %iéN)eHSNA a)SN}éN Db %/LéN ) fsnia

with wj = (/L]—{—z,/l—)f), where i s an imaginary number, then
01 = =2it + G 0ji = <—i),j — /1= Az)x — (1 + i)t + G(1j), where the ranges of the subscripts j, i of 6

7
arel <i<4,1 <j<5N.
In order to obtain 1-soliton solutions of the four-component coupled NLS equations on zero and plane wave
backgrounds, we consider N = 1in Eqs. (46) and (47), and obtain the matrix T
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LAY AQ 40 40 40
AD i 1AD A(O) A(O) AD

|l A
0 0 0 0 0
XN N S S
ASI A52 A53 A54 + ASS

and

Ag‘i) +A(O)M(1) +A(0)M(2) +A(0)M(3) +A(0)M(4) /«Lj,

0) (0) (1) (0) (2) (0) (3) (0) 4) _ ( 1)
Ay +A, M + A M] —|—A24M] —|—A25MJ = j Ajs
(0) (0) (1) (0) 5 r(2) 0) 4 r(3) (0) 5 r(4) 2)
A +AMY + AQMP + AGMP + ADMY = —-MP 7, (52)

Afﬁ) - Ag@M;” +AGMP + AGMD + AQMY = —M ),
AD +AYMD + AQMP + AQMP + aQMP = —M? ;.

According to Eq. (52) and Cramer’s rule, we can derive the systems

1 weft %391,2 L o013 %691,4 —w1 A€ wyeftt Lefi2 %391,3 %391,4
1w, et L0 % ef23 L by —wyla ef21 @ e Lobap Lhs L0
0

A=11 w; e Lobsn L0 1054 | AA;I) = | —w3l3 el w3 et Ltz 1033 10541

1 wy eful = efir L b3 & efia —wy ),4694'1 w4 el = eP12 = eP43 = ePa

051 L5y L0535 L 054 — 05,1 051 L5y L0535 L 054

1 wse™! e™2 e e ws/5e”l wse” et e e
L)efz grefr1 Lebia % o3 % et _ % J1€%3 @ittt Lebiz % s % et
2e%22 @yef2l % o2 L b3 % ef2a — L6023 @,efar % et % ef23 % ef2a
0 0

AAgl) = | —Ljef2 el Lefsa Lofss Lofag | AAfll) = | —L)sef3 wyefs1 Lefsz Lefss Lofaa |

—Lel2 ¢ 4 a1 LoOsn L o6a3 1 044 — =4 3 o 4 a1 LoOsn L o6as L 04s

- Je%2 @selst o ef52 o ef53 T 54 — /s %3 wsefs! o ef52 o ef53 o 54

_L,{leem w1 Loty L0z L0y

_,,12692,4 w,e?21

0

0 622 Loy L 0h4

AAé(i) — —E/13693’4 w3393,1 L ot 5693,3 5693,4 . (53)
_ ,/14394,4 w4694,1 a2 L 013 L 044
-4 s efs4 ws efs. 7 efs2 7 e = eP54

here wjzg(/lj—{—i 1—),]2), the i is an imaginary number, then 6;; = —-2it+ Gq,

;i = (=idj — /1= /ljz)x — (i)pj2 + i)t + G(1,j, where the ranges of the subscripts j and i of 6 are 1 <i < 4,
1<j<5.
Based on Eq. (49), we can obtain the following systems
© ©
JE T Y T &

the analytic 1-soliton solutions of the four—component CNLS equations are obtained on zero and plane wave
backgrounds by Darboux transformation as following

(55)

In order to obtain 2-soliton solutions of the four-component CNLS equations on zero and plane wave back-
grounds, we consider N = 2 in Egs. (46) and (47), and obtain the matrix T

2 +A§11) Ailz) A(l) A(l) A(l)

T= A%; A% )L(SL A A“) N AE; , (56)
WA M o
2
As) Asy Ass Asy 4%+ Ass
and
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AL+ ADMO £ ADMO 4 aAOMO £ ADMO = 32,
A +A<1>M(1> +A(1>M<z> +A<1>M<3> +ADM® — _pD 2,
Agl) +A<1>M<1> +A<1>M<2) +A<1)M(3> +A<1)M<4> —-MP2, (57)
AW +A<1>M(1> +A(1>M<2> +A<1>M<3> +A<1>M<4) —MO2,
AD 4 4D M<1> +AD M(Z) +AY M(3> +ADM® = —M©22.

According to Eq. (57) and Cramer’s rule, we can derive the systems

1 w1691,1 Loty Lobis L 01 M wlileel,l %)Lleﬁ,z L;Lle91,3 Lileem
(& (& 6 0 (& 1.0 1.0 0
1 wpeft  Lefz Lefas Lot Jo wpipefl Fiae%2 L iyel ﬁize 24

Ay = ,
1 a)loe910,1 %6910,2 %3910,3 %6910,4 210 wm)‘loef)lo,l %/1106010’2 %/1106610’3 %1106910,4
1 wen %691,2 Lefs %601’4 —w— 1A"2 oLl gy dpefil L L) et
AAD 1 wyef %692,2 ﬁeem %602’4 — C()Z/LZ 921 Walae?t L. Hizeez*‘
21 — >
1 wieeflo! %6610'2 %8910*3 %6010’4 _wwﬁoeﬂm wrohipe?0l .. %11066“”4
1 w1691,1 Loty Lobis 101 LA26912 wlllleal,l L}vle91,4
AAD |1 wiel el Lt Lefa HAZeOZZ wrdaet . 5 lpe
31 — 4
1 a)le@lo,l 1 g0 ;13910,3 %6910,4 /“1060102 wm;loef?lol %;»103910’4
1 weftt %3912 L1013 Loba _ 11{/12 013 @At L %/11891’4
o1 Lbhn L,0hs L ,6ha _ 192,6,3 02,1 19 o024
AAA(&) _ |1 o€ He e e e wr A . o€ ) (58)
1 w106910,1 Lotz Lobws Loboa _ 1,2 20€ 0103 w107»10€ 01 %MOEGIM
1 weftt Lehz Lo Lo L2201 @yt L gilegl»‘*
AA(I) 1 w2692,1 H692,2 He<92,3 H692,4 _ HA% 02,4 a)zizeez’l ﬁ/lZeQ“
51 — >
1 wieefol %3910,2 %8910,3 %6910,4 — %1%03910,4 wr0/10e7101 ... %/{108910,4

1—/1%), the i is an imaginary number, then 01 = —2it + Gj)

]Z)x — (i},}g + i)t—|— G(1,j)» the ranges of the subscripts jand i of farel < i < 4,1 <j <10

Based on the Eq. (49), we can obtain the following systems

@ _ aa @ A @) adY ) aal
Ay = 21 Az = 31 41 = A;“>A51 = A;I: (59)

the analytic 2-soliton solutions of four—component CNLS equations are obtained on zero and plane wave back-
grounds by Darboux transformation as following

q = f” F 24y,
4= 2A31 >

q3 —2A411>

(60)

We can obtain a new class of dark-bright-bright-bright soliton solutions(60), which admits the one-valley
dark soliton in component g; and triple-hump bright solitons in the other three components.

N-soliton solutions on complex wave backgrounds. Next we make two non-zero seed solutions , so that we can
get the novel N-soliton solutions on complex wave backgrounds. In order to obtain the N-soliton solution for-
mula of the four-component coupled NLS equations on complex wave backgrounds with Darboux transforma-
tion, we give a set of seed solutions q; = g, = e~ %, q3 = g4 = 0and substitute these solutions into Egs. (4) and
(5), which can get basic solutions for CNLS equations:
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I (\/42+2)x+5ir 0 0
Oe e(\/—)v2+2>x+it 0
=10 o= 0 = e(\/f/l2+2)x+it ,
0 0 0
g . 0 0 (61)
0 0
&= 0 ,e=10
e—idx—ilt 0
0 e—iix—i}?t
: _ 4i.
with L = (il—~/=7242)(22-2)
Substituting Eq. (61) into Eq. (8), we give rise to
Mj(l) — %e‘4i‘+G1J,1\/I]-(2) — %e—4it+G2J’
- . e ) = . ) 62
]\4].(3) = %e(ﬂ/‘*" *42+2)x7(12 +51)t+G3J’Mj(4) _ %e( il—~/ A2+2)x (ix +51)t+G4J) (62)

where eCli = v1V (G2j — Vj(n), e = vj(”),eG‘*J = vj(44),1 <j <5N.
In order to obtain the N-soliton solution of Eq. (1) on complex wave backgrounds, we consider matrix T as

follow:
AN+ Az Y A Yy Ak iy A sy Arsi
i A AN+ And) S A i A o Assi
T=| X An sy Al AN+ Ay Y Asd Yiso AssZ] ,
iy Anj Y An Yk Andf N+ Ay YL Assd
Yo' AsiA) Yilo As2d Yo Ass Yo Asazh N+ I Ass il
(63)
and

N—1 (i i) (1 e i) (3 i) 2 r(4)y 5i
S Al +AUMY + AUMP + AUMP + AUM®) i = N,
YR Al + ADMD + ADMP + AGMP + AM®) il = —M 2N,

A + AQMD + ADMP + AGME + ADMP) 2 = —MP N, (64)
Zi_ol (Affl) n AgM]gn n AgM]gz) + AﬁMj(” + Ai’gMF“))i}: = _Mj<3>/1}v,

5ttt albog + Al allng + allno = o

= ) ] J J 7 7T

The N-soliton solutions of Eq. (1) are obtained according to Cramer’s rule on complex wave backgrounds in
Eq. (64) as following forms:

51 = e2it 424N
B = e 2t 4 240D,

e N-1 (65)
q3:2A%{I 1;»
qs =245
where
-1 _ ANV -y Al v AAYTY v—p | aalY Y
Ay = ZAI > A3 = 3Al > Ag = 4A1 > As) == (66)

among them
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wit

014

024

N-—1
1 %160“ . %leelr‘* /15 )
N-—1
A=l %2692,1 . %zee“ /lg )
N-1
1 fone™ L o eN AN
1 %1691'1 %1691,2 _
_ 1 5021 1 ;022 _
AANTY = 1 1,e 126
1 0n1 1 05N
1 €5Ne €5Ne
1 01 1 ;012 _
1 €1e %1(2
_ 1 0 1 ;022 _
AANTY = 1 1,¢ 126
1 05N, 1 05N ,2 _
1 fsye IsN®
1 L1 o 1 o 1
L1 L1 L
1 6 1 6 1
N-1) 1 = eZ,l S 32‘2 £
AA = L1 L2 L
41
1 080 1 05N 2 _1
1 7e Lsn¢ I
L I T
1 5021 1 ;022
AADTY = 1 1,e 126
1 %5N695N1 %SNeesNz
4il;
h L= 1

—id— =22+ 2)x — (i4* +5i)t + G41 ,
—il— =2 +2)x—

© T I5N

(i22 4+ 5i)t + Gaa

011 = —4it +Gay

Osn.a = (—iz — =22+ 2)x — (i2® + 5i)t + Gasn.
In order to obtain 1-soliton solutions of the four-component coupled NLS equations on complex wave back-
grounds, we consider N = 1in Egs. (63) and (64), and obtain the matrix T

and

LT B
gl bl
r= [l Al a0
D N D
L D e

AY +AYMD + AQMP + AMP + AVMY = -
AD + ADl) 4 DM+ 4O + A = -
A +AYMD + AQMP + AGMP + AT MY = —
AR +AGMY + AQMP + AGMP + AP MY = —
A +AYMD + AQMP + AQMP + QMY = —

According to Eq. (69) and Cramer’s rule, we can derive the systems:

92,1 = —4it + G(1,2) s
Osn,1 = —4it + Ga5N) » 0582 = —4it + GsN) S

J(N—-1 J(N—1
LN L s
1 ,(N=1) 9, 1 (N=1) 9,
2% e 2% e )
1 (N=1) 6sn 1 1 (N=1) 0554
ZSN;L5N esNL | SN;L5N e”sN.
% }%N)eeu % /IEN_Uef’” %MEN—I)em
1% 1 .
1 5(N) 6y, 1 H(N=1) 6, 1 H(N=1) 054
Lzﬂuz e L2/12 e S T2 e :
L M) gy 1 GON=D gy 1 S (N=D) sy
IsN75N €77 TsN/sN €77 e Tyt €7
1 }(N) 012 1 A(Nfl) 011 1 (N=1 g4
1M ¢ L1 € 1M
1 (N) 65 1 H(N=1) 6, 1 H(N=1) 64
272 L% ¢ I2%2 ,
1 ;(N) Osno 1 ;(N—l) O5N,1 1 N D) 0sn4
IsN/ SN €77 TsN/sN €7 e TsntsN €
SN SIN-1 N-1
/Lg )8913 %1/L§ )861'1 % /1(1 )6914
‘(N) 923 l (N_I) 92’1 l (N_l) 924
4 € 22 ¢ I2h2 € ,
N) 6 1 (N-1) g 1 ;(N-D g
AN osns 1 4 ef5N,1 L ef5N4
5N”5N L5N”5N " L5N”SN
1 AEN)EGM %11§N71)691,1 1 §N71)6914
_ 1 3(N) 6y 1 y(N=1) 6, 1 S(N=1) 0,,
1222 e 2% e S T2 e
1 (N) 6584 1 (N—1) 65\, 1 (N=1) @5y
Aoy €NA Lo dsy €N L T oAy e

(67)

01, = —4it + Go1y >

92’2 = —4it + G(z)z) s

(68)
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with Lj = J 91,1 = —4it + G(l,l) s 01,2 = —4it + G(2,1) s

(Mj—, /—/1].2+2) (Aj?—z) ’
013 = <—1')v — =2+ 2>x — (l';,z + Si)t + Gs,1, 014 = (—i/l — =24 2)96 — (i/lz + 5i)t + G4y >

0,1 = —4it + G(l,z) s 020 = —4it + G(z,z) s 63 = <—l')» — =2+ 2)x - (iiz + Si)i’ + Gsp,
024 = (—id— =22 +2)x — (i +5i)t + Gy, , 051 = —4it + G5y » 052 = —4it + G5y >

95,3 =(—il—~=22+2)x— (i},z =+ Si)i' + G3,5,95,4 = <—i)v — =22+ Z)X — (i}vz + Si)t + Gyps.

Based on Eq. (70), we can obtain the following systems

0
© _ AAD
A

© ©
0 _ AA 0 _ AA
Ay =z Asp = 1, (71)
the analytic 1-soliton solutions of four-component CNLS equations on complex wave backgrounds are obtained
by Darboux transformation as following

0= e2it 4 ZAS),

G = o 2it +2A§g>’

= 72
G =244, 72
~ 0

qs = ZAél)'

The collision properties between dark-dark-bright-bright solitons (72) are considered, and the vector solitons
are expected to be much more abundant than those of previously reported vector soliton collisions. Some soliton
solutions and interactions of four-component CNLS equations on complex wave backgrounds are considered,
which can describe the four-component BECs. Furthermore, some dark soliton solutions can exist widely in the
collision processes. We investigate the wave structures of four-component NLS equations with mixed nonzero
and zero wave conditions, which can be used to describe the interactions of many bodies in differential fields.
And, we find some dark soliton solutions (non-zero backgrounds) and soliton-like solutions (zero backgrounds)
with the aid of the Darboux transformation.
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