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Abstract

In this work we study the coupled dynamics of social balance and opinion formation. We
propose a model where agents form opinions under bounded confidence, but only consid-
ering the opinions of their friends. The signs of social ties -friendships and enmities- evolve
seeking for social balance, taking into account how similar agents’ opinions are. We con-
sider both the case where opinions have one and two dimensions. We find that our dynam-
ics produces the segregation of agents into two cliques, with the opinions of agents in one
clique differing from those in the other. Depending on the level of bounded confidence, the
dynamics can produce either consensus of opinions within each clique or the coexistence
of several opinion clusters in a clique. For the uni-dimensional case, the opinions in one cli-
que are all below the opinions in the other clique, hence defining a “left clique” and a “right
clique”. In the two-dimensional case, our numerical results suggest that the two cliques are
separated by a hyperplane in the opinion space. We also show that the phenomenon of uni-
dimensional opinions identified by DeMarzo, Vayanos and Zwiebel (Q J Econ 2003)
extends partially to our dynamics. Finally, in the context of politics, we comment about the
possible relation of our results to the fragmentation of an ideology and the emergence of
new political parties.

Introduction

Dating back to Aristotle, who asserted long ago in his Politics: “Man is by nature a social ani-
mal’, it is generally accepted that human beings have a basic need to belong to a group where
to share news and express their opinions. In our pursuit of belonging to a group, human beings
are continuously forming new relationships and breaking old ones, which affects both the con-
figuration of our social network and our way of thinking. Indeed, our opinions are often full of
reminiscences of our friends and acquaintances’ opinions. Not only this, our need to conform
to other people’s opinions generally impulse us to establish new relationships with people we
feel close to and to break an existing one when we fall apart. This phenomenon, known as
homophily, has received the attention of sociologists, economists and physicists [1-8].
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A stark example of human beings belonging to groups of like-minded information is poli-
tics. Casual observation shows that people not only tend to form connections with people with
similar political preferences, but choose to receive information about politics and government
from confirmatory-bias sources. A recent study by Pew Research Center confirms these ideas.
The study looks at the ways people receive information about politics in three different settings:
news media, social media and talk to friends and family. They conclude that “Liberals and con-
servatives inhabit different worlds. There is little overlap in the news sources they turn to and
trust. And whether discussing politics online or with friends, they are more likely than others to
interact with like-minded individuals”. (See “Political Polarization and Media Habits”, Pew
Research Center October 21, 2014.)

Despite the consensus that individual opinions and interpersonal relationships interact and
coevolve, the research that studies coupled dynamics of both issues is still very scarce as com-
pared to the abundant number of works that deal with these two issues in a separate way. (See
the next section for a review of these works.) In this paper we propose a model that couples in a
very natural way the dynamics of two well-known models of (i) evolution of social relation-
ships (a structural balance model) and (ii) opinion formation (a bounded confidence model),
and discuss some applications to politics. As far as we know, this is the first time that a dynam-
ics of social balance and a dynamics of opinion formation are coupled to reduce both unbal-
anced social relations and opinion dissonance.

Regarding the evolution of the social structure, we base our dynamics on the influential
model of Antal et al [9], one of the pioneering studies of the dynamics of structural balance.
The theory of structural balance, originary from Heider [10], has a long tradition in sociology
and establishes that the evolution of friendships (positive links) and enmities (negative links)
are not just due to bilateral processes, but depend on the relationships among triads of individ-
uals. In particular, it postulates that there exists a tension either (i) when three people are all
enemies among themselves, or (ii) when a person has two friends that are enemies between
themselves. In the first case, this tension only disappears (hence, balancing the triad) when two
of the enemies befriend and oppose to a common “adversary”. In the second case, to restore
balance, it is needed that either the two enemies become friends (maybe due to the arbitration
of the common friend), or that one of the friendship relationships ends (so that, afterwards, it
holds that a pair of friends share a common enemy). This theory was extended to account for
the stability of networks in [11], obtaining that a complete graph is balanced (i.e., free of ten-
sions in all triads) if and only if either all individuals are friends or there are two antagonistic
cliques, with all persons within each clique being friends and all pairs of persons in different cli-
ques being enemies (referred to as bipolar state by Antal et al [9]). In this respect, recently there
has been high efforts to compute the global level of balance of real world networks. (See [12],
which verifies that Epinions, Slashdots and WikiElections -three large online social networks-
are extremely balanced.)

Antal et al [9] propose two discrete-time dynamics of this theory, called local triad dynamics
and constrained triad dynamics. In these models, at each time step, one (randomly selected)
triad is revised. In the unconstrained model (LTD), if the triad is unbalanced, one of it links is
randomly selected to switch its sign (i.e., either a friendship is broken or two former enemies
become friends) in order to balance the triad. In the constrained model (CTD) the same holds,
but the switches are only implemented if they produce more balanced than unbalanced triads
in the network. In this respect, we base our network dynamics on the unconstrained formula-
tion in [9], but we depart from their (random) process of selecting links in order to balance tri-
ads. In particular, we endow each agent in the network with an opinion (which evolves over
time, as described below) and consider that, when a link must switch sign to stabilize a triad, it
is the distance among the opinions of the agents in the triad what determines which link flips.
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More precisely, we consider that when a friendship relationship is broken, it is between the
pair of agents with the highest difference of opinions whereas, when a friendship relationship
is formed, it is between the pair of agents with the lowest difference of opinions. In this
sense, we say that our model presents preferential flip, as compared to the random flip
assumption in [9].

Regarding opinions, we consider that they evolve over time following Hegselmann and
Krause [13], which is one of the most influential models of opinion dynamics under bounded
confidence. The idea of bounded confidence refers to the fact that individuals update their
opinions only taking into account those individuals whose opinions differ from their own not
more than a certain confidence level. These models build on the idea that the formation of
opinions on complex social issues are typically subjected to a confirmation bias [14-21]. In
particular, Hegselmann and Krause consider that individuals account for a weighted average of
the opinions of those neighbors in the network that satisfy the confidence level, hence general-
izing the classical De Groot’s model of opinion formation [22]. Due to non-linearities, the
model in [13] is not analytically solvable, so most of the results are based on simulations. By
applying Hegselmann and Krause’s dynamics to our framework, we make the evolution of the
opinions depend on the network. In particular, when an individual revises his opinion, he takes
into account the average of the opinions of those of his friends whose opinions differ from his
own not more than the confidence level, neglecting the opinions of his enemies. We consider
two cases: one in which agents have opinions on one issue, the other in which opinions contain
two issues.

Because the dynamics we present in this work incorporates features of models of opinion
formation under bounded confidence and of models of structural balance, we label our model
BC-PF (bounded confidence under preferential flip). The BC-PF model, in addition to provid-
ing a sensible way to couple these two dynamics, offers several contributions. First, it signifi-
cantly reduces convergence time as compared to Antal et al's [9] initial (LTD) formulation,
without the need to constrain the dynamics. In this sense, the BC-PF model provides a new
way to reduce the time needed to reach social balance, maintaining a discrete-time social bal-
ance framework. Second, when the BC-PF dynamics leads to the bipolar state, it produces seg-
regation of agents in the opinion space, both when agents have opinions on a single issue and
when opinions include two issues. Third, it shows that depending on the agents’ confidence
level, the system exhibits consensus of opinions within a clique or the coexistence of several
opinion clusters, again both in the case with one and two issues. Fourth, we observe that the
phenomenon of unidimensional opinions identified by DeMarzo et al [23] for dynamics leading
to global consensus extends partially to our case. Last, the BC-PF dynamics may have applica-
tions to politics, potentially suggesting new arguments to explain the fragmentation of an ideol-
ogy and the emergence of new political parties.

The remainder of the paper is organized as follows. The next section presents a brief litera-
ture review. In the third section we present our model. The fourth and fifth sections present the
results for the one-dimensional opinions and bi-dimensional opinions cases, respectively. In
the sixth section we comment on the applicability of our results to politics. Finally, we conclude
with a discussion of our results and possible extensions.

Related literature

In this section we first present a brief review of models that study the dynamics of social rela-
tionships, with a focus on those models dealing with structural balance. Then, we review some
models that study the formation of opinions within fixed networks. Finally, we report on some
recent papers that consider the joint evolution of opinions and networks.
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As aforementioned, the initial models of structural balance [10, 11] were static and simply
aimed to identify the stable (balanced) structures. Antal et al [9, 24] propose a dynamics to
reach structural balance, a topic that has attracted a lot of attention from the literature in the
last decade. (See the surveyin [25].) In this respect, given that many unbalanced graphs (the
jammed states) are stable points for the CTD (discrete-time) dynamics in [9], Kulakowski
et al [26] focus on a continuous-time dynamics in order to identify a system that leads to bal-
anced networks from generic initial configurations. In their model, subsequently investigated
by [27] and [28], they consider the strength of the friendliness or unfriendliness (by adding a
weight to the sign of each link), and find that the system always converges to a balanced state.
As shown by [27], this state is the all-friends configuration if the mean value of the initial
friendliness among the nodes is (strictly) positive, whereas it is a bipolar state with two cliques
of approximately equal size otherwise. (See also [29] for an alternative specification of the con-
tinuous-time dynamics.) Aguiar and Parravano [30] also extend Antal et al's model, aiming to
address the impact of partitioning the population into two groups, with tolerant and intoler-
ant individuals within each of them. They find that, as the size of the system increases, two
balanced solutions dominate: segregation into two cliques and the isolation of intolerant
agents.

On the other hand, the original models dealing with the evolution of opinions build on
French’s theory of social power [31], which was subsequently developed in a more general
form by Harary [32] and DeGroot [22]. The latter considers that the individual’s opinion at
each period is the weighted average of his neighbors’ opinions in the previous period, a dynam-
ics which ultimately leads to consensus provided the network is strongly connected and weak
aperiodic. Many studies have analyzed variations and extensions of these initial models. (See,
for instance, [23, 33-35].) Among them, the models that are more closely related to our work
are those of opinion formation under bounded confidence, pioneered by Deffuant et al [36]
and Hegselmann and Krause [13]. The model in [36] mainly differs from that in [13] in that, in
the former, at each time step, individuals update their opinions by taking into account the
opinion of a single (randomly selected) neighbor. There have been a number of papers con-
structed over these pioneering models exploring, for instance, the multi-dimensionality of
opinions [37-39] or heterogeneous confidence levels [40, 41]. In this respect, see the surveys in
[42-44]. Relatedly, Dandekar et al [45] and Groeber et al [46] also study the dynamics of polar-
ization of opinions, but they model the confirmation bias in a more continuous way than the
bounded confidence models.

Recent studies consider the evolution of opinions on networks that, although fixed, either
are structurally balanced [47, 48], or rely on the theory of structural balance [49]. Altafini [47]
considers a social community split into two antagonistic factions and suggests a class of
dynamical systems as natural models for the dynamics of opinion forming, considering that
the influence of a friend is positive and that of an adversary negative. (See [39, 50-54] for other
models that allow for negative influence.) In this setup, Altafini [48] finds that the process
leads the opinions of all agents within each faction to be equal and to be exactly the opposite
(same modulus but different sign) to the opinion in the other faction (which he calls bipartite
consensus). Hu et al [49], relying on the theory of structural balance, derive sufficient condi-
tions for the consensus, polarization or fragmentation behaviors of a multi-agent system under
the assumption that the signed network has a spanning tree. In a similar vein, Mis and Flache
[55] propose the so-called “argument-communication theory of bi-polarization”, which
explains that initially homogeneous populations can segregate into groups with opposed opin-
ions, even in situations in which social influence is only positive and individuals do not seek to
distance from each other.
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Some very recent papers analyze a similar context in models in which both the network and
the opinions vary over time, but the dynamics are not coupled. In this respect, Proskurnikov
etal [52] show that the results of bipartite consensus in [47, 48] extend to the case of a time-
varying graph under some conditions regarding connectivity. (See also [53], which studies the
consensus problem in networks with antagonistic and cooperative interactions in a model
where the network topology graph may vary over time.) Xia et al [51] focus on structurally
unbalanced networks. They first show that, if the network includes a strongly connected sub-
network (containing negative links) that is structurally balanced, then the agents of the subnet-
work polarize into two opinions and the opinions of all other agents in the network spread
between these two opinions, a result that they extend to time-varying networks.

In the same spirit of our work, there is a strand of the literature that considers the joint evo-
lution of opinions and networks, but where the network mainly evolves to reduce the disso-
nance of opinions between agents, rather than relying on structural balance arguments. In this
respect, the seminal paper by Holmes and Newman [56] consider that agents modify the net-
work by removing and rewiring links towards agents with the same (discrete) opinion than
theirs, and they revise opinions mimicking the opinion of a randomly selected neighbor. They
find that there is a phase transition (in the parameter controlling the balance of links and opin-
ions updates) from a regime with many opinions clusters to one close to global consensus.
Some papers have subsequently explored related models based on a mechanism of “removing
and rewiring” links that increases the opinion concordance, mainly dealing with discrete opin-
ions [57-63]. With a similar mechanism, some models study the co-evolution using a bounded
confidence criteria to update opinions [20, 64].

Other (coevolutionary) models do not consider a rewiring mechanism, but rather assume
that the initial network is complete and links can only be removed throughout the dynamics
[65, 66]. Differently, Ehrhardt et al [67, 68] study the case in which links are created over time
depending on agents opinions (or attributes) and, at the same time, all links in the network are
taken to disappear with positive probability along the dynamics. (See also the related literature
in economics dealing with the joint evolution of conventions and networks [69-72].) Addition-
ally, Benczih et al [73] study the case where each agent updates all her links simultaneously.
Finally, Flache and Macy [39] allow for the presence of negative links and study the co-evolu-
tion of node opinions and link weights in a variety of small-world networks. In this study,
agents’ opinions are updated to the weighted average of their neighbors, and link weights
increase (or decrease) in proportion to the opinion concordance (or discordance) in the various
opinion issues under consideration.

In the model proposed here, instead of assuming that the social links evolve to reduce the
opinion discordance between pairs of agents (as in the majority of coevolutionary models dis-
cussed so far), we assume that unbalanced structures (specifically triads of agents) evolve to
balanced structures choosing the option that reduce the opinion discordance the most. This
approach therefore allows us to examine the interplay between the stress in three agents’ con-
flicting relations and the stress in two agents’ opinion dissonance.

The model

We consider a process of opinion formation in a fully connected network with N social agents.
We assume that each agent in the network is characterized by a vector X, (¢), that represents the
opinion of agent i at time ¢ on the F issues at stake. For each issue f, x; () € [0, 1].

We interpret agents as nodes in a graph and a social relationship between two agents i and j,
s;j» as a link between the two agents, where links can be either positive or negative. We denote
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by s;(f) = +1 a situation where, at time ¢, agents i and j in the network are friends (+), and by
s;i(t) = —1 a situation where they are enemies ().

We assume that interactions among individuals in the network occurs in triads. This is a clas-
sical feature of Heider’s balance theory [10]. A triad ijk is said to be balanced if s;; X s x sj% = 1
and unbalanced if s;; X sjx X sjx = —1. A balanced triad necessarily embeds either (i) three agents
who are all friends of each other, or (ii) one friendship relationship and two enmity ones, i.e.,
two friends with a common enemy. Hereafter, we refer to balanced triads of types (i) and (ii) as
(+ + +) and (+ — —) triads, respectively. As for unbalanced triads, there are also two types: one in
which the three agents are all enemies of each other, refereed to as a triad of type (- — —); the
other with one enmity relationship and two friendship ones, i.e., two enemies with a common
friend, refereed to as a triad of type (— + +).

In the present study we investigate the coupled evolution of both social balance and opin-
ions in the network.

To study the dynamics of social balance, we follow Antal et al [9] and assume that every
time step ¢ a triad is randomly chosen to be revised. If the triad is balanced, nothing occurs.
Unbalanced triads of type (- — —) stabilize by flipping one link to positive to reach a balanced
configuration of type (+ — —). Unbalanced triads of type (- + +) have two ways to stabilize:
With probability p € (0, 1) the negative link flips to positive to reach the balanced configura-
tion (+ + +), and with probability 1 — p one of the positive links flips to negative to reach a bal-
anced configuration of type (+ — —). Antal et al assume that the link that flips to reach balance
is chosen at random (with uniform probability). As described below, we depart from this (ran-
dom flip) formulation. Fig 1 (left and central panels) represents the transition in [9].

To study the dynamics of opinions in the network, we follow Hegselmann and Krause’s [13]
model of opinion formation with Bounded Confidence (hereafter BC). The simplest version of
this model considers that agent i adjusts his opinion at time ¢ + 1 by taking the average (includ-
ing the focal agent i) of the opinions of those agents j whose opinions differ from his own not
more than a confidencelevel € € [0, 1].

x(t+1) =+ > x(0) (1)

i jéinyio

where {v;}(f) = {j € N: |x; - x| < &} U {i}, and 7, is the number of agents in {v;}(¢).

Because our model integrates two models that haven't talked to each other before, there is a
need to accommodate certain aspects of previous models. In the present paper we assume:

First, that an agent’s opinions are never influenced by his enemies. In other words, we con-
sider that agent i’s opinion is only influenced by those agents j for which both conditions s;; = +1
and |x; — x;| < &, hold.

Second, that whenever an unbalanced trial is chosen to be revised, the link that flips is not
randomly chosen but depends on opinion differences A;; = |x; — x;|. In particular, we assume
that in a triad of type (— — —), the link that flips to positive is the one with the smallest A. Simi-
larly, in a (- + +) triad, the positive link that flips to negative (with probability 1 — p) is the one
with the largest A. (With probability p, the negative link flips to positive.) These rules are sum-
marized in Fig 1 (left and right panels). Note that these assumptions affect the dynamics of
social balance and, because the latter changes the signs of relationships, it also affects the
dynamics of opinions in the network.

We term the balancing mechanism considered in this paper as Bounded Confidence under
Preferential Flip (BC-PF).

Finally, note that in a system of N agents, there are N x (N — 1) x (N - 2)/6 triads and N
agent’s opinions. For the results reported here, we consider the case in which triads and
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UNBALANCED BALANCED

TRIADS TRIADS

RULES FOR
RANDOM FLIP

One of the three
negative links is
randomly selected
to flip

It flips the negative
link always.

One of the two
positive links is
randomly selected

RULES FOR

PREFERENTIAL FLIP

It flips the negative

link with minimum

opinion dissonance.
(A5 < Aj Aje)

It flips the negative
link always.

It flips the positive
link with maximum
opinion dissonance.

to flip (Ay> Ay )

Fig 1. Left panel: Representation of balanced an unbalanced triads, where solid and dotted lines represent
friendly (+) and enmity (=) relationships, respectively. Central panel: Rules to flip from an unbalanced to a
balanced triad in Antal et al [9]. Right panel: Rules to flip from an unbalanced to a balanced triad in the BC-PF
model.

doi:10.1371/journal.pone.0164323.9001

opinions are revised evenly, i.e, we update (at random) an agent’s opinion every (N — 1) x

(N — 2)/6 triads updates, which are also updated at random. In this line, we define a round as
Nx (N -1) x (N -2)/6 time steps. That is, in average, in one round all triads and opinions are
revised.

One-dimensional opinions
Social balanced configurations

We start by comparing the social balanced configurations that the present BC-PF model pro-
duces with the ones in Antal et al [9]. In the first part of their paper, Antal et al show that for
the Local Triad Dynamics (LTD) model, if p > 1/2 the all-friends configuration is reached in
the absorbing balanced state; whereas if p < 1/2 the network evolves to a bipolar balanced state
with two cliques. The BC-PF mechanism presents a similar behavior. More precisely, we obtain
that the BC-PF model converges to a bipolar state (a two clique configuration with s;; = +1 for
any i, j in clique C € {Cy, G}, and s;; = 1 for any i € C; and j € G,) for p < 1/2, and to the all-
friends configuration (with s;; = +1 for any i, j) when p > 1/2. As it will be shown next, the
main difference between the LTD and BC-PF model is that the latter substantially reduces the
time to reach social balance and that it can produce the segregation of agents into opinion
groups that coexist within each clique.

In the following we restrict our study to cases with p < 1/2. Note that for p > 1/2, once the
all-friends configuration is reached, our model reduces to the classical opinion formation
model.
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Convergence time

Let us denote by Ty, the typical time to reach social balance. Antal et al show that for the LTD
model, the number of iterations required to reach social balance grows super-exponentially
with the size of the system (T, o exp(NZ) for p < 1/2). Then, in order to reduce the conver-
gence time, they introduce a restriction on the LTD dynamics that consists in allowing a link to
flip only if the total number of unbalanced triads after the flip does not increase. They refer to
this balancing mechanism as Constrained Triad Dynamics (CTD).

The CTD has two interesting effects on the evolution of the network structure. On the one
hand, it substantially reduces the typical time to reach the absorbing state (the CTD dynamics
converge to a balanced structure in a time that scales as In N). On the other hand, as a side
effect, the system can be trapped in jammed states, i.e., a structure with unbalanced triads in
which no flip increases the number of balanced triads.

The problem with CTD, as argued in [74], is that it assumes agents with extraordinary cal-
culative capabilities, who are able to compute the effect of a link flip in a triad on all other tri-
ads. This aspect is particularly difficult to justify when networks are relatively large.

Interestingly, the BC-PF dynamics has also the property to significantly reduce the conver-
gence time compared to the LTD dynamics. This is illustrated in Fig 2, which presents the typi-
cal time Ty, to reach social balance as a function of the size of the system N, for the LTD and
the CTD dynamics proposed by Antal et al, and for the BC-PF dynamics. For the BC-PF we
present results for the cases € = 0, 0.1 and 0.2. The case with £ = 0 refers to a situation where
agents do not change their opinions over time (as they only look at friends with exactly their
same opinion). Note that even though initial opinions do not change in this case in time, the

7 T
15¢10 BC-PF (¢ = 0)

1x10°

100000

TtYP

10000

1000

100

5 10 15 20 25 30 35
N

Fig 2. Typical (median) number of iterations T, -in time steps- to converge to a balanced
configuration as a function of the number N of agents in the system for p = 0.1. The upper and lower
curves correspond to the pure Antal (LTD) and the Constrained Triad Dynamics (CTD) models, respectively.
The other three curves correspond to the BC-PF dynamics with e =0, € =0.1 and € = 0.2, respectively. Each
point represents the median value of 1000 different runs departing from random initial conditions with equal
proportion of positive and negative links.

doi:10.1371/journal.pone.0164323.9002
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PF mechanism has an important effect on the dynamics of the network, considerably reducing
the time of convergence compared to the LTD case. (The dependence becomes in this case
closer to In Ty, o< N.) As € increases, the curvature of In Ti,,(N) decreases, becoming negative
at some value of £ between 0 and 0.1, and reaching a lower limit for £ ~ 0.25. As Fig 2 shows,
when & = 0.2 the scaling is close to the one in the CTD case. We also observe that Ti,,, decreases
with p, but the dependence is weaker than with .

Segregation of opinions

We observe that the BC-PF dynamics yields both a segregation of agents into two cliques and a
segregation of opinions. Simulations show that when the system reaches the balanced state, the
number of different opinions in the system depends on the confidence interval. Fig 3 represents
the number of different opinions in the system N, as a function of the confidence interval €,
for the BC model in Hegselmann Krause [13] and the BC-PF model. We observe that the BC
model has a critical value, £, 2~ 1/2, above which the system always reaches consensus (one
opinion). In contrast to this, the BC-PF dynamics exhibits consensus of opinions (within each
clique) for £=0.25. Thus, as compared to the BC model, the BC-PF dynamics lightens the
requirement on the agent’s confidence interval for consensus to be reached. To have an intui-
tion for this result, note that in the balanced state of the BC-PF model there is a segregation of
agents into two cliques according to their opinions (the low opinion values in one clique and
the high ones in the other clique; see Fig 4). Because in this case no agent has his opinion
affected by the opinion of an agent who is not in the same clique, a confidence interval of

£ ~ 0.25 is already enough to make, at the clique level, that extreme opinions get influenced by
moderate ones, which guarantees intra-clique convergence. Note also that because in the

40 .
20 .
10 Fragmentation .
28*

5 -

3 Il .l

" Polarization BC-PF

-\...z\
q 1k Consensus BC
0 0.2 04 0.6 0.8 1
€

Fig 3. Number of different opinions N, in final balanced configurations as a function of the bounded
confidence parameter ¢ for 40 agents and p = 0.1. The grey curve corresponds to the BC model and the
black curve to the BC-PF model. The curves represent the mean value of N, in 8 simulations with random
initial opinions. The initial links are also set at random with equal probability for friendship (+1) and for enmity
(-1). The vertical bars indicate the maximum and minimum values of Ny, in the 8 simulations.

doi:10.1371/journal.pone.0164323.g003
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Fig 4. Evolution for a 40 agents system with p=0.1 and either £= 0.2 (upper panels) or £ = 0.1 (bottom
panels). The two cases shown correspond to a particular run converging to social balance in few rounds; ~3
rounds in the case with € = 0.2 and ~ 6 rounds in the case with € =0.1. Time is given in round units. Left
panels show the evolution of the intra-clique opinion diversity D", the inter-clique opinion separation D~ and
the fraction of unbalanced triads Fnpa- Right panels show the corresponding evolution of the opinions. The
labels indicate the number of agents having the same final opinion. In the case with e = 0.2 all the agentsin a
clique share the same opinion (intra-clique consensus D" = 0). In the case with £ = 0.1 opinions converge to 5
different values in ~ 10 rounds. Agents in the “left clique” are grouped into two opinion clusters (of 18 and 5
agents), and agents in the “right clique” are grouped into three clusters (of 1, 12 and 4 agents). Within each
cluster there is consensus of opinions.

doi:10.1371/journal.pone.0164323.g004

BC-PF model consensus can only occur at the clique level, the present dynamics produces
polarization (two cliques and two opinions in the system). Interestingly, the BC-PF model sug-
gests that segregation of agents into cliques and polarization of opinions is the only balanced
configuration for fairly large enough confidence intervals (namely, £=0.25). For £ < 0.25, the
number of opinions in the system can be relatively large, so as the number of opinions within a
clique.

In order to better understand whether segregation of agents into cliques is related to segre-
gation of opinions, we introduce the following two measures. We define D* as the intra-clique
opinion diversity, or friends’ opinion dispersion,

1
=
D' = 23l = Dl — @
and D™ as the inter-clique opinion separation, or enemies’ opinion divergence,
D — 1
—n—,iZjé<s,~j+1>|x,-—x,-| (3)

where 8(x) = 1 when x = 0 and &(x) = 0 otherwise, whereas n" and n™ are respectively the num-
ber of positive and negative links.
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Fig 5. Average of D" in 100 runs as a function of parameters £ and p for a system of 40 agents.
doi:10.1371/journal.pone.0164323.9005

We observe that the BC-PF dynamics always produces a neat differentiation of opinions
between cliques. This is clear in the left hand side panels of Fig 4, that represent the intra-clique
(friends’) opinion diversity D, the inter-clique (enemies’) opinion separation D™ and the frac-
tion of unbalanced triads F,,,1 as @ function of time. Simulations show that, for a relatively
small number of rounds t, the system reaches a balanced state with two cliques, where agents in
each clique share similar opinions (D" ~ 0); and agents of different cliques end up having sub-
stantially different points of view of the issue at stake (D™ ~ 1/2).

As suggested by Fig 4, the BC-PF model produces inter-clique opinion separation that stabi-
lizes around one half. In Fig 5 we show that this result is quite robust to changes in the confi-
dence interval £ and in the probability p. In fact, we observe that except for values of p and €
close enough to 1/2, inter-clique separation D™ is ~ 1/2. To have an intuition for this result,
first note that the preferential flip mechanism produces the segregation of agents into cliques
according to their opinions. Hence, in the balanced configuration, opinions in one clique are
all below (or above) opinions in the other clique -as explained below. Roughly, if £ and p are
not very large, the average opinion is ~ 1/4 (~ 3/4) in the lower (upper) clique, yielding an
inter-clique opinion separation around 1/2. When € and p approach 1/2, at the initial stages of
the dynamics agents get influenced by a broader set of neighbors, which results in a smaller
inter-clique opinion separation at the absorbing state.

Regarding the intra-clique opinion diversity, a closer look at the upper-left panel of Fig 4,
corresponding to £ = 0.2, shows that convergence of opinions within cliques is reached (D" =
0); whereas the lower-left panel, corresponding to the case £ = 0.1, shows that more than one
opinion coexist within each clique in the balanced configuration (D" ~ 0.1). To better illustrate
this point, we present the right hand side panels of Fig 4, that represents the confluence of
opinions in groups as time goes on. We observe that in all cases the number of opinions in a cli-
que reduce with time. However, as already mentioned, the bottom panels of Fig 4 illustrate a
situation in which & is relatively small and consensus within cliques is not reached.
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Interestingly, we observe that in this case, the BC-PF dynamics produces the segregation of
agents into two cliques according to their opinions, where opinions in one clique are all below
(or above) the opinions in the other clique. This perfect segregation of opinions in cliques
allows us to talk about the “left clique” and the “right clique”, as the clique containing the
agents with the lower and higher opinion values, respectively. We observe that this is a quite
general result, as starting from random initial conditions we have never reached a balanced
configuration where opinions are randomly distributed between cliques. (Note that this is usu-
ally the case, except for very particular initial conditions, in which case different cliques may
contain similar opinion values. For example, when the stating network is already balanced but
opinions within cliques are random.) Indeed, this segregation also holds in the extreme case of
£ =0, where even though agents’ opinions do not evolve, agents segregate in two cliques in
such a way that the left clique includes the agents with the lower opinion values and the right
one the agents with the higher opinion values.

We have also run simulations in which, departing from the same initial conditions as those
used in Fig 4, we progressively double the speed at which opinions are updated up to the point
that we update both one randomly selected triad and one randomly selected opinion at each
iteration. We do not observe any substantial change in the behavior of the system with respect
to the cases reported in Fig 4, except for a tendency of the typical convergence time to decrease
as the speed of opinion update increases. In particular, we observe that the number of final
opinions and their positions tend to remain unaltered. Only in some exceptional cases one
opinion arises or disappears but, in any case, we find that for the range of speeds explored, the
final values D" and D™ are always very close to the corresponding counterparts depicted in
Fig 4.

Size of cliques

Antal et al show in their Fig 5 an unexpected feature of the Constrained Triad Dynamics
model. They obtain that, in contrast to the LTD model, when the proportion of positive links
in the initial state (po) increases, the CTD model exhibits a phase transition at py ~ 0.65 from
two final cliques of nearly the same size to the all-friends configuration.

The BC-PF model differs from the CTD model in this respect. More precisely, we obtain
that the BC-PF dynamics does not present a transition, as for any p, € [0, 1) and € € [0, 1], if
p < 1/2, the system always converges to a balanced configuration with two cliques. This aspect
is clear in Fig 6, that shows the distribution of sizes differences S4;¢ -in percent points- between
the two cliques in the BC-PF model. We define S,;; = % 100, with C; and C, being the size
of cliques 1 and 2, respectively. We observe that the distribution of size differences Sq;r does not
vary with the proportion of positive links in the initial state p,. In this sense, the BC-PF model
is robust to changes in p,.

Multi-dimensional opinions

In this section we extend the one-dimensional case to the case where agents have an opinion
on more than one issue. Let ¥, (t) be the vector of opinions of agent i at time ¢ on the F issues at
stake. We define the distance between the vector of opinions of agents i and j as:

Ay(t) = max { |x;;(t) —x;,(t)|forf =1,--- F} (4)

where x; (t) € [0, 1] denotes agent i's opinion on the f-th issue at time ¢. Our definition of A;;
implies that two agents have opinions closer than £ when they differ in less than € in all the F
issues under consideration. This definition of A;; is included in the opinion dynamics, as well as
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Fig 6. Distribution of size differences Sy;s -in per cent points- between the two cliques in a system
with N=100, p=0.3 and £=0.2. Each colored vertical line represents the frequency of clique size
differences for a different proportion of positive links pg in the initial conditions, as indicated in the legend.
The back curve represents the mean of the previous frequencies. We run 1000 simulations for each pg value.
Each vertical line represents the frequency in 2% bins and the different cases has been shifted each other to
facilitate visualization.

doi:10.1371/journal.pone.0164323.9006

in the network dynamics in the same way than in the one-dimensional case discussed before.
In particular:

1. Aj(t) is used to determine the set of agents {v;}(t) inside the confidence level of agent i. That
is, those agents j with a link to i that satisfies both the confidence boundary condition A;; <
€ and the friendship condition s;; = +1. For each issue fin X}, agent i’s opinion on this issue
x; ris updated following the Hegselmann Krause (2002) rule, that considers the opinions on
the k-th issue of all the agents in {v;}(#).

2. Ay(t) is used to determine the evolution of unstable triads. Thus, analogously to the one-
dimensional case, we assume that in a triad of type (— — —), the link that flips to positive is
the one with the smallest A. Similarly, in a (- + +) triad, the positive link that flips to nega-
tive (with probability 1 — p) is the one with the largest A.

Alternative definitions for Ay, as for example the geometrical distance | (t) — x;(t)|, yield
similar results.

Before going into the analysis of the dynamics of social balance and opinions in the multi-
dimensional case, it is worth mentioning some general ideas that we observe in this case. First,
that if at some time ¢ (for example at t = 0) all the agents’ opinions in one issue are identical,
say x; = X for issue fand agent i = 1, - - -, N, then the opinions of the N agents on issue f will
remain unchanged. This special case shows that our model can generate polarization in some
issues and consensus in others. Second, that in a balanced configuration, it could occur that
two agents in different cliques have similar opinions (closer than £) on some issues. That is,
that enemies share similar points of view on certain issues. This is due to our assumption that
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agents only consider the opinions of friends in their updating process. This feature could be
modified by adding a term that produces the repulsion of enemies’ opinions. (See the Discus-
sion section.)

Bi-dimensional opinions

We next investigate the coupled evolution of social balance and opinions in the case of two
issues (F = 2). Fig 7 illustrates the final configuration in the BC-PF dynamics with bi-dimen-
sional opinions for different values of the confidence parameter £. Each panel shows the posi-
tion of every agent i’s opinions in the plane x;; vs. x;, in the final absorbing state, for the values
of £ quoted in the upper-left corner of each panel. Initial conditions are the same in the six pan-
els. That is, we consider same initial link signs and same opinion values (shown in the upper-
left panel of Fig 8).

The analysis of this case yields a number of interesting analogies to the one-dimensional
case, suggesting the robustness of these results. In particular, we observe the following
analogies.

First, we observe that the BC-PF model with bi-dimensional opinions yields both a segrega-
tion of agents into two cliques and a segregation of opinions. This is clear in Fig 7, where posi-
tive links are represented by grey links and the absence of a line indicates a negative link.

Second, it is usually the case that several agents converge to the same opinion and form an
opinion cluster. In line with the one-dimensional case, we observe that the number of opinion
clusters is inversely related to the confidence level £. Thus, in the case where agents look at all

€=0.2

Issue 2

| €=0.30 £=0.40 e=1.0

O % % % % 7 9 % % % %% ¢ 9 % % % % ¢

Issue 1

Fig 7. Six final absorbing states for a 20 agents system, starting from same initial condition (but
different confidence levels ¢, indicated at the upper-left corner of each panel). The initial opinions are
shown in the upper-left panel of Fig 8. The random initial network has the same number of positive and
negative links, and we take p = 0.3. The numbers in each panel indicate the number of agents with the same
opinion (the number of agents in an opinion cluster). The grey lines show the positive links between agents.
In the absorbing states there are neither negative links between agents in an opinion cluster nor negative
links between agents in a clique. In the cases with e = 0.4 and € = 1, there is consensus of opinions in each
clique.

doi:10.1371/journal.pone.0164323.9007
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Fig 8. The upper panels present three snapshots of the evolution of opinions in a system for 20
agents, €= 0.2, p= 0.3, and with a distribution of initial opinions that is shown in the upper left panel.
The final absorbing state (shown in the upper right panel) corresponds also to the the upper right panel in Fig
7 (case € =0.2). The three bottom panels show a zoom of the distribution of opinions of the members of an
opinion group just before reaching the final absorbing state. The bottom left, center and right panels
correspond to the groups with 10, 3, and 3 agents, respectively.

doi:10.1371/journal.pone.0164323.9008

their friends, i.e., £ = 1, each clique exhibits consensus of opinions. This is also the case for £
sufficiently large (see, for instance, the case £ = 0.4 in Fig 7). In contrast, when the confidence
interval is small enough, we observe several opinion clusters within each clique (see the cases £
=0.1,0.15,0.2 and 0.3 in Fig 7). The number of agents in each opinion cluster is given in the
label just above each cluster. Note that all agents in a cluster are connected by positive links, so
that interconnected clusters form a clique. Also related, we observe that opinion clusters within
a clique are always separated by a distance A > €.

Third, experimental observation suggest that the BC-PF dynamics with bi-dimensional
opinions also produces the segregation of the opinion clusters belonging to different cliques. In
particular, in this case, as Fig 7 illustrates, opinion clusters belonging to different cliques in the
absorbing state always get separated by a hyperplane in the issue space. This result is in line
with the segregation of opinions in a “left clique” and a “right clique” that we obtained in the
one-dimensional scenario.

Alignment of opinions

We shall now explore to what extent the phenomena of unidimensional opinions identified by
DeMarzo et al [23] extend to the BC-PF dynamics. DeMarzo et al study a model of opinion for-
mation a la Degroot [22] in weighted networks and show that, in the process of convergence
towards consensus, individuals’ opinions over a multidimensional set of issues align in a single
“left-right” spectrum (the unidimensional opinions phenomenon).

In contrast to DeMarzo et al, the BC-PF dynamics does not lead to global consensus of opin-
ions. As we have seen, opinions in the absorbing state of the BC-PF dynamics differ between
agents in different cliques and, if £ is small enough, they even differ within agents in the same
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clique, which results in the fragmentation of the clique into opinion clusters. As for the align-
ment of opinions in the BC-PF dynamics, we observe the following. First, that the opinions cor-
responding to agents in different clusters are not aligned in the opinion space (in the absorbing
states). (See, for instance, the three upper panels of Fig 7 and the bottom-left one, associated to
£ <0.3.) So, in general, we cannot expect an alignment of opinions at the level of the whole
population. However, what about opinions at the cluster level?

Fig 8 sheds some light on this issue. The upper panels in Fig 8 present a detail of the evolu-
tion of agents’ opinions associated to the absorbing state reported in the upper-right panel of
Fig 7 (for N = 20 and € = 0.2). In particular, the upper-left panel presents the initial state, the
upper-middle panel presents the distribution of opinions after 3 rounds, and the upper-right
panel depicts the absorbing state. In the bottom panels of Fig 8 we show a zoom of the three
larger opinion clusters of the absorbing state (those containing more than two agents) after 10
rounds of revisions, i.e., slightly before the absorbing state is reached.

As we observe in the upper-left panel of Fig 8, the initial opinions of the 20 agents are dis-
persed around the [0, 1] x [0, 1] space. The upper-right panel shows that the system converges
to a bipolar state with two cliques containing 9 and 11 agents, respectively. Given that £ is small
enough (g = 0.2), in this case each clique gets fragmented in various opinion clusters. In particu-
lar, the smaller clique gets partitioned into four opinion clusters of sizes 1, 2, 3 and 3; and the
larger clique gets partitioned into two opinion clusters of sizes 1 and 10. As already noted above,
the sets of opinion clusters of each one of the two cliques can be separated by a hyperplane in
the opinion space. Attending to the upper-middle panel, we can observe that after 3 rounds of
revision there are no two players that share the same opinion, but we can already see how the
opinions of those agents that will end up in the same cluster are getting closer to each other.

In the bottom-left panel of Fig 8 we have the zoom corresponding to the opinions of the 10
agents of the larger cluster (of the larger clique) after 10 rounds. We can observe that, at this
point, the opinions of the 10 agents are almost perfectly aligned. Likewise, the bottom-midle
and bottom-right panels show a zoom corresponding to each one of the 3-agents clusters of the
highest clique. We can also observe how, within each cluster, the opinions of the three agents
are perfectly aligned after 10 rounds. However, the alignment produced at each cluster is inde-
pendent to that produced in others. This result is quite related to DeMarzo et al, since in the
BC-PF dynamics, after a few rounds of evolution, the agents pioneering an opinion cluster
become isolated from the rest of the system and, from then onwards, our dynamics resembles
very much DeMarzo et al's dynamics for fully connected networks with positive unitary links.

Thus, our results say that DeMarzo et al's alignment of opinions extends to the BC-PF
dynamics, but only at the opinion cluster level.

Potential links to politics

The results that the BC-PF dynamics produces may have interesting applications to the under-
stating of the political landscape of a country. We discuss that next.

First, note that for p < 1/2, the BC-PF model always produces the segregation of agents into
two polarized cliques with different opinions or, to put it differently, into two political ideolo-
gies, say left and right or liberal and conservative. In this sense, the dynamics of social balance
is consistent with the division of the political spectrum in these two clear ideologies.

Second, the BC-PF model can produce both the existence of two cliques with consensus of
opinions within cliques, and the existence of two cliques with fragmentation of opinions within
cliques. Note that these results hold both in the one-dimensional case and the bi-dimensional
case, that is, in cases where agents vote mainly on one issue, say ideology, or when two issues
are on campaign, for example ideology and nationalism. (This is usually the case in countries
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or regions with a strong nationalist feeling, for example Catalonia or Basque Country in Spain,
Quebec in Canada, or Flanders in Belgium.) In this sense, variations of our dynamics might
prove useful to explain why, at some point in time, a country’s traditional two-party system
vanishes and a new landscape with two-three political parties in each side of the political spec-
trum takes the scene. According to our model, it is the agents’ confidence level £ that deter-
mines the number of opinion clusters in a clique. (See [75] for a recent study on the emergence
of new political parties.)

Taking this kind of results to real world, we might expect a higher political fragmentation
after a shock that makes people more vehement and uncompromising, that is, that lowers the
value of £ in the population. Could it be that economic crisis affect people’s attitudes towards
acquaintances in this sense? Evidence is not clear in this respect, but abundant studies do find
that people’s trust in institutions (say government, media, business, NGOs, courts of justice,
etc.) sharply decreased with the recent economic recession. (See Edelman Trust Barometer or
Eurobarometer among others.) In this line, it has also been observed that income inequality, as
measured by the Gini index, increased in most OECD countries during the past crisis period
and that an increase in income inequality leads to a decrease in trust in people. (See Income
Inequality Update 2014, OECD, and Society at a Glance 2011, OECD.) A different class of
studies show that agents holding extreme views are less likely to modify their opinions [76],
and that they are also more likely to: (i) have friends who share their own views on government
and politics and (ii) distrust information coming from news sources that do not conform to
their political preferences. (See “Political Polarization and Media Habits”, Pew Research Center
October 21, 2014.) According to this, we may expect economic crisis to reduce agents’ trust
and the latter to be positively related to an agent’s confidence level, that is a measure of the
agent’s willingness to modify his opinion.

Consequently, a possible interpretation of our results would suggest an increase in a coun-
try’s political fragmentation after an economic crisis (due to the reduction in agents’ confidence
levels). Interestingly, a recent study by Funke et al [77] for 20 advanced economies and more
than 800 general elections supports this point. Their study, which covers the period 1870-2014,
reveals that after financial crisis government majorities shrink and polarization rises, which
increases political uncertainty. The BC-PF model adds to this finding the description of one
possible channel through which economic crisis can have a political consequence in terms of a
higher political fragmentation. Much has been said in this respect, but most of the arguments
talk about economic reasons and the decline in voters’ trust in traditional politics and institu-
tions in the aftermath of the financial crash. The BC-PF dynamics could contribute to this dis-
cussion showing that the agents’ confidence level £ do play a role in the formation of opinion
clusters within cliques, which invites us to think that the argument of the decline of voters’
trust in institutions can be complemented with a reference on how economic crisis affect
agents’ confirmatory bias.

Discussion and conclusion

In this work we propose a model, the BC-PF model, that couples in a very natural way Antal
etal’s [9] dynamics of structural balance and Hegselman and Krause’s [13] model of opinions
formation under bounded confidence. We rely on two basic ideas: (i) Social relationships
change according to a preferential “opininion-based” rule, and (ii) individuals’ opinions evolve
over time taking into account only the opinions of their friends in the social network. Because
we build on two literatures, the BC«~>PF model yields a number of results that contribute to the
literature of both structural balance and opinion/beliefs formation. Additionally, the BC—PF
model produces results that can be related to real-world phenomena.
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Our first and second results refer to the analysis of the BC-PF dynamics under one-dimen-
sional opinions. Regarding social balance and convergence time, we obtain that in line with
Antal et al's LTD model, the BC-PF dynamics also yields convergence to a balanced state -the
all-friends configuration- if p > 1/2, and to a bipolar state otherwise. Similarly, the CTD model
in Antal et at also produces convergence to the all-friends configuration for p > 1/2, whereas
for p < 1/2 the system exhibits a phase transition and it can either be that the all-friends config-
uration or the bipolar state is reached, depending on the initial friendship density. As for the
time to reach the balanced state, it grows with the size of the population much slower in the
BC-PF model than in the LTD model. Thus, the BC-PF model provides a new way to reduce
the time to reach social balance, allowing us to simulate the dynamics of much larger popula-
tions than the LTD model without the need to constrain the dynamics as in the CTD model, or
to consider a continuous-time dynamics as in [26-28].

Our second result regards to the segregation of opinions. Focusing on the more interesting
case of p < 1/2, when £ is large enough, the BC-PF model leads to consensus of opinions within
cliques, i.e., two opinions survive in the long run, one for each clique. Instead, for lower values
of &, in the absorbing state of the BC-PF model, more than one opinion can coexist within each
clique. Hence, our model extends Hegselmann and Krause’s main result (the existence of a
number of opinion clusters that inversely depend on &, which collapses into global consensus
for £ large enough) to the case in which the population segregates into two cliques. Interest-
ingly, the BC—PF dynamics segregates the agents into the two cliques according to their opin-
ions: The opinion clusters in one clique are all below (or above) the opinion clusters in the
other clique, i.e., it yields a “left clique” and a “right clique”.

Our third and fourth results refer to the analysis of the BC-PF dynamics under bi-dimen-
sional opinions. In this respect, Fortunato et al [37] study the bi-dimensional extension of the
model by Hegselmann and Krause and find that, starting from uniform probability distribution
for the opinion configuration, when € is large enough, consensus is reached whereas, for
smaller £, opinion clusters arise and typically form a lattice in the opinions space. In line with
the one-dimensional case, we find that the BC-PF model also yields segregation of agents into
two cliques for p < 1/2, being the number of opinions within each clique inversely related to &.
If £ is large enough, all agents within a clique share the same opinion (a bi-dimensional vector),
which differs from the opinion of the agents in the other clique. For lower &, different opinion
clusters coexist within each clique. Interestingly, in all our simulations the set of opinion clus-
ters in the first clique and that in the second clique can be separated by a hyperplane in the
opinions space, which extends the result of the segregation in a “left clique” and a “right clique”
that we obtain in the one-dimensional scenario.

Our final result refers to a phenomenon identified by DeMarzo et al [23], who study the evo-
lution of multidimensional opinions a la DeGroot [22]. Their main result is that, at some point
in the convergence process towards consensus, all the agents’ opinions align and keep aligned
thereafter. Thus, they claim that the individuals’ opinions over a multidimensional set of issues
converge to a single “left-right” spectrum (a phenomenon that they label as unidimensional
opinions). We find that this result extends partially to the bi-dimensional version of our BC-PF
model. In particular, we obtain that the opinions of all the agents within each cluster do align at
some point of the convergence process. However, this alignment only holds at the level of opin-
ion clusters, and not at the population level. Hence, our results suggest that for dynamics not
driving to global consensus, the main result of DeMarzo et al would be expected to hold partially.

Last, we discuss some implications of our results to politics. We observe that the BC-PF
model can produce the segregation of agents into two polarized cliques with both consensus of
opinions within a clique or fragmentation of opinions within it. Interestingly, these results
have a very natural counterpart in the political landscape of a country. Indeed, there are
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countries -or time periods- where the traditional two-party system dominates, showing a (pos-
sibly just superficial) consensus of opinions within each side of the political spectrum; whereas
in other periods of time all of a sudden a side of the political spectrum fragments and new par-
ties arise. The BC-PF model invites us to think about this phenomena in terms of agents’ confi-
dence level, confirmatory bias and, more broadly, in terms of agents’ trust. Recent data from
Edelman Trust Barometer and Eurobarometer shows that people’s trust decline with economic
crisis. The study by Funke et al [77] show that economic crisis cause political fragmentation.
Interestingly, the results in the BC-PF model suggest a possible link between these two lines of
research, talking about agents’ confidence levels or trust as a nexus that could connect eco-
nomic variables with political variables.

Finally, we believe that this paper is only one of the first steps in a broader research agenda,
which deals with the study of the joint evolution of opinions/beliefs and social ties. Indeed, the
studies dealing with the joint evolution of agents” opinions and networks are still relatively
scarce. (See the Related Literature section.) A clearer understanding of the effects arising from
the complexity of this kind of (intertwined) dynamics may well be the result of the knowledge
gleaned from these and future models. In this respect, it would be interesting to study alterna-
tive dynamics, for instance the opinion formation model proposed by Deffuant et al [36].
Other extension could be to introduce repulsion to enemies’ opinions, as considered for
instance, by [39, 47, 48, 50-54] in the context of fixed networks. We conjecture that this would
increase polarization which, in the bi-dimensional case, is likely to yield the separation of the
opinion clusters of the two cliques in both issues (i.e., a separation in two diagonal quadrants
of the opinion space). Another (complementary) extension would be to consider incomplete
networks. As for the field of applications, despite the difficulties inherent in obtaining direct
evidence of social influence (see Parravano et al [78] for an example), it would be interesting to
further explore connections of this type of models to real world phenomena. These, as well as
other possible extensions of the model, are left for future research.
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