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Abstract
Motivation: The intra-tumor heterogeneity of protein expression is well recognized and may provide important information for cancer prognosis 
and predicting treatment responses. Analytic methods that account for spatial heterogeneity remain methodologically complex and computa
tionally demanding for single-cell protein expression. For many functional proteins, single-cell expressions vary independently of spatial localiza
tion in a substantial proportion of the tumor tissues, and incorporation of spatial information may not affect the prognostic value of such 
protein biomarkers.
Results: We developed a new framework for using the distributions of functional single-cell protein expression levels as cancer biomarkers. 
The quantile functions of single-cell expressions are used to fully capture the heterogeneity of protein expression across all cancer cells. The 
quantile index (QI) biomarker is defined as an integral of an unspecified function which may depend linearly or nonlinearly on a tissue-specific 
quantile function. Linear and nonlinear versions of QI biomarkers based on single-cell expressions of ER, Ki67, TS, and CyclinD3 were derived 
and evaluated as predictors of progression-free survival or high mitotic index in a large breast cancer dataset. We evaluated performance and 
demonstrated the advantages of nonlinear QI biomarkers through simulation studies.
Availability and implementation: The associated R package Qindex is available at https://CRAN.R-project.org/package=Qindex and R pack
age hyper.gam is available at https://github.com/tingtingzhan/hyper.gam. Examples of R code and detailed instructions could be found in vi
gnette quantile-index-predictor (https://CRAN.R-project.org/package=hyper.gam/vignettes/applications.html#quantile-index-predictor).

1 Introduction
Current and emerging technologies in cancer research are 
geared toward capturing gene, mRNA, or protein expression 
in each single cell of a tumor tissue. Single-cell transcriptom
ics is increasingly used to elucidate the heterogeneity of gene 
and mRNA expressions in cancer and stroma cells and to 
phenotype different populations of immune cells in the 
stroma. Meanwhile, single-cell protein expressions have more 
direct relevance to disease progression, and cancer bio
markers capturing tumor heterogeneity of various protein 
expressions in cancer and stromal cells are needed for prog
nosis and classification.

Advanced quantitative pathology platforms provide tools 
for segmentation of multiplex immunofluorescence (mIF) im
munohistochemistry (IHC) staining images and quantifica
tion of protein expressions in each cell. Single-cell protein 
biomarkers can be broadly classified as functional or pheno
typic (Wrobel et al. 2023). Phenotypic markers, such as clus
ter of differentiation (CD) markers, identify different cell 

types, including but not limited to different populations of 
immune cells. Functional markers are quantitative in nature 
(the quantity matters biologically) and measure protein levels 
in one or more cell types, with the primary interest in cancer 
cells. In this work, we focus on functional protein markers.

Single-cell mIF-IHC data include cellular signal intensity 
(CSI) of each protein expression and spatial coordinates of 
the cell centroids. Spatial heterogeneity of protein expression 
may be captured using the marked point processes frame
work (Stoyan and Stoyan 1994). For phenotypic markers, the 
analysis is primarily focused on distances between cancer 
cells and immune cells or spatial co-localization of different 
types of cells (e.g. Keren et al. 2018, Creed et al. 2021, 
Canete et al. 2022, Vu et al. 2022, 2023, Masotti 
et al. 2023).

For functional protein markers, the mean signal intensity 
(MSI) of the protein expression, which is a simple average of 
CSI levels within the cancer cell compartment, remains the 
most commonly used approach in quantitative pathology. 
Recently, we proposed an approach for the analysis of 
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functional protein biomarkers based on quantile functions of 
CSI distributions, capturing the entire distributions of single- 
cell protein expression but not the spatial information (Yi 
et al. 2023a). There is a limited number of methods proposed 
for analysis of single-cell functional protein markers taking 
into account spatial localization of cells (e.g. Chervoneva 
et al. 2021, Seal and Ghosh 2022, Seal et al. 2022). 
Alternatively, functional protein markers may be categorized 
and analyzed as multi-type marked point patterns, but it is 
well known that categorization of continuous predictors may 
lead to the loss of power or bias (Harrell 2015).

Single-cell analysis of functional protein markers is compu
tationally intense when spatial localization of cells is taken 
into account, and interpretation of spatial analysis results 
remains challenging for mainstream use. Meanwhile, the MSI 
biomarkers that ignore both spatial and distributional hetero
geneity provide valuable biomarkers for a wide variety of 
functional proteins. Therefore, it is important to evaluate the 
added value of taking into account distributional heterogene
ity and/or spatial heterogeneity for meaningful and efficient 
analysis of singe-cell functional protein expression levels.

In case of independence between marks and locations in 
the marked point processes (a.k.a. random labeling), the spa
tial locations do not add any information about the distribu
tions of marks (Baddeley et al. 2015). Hence, for functional 
protein CSIs independent of cell locations, it is sufficient to 
consider only the distribution of CSIs and ignore the loca
tions of cells to capture all information about the heterogene
ity of protein expression. Spatial independence between CSIs 
and locations of cells can be addressed by testing the hypoth
esis of random labeling using the global envelopes tests 
(Myllym€aki et al. 2017). For single-cell mIF-IHC data, the 
results of the independence test tend to vary between tumor 
tissues even for the same protein expression. For example, for 
markers analyzed in Chervoneva et al. (2021), the null hy
pothesis of independence between CSI values and spatial 
locations of cells was rejected for 39%–45% of the tissues. 
For markers considered in this report, the assumption of in
dependence was rejected for 63%–82% but was appropriate 
for 18%–37% of tissues. Mixed results of testing indepen
dence between CSI values and cell locations for functional 
mIF-IHC markers highlight the need to justify performing 
spatial analysis of functional markers because the spatial 
approaches available are still limited and methodologically 
complex, computationally intensive, and have more challeng
ing interpretation.

In this work, we develop biomarkers that take in account 
between- and within-tissue variability of a functional pro
tein’s CSIs but not spatial locations of cells. We propose a 
nonlinear quantile index (QI) nlQI biomarker allowing the 
association between the CSI quantile function and outcome 
to vary nonlinearly in both the functional domain and the 
value of the quantile function. While ignoring the spatial in
formation, nlQI biomarker optimizes the use of CSI informa
tion. For selected functional proteins with mixed results of 
spatial independence testing, we compare the performance of 
the nlQI biomarkers to the standard MSI, the linear QI QI 
biomarker (Yi et al. 2023a), the optimal quantile (OQ) bio
markers of Yi et al. (2023b), and the spatial biomarkers 
AUcMean and AUcVar (Chervoneva et al. 2021). Using sim
ulations, we demonstrate that the nlQI biomarker yields 
higher predictive power than the QI biomarker when 
between-tissue variability in CSI distributions is substantial.

2 Materials and methods
The proposed QI biomarkers capture the full heterogeneity of 
the protein expressions by utilizing the empirical quantile 
functions of CSI distributions. We assume that the CSI data 
are available from M independent biological samples (tissues 
or subjects), and for each subject i, 1 ≤ i ≤ M, there are ni CSI 
observations. For a sample Si ¼ fxij;1 ≤ j ≤ nig of CSIs from 
subject i and probability p, 0<p<1, the empirical quantile 
function QniðpÞ is defined as the kth order statistic of the 
sample Si, where k is such that ðk −1Þ=n<p<k=n.

For each subject i, with the quantile function QniðpÞ of the 
CSI distribution, we define the linear QI QIi as the integral of 
QniðpÞmultiplied by a weighting function βðpÞ, 

QIi ¼

ð1

0
βðpÞQniðpÞdp: (1) 

The unknown common weighting function βðpÞ is esti
mated by fitting a functional general linear model (FGLM) of 
James (2002) for outcomes from the exponential family of 
distributions or by fitting a linear functional Cox model 
(LFCM) (Gellar et al. 2015) for survival outcomes. The sign 
of βðpÞ may be adjusted to ensure that higher QI values cor
respond to higher values of median CSI (Yi et al. 2023a).

The nonlinear QI nlQIi is defined as 

nlQIi ¼

ð1

0
Fðp;QniðpÞÞdp; (2) 

where F(�,�) is an unspecified bivariate twice differentiable 
function. Thus, (2) captures nonlinear dependence of nlQIi 
on the functional predictor QniðpÞ if F(�,�) is nonlinear in the 
second argument. For outcomes from the exponential family, 
F(�,�) is estimated by fitting a Functional Generalized Additive 
Model (FGAM) of McLean et al. (2014), 

gfEðYijQniÞg ¼ θ0þ

ð1

0
Fðp;QniðpÞÞdp;

where g is a known link function, Yi is the outcome for sub
ject i, and θ0 is the intercept. For survival outcomes, F(�,�) is 
estimated by fitting an Additive Functional Cox Model 
(AFCM) of Cui et al. (2021)

logðhiðt; F;QniÞÞ ¼ logðh0ðtÞÞþ
ð1

0
Fðp;QniðpÞÞdp;

where hiðt;F;QniÞ is the hazard function for subject i and 
h0ðtÞ is a nonparametric baseline hazard function.

For estimation, F(�,�) is represented by a tensor product of 
univariate penalized splines (P-splines), 

Fðp;qÞ ¼
XNp

j¼1

XNq

l¼1

θj;lB
p
j ðpÞB

q
l ðqÞ; (3) 

where Bp
j and Bq

l are univariate P-splines on the domains of p 
and q, respectively. The vector of unknown coefficients θ 
with entries θj;l in (3) is estimated by fitting an FGAM or 
AFCM model to a training dataset.

For each subject l in a test dataset, nlQIl is computed using 
(2) with the estimated surface dFðp;qÞ. The resulting nlQIl can 
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be used as a standard predictor of relevant clinical outcomes 
in a test set.

We have developed an R package Qindex that implements 
the computation of QI’s and nlQI’s in training and test sets. 
FGAM or AFCM models are fitted using the gam function of 
the R package mgcv. The original implementation of FGAM 
and AFCM models includes identifiability constraint 
PM

i¼1

Ð 1
0 Fðp;QniðpÞÞdp¼ 0. Our computations of nlQI also 

include the adjustment of the sign of dFðp;qÞ to ensure that 
higher nlQI values correspond to higher values of median 
CSI. The adjustment preserves the identifiability constraint 
and helps interpret the results for nlQI as an out
come predictor.

The IHC image data that motivates this work comes from 
tissue microarrays (TMAs) for a large cohort of 782 stage I–III 
breast cancer patients treated with surgery at Thomas Jefferson 
University Hospital, Philadelphia, PA. None of the patients had 
neoadjuvant therapy before the surgery. The primary outcome 
of interest is progression-free survival (PFS), defined as the time 
from diagnosis to the evidence of local, regional, or distant re
currence. Known prognostic factors included age, race, HER2 
positivity, histologic grade, node status, and tumor size (<2, 2– 
5, >5 cm). The clinical follow-up ranged from 2 to 238 months 
with a median follow-up of 114 months.

Fluorescence-based IHC was performed individually using 
validated antibodies for the following proteins: proliferation 
marker Ki-67 (Agilent/Dako; MIB-1; cat# M7240; 1:200 di
lution), estrogen receptor-alpha (ER; Agilent/Dako; SP1; cat# 
M3634; 1; 200 dilution), CyclinD3 (Cell Signaling; cat# 

DCS22; 1:50 dilution), and thymidylate synthase (TS; Cell 
Signaling; TS106; cat# 5653; 1:100 dilution). For each pro
tein of interest, the tumors were co-stained with pan- 
cytokeratin antibodies (mouse monoclonal AE1/AE3 
(Agilent/Dako; cat# M3515) or rabbit polyclonal (Agilent/ 
Dako; cat# Z0622)) and DAPI to facilitate the detection of 
carcinoma cells and cell nuclei, respectively. Stained tissue 
slides were scanned at 20× magnification using the 
Scanscope laser scanner (Leica/Aperio). The cell segmentation 
of mIF images was performed using the Definiens Tissue 
Studio platform (Definiens AG, Munich, Germany). For each 
protein, the CSI level was computed as the average pixel in
tensity across all pixels within each cell. The MSI was com
puted as the average of the CSI levels in all cancer cells in the 
tissue. Log-transformed CSI levels were analyzed due to the 
skewness of CSI distributions.

Independence of CSI values and locations of cancer cells 
was tested for each protein and each tissue core using the 
global envelopes test (Myllym€aki et al. 2017) based on mark- 
weighted K function (Penttinen et al. 1992) in R package GET 
(Myllym€aki and Mrkvi�cka 2024).

For each patient, the empirical quantile function was tabu
lated for p¼ 0:01; . . . ;0:99. The patient’s cohort was ran
domly split into a training set with 60% of patients (469 
patients with 88 recurrences) and a test set with 40% of 
patients (313 patients with 59 recurrences).

For each protein, AFCM and LFCM models with PFS out
come and functional predictor QðpÞ were fitted to the data in 
the training set. To illustrate the proposed methodology with 

Figure 1. Contour plots of fitted AFCM surfaces for ER (A) and TS (B), weighting functions estimated from LFCM models for ER (C) and TS (D), and 
scatter plots of nlQI versus QI for ER (E) and TS (F).
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a binary endpoint, we also modeled high (score 3) versus low 
(score 1–2) pathologist’s mitotic index as dependent on QðpÞ
using the FGAM model. The R package Qindex was used to 
compute sign-adjusted dβðpÞ and dFðp;qÞ the training set and 
to compute QIi and nlQIi for every subject i in the test set.

The actual number of knots used for fitting AFCM and 
FGAM models was smaller than the default in gam to im
prove the smoothness of results and avoid overfitting. A num
ber of proteins were considered. Examples presented include 
only proteins with CSI quantile functions that were signifi
cant as functional predictors in FGAM or AFCM model. The 
significance testing is implemented in the R package mcgv.

In the test set, nlQIs and QIs were computed using dFðp;qÞ
and dβðpÞ estimated in the training set. For comparison, we 
also computed the standard MSI and the functional protein 
markers AUcMean and AUcVar (Chervoneva et al. 2021) 
based on CSIs and spatial locations of the cancer cells.

The resulting QI, nlQI, AUcMean, and AUcVar bio
markers as well as MSI levels for each protein were consid
ered as continuous predictors of PFS in univariate and 
multivariable Cox proportional hazards models and as pre
dictors of high pathologist’s mitotic index in the logistic re
gression models fitted to the test set. For multivariable 
analysis of PFS and mitotic index status, we first developed 
parsimonious models including only known clinicopathologic 
risk factors. Then, each protein biomarker was added to the 
parsimonious model to evaluate its prognostic value while 
adjusting for significant clinicopathologic risk factors. 
Continuous QI and nlQI biomarkers were standardized by 
subtracting the median and dividing by the interquartile 
range since the units of QI and nlQI have no biological 
meaning. The validity of the proportional hazard assumption 
was evaluated using the R package survival.

3 Results
3.1 Prediction of PFS
For the PFS outcome, ER and TS CSI quantile functions were 
significant as functional predictors in the AFCM model fitted 
in the training set. ER mediates signaling by estradiol and 
promotes breast cancer cell growth, while TS is an enzyme 
that helps create and repair DNA by converting deoxyuridine 
monophosphate to deoxythymidine monophosphate.

The null hypothesis of independence between CSIs and 
locations of cells was rejected for 82% of ER images and 
64% of TS images.

Figure 1A and B presents the contour plots of the estimated 
Fðp;qÞ surface obtained by fitting AFCM models to the train
ing dataset. For ER, the contour plot shows that the highest 

levels of surface dFðp;qÞ correspond to the middle percentiles 
(0:4<p<0:6) and high values of the corresponding quantiles 
(9<q<11). Thus, the quantile functions with higher 
medians and other middle percentiles yield higher values of 
nlQIs. Figure 1C shows the estimated weighting function 
dβðpÞ for ER QIs based on the LFCM model. Similar to 
dFðp;qÞ surface, dβðpÞ gives the highest weights to middle per

centiles (0:4<p<0:6), but the corresponding quantiles can 
have any values, not necessarily on the higher end. For TS, 
the contour plot in Fig. 1B shows that the highest levels of 
dFðp;qÞ correspond to the upper tail percentiles (p>0:8) with 

the highest values of the corresponding quantiles. Thus, the 
quantile functions with higher upper tails of the CSI 

distributions yield higher values of nlQIs. Figure 1D shows 
dβðpÞ for TS QIs based on the LFCM model. Again, consis

tently with the dFðp;qÞ surface, dβðpÞ gives the highest weights 
to the upper tail percentiles (p>0:8), but not necessarily with 
the highest values of corresponding quantiles. The QIs and 
nlQIs are positively associated for both ER and TS (Fig. 1E 
and F).

Table 1 presents the results of univariable or multivariable 
Cox models fitted to the test set with each considered bio
marker as a predictor of PFS. For ER, the effect size [hazard 
ratio (HR)] was very similar and significant in univariate 
models for quantile-based and spatial biomarkers, but not 
significant for ER MSI. The HRs were reduced and nonsignif
icant in multivariable models adjusted for tumor size and his
tological grade. For TS, only nlQI and QI biomarkers were 
significant predictors of PFS univariately, and only nlQI 
remained significant in the multivariable model. Notably, the 
spatial markers yielded just slightly higher effect sizes than 
QI biomarkers for ER, for which the null hypothesis of inde
pendence between CSIs and cell locations was rejected for 
82% of the tissues. Meanwhile, for TS CSIs, the null hypoth
esis of independence from cell locations was rejected only for 
64% of the tissues, and the effect sizes were higher for the 
proposed nlQI and QI than for the spatial markers.

3.2 Prediction of high mitotic index
For dichotomized high (score 3) vs low (scores 1–2) of path
ologist’s evaluated mitotic index, Ki67, and CyclinD3 CSI 
quantile functions were significant as functional predictors in 

Table 1. Protein biomarkers as predictors of PFS in univariate and 
multivariable Cox models fitted to the test set data.a

Univariable Multivariable

nlQI nlQI

HR 95% HR CI P-value HR 95% HR CI P-value

ER 0.65 0.44 0.98 .038 0.80 0.52 1.23 .308
TS 1.31 1.07 1.61 .009 1.23 0.99 1.52 .063

QI QI

HR 95% HR CI P-value HR 95% HR CI P-value

ER 0.70 0.50 0.99 .040 0.80 0.57 1.14 .216
TS 1.24 1.04 1.47 .014 1.13 0.94 1.37 .203

MSI MSI

HR 95% HR CI P-value HR 95% HR CI P-value

ER 0.78 0.59 1.03 .083 0.85 0.65 1.11 .224
TS 1.00 0.79 1.27 .996 0.95 0.78 1.16 .623

AUcMean AUcMean

HR 95% HR CI P-value HR 95% HR CI P-value

ER 0.60 0.40 0.91 .015 0.76 0.50 1.16 .204
TS 1.06 0.831 1.36 .633 1.03 0.83 1.29 .774

AUcVar AUcVar

HR 95% HR CI P-value HR 95% HR CI P-value

ER 0.62 0.40 0.94 .024 0.73 0.48 1.09 .126
TS 1.01 0.97 1.05 .622 1.01 0.95 1.06 .853

a Multivariable models also include tumor size and histological grade.
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the FGAM model. Ki67 is a protein expressed during cell di
vision (G1 phase through M phase) and is commonly used as 
a cell proliferation marker, as it is absent in nondividing cells. 
CyclinD3 is a protein expressed during the transition from 
the G1 phase to the S phase, activating cyclin-dependent kin
ases (CDK4 and CDK6) and driving cell cycle progression. 
We have previously reported the results for Ki67 CSI quantile 
functions as predictors of PFS (Yi et al. 2023a) but not mi
totic index.

The null hypothesis of independence between CSIs and 
locations of cells was rejected for 72% of ER images and 
63% of CyclinD3 images.

Figure 2A and B presents the contour plots of estimated 
Fðp;qÞ surface obtained by fitting FGAM models to a training 

dataset. For Ki67, the contour plot shows the highest dFðp;qÞ
surface values for the points corresponding to upper percen
tiles (p>0:5) and high values of the corresponding quantiles.

Figure 2C shows the weighting function dβðpÞ for Ki67 QIs 

based on the FGLM model. Similar to dFðp;qÞ surface, dβðpÞ
gives the highest weights to the fourth quartile (p>0:75), but 
the corresponding quantiles can have any values, not neces
sarily on the higher end. Respectively, CSI distributions with 
wider ranges and higher levels of Ki67 in the upper quantiles 
yield the highest QIs.

For CyclinD3, the contour plot (Fig. 2B) shows the highest 

dFðp;qÞ values for the points corresponding to upper 

percentiles (p>0:5) and high values of the corresponding 
quantiles, as well as for the points corresponding to middle 
percentiles (0:2<p<0:6) with low values of the correspond
ing quantiles. Thus, the quantile functions with higher CSI 
values in quantiles above the median odds ratio (OR) with 
low CSI values in quantiles with middle percentiles 
(0:2<p<0:6) yield higher values of nlQIs. Figure 2D shows 

the weighting function dβðpÞ for CyclinD3 QIs based on the 
FGLM model.

In contrast to dFðp;qÞ surface, dβðpÞ gives negative weight to 
the quantiles corresponding to middle percen
tiles (0:3<p<0:7).

Table 2 presents the results of univariable or multivariable 
logistic regression models fitted to the test set with each consid
ered biomarker as a predictor of high mitotic index. All Ki67 
biomarkers were significant predictors of high mitotic index in 
univariable or multivariable models, but the nlQI biomarker 
yielded the highest effect size (OR), followed by the effect sizes 
for AUcMean and QI biomarkers. For CyclinD3, only QI and 
nlQI biomarkers were significant predictors of high mitotic in
dex, and the nlQI biomarker yielded a higher effect size than 
the QI biomarker in univariable and multivariable models.

3.3 Simulation study
For each subject, we simulated 20, 60, 100, or 200 CSI obser
vations per group from 2-component mixtures of normal 
distributions with random subject effects in all mixture 

Figure 2. Contour plots of FGAM surfaces for Ki67 (A) and CyclinD3 (B), FGLM-estimated weighting functions for Ki67 (C) and CyclinD3 (D), scatter plots 
of nlQI versus QI for Ki67 (E) and CyclinD3 (F).
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parameters. Different patterns of average quantile functions 
and random subject effects were associated with groups des
ignated as high risk versus low risk as detailed in 
Supplementary Table S1. Figure 3 shows density plots and 
corresponding average quantile functions and representative 
sample empirical quantile functions for high-risk and low- 
risk groups used in four simulated scenarios that exemplify 
CSI distributions observed in real mIF-IHC data. In scenario 
A, the high-risk group has a distinctive bi-modality, while the 
two mixture components of the low-risk groups form a unim
odal distribution. This scenario mimics the situation when 
the high-risk group has a distinctive component of high pro
tein expression levels. In scenario B, high-risk and low-risk 
groups have different group parameters of the first mixture 
component, but similar parameters of the second component. 
This scenario mimics the situation when the loss of protein 
expression is associated with high risk. In scenario C, high- 
risk and low-risk groups have different group parameters of 
the second mixture component, but similar parameters of the 
first component. This scenario mimics the situation when 
some proportion of higher protein expression levels is associ
ated with the high risk. Scenario D assumed no difference in 
CSI distributions between high-risk and low-risk groups.

Binary outcomes were simulated using the binomial distri
bution with probability of event 0.61 for the high-risk group, 
with the corresponding OR of 2.5. Survival outcome data 
were simulated using simsurv R package under the assump
tion of Weibull distribution with parameters specified in the 
Supplementary Table S2. For each scenario, we generated 

200 pairs of training and test datasets with 40–240 subjects 
per group. In each pair, the training set was used to estimate 
the weighting function βðpÞ and surface Fðp;qÞ. These esti
mates were used to compute QIs and nlQIs for all subjects in 
the test set. The quantile function for each subject was tabu
lated (i) using 19 quantiles corresponding to percentiles 5%– 
95% with a step 5% or (ii) using 99 quantiles from 1% to 
99% with a step 1%. In addition to QIs and nlQIs, we also 
computed the MSI and the OQ biomarker (Yi et al. 2023b). 
Performance of the biomarkers was evaluated by computing 
the area under the receiver operating characteristic curve 
(AUC-ROC) (Fawcett 2006) for predicting the high-risk 
group membership using the R package pROC (Robin 
et al. 2011).

Figure 4 presents the AUC-ROC distributions for bio
markers trained with survival outcome in simulations with 
120 subjects per group based on 19 quantiles (left column) or 
99 quantiles (right column). Distributions of AUC-ROCs for 
biomarkers trained with a binary outcome are shown in 
Fig. 5. Results for all scenarios with 40, 80, 120, or 240 sub
jects per group, 19 or 99 quantiles, survival or binary out
come are shown in Supplementary Figs S4–S7. Results for 
Scenario D with no difference in CSI distributions between 
the high-risk and low-risk groups and no difference in bio
marker performance are shown only in the Supplementary 
Tables. For scenarios A–C, the nlQI biomarkers performed 
better than QI biomarkers across all considered numbers of 
subjects per group and numbers of observations per subject 
and for both types of outcomes. Generally, larger differences 
between AUCs of nlQI and AUCs of QI were observed for 
scenarios A–C with survival or binary outcome. These differ
ences were higher for simulations with 80–240 subjects per 
group. Lower differences were observed with 40 subjects per 
group, likely attributed to the smaller number of parameters 
in the models used for computing QIs as compared to models 
used for computing nlQI. For scenario C with survival out
come, 120–240 subjects per group and 200 CSIs per subject, 
nlQI and QI biomarkers yielded similar AUCs close to 1. 
Both nlQI and QI biomarkers performed substantially better 
than MSI and OQ biomarkers for scenarios A–C and across 
all considered numbers of subjects per group and numbers of 
observations per subject and for both types of outcomes, but 
even higher differences for survival outcome. Comparing 
results based on 99 quantiles versus 19 quantiles, we observe 
generally negligible differences across all scenarios and sam
ple sizes. Since using 99 quantiles adds computational bur
den, we recommend using QI biomarkers based on a 
moderate number of quantiles (19–25).

4 Discussion
In this article, we propose novel nonlinear QI biomarkers 
that capture complex associations between single-cell quan
tile functions of functional proteins and clinical outcomes of 
interest. Scalar-on-function regression models offer a theoret
ical framework for the proposed QI biomarkers, but they are 
challenging to interpret directly. Our approach provides the 
means of deriving a single scalar index by fitting a scalar-on- 
function regression model with a quantile function predictor 
to a training set. Using the fitted surface of the scalar-on- 
function regression model, nonlinear quantile indices can be 
computed for subjects in a test dataset and used in the same 
way as familiar continuous scalar predictors.

Table 2. Protein biomarkers of high mitotic index in univariate and 
multivariable logistic regression model fitted to the test set data.a

Univariate Multivariable

nlQI nlQI

OR 95% OR CI P-value OR 95% OR CI P-value

Ki67 3.20 2.28 4.68 < .001 2.93 2.05 4.32 < .001
CyclinD3 2.15 1.46 3.28 < .001 2.24 1.45 3.58 < .001

QI QI

OR 95% OR CI P-value OR 95% OR CI P-value

Ki67 2.30 1.76 3.09 < .001 2.15 1.62 2.91 < .001
CyclinD3 1.33 0.95 1.89 .096 1.53 1.04 2.27 .032

MSI MSI

OR 95% OR CI P-value OR 95% OR CI P-value

Ki67 1.34 1.14 1.60 .001 1.27 1.08 1.53 .009
CyclinD3 1.05 0.94 1.17 .405 1.09 0.96 1.23 .157

AUcMean AUcMean

OR 95% OR CI P-value OR 95% OR CI P-value

Ki67 2.56 1.87 3.59 < .001 2.41 1.68 3.54 < .001
CyclinD3 1.02 0.77 1.34 .876 1.23 0.89 1.69 .212

AUcVar AUcVar

OR 95% OR CI P-value OR 95% OR CI P-value

Ki67 1.49 1.22 1.84 < .001 1.44 1.13 1.87 .004
CyclinD3 0.92 0.68 1.23 .596 0.97 0.69 1.38 .882

a Multivariable models also include hormone receptor status and 
tumor size.
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Figure 3. Average density, quantile functions, and representative sample empirical quantile functions for the high-risk (red) and low-risk (blue) groups for 
scenarios A, B, and C in, respectively, labeled subplots. For scenario D, the high-risk and low-risk groups had the same average density and quantile 
functions of CSI distributions (purple lines).

Figure 4. AUC-ROC distributions for biomarkers of the high-risk group trained with survival outcome in simulations under scenarios A, B, and C with 120 
subjects per group.
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The main limitation of the proposed approach is the need 
to split data into the training and test sets. TMA data usually 
include a large number of independent tissues, but mIF-IHC 
studies with whole tissue samples tend to have smaller num
bers of independent tissues with multiple regions of interest 
(ROIs) per tissue. Also, for experiments with multiple batches 
of whole tissue slides, there is a need to normalize CSI data as 
described in Harris et al. (2022) before computing the QI bio
markers to eliminate possible confounding between experi
mental processing and biological differences.

For computing QI and nlQI biomarkers, we used quantiles 
corresponding to equally spaced percentiles. Trimming a 
higher percentage from the distribution tails will make QIs 
and nlQIs more robust to potential outliers. With multiple 
ROIs per tissue, ROI-specific quantile functions should be ag
gregated into one function per tissue to be used for comput
ing the QI biomarker. We have implemented computation of 
point-wise minimum, median, mean and maximum for aggre
gating ROI-specific quantile functions. We have also imple
mented a cross-fitting algorithm with splitting one dataset 
into k folds and computing nlQIs or QIs in each fold based 
on the model fitted to all other folds combined.

Spatial analysis of single-cell mIF-IHC data is becoming 
standard for studies with phenotypic markers defining vari
ous subpopulations of cells. Meanwhile, for functional pro
tein markers, the choice is not obvious between the simplest 
MSI, nonspatial analysis of single-cell CSI distributions, and 
methods that account for the spatial localization of cells. 
Formal testing of independence between CSI values and spa
tial locations tends to yield mixed results, with variable pro
portions of tissues with rejected hypothesis of independence, 
depending on the protein. As spatial approaches for analysis 
of functional protein markers are still limited, complex, and 
computationally intensive, nonspatial alternatives based on 
distributions of functional protein CSI levels may outperform 
spatial approaches. For some functional proteins, optimal 
utilization of actual expression levels may be more important 
than accounting for spatial heterogeneity. Our results provide 
empirical evidence that the proposed nlQIs biomarkers may 

yield better prognostic results than spatial biomarkers if the 
hypothesis of independence between CSI and cell locations is 
rejected in less than 80% of the tissues. However, ignoring 
spatial information may not provide optimal functional pro
tein biomarkers when there is strong evidence of dependence 
between CSI and cell locations in majority of the tissues.

In this work, the proposed methodology was used for the 
analysis of functional proteins in cancer cells, but the same 
approach can be applied to derive QI biomarkers based on 
protein expression in other cell phenotypes. Our methodol
ogy is suitable for any single-cell expressions of proteins or 
mRNAs, including flow cytometry or scRNA sequenc
ing data.
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