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Anew class of functions, called the ‘information sensitivity functions’ (ISFs), which
quantify the information gain about the parameters through the measurements/
observables of a dynamical system are presented. These functions can be easily
computed through classical sensitivity functions alone and are based on Bayesian
and information-theoretic approaches. While marginal information gain is quan-
tified by decrease in differential entropy, correlations between arbitrary sets of
parameters are assessed through mutual information. For individual parameters,
these information gains are also presented as marginal posterior variances, and, to
assess the effect of correlations, as conditional variances when other parameters are
given. The easy to interpret ISFs can be used to (a) identify time intervals or regions
in dynamical system behaviour where information about the parameters is con-
centrated; (b) assess the effect of measurement noise on the information gain for
the parameters; (c) assess whether sufficient information in an experimental proto-
col (input, measurements and their frequency) is available to identify the
parameters; (d) assess correlation in the posterior distribution of the parameters
to identify the sets of parameters that are likely to be indistinguishable; and
(e) assess identifiability problems for particular sets of parameters.

1. Introduction

Sensitivity analysis [1] has been widely used to determine how the parameters of a
dynamical system influence its outputs. When one or more outputs are measured
(observed), it quantifies the variation of the observations with respect to the par-
ameters to determine which parameters are most and least influential towards the
measurements. Therefore, when performing an inverse problem of estimating
the parameters from the measurements, sensitivity analysis is widely used to fix
the least influential parameters (as their effect on the measurements is insignificant
and removing them reduces the dimensionality of the inverse problem) while
focussing on estimation of the most influential parameters. Sensitivity analysis is
also used to assess the question of parameter identifiability, i.e. how easy or difficult
isit toidentify the parameters from the measurements. This is primarily based on the
idea that if the observables are highly sensitive to perturbations in certain
parameters then these parameters are likely to be identifiable, and if the observables
are insensitive then the parameters are likely to be unidentifiable. However,
the magnitude of the sensitivities is hard to interpret, except in the trivial case
when the sensitivities are identically zero. Lastly, parameter identifiability
based on sensitivity analysis also assesses correlation/dependence between the
parameters—through principle component analysis [2], correlation method [3],
orthogonal method [4] and the eigenvalue method [5]—to identify which pairs of
parameters, owing to the high correlation, are likely to be indistinguishable from
each other (also see [6] and the referenced therein). Another method to assess corre-
lations is based on the Fisher information matrix [6—8], which can be derived from
asymptotic analysis of nonlinear least-squares estimators [9,10]. Ashyraliyev &
Blom [11] suggested that a singular value decomposition of the Fisher information
matrix can be used to identify linear combinations of parameters that can be well
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identified given the observables and measurement noise.
Another class of methods to assess identifiability, proposed by
Raue et al. [12—14], are based on the exploiting the curvature of
the likelihood function or the flatness of the profile likelihood,
i.e. minimization of the likelihood with respect to all parameters
but one. Li & Vu [15,16] proposed that pairwise and higher-order
correlations between the parameters may be identified by asses-
sing linear dependencies between the columns of the sensitivity
matrix [16] or the matrix of first-order partial derivatives of the
state equations [15]. Thomaseth and Cobeli extended the classical
sensitivity functions to ‘generalized sensitivity functions’ (GSFs)
which assess information gain about the parameters from the
measurements. This method has been widely used to assess
identifiability of dynamical systems [10,17-20], where regions
of high information gain show a sharp increase in the GSFs
while oscillations imply correlation with other parameters.
There are two drawbacks of GSFs: first, that they are designed
to start at 0 and end at 1, which leads to the so-called ‘force-to-
one’ phenomenon, where even in the absence of information
about the parameters the GSFs are forces to end at a value of 1;
and second, oscillations in GSFs can be hard to interpret in
terms of identifying which sets of parameters are correlated.
Based on a pure information-theoretic approach Pant & Lom-
bardi [21] proposed to compute information gain through a
decrease in Shannon entropy, which alleviated the shortcomings
of GSFs. However, since their method relies on a Monte Carlo
type method the computational effort associated with the com-
putation of information gains can be quite large. In this article,
anovel method which combines the method of Pant & Lombardi
[21] with the classical sensitivity functions to compute infor-
mation gain about the parameters is presented. The new
functions are collectively called ‘information sensitivity func-
tions” (ISFs), which assess parameter information gain through
sensitivity functions alone, thereby eliminating the need for
Monte Carlo runs. These functions (i) are based on Bayesian/
information-theoretic methods and do not rely on asymptotic
analysis; (ii) are monotonically non-decreasing and therefore
do not oscillate; (iii) can assess regions of high information con-
tent for individual parameters; (iv) can assess parameter
correlations between an arbitrary set of parameters; (v) can
reveal potential problems in identifiability of system parameters;
(vi) can assess the effect of experimental protocol on the inverse
problem, for example, which outputs are measured, associated
measurement noise, and measurement frequency; and (vii) are
easily interpretable.

In what follows, first the theoretic developments are presen-
ted in §§2-8, followed by their application to three different
dynamical systems in §9. The three examples are chosen from
different areas in mathematical biosciences: (i) a Windkessel
model, which is a widely used boundary condition in compu-
tational fluid dynamics simulations of haemodynamics; (i) the
Hodgkin—-Huxley model for a biological neuron, which has
formed the basis for a variety of ionic models describing excitable
tissues; and (iii) a kinetics model for the influenza A virus.

2. The dynamical system and sensitivity
equations

Consider the following dynamical system governed by a set
of parametrized ordinary differential equations (ODEs):

x = f(x, 0,t) with x(fy) = xo, (2.1)

where t represents time, x € RY is the state vector, @ € RP is the n

parameter vector, the function f:R*P*! — R? represents the
dynamics and x; represents the initial condition at time #;. The
initial conditions may depend on the parameters, and therefore

X(l’o) = X0(0). (22)

The above representation subsumes the case where the initial
condition may itself be seen as a parameter. The RHS of the
dynamical system, equation (2.1), can be linearized at at a
reference point (x, 6, t,), to obtain

x =1(x, 0,1)|, + Vif(x, 0,1)|,(x — x,) + Vof(x, 0,1)|,(0 — 6,)
+ vtf(xr 0/ t)‘r(t - t?’) + 0(2)/
2.3)

where (-)|, represents ( - ) evaluated at the reference point. Hence-
forth, in order to be concise, the explicit dependence of f(x, 6, t)
on its arguments is omitted and f, without any arguments, is
used to denote f(x, 6,t). Following this notation, equation
(2.3) is concisely written as

X = f|, + Vif],(x — %) + Vof| (0 — 6,) + Vif| (t — t,)
+0Q2). (2.4)

The above linearization will be used in the next section to
study the evolution of the state covariance matrix with time.
Let S € R™P denote the matrix of sensitivity functions for
the system in equation (2.1), i.e. S = Vgx, or

ax,'
Sij = 8_6] (2.5)
It is well known that S satisfies the following ODE
system, which can be obtained by applying the chain rule of

differentiation to equation (2.1):
S = (Vif(x,0,1)S + Vef(x,0,f) with S(to) = Ve(xo(0)). (2.6)

The goal is to relate the evolution of the sensitivity matrix to the
evolution of the covariance of the joint vector of the state and
the parameters. Let the subscript n denote all quantities at
time t,,; for example, x, denotes the state vector at time ¢,, S,
the corresponding sensitivity matrix, and so on. To relate the
sensitivity matrix S, 1 at time t,,., with S,,, a first-order discre-
tization of equation (2.6) is considered

S -S
% = vxﬂnS” + v”ﬂn (27)

and, therefore, the matrix product Sn+1SI 41 can be written as
Su:1851 = SuS,, + $uS; (VIHl, At + Sy (Vif, )AL
+ (Vxf],)SuSTAE + (Vrf],)S,S] (V1 £], A
+ (Vuf],)Su(V of], )AP + (Vof|,)ST At
+ (Vof],)S) (VL JAP + (Vof|, (V] )AL
(2.8)
Next, it is hypothesized that under certain conditions S,,11S" 41

can be seen as the covariance matrix of the state vector at time
t,+1. These developments are presented in the next two sections.

3. Forward propagation of uncertainty

As the objective is to study the relationship between the
parameters and the state vector, a joint vector of all the
state vectors until the current time #, and the parameter
vector is considered. Assume that at time f,, this joint
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vector [x1, %y _q,..., x5, 07]" is distributed according to a
multivariate Normal distribution as follows:

Xn My, Zjn,n Eﬂ,n—l
Xn—1 My, En—l,n En—l,n—l
A Bl Il B PR U I :
Xp My, o o1
0 Mo Aoy Agna

To obtain the joint distribution of [x IH, Xy ..., X0, BT]T (all
the state vectors until time ¢, and the parameter vector), the
linearized dynamical system, equation (2.4), is used. Considering
the reference point (x, 6, t,) in equation (2.4) to be (u, pg t,),
i.e. considering the linearization around the mean values of the
parameter vector and the state at time t,, one obtains

X = f‘n + va'n(x - I"’x,,) + v9f|n(0 - I"’l)) + Vtﬂ”(t - tn) + 0(2) .

(32)

Ignoring the higher-order terms, and employing a forward Euler
discretization, one obtains

X1 R Xy + £, At 4 Vo f], (i — py )AL+ Vof| (0 — pg)AL.

En,() An,O
2}1—1,0 An—l,()
: : (3.1)
EO,O AO,H
AO,O 20,0

Remark 3.1. x,,q is completely determined by x, and 6,
ie. given x, and @ nothing more can be learned about
x,+1. Hence, the forward propagation forms a Markov chain.

Remark 3.2. f|,,V,f|,,Vf|, are evaluated at (m, o, t,).

Remark 3.3. In equation (3.1), 3, 5= E-Br,a and A, p= AL

T

The joint vector [x;l,-ﬂ, xh ..., Xo, 0T]T can be written from

(33) equations (3.1) and (3.3) as
-xn+1 i _Id + vxﬂnAt Od,d Od,d Od,,j VQf|nAt' -Cn T
X,
X1 I Oug Oug Os4  Oup " (O
Xy
Xpn—-1 Ouq L O, O, Od,p ol Od,l
~ oL+ ,
: : : : : : (34)
Xp
X0 Oy Osi O I Oy, 0 O
L 0 | L O, 0,4 Opa O, L ] 1Oy ]
——
F, 8
where I, represents an identity matrix of size g, O, , represents and
a zero matrix of size g x r, and 2n+1,j W+ fo\nAt)En,j N V0f|nA;gAf
C, = £],Af — Vyf], p, At — Vof|, oAt (3.5) (3.10)

is a term that does not depend on x, and 6. The distribution
of [x) 1, X1, ..., X8, 0T]" can be written from equation (3.4) as

T T T T
[Xn+1/ Xn/ s /x(] /0] ~ N(M’HJrl = FV!M’H + gnr 211+1
T
= F,3,F) (3.6)
and the covariance 3,1 can be expanded as
211+1,n+1 2‘n-%—l,n 211+1,n—1 211+1,0 An+1,0
T
En+1,n En,n En,n—l Z:n,O An,o
T T
211+1,n—1 En,n—l Zn—l,n—l e 271—1,0 An—l,o
2n+1 = . . . . . . 4
T T T ’ )
En,O En,O 271—1,0 20,0 AO,"
T T T T
An,o An,o An—l,l) A0,0 29,0 i
(3.7)

where
Siinen = (L + Vi, AN, + Vo] AL JAD(L; + V1 £|,Af)
+ (Vof|, 2ot + (I + V1| ADA, o)V of| AL, (3.8)

Ant10 = (g + Vif[,AD A, g + Vof|, 2g0At (3.9)

for 0 <j<n.

If the above evolution of the covariance matrix can be
related to the evolution of the sensitivity matrix, as presented
in §2 and equation (2.8), then the dependencies between the
state vector and the parameters can be studied. This concept
is developed in the next section.

4. Relationship between sensitivity and forward
propagation of uncertainty

In this section, the relationship between the evolution of the
sensitivity matrix and the evolution of the covariance
matrix of the joint distribution between all the state vectors
until time t, and the parameters is developed. Equation
(3.8) can be expanded as follows:

2n+1,n+l = En,n + vxﬂnzn,nAt + V;f\nAL)At
+ En,nVIﬂnAt + vxﬂnzﬂmvlﬂnAtz
+ Vol Ay gVl AP + Vof|, XV of|, AP

+ AoV of| At + V| A, gV | AP (4.1)
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Assume the following:

En,n = SHSI, (42)
An,o = Sn
and
o0 =1, (4.4)

Under the above assumptions, it can be deduced from
equations (4.1) and (2.8) that
i1 = SuaS (4.5)

Furthermore, equation (3.9) reads
An+1,0 = (Id + vxﬂnAt)sn + V0f|nAt/

which, as evident from equation (2.7), is the standard forward
propagation of the sensitivity matrix. Hence

Finally, the term 3, ; ,, from equation (3.10) can be written as n

2n+1,n - Sn+1 SZ (47)

From equations (4.5), (4.6) and (4.7), it can be concluded
that if the initial prior uncertainty in [x{, 0" is assumed to
be Gaussian with covariance

Cov({?}) =23 = [S;?; f:}, (4.8)

then the joint vector of 6, the parameters, and [x;',-, XN_1, e
xo]", the state-vector corresponding to time instants [t t;,
..., 1,], can be approximated, by considering only the first-

order terms after linearization, to be a Gaussian distribution

Any1,0 = Suy1- (4.6) with the following covariance:
[s,8T  s,ST, S, S,Sy S, |
S.-1S] Su1S5, SuaS,, Si-1S) | Su-1
x”
Xpn—1 SM—ZSI Sn—zs;ll—,l sn—ZS;l,—,z Sn—ng S
Cov : =3, = (4.9)
Xo
0 SeST  SeST ., SST SoSy S
L S St Sia S I |

Remark 4.1. Note that a prior mean for the vector [x5, 07" is

assumed to be
X0 M
M — = | P
an([5]) =m=[5]

based on which the mean vector of the state will propagate

(4.10)

according to equation (3.3), essentially according to the forward
Euler method. While this propagated mean does not directly
influence the posterior uncertainty of the parameters, which
depends only on the covariance matrix, it is important to note
that the sensitivity terms in the covariance matrix of equation
(4.9) are evaluated at the propagated means. The propagated
mean of the joint vector x5, xT_1,..,x8, 07" is referred
throughout this manuscript as w, = [;LI”, MIH, . ;L;, woll.

Remark 4.2. The required conditions presented in equations
(4.2), (4.3) and (4.4), can also be derived without temporal dis-
cretization of the sensitivity and linearized forward model.
This is presented in appendix A, which presents a differential
equation describing the evolution of the joint covariance
matrix, leading to the conditions derived above without tem-
poral discretization. Even though the method presented in
appendix A may be considered more general, the author first
conceived the idea using the arguments shown above, and
hence these ideas are presented in the main text.

Y. H””'Xn
Yi1 H”*1MXn 1

Mean =, = : ; Cov
Yo Hop,,

5. Measurements (observations)

Having established how the covariance of the state and the par-
ameters evolves in relation to the sensitivity matrix, the next
task is to extend this framework to include the measurements.
Eventually, one wants to obtain an expression for the joint dis-
tribution of the measurements and the parameters, so that
conditioning this joint distribution on the measurements
(implying that measurements are known) will yield infor-
mation about how much can be learned about the parameters.

Consider a linear observation operator where y, € R" is
measured at time t, according to

Y, = Hix, + €, (5.1)

where H,, € R"™ is the observation operator at time t, and €,
is the measurement noise. Let €, be independently (across all
measurement times) distributed as

€, ™~ N(Omr Yn)/ (52)

where O,, is a zero vector and Y,, is the covariance structure of
the noise. From equations (4.9) and (5.1), it is easy to see that
[yI, y;',—,1, o, yg, 0]T follows a Gaussian distribution with the
following mean and covariance:

Yu
Vo
n—1 B An Bn (5 3)
B! I,/
Yo
0

LLSOLLOZ ‘:sll a)npalu/ )og 'y"/ ‘510'ﬁu!qs!|qnd‘/(19!305|é/(01';1sj



where

H,S,S'H' + Y,
H, 1S, 1STH!

H,SoS H!

1

and

B =[S;H, S, ,H,

n—1

SJHJ 1. (5.5)

Remark 5.1. A nonlinear observation operator # in equation
(5.1), as opposed to the linear operator H, does not present
any technical challenges to the formulation as it can be line-
arized at the current mean values. Following this, in
equations (5.4) and (5.5), H would need to be replaced by
the tangent operator V#|,,.

6. Conditional distribution of the parameters

The quantity of interest is the conditional distribution of
parameters; i.e. how the beliefs about the parameters
have changed from the prior beliefs to the posterior beliefs
(the conditional distribution) by the measurements. More
than the mean of the conditional distribution, the covariance
is of interest. This is due to two reasons: (i) owing to
the Gaussian approximations, the covariance entirely
reflects the amount of uncertainty in the parameters; and
(ii) while the mean of the conditional distribution depends
on the measurements, the covariance does not. The latter
is significant because a priori, the measurement values are
not known. Consequently, the average (over all possible
measurements) uncertainty in the parameters too is inde-
pendent of the measurements, and hence can be studied
a priori.

From equation (5.3), since the joint distribution of
the parameter vector and the observables is Gaussian,
the conditional distribution of the parameter vector
given the measurements is also Gaussian and can be
written as

pOILyy i1 - ¥ol) = N(B,, Co), (6.1)
with
B.= 1o+ BIA [y yd oy T
— [ ) (Hyapmg, ) Hop)'T)  (6.2)
and
C,=I,-BIA'B,, (6.3)

where y{ denotes the measurement value (the realization
of the random variable y, observed) at f;. Note that the
conditional covariance C, is independent of these mea-
surement values yi. Furthermore, since the uncertainty
in a Gaussian random variable, quantified by the differen-
tial entropy, depends only on the covariance matrix, the
posterior distribution uncertainty does not depend on
the measurements.

Hnsn Sl_l Hl—l
Hn—lsn—ls;lz-_lHI—l + Y”_l

HoSo SlleLl

H,S,S;H]
H, 1S, 1S H]

HySoS¢H] + Yo

7. Conditional covariance when n — oo and
when n is finite

For the asymptotic case when 1 — oo, it can be shown that
(for proof see appendix B)
lim C, = M, (7.1)

n—00

where M is the Fisher information matrix defined as
n
M= 1(Vex )Y (Vox )] (7.2)
=0

Furthermore, for finite 1, the conditional covariance can be
written as (for proof see appendix C)

n -1
C, = <1p + Z(SiTH,-TlleiS,v)> . (7.3)

i=0

Remark 7.1. Equations (7.1) and (7.3) relate to the classical
and Bayesian Cramer Rao bounds [22,23], respectively, in
estimation theory.

8. Information gain

In this section, the gain in information about the parameters by
the measurements is considered. For details of such an infor-
mation-theoretic approach the reader is referred to [21]. The
gain in information about the parameter vector @by the measure-
ments of z,= [yZ, yl,l, e yg]T is given by the mutual
information between z, and 6, which is equal to the difference
between the differential entropies of the prior distribution p(6)
and the conditional distribution p(6|z,). From equations (4.8),
(6.1) and (6.3), this gain in information can be written as

I, = %ln[det 1) - %ln[det(cn)] - —% In[det (C,)], (8.1)

where det(-) denotes the determinant. The above can be
expanded through equation (7.3) as

T, = %m [det (1,, +> (STH! }le,»S,»))} : (8.2)

i=0

Note that the above represents the information gain for
the joint vector of all the parameters. Commonly, one is
interested in individual parameters, for which the infor-
mation gain is now presented. Let ' denote the vector of
a subset of parameters indexed by the elements of set S
and 67 denote the vector of the remaining parameters,
the complement of set S. Hence, 8} denotes the ith par-
ameter, 8/} denotes the vector formed by taking the ith
and jth parameters, and so on. The conditional covariance
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matrix C, can be decomposed into the components of 6!
and 657 as

. -1
([ 07 &[E¥H Y 'HSY) (SFH Y 'HSSY)
cl‘l O Ip—s (83)

i=0

T T
STTHIY'HSS) (57 H Y 'HS)

and
[ Dy D N
S SSTHTYTHSSY S (ST HT Y-S
I o) ;(si Hi i Hisi ) ;(Si Hi i HiSi ) IS+D‘5’ D‘S'S() —1
Cn = =+ 1; I; _ SCSn n « (84)
O Ips S Ty 1S (S 14T y-1p.6I°) DI 1, ¢+ D!
Z(Si H Y, 'HiS) Z(Si H; Y, H;iS” )
i=0 i=0
D5 D%

where s is the cardinality of S, and S!Sh e R¥*S and
S & R™*P-9 are the sensitivity matrices for "' and 0,
respectively, i.e. sis — Vs x and SIS — V g X. Given the
above decomposition, the marginal covariance of 'S given
the measurements can be written as the Schur complement
of the matrix [I, s+ Y, S HI YV 'HSEN] in ¢, as
follows:

¥ = [ + D) — DA, s + D) DN (85)
and the information gain I,[f} as

1
ILS} ==3 In[det (C[n‘S})]
1 c
=5 In[(s + DIl — (D)

(I,-s + DI H(DIFSh], (8.6)

Another quantity of interest is the correlation between
two subsets of parameters 0" and 6"V, In an information-
theoretic context this can be assessed by how much more
information is gained about the parameters 0! in addition
to I,[f} if ' was also known, i.e. the mutual information
between 6! and 6"V given the measurements. Similar to
the procedure employed in equation (8.4), by splitting C,
into three components for 0% 0 and OI(SUW)C], one can
write the conditional covariance C™! of the parameters
09 given the measurements and, additionally, the par-
ameters 0" as follows:

ClM = [(I5 + DIy — (DS, 4,
4 DL(SUW)CI)71(D£,(SUW)C,S))]71’ (87)

where w is the cardinality of W,

c L T c
DIV =3~ (sj(suvw "HTY; 1H;S[SOY 1)
i=0

with §EWVT — V gisume) X (8.8)

and

n
c T C
DEIVT =N (STHT Y THS[SYT). (8.9)
i=0
The information gain Z'S™ about the parameters 6
given both the measurements and the parameters oM is

AU —% In [det (C!5"))]

1 ‘
= 5 In[(L + D) — (OFE)

X (Ips_g + DS HT1DISIVSH - (8.10)
Lastly, the conditional mutual information (CMI), i.e. the
additional (after the measurements are known) information
gained about the parameters 6 due to the knowledge of
o™ is

TISW = TISW _ 718), (8.11)

Remark 8.1. 7! is the gain in information about the par-
ameters 0 given the measurements and when nothing is
known about the parameters 6.

Remark 8.2. 75" is the gain in information about the
parameters 6 given the measurements and the parameters
6™, when nothing is known about the parameters /"),

Remark 8.3. In [21], the authors suggested a method to inter-
pret the information gains Z!°' and Z!*" when the set S
contained a single parameter by proposing a hypothetical
measurement device. This is not necessary in the current for-
mulation as all the distributions are approximated to be
Gaussian. Therefore, when S contains only a single parameter,
the conditional covariances C'* and C!*™ are scalar quantities
representing the posterior variances of the parameter 6.
When S contains more than one parameter, the quantities
7' and IS are scalars that quantify the gains in
information.
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Figure 1. The three-element Windkessel model, flow-rate curve used, and pressure solutions. (a) Schematic of a three-element Windkessel model and (b) inlet flow-
rate curve and Windkessel pressure solution, see equation (9.1), with nominal parameter values.

The above developed functions for information gains
(and associated variances) are collectively referred as ‘ISFs’.
From this point onwards, the terms marginal posterior variance
or just marginal variance for a parameter subset 0') refers to
the the variance conditioned on only the measurements,
equation (8.5), and the corresponding information gain,
equation (8.6), is referred as the marginal information gain.
Similarly, the term conditional variance is used to refer to
the variance when the measurements and additionally a
parameter subset 8" is given, equation (8.7), and the corre-
sponding information gain is referred as the conditional
information gain, equation (8.10). Lastly, the information
shared between two subsets of parameters given the
measurements, equation (8.11), is referred as the conditional
mutual information or just the mutual information. Finally, the
vector z, = [yl,yl,l, .. .,yg]T is used to denote a collection
of all measurement vectors up to time t,,.

9. Results and discussion

In this section, the theory developed above is applied to
study three dynamical systems.

9.1. Three-element Windkessel model

Windkessel models are widely used to describe arterial
haemodynamics [24]. Increasingly, they are also being used
as boundary conditions in three-dimensional computational
fluid dynamics simulations to assess patient-specific behav-
iour [20,25]. To perform patient-specific analysis, it is
imperative that the parameters of the Windkessel model are
estimated from measurements taken in each patient individu-
ally. A three-element Windkessel model is shown in figure 1a
and consists of three parameters: R, (proximal resistance)
which represents the hydraulic resistance of large vessels; C
(capacitance) which represents the compliance of large
vessels; and R; which represents the resistance of small
vessels in the microcirculation. Note that these models use
the electric analogy to fluid flow where pressure P is seen as
voltage and flow-rate g is seen as electric current. Typically,
inlet flow-rate q' is measured (via magnetic resonance ima-
ging or Doppler ultrasound) and inlet pressure P' is
measured by pressure catheters. The goal then is to estimate
the parameters (Rp, C and R,) by assuming g; is deterministi-
cally known and minimizing the difference between the P'
reproduced by the model and the P; that was measured.
The model dynamics is described by the following differential

algebraic equations, which may also be rewritten as a
single ODE:

. ¢ . 1 .
P :Pext+6(ql _qo)/

P° = Poen + ¢°Ry , withPit=0)="P), (9.1)

and P'=7P°+ qiRp,

where P! and P€ are the inlet and mid-Windkessel pressures,
respectively, (figure 1a); Peyx; and Pyen are the reference exter-
nal and venous pressures, respectively, which are both set to
zero; and q' and g° are the inlet and outlet flow-rates, respect-
ively. The measurement model is written as follows:

Yn = Pin +€, where e, ~N(0,0%..), (9.2)

7 Y noise

where ¢, is the noise (normally distributed with zero mean and
variance 0jise) IN Measuring Pl to give the measurement v, at
time f,. The measurement vector, therefore, has only one
component y;, = [,]. The nominal values of R, C, R, are 0.838
mmHg -scm >, 0.0424 cm® mmHg ' and 9.109 mmHg - s cm ™.
Note that these units are chosen so that the results are comprehen-
sible in typical units used in the clinic: millilitres for volume and
millimetres of mercury for pressure. Figure 1b shows the inlet
flow-rate qi (taken from [20,26] where it was measured in the car-
otid artery of a healthy 27-year-old subject), and the resulting
pressure curves obtained by the solution of equation (9.1) with
P{ = 85 mmHg and nominal parameter values. To put a zero-
mean and unit-variance prior on the parameters, see equation
(4.8), the following parameter transformation is considered

&= & +s:0; where £ € {R,,C,Ry}, (9.3)

where £ represents the real parameter, & and s are transform-
ation parameters, respectively, and 6; represents the
transformed parameter on which a prior of zero mean and unit
variance is considered. Therefore, the prior considered on the
real parameter £ has mean & and variance s3. The posterior var-
iances for the transformed parameter 6;and the real parameter &
are represented by o and o7, respectively. A total of 150 time-
points, evenly distributed between t=0s and t=T. (wWhere
T. = 0.75s is the time period of the cardiac cycle), are used for
the computation of ISFs and conditional variances.

Figure 2 shows the marginal posterior variances
(conditional only on the measurements, (2—c)) and the corre-
sponding information gains (d—f) for individual parameters
at four different levels of measurement noises. The con-
ditional variances when all measurements are taken into
account, ie. at t =T, are also summarized in table 1. An
immediate utility of figure 2 is in identify intervals of time
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Figure 2. Marginal posterior variances (a—c) and marginal information gains (d—f) for the three Windkessel model parameters at four different levels of measure-

ment noise.

where information is concentrated about a parameter. For
example, from the first column it is clear that most of the
information about the parameter 6 is concentrated in the
interval t € [0.3,0.4] as this is the interval that shows maxi-
mum reduction in the marginal variance and highest
information gain. This interval corresponds to the rising
peak of the inlet flow-rate curve, see figure 1b, and from
equation (9.1) it is clear that the parameter 6z should have
most effect on the pressure P' in this interval. For the par-
ameter 6, it appears from figure 2 that while information
is available in the entire cardiac cycle, larger amount of infor-
mation is concentrated in the later half of the cardiac cycle, ¢
€ [0.4,0.75]. For R, information is available throughout the
cardiac cycle. These observations have also been presented
in [20] through the computation of GSFs [27] and in [21]
through a Monte Carlo type computation of information
gain. However, as opposed to GSFs which can be non-mono-
tonic and therefore hard to interpret, the ISFs are always
monotonic. Furthermore, since the GSFs are normalized by
design, they are forced to start at 0 and end at 1, thereby
making the assessment of measurement noise difficult. On
the other hand, the effect of measurement noise is inherently
built in to the ISFs. Figure 2 quantifies how increasing
measurement noise results in a decreasing amount of infor-
mation gained about the parameters. While this behaviour
is intuitively expected, its quantification with respect to
each individual parameter is made possible with the pro-
posed method. For example, while at 2 oise = 100.0 mmHg2
the conditional variance of the parameter Or, after con-
sidering all the measurements is 0.158 square units, at
2 oise = 4900.0 mmHg2 this conditional variance is 0.887
square units. Comparing this to the prior variance of 1.0
square units, one may conclude that at measurement noise
of 4900.0 mmHg? (standard deviation of 70.0 mmHg), the
parameter R, is extremely difficult to identify relative to

when the measurement noise is 100.0 mmHg? (standard devi-
ation of 10.0 mmHg). A similar argument can be made for the
parameter 6c, even though its identifiability is better than
that of Or, (6c has posterior variance of 0.672 square units
at measurement noise of o2gie = 4900.0 mmng). However,
the parameter 6z, appears to be well identifiable even at
2 oise = 4900.0 mmHg2 with final posterior variance of 0.07
square units. This behaviour can be explained by the fact
that measurement noise is assumed to be independent and
identically distributed with zero mean at all measurement
times. Therefore, the mean pressure is measured much
more precisely than individual pressure measurements, irre-
spective of the noise levels, as when mean/expectation of
equation (9.2) is taken, the expectation of noise component
is zero:

Ely.] = E[P.] + E[e,] = E[P}], (9.4)

where E denotes the expectation operator. From equation
(9.1) and figure 1a, the inlet mean pressure is equal to the
inlet mean flow-rate times the sum of both resistances, i.e.
E[P}] = (Rp + Ra)E[g']. Approximating E[y,] by the sample
mean as (1/n) Zg Vi, one obtains

1< .
£;%=®+MMﬂ. (9.5)

As q' is assumed deterministic, from the above equation it
can be seen that R, + Ry is indirectly measured with high pre-
cision. As R, is approximately an order of magnitude larger
than R, it is natural that R; dominates the sum (R, + Ry)
and hence, irrespective of the noise levels, a large amount of
information is obtained about R, (figure 2cf). The order
of magnitudes of the resistances are chosen by the physics of
circulation, where the resistance of small vessels and micro-
circulation is significantly higher than that of large vessels
[20,26], and is reflected in the chosen priors for the problem.
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Table 1. Prior and posterior variances (marginal and conditional) for the Windkessel model.

expected posterior

real space (&) 6-space real space (&)

variance mean variance variance variance std./prior-mean
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Figure 4. Conditional variances (a—c) and conditional information gains (d—f) for all pairs of the Windkessel model parameters. The measurement noise is

T 2ise = 625.0.

Equation (9.5) and the arguments presented above imply
that a significant amount of correlation must have been built
up between the parameters R, and R, in the posterior distri-
bution as the sum (R, + R;) is measured with high
precision. This correlation implies that if one of the parameters
R, or R, were known then how much additional information
can be gained about the other parameter. The CMI presented
in equation (8.11) precisely measures this additional infor-
mation. CMIs for all the three pairs of the parameters are
shown in figure 3. It is clear that at the end of the cardiac
cycle, the largest CMI is for the parameter pair Or, and 6g,
It is sensible to compare the magnitude of CMIs with the mar-
ginal information gains (figure 2). For example, for the case of
2 oiee = 100.0, the marginal gain in information about the par-
ameter R, is approximately 09 nats and the mutual

information between R, and R, is 0.35 nats; therefore, one
may conclude that approximately 40% extra information
about the parameter R, is locked up in the correlation with
Ry. For the pair R; and C, it appears that correlation is built
up in the t €[0.0,04], the diastole, and destroyed in the
remaining part, the systole, of the cardiac cycle. This can be
explained by the fact that the time-constant e /" with 7= R,C,
is the dominant parameter that governs the diastole phase
[21] leading to a built up of correlation, and as independent
information about C and R, is acquired in systole (figure 2)
this correlation is destroyed. It should be noted that these
aspects, even without knowing the physics (or solution) of
the problem, can be naturally inferred from figures 2 and 3.

The effect of correlations can be further assessed by looking
at the conditional variances (2—c) and conditional information
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Figure 5. Solution of the Hodgkin —Huxley model, equation (9.6), for nominal parameter values.

gains (d—f) as depicted in figure 4. For oA = 625.0, this
figure shows the conditional posterior variances and the con-
ditional information gains for individual parameters when
other parameters are given. For the parameter 6y, it can be
seen that the conditional variance given 6, is lower than the
marginal variance in the interval t € [0.4,0.75] as this is the
region where mutual information (correlation) is built between
these parameters (figure 3). Similarly, in diastole, t € [0.0,0.4],
it can be seen that the conditional variance of parameter 6c
given 6y, is significantly lower as correlation is built up, but
this gain quickly diminishes to zero in systole, ¢ € [0.4,0.75].
For the parameter Ry, as a large amount of individual infor-
mation is obtained marginally, the conditional variances are
not too different than the marginal variances. Note, that the
variances show an opposite behaviour to information gains
as a decrease in variance implies gain in information. There-
fore, even though the two measures appear to be similar,
information gain is a better measure as it can be readily
applied to cases where behaviour of a set of parameters is
required to be studied. For example, if one was interested in
the joint information again for a set of two parameters given
a third, the information gain measure will be a scalar but
the joint covariance will be a matrix. Furthermore, the relation
between conditional information gain, marginal information
gain, and mutual information is additive, see equation (8.11),
whereas the relation between conditional variance and
marginal variance is, in general, not additive. As a demon-
stration, it can be observed that the conditional information
gain curves in figure 4 can be obtained by the addition of
the corresponding curves from figures 2 and 3.

9.2. The Hodgkin—Huxley model of a neuron

The Hodgkin—Huxley model [28] describes ionic exchanges
and their relationship to the membrane voltage in a biological
neuron. This model has also been used as the basis for several
other ionic models to describe a variety of excitable tissues
such as cardiac cells [29]. The model is described by the
following ODE equations:

Ina Ik
. 1 Iext - gNamBh(Vm - VNa) _gKn4(Vm - VK)
Vm - = 7
Cm I,

——N—
—8L(Vin — V1)
11 = om(Vin)(1 — 1) = B, (Vi) m,

h= ay,(Vin)(1 — m) — B (V)1
and 71 = ay(Vim)(1 —m)—B,(Vm)n

time (ms)
with
B —0.1(Vm + 50)
on(Vim) = exp (—(Vm +50)/10) — 1"
B (V) = dexp (*(an\is”f’))
ay(Vin) = 0.07 exp <M>
20
i (9.7)
Bi(Vin) = exp (—(Vim + 45)/10) + 1/
B —0.01(Vy + 65)
an(Vim) = exp (—(Vm +65)/10) — 1
and By(Vim) = 0.125 exp (W) ’

where V., is the membrane voltage, C,, is the membrane
capacitance, I is the external current applied; In,, Ix and
I, are the sodium, potassium and leakage currents, respect-
ively; Vna, Vk and Vi are the equilibrium potentials for
sodium, potassium and leakage ions, respectively; gna, gk
and gp are the maximum conductances for the channels of
sodium, potassium and leakage ions, respectively; and m,
and n are the dimensionless gate variables, m, h,n € [0,1],
that characterize the activation and inactivation of sodium
and potassium channels. C,,, is set to 1 wF cm 2, and the equi-
librium potentials are defined in millivolts (mV) relative to
the membrane resting potential, Eg, as follows [30,31]:

Eg = —75mV,

Vna = Eg + 115mV,
Vk = Eg — 12mV
Vi = Eg +10.613mV.

(9.8)
and

The inverse problem is of estimating the three parameters gy,
gk and g; by measuring the membrane voltage V,, when a con-
stant external current I, =20pwAcm 2 is applied to the
neuron. It is well known that when a relatively high constant
external current is applied the neuron exhibits a tonic spiking
pattern in membrane voltage V,, [32-34]. With nominal par-
ameter values of gn,=120.0mS cm 2, gk =36.0mS cm 2
and g = 0.3mS cm 2, and initial conditions of V,,(0) = —75
mV, m(0) = 0.05, h(0) = 0.6 and n(0) = 0.325, this tonic spiking
behaviour, generated by solving equation (9.6), is shown in
figure 5. The observation model reads

Yn = Vm, + & where €, ~ N(0, O}Zmise)/ (9.9)

where V,,, is the membrane voltage at time t,, and €, is the zero-
mean measurement noise with variance 02g;ce. AS only Vy, is
measured the observation vector is y, = [v,]. As opposed to
the Windkessel case where the effect of noise is evaluated, in
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Figure 6. Marginal posterior variances (a—c) and marginal information gains (d—f) for all the Hodgkin—Huxley model parameters. Four different measurement
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Figure 7. (a—c¢) Mutual information between all the pairs of the parameters of the Hodgkin—Huxley model. Four different measurement frequencies are

considered. In all the plots, an arbitrarily scaled V;, curve is shown in grey.

this case the effect of number of observations, i.e. the obser-
vation frequency is evaluated. Ngps number of measurement
time-points evenly distributed in the time interval t € [0.0,
40.0] ms are studied. Four levels of observation frequencies
resulting in four values of Ny € {100,200,400,800} are
used while 02 is set to 100.0mV? (standard deviation of
10.0mV). Similar to the Windkessel example the following
parametrization is used to impose zero-mean and unit-variance
priors on the parameters.

&E=& +s:0; where & € {gna, 8k, 8L}, (9.10)

where & is the nominal parameter value, zero-mean and unit-
variance normal distribution prior is imposed on the
transformed parameter 6, resulting in the prior distribution
imposed on the real parameter ¢ to be a normal distribution

with mean &, and variance s}. The parameters s, are set to
10.0, 6.0 and 0.1 mS cm ™2 for g, gk and gp, respectively.
Figure 6 shows the posterior marginal variances (a—c) and
the marginal information gains (d—f) for the three parameters
for all the four observation frequencies. In all these plots, an
arbitrarily scaled V,,(t) curve is shown in light grey for ease
of interpretation relative to Vy,(t) variations. As expected,
increasing the measurement frequency results in larger
amounts of information (and consequently larger reduction
in the posterior variances). However, it is observed that the
parameters 6, ~and 6, benefit most from an increase in
measurement frequency as opposed to the parameter 6,
which benefits only marginally. This implies that at low obser-
vation frequencies the identifiability of 6, _is good, while very
low amount of information is available for the parameters 6,
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Figure 8. Conditional variances (a—c) and conditional information gains (d—f) for all pairs of the Hodgkin —Huxley model parameters. The case with Nyp, = 200 is

shown.

and 6, . The behaviour for the parameter 6, (figure 6b,e) shows
that the information about this parameter is concentrated
mostly in the sharp rising phase of the action potential V.
A similar behaviour, although less salient, is observed for the
parameters 6, and 6, (figure 6a,d,cf). While the Hodgkin—
Huxley model is quite complex with gating variables of
different time-constants and dependence of ionic currents on
powers (up to fourth power) of the gating variables, it is
widely understood that the rising phases of the action potential
Vm are related to the sodium and potassium currents. This may
explain why information about the parameters 6, and 6, is
mostly concentrated in this region. Furthermore, if we accept
that the sodium and potassium currents, in combination, are
responsible for the rising action potential, then we should
also expect a substantial amount of correlation between the
parameters 6, and 6, as it should be hard to distinguish
between these two parameters. This is precisely what is
observed by the CMI analysis, figure 7, where a large
amount of mutual information is developed between these
two parameters. For the case of N,s = 100, the marginal infor-
mation gain in the parameter 6

8Na’
nats, and it is observed from figure 7 that approximately 0.7

figure 6, is approximately 0.3

nats of mutual information exists between 6, and 6, . This
implies that the amount of information that can be gained
about 0, by knowing 6, , in addition to the measurements,
is larger than the amount of information gained by just the
measurements. Indeed, as the observation frequency is
increased more information is available about all the
parameters individually. Figure 7 also shows that significant
amount of correlation is built between the parameters 6, and
0,, during the sharp rising part of V.. For example, for
Nops = 200, the amount of CMI between 6, _and 6, is approxi-
mately 0.14 nats (figure 7), approximately the same magnitude

as the marginal information gain of 0.15 nats (figure 6) for the

parameter 6, . At the same time, since the marginal infor-
is approximately 1.25 nats (figure 6), the
effect of this correlation, amounting to an information gain of

mation gain for 6,

0.14 nats (figure 7), is not too significant for estimating 6.
Finally, the effect of the CMI, i.e. the correlation, can
also be seen in terms of the conditional variances and
conditional information gains as shown in figure 8 for
Nobs = 200. As discussed above the correlations between the
pairs (0, , 6,) and (0, 6, ) show that the conditional var-
iances are lower (and the conditional
information gain is larger) for one parameter when the
other parameter is additionally known. It should be noted

K/

significantly

that the correlations and information gains presented are
specific to the protocol, i.e. a constant external current result-
ing in tonic spiking of the neuron and only V,, being
measured. The information gains will behave differently if
the protocol is changed, for example to intermittent step
currents or continuously varying external currents. Therefore,
one application of the methods proposed in this article can be
in optimal design of experiments, where one may design the
protocol such that maximal information gain occurs for indi-
vidual parameters while CMI (correlations in the posterior
distribution) are minimized.

9.3. Influenza A virus kinetics

The final example presented is for the kinetics of the influ-
enza A virus. The following model was proposed by
Baccam et al. [35] to describe viral infection

V= pl —cV,
T=—-BTV (9.11)
and =BTV =3I,
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Figure 10. Marginal posterior variances (solid lines) and conditional variances (dashed lines) for the parameters of the influenza A kinetics model. Only V is

measured with a measurement noise of o = 2.5 X 107 (TCIDso ml~")2.

where V is the infectious virus titre (measured in TCIDs5,
ml™! of nasal wash), T is the number of uninfected
target cells, I is the number of productively infected cells
and {B, 8, p, c} are the model parameters. The parameter p
represents the average rate at which the productively
infected cells, I, increase the viral titres, and the parameter
& represents the rate at which the infected cells die. The par-
ameter S characterises the rate at which the susceptible cells
become infected and c represents the clearing rate of the
virus.

As opposed to the previous example where the initial
conditions were assumed to be known, in this example,
the initial conditions for the virus titre V, and the
number of uninfected target cells T, are considered
unknown and hence form the parameters of the dynamical
system. Time is measured in days (d) and the initial
condition for the number of infected cells I, is assumed
to be known at 0.0. Hence there are six parameters
[B, 6, p,c, Vo, Tyl in total. The nominal values of the
parameters are chosen to be B=27 x 107° (TCIDsyml™ Yt
d™!, =40 d7', p=0012 TCIDsyml '-d™!, ¢=30 d7},
Vo=0.1 TCIDsyml ! and Ty=4 x 10® based on the average
patient parameters identified by Baccam et al. [35]. As in
the previous examples, the following parametrization is

used to impose zero-mean and unit-variance priors on the
transformed parameters:

=&+ s:0;, where £ € {B,8,p,¢, Vo, Tol, (9.12)

where 6, represents the transformed version of the real par-
ameter ¢, & represents the nominal values of the parameter,
and hence with a zero-mean and unit-variance prior on the
transformed parameters 6, the prior imposed on the real par-
ameter is of mean &, and variance gé. The scaling parameters s,
are set to 9 x 107, 1.3, 0.004, 1.0, 0.03 and 2.0 x 10° for 3, §, p,
¢, Vo and Ty, respectively, in their respective units. The solution
to equation (9.11) for the nominal parameter values is shown in
figure 9. It is observed that both the virus titre V and the
number of infected cells I increase sharply until they peak at
the 2—-3 day mark. After this a decrease in both values is
observed. The number of uninfected target cells T remains
approximately constant until the 2 day mark after which a
sharp decrease (approx. 4 orders of magnitude) is observed
over the next 2 days leading to a plateau.

To study the sensitivity and information gain two cases are
considered: first, when only V is measured; and second, when
both V and I are measured. In the first case, the observation
model reads:

Yo =V, +e€ where e, ~ N0, %), (9.13)
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Figure 11. Mutual information between all pairs of the influenza A kinetics model. Pairs with significant (large) mutual information are plotted in dashed lines.

where V,, is the virus titre concentration at time f,, and €,, is the zero-
mean measurement noise with variance 2o =25 x 107
(TCIDso ml ™ Y)? i.e. a standard deviation of 5 x 10° TCIDsoml ..
A total of 200 measurements are evenly distributed between
0 days and 10 days for the computation of marginal variances
and information gains.

Figure 10 shows the marginal variances for all the par-
ameters in solid lines and the conditional variances for a
four pairs of parameters in dashed lines. Given the dynamics
of the problem as shown in figure 9 it is not surprising that
most of the information gain about all the parameters
occurs in t €[0,4] days. The parameters 6g 65 and 6,
appear to be well identifiable given the large decreases in
marginal variances. However, the initial conditions 6y, and
6r, show less decrease in the variances indicating problems
in their identifiability. Finally, the parameter p appears to
be unidentifiable given that its marginal variance decreases
from 1.0 (standard deviation 1.0) to only 0.7 square units
(standard deviation 0.84 units). Figure 11 shows the mutual
information between all the pairs of the parameters, where
the parameter pairs that show a high mutual information
are plotted in dashed lines. For the parameters in these

pairs of high mutual information, (65, 0.) and (6,, 0r,), the
conditional variances are plotted in figure 10. The parameter
pair (6, 0r,) is particularly interesting as the parameter 6,
although unidentifiable individually, becomes very well
identifiable, owing to the large mutual information it shares
with Ty, if the initial condition T is known. This observation
was proved through classical methods by Miao et al. [6]
where it was shown that taking higher-order derivatives of
equation (9.11) and eliminating the unmeasured variables,
T and I, one obtains the following differential equation:

d&v  [(d*v dv\/14dv
- <¥+3€V+(8+C)E> (VE_BV)
dv d*v

As the above equation does not contain the parameter p,
in the absence of any other quantity, i.e. T and I, and the corre-
sponding initial conditions, the parameter p is not identifiable.
Miao et al. [6] also reported that when Ty is known, the par-
ameter p becomes identifiable, which is consistent with the
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Figure 13. Marginal posterior variances for the parameters of the influenza A kinetics model. when both ¥ and / are measured.

large mutual information. In the Bayesian approach adopted in
this manuscript, a non-zero amount of knowledge (non-infinite
variance) is inherently assumed in the prior for 67, which
results in a small amount of information gain (and hence a
small reduction in the marginal variance from 1.0 to 0.7
square units). This small amount of information gain is a result
of the knowledge assumed in the prior. However, it is not sig-
nificant enough to hide the identifiability problem for 6,. One
can choose to impose prior of higher ignorance by increasing
the prior variance of the real parameter T, by increasing the
scaling factor sr,. The results for four different values of sr,
on the marginal variance of the parameter 6, are shown in
figure 120b. It is clear that a higher value of s7, which implies
higher ignorance in the prior for Ty, results in a decreasing
amount of information gained about the parameter 6. This
example shows how, without the use of classical analytical
methods, see for example those presented in [6], which may
not be easily applicable to all dynamical systems, the infor-
mation theoretic approach can provide similar conclusions
about parameter identifiability. Lastly, the classical sensitivity
of the parameter p to the measurable V is shown in figure 124,

whose large magnitude does not indicate any problems of par-
ameter identifiability. Finally, Miao et al. [6] reported that all
the parameters of the influenza dynamical system were well
identifiable if both V and I, or both V and T were measured.
For the case when both V and I are measured, the marginal var-
iances are shown in figure 13, which too shows that no
identifiability problems persist in this case. Note that the
error structure in the measurement of [ was assumed to be iden-
tical to the measurement of V, equation (9.13).

10. Conclusion

A new class of functions called the ‘ISFs” have been proposed to
study parametric information gain in a dynamical system.
Based on a Bayesian and information-theoretic approach,
such functions are easy to compute through classical sensitivity
analysis. Compared to the previously proposed generalized
sensitivity functions (GSFs) [27] to measure such information
gain, the ISFs do not suffer from the forced-to-one behaviour
and are easy to interpret as correlations are measured through

LLSOLLOZ :si a;njjalu/ '505 YT ‘510'ﬁu!qs!|qnd‘/(19!305|é/(01';1sj E



separate measures of mutual information as opposed to oscil-
lations in GSFs. Furthermore, as opposed to GSFs, which are
normalized, the ISFs can be used to compare information
gain between different parameters and hence can be used to
rank the parameters on ease of identifiability. They can be
used to identify regions of high information content and indi-
cate identifiability problems for parameters which show little
to no information gain, or high mutual information (corre-
lation) with other parameters. The application of ISFs is
demonstrated on three models. For the Windkessel model,
the effect of measurement noise is illustrated and it is shown
that the insights provided by ISFs are consistent with those
of a significantly more expensive Monte Carlo type approach
[21]. For the Hodgkin—Huxley model, the effect of measure-
ment frequency is illustrated, and finally, for the influenza A
virus, it is shown how, even when classical sensitivity analysis
fails to assess identifiability issues, the ISFs correctly reveal
identifiability problems, which have been analytically proven
through classical methods.
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Appendix A. Differential analysis for equivalence
of sensitivity and covariance evolution

From equation (3.2), the linearized dynamical system is
% = £, + Vil (x — ) + Vofl, (0 — pg) + Vifl, (¢t — 1),
(A1)

Vifl, Vfl|,
Opi Opp

ny-

|: 271,71 An,l):l |: En,n
Ao oo Agn

AL oV, + ZooVifl,

The next task is to relate the above evolution of the covari-
ance matrix with the evolution of sensitivity matrix. From
equation (2.6), the sensitivity matrix S evolves as

S = V|, S, + Vofl,. (A8)

Therefore, taking the transpose of equation (A 8) yields

: ds\" dsh
&7 = (F) =25 = IV, + Vit

(A9)

The derivative of the matrix product SST can be written as
follows:
dss™y . dSh)  d(S)

7T
ar a Tar S

(A10)
Substituting the derivatives from (A 8) with (A9) into the
above equation gives

d(ss™
dt

= SSTVIf|, + Vif],SS + Vf|,ST +SVpf|,. (A1l)

Separating the random variables 6 and x gives

x = Vif| X+ Vof|,0
+ (£, — Vil pty, — Vol pg + Vi, (F — t) .

Tn

(A2)

Combined with trivial dynamics for the parameters § = 0,
the dynamics for the combined vector [x", 71" can be written

as
):( _ vxﬂn v9f|n X + Tn
(7] O,; Oy 0 0,1’
—_ —————— e N

x Fn x Ty

(A3)

where O, represents a zero matrix of size a x b. The above is
concisely written as

=TF,x+1,. (A4)
For the above stochastic differential equation, it is well
known, see for example [36], that the covariance matrix of

%, denoted by £, evolves according to the following differen-
tial equation:

E-F.E+EF]. (A5)
Therefore, if the covariance matrix of %, is
Sun Ao
Jt X n,n n,
= = Cov = , A6
( { 0:| > A;,n 29,9 ( )
then = evolves according to equation (A 5) as
va |n Odr}’
vgf'n OP'F’
(A7)

VXf'nE"/" + V"flnA-rlt—,o + En,nvlﬂn + Aﬂlevgﬂn VXf'nA"/o + V9f|n29r9

o pp :|

It is easy to see that if 3go=1, A, g=Sand 3, , = SST then
the state covariance, 3, ,,, and the cross-covariance, A, o, from
equation (A 7) evolve as

3, =SSTVIf|, + V,f],SS" + Vof|, ST + SV,

~d(ssT)
Tdt

(A12)

and

Anp = Vb, Sy + Vof|, = S. (A13)

Appendix B. Asymptotic analysis of the
conditional covariance

In this section, the behaviour of the conditional covariance
matrix C, as n — oo is considered. From equation (5.4), A,
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can be written as
A,=B,Bl+T, (B1)
where I, is a diagonal matrix with elements as follows:
Ii=Y; 0<i<n. (B2)

By applying the Kailath variant of the Sherman—Morrison—
Woodbury identity the inverse of A, can be expanded as

A =r'-T,'B,1,+B!I,'B,) 'BII,". (B3)

n-n n-n

Plugging this in equation (6.3) yields

n

¢,=1,-BII,'B,+B'I,'B,(I, + B I',' B,) 'B! I','B,

(B4)
=1,- D, +D,(I, +D,)'D,, (B5)

where
D,=B!I,'B,. (B6)

The matrix D is symmetric, and can be factorized by
singular value decomposition (SVD) as follows

D, =U,®,U], (B7)
with
UnU;I,— = Ip (B 8)

and @, is a diagonal matrix with diagonal entries equal to the
eigenvalues, \;, of D,.

D, =\ (B9)
Owing to the symmetric nature of D, all the eigenvalues are
real. Furthermore, if D, is positive-definite then all eigen-

values are positive. Substituting D,, from equation (B 6) in
equation (B 4) yields

¢,=1,-U,®,U] +U,®,U (1, +U,®,U)) "'U,P,U,

(B10)
=1, - U,®,U] +U,®,U (U, U] +U,®,U))'U,®,U,
(B11)
=1, - U,®,U] +U,®, Ul (U1, + ®,)U}) 'U,®,U;
(B12)
=U,U] - U,®,U] + U, ®,(1, + ) ' &,U} (B13)
=U, 1, - &, + D,(0, + D) '®,]U.
1 [ P n 71( 14 7) Vl] n (B 14)

P,

In the above P, is a diagonal matrix with the entries

X2 1
Py =1- A+t = .
RN Tt

(B15)

If the minimum eigenvalue of D, is much larger than 1,
ie.

miin A1, (B16)
then
Py, 1 (B17)
by
and
P,~ @&} (B18)

Consequently, equation (B 10) yields
C,~U, o 'U' =D (B19)

Finally, from the above and equations (B 5), (B 2) and (5.5),
the conditional covariance matrix can be written as

" -1
Co~ <Z (siTHIanisi)> :
i=0

(B20)

It can hence be concluded that if the minimum eigenvalue
of D, monotonically increases as 1 increases then

-1
n
lim ¢, = (Z (S,TH,-TlleiSi)> :

i=0

(B21)

Let the eigenvalues of D, be denoted in decreasing order as
M(Dy)>A2(Dy)> ... >Ay(Dy,). The behaviour of the minimum
eigenvalue of A,(D,) is of concern. Note that D, can be
written as

n
D, =) (S/H]Y;'H;S). (B22)
i=0
Consequently,
D1 =D, + SI+1H;|1-+1 Y;ilHnHSnH . (B23)

Qn+1

D, and Q, are both symmetric matrices. Let the eigenvalues
of Q1 be denoted in decreasing order as A1(Q,1)>Ax(Q,41)>

+o. 2A,(Q,41). From equation (B 19) one has
Tr(Dy+1) = Tr(Dy) + Tr(Qn+1 )s (B 24)

where Tr denotes the trace. Expressed in terms of the eigenvalues
of the respective matrices, the above reads

P 4 P
D ADu) =D AD,) + Y A Q). (B25)
i=1 i=1 i=1

From several inequalities on the sums of eigenvalues of
Hermitian matrices, specifically the Ky Fan inequality [37,38],
one has

D oADu1) <D MDD+ Y AlQui1); r<p. (B26)
i=1 i=1 i=1

Substituting r = p — 1 in equation (B 22) and subtracting it from
equation (B 21) results in

Ap(Dit1) > Ap(Di) + Ap(Qyr41)- (B27)
Consequently, if Q, 1 is full rank then A,(Q,+1) > 0 and
)‘p(Dn-H) > /\p(Dn)r (B 28)

which implies that the minimum eigenvalue of D,, is monotoni-
cally increasing.

The above results are put in the perspective of classical
nonlinear regression analysis [9,10] by assuming that the
observation operator H; is equal to identity for all i. Then,
under a further assumption that Q; = (Vjx|,)Y; '(Vex|,) is
full-rank for all 7, the conditional covariance matrix of the par-
ameter is

lim C, = M, (B29)
n—oo
where M is the Fisher information matrix defined as
n
M =" 1(Vex]) Y (Vox)]. (B30)
i=0
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Appendix C. Conditional covariance for finite n

From equation (B 10) one has

¢, =U,P, U’

n’

where P, is given by equation (B 11). Consider the matrix

(D, + Ip)fl, which can be expanded as

(D, +1)"' = (U, ®,U} +1,)"

= (Un (an-nr + UHUI)71
= (Un(‘pn + Ip)U:,-)q
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