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In this work, a sliding mode control (SMC) method and a composite learning SMC (CLSMC) method are
proposed to solve the synchronization problem of chaotic fractional-order neural networks (FONNs). A
sliding mode surface and an adaptive law are constructed to update parameter estimation. The SMC
ensures that the synchronization error asymptotically tends to zero under a strict permanent excitation
(PE) condition. To reduce its rigor, online recording data together with instantaneous data is used to
define a prediction error about the uncertain parameter. Both synchronization error and prediction error
are used to construct a composite learning law. The proposed CLSMC method can ensure that the syn-
chronization error asymptotically approaches zero, and it can accurately estimate the uncertain param-
eter. The above results obtained in the CLSMC method only requires an interval-excitation (IE) condition
which can be easily satisfied. Finally, comparative results reveal the control effects of the two proposed
methods.
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Introduction

Fractional calculus has a history of more than 300 years.
Recently, fractional calculus as an important part of mathematics,
has been studied by more and more scientists [1,2]. Fractional-
order systems that are described by fractional-order differential
formulas have applications in different fields, such as bioengineer-
ing, thermal diffusion, electronics, robotics, and physics [3–7]. The
fractional calculus has some unique properties including memory
and inheritance, which are useful to model nonlinear systems.
Therefore, many scientists apply fractional-order calculus to neural
networks (NNs) to construct fractional-order NNs (FONNs), with
the goal of showing more clearly the dynamic behavior of neurons
in NNs. In [8], Arena et al. gave a fractional-order cellular NNs. In
[9], Petráč introduced a fractional-order 3-cell network to show
the limit cycle and stable orbit under variable parameters. In addi-
tion, FONNs have important applications in parameter estimation
domain [10,11]. It has been shown bifurcations and chaos exist
in FONNs [8,12]. A fractional-order Hopfield neural model was ana-
lyzed in [13], and the stability of this model was studied by using
energy-like functions. The synchronization problem of fractional-
order chaotic NNs was analyzed by means of Mittag-Leffler func-
tion and linear feedback control in [14], fractional-order chaotic
systems was investigated by means of adaptive fuzzy synchroniza-
tion control based on backstepping in [15,16] and the adaptive
synchronization problem of uncertain FONNs was studied by using
the Lyapunov approach in [17]. Some interesting control methods
are proposed for FONN in above literature, however, the mis-
matched unknown parameters are not considered. If mismatched
parameters appear in a FONN, these methods may not have good
control performance. Therefore, it is worthwhile to find a good
method to solve this problem.

Among many usually used control methods, sliding mode con-
trol (SMC) has been studied by more and more scholars in recent
years [18–21]. The SMC method is an effective robust nonlinear
control strategy, one of its main characteristics is the switch of
control law, to make the system transfer from the initial state to
the set sliding surface, so that the system has good stability, track-
ing ability and anti-interference ability on the sliding surface. It is
well known in the past that the SMC method was mostly used in
integer-order nonlinear systems. The important role of SMC was
demonstrated in [22,23]. Now, many scientists have extended
the SMC methods to fractional-order systems, for example, MIMO
nonlinear fractional-order systems [24], fractional-order chaotic
systems [17,25], and FONNs [26]. However, in these control meth-
ods, the SMC can only ensure that the parameters are convergent,
that is, the accurate estimations of these parameters can not be
guaranteed. Therefore, how to find a effective method to estimate
the parameters accurately during designing SMC for fractional-
order systems is a meaningful work.

Composite adaptive control (CAC) was introduced in [27] to
obtain accurate parameter estimation by using tracking errors
and constructing prediction errors. One of the important functions
of the CAC is that it can improve the parameter convergence speed
and estimate parameters more accurately. The latest results about
CAC can be seen in [28–32]. The CAC method has better control
capability than the traditional adaptive control method that the
permanent excitation (PE) condition is required in order for param-
eter estimates to converge. To eliminate this limitation, the com-
posite learning methods were introduced in [33–36]. In the
composite learning, online recorded data generated during control
process is used to designed the prediction error, which is then
combined with the tracking error to produce a composite learning
law. The composite learning method is crucial to ensure that accu-
rate parameter estimation are obtained under an interval-
excitation (IE) condition which is lower than the PE condition.
However, the composite learning control methods previously seen
are extensively used in integer-order nonlinear systems. With
respect to fractional-order systems, some preliminary works have
been done, for example, in [18,37]. A composite learning adaptive
dynamic surface was used to study fractional-order nonlinear sys-
tems (FONSs) in [37] and composite learning adaptive SMC was
used to study FONSs in [18]. The above two works provide a clear
idea to use composite learning method to analyze the control of
FONSs in the future. Whereas, in [18,37], only SISO systems are
considered. Therefore, it is necessary and challenging to apply
composite learning to synchronize MIMO FONNs.

Based on above analysis, this work considers the synchroniza-
tion control for a class of FONNs through SMC and CLSMC. First,
a sliding surface is introduced, and then a traditional SMC is shown
to ensure that the synchronization error asymptotically
approaches zero. In order to get exact errors of the uncertain
parameters, a CLSMC method is proposed. The stability studies
for the SMC and the CLSMC methods is proved by the integral-
order Lyapunov stability criteria. Last but not least, the control
capability of the two methods is compared through theoretical
analysis and simulation results. Compared to some previous works,
such as [18,37], the contributions of this study contain: (1) A slid-
ing surface extending from integer-order to fractional-order is
introduced; (2) The stability of FONNs is analyzed by means of
the Lyapunov function; (3) A composite learning law is defined
to design the CLSMC for FONNs. The convergence of synchroniza-
tion errors and the accuracy of parameter estimation in FONNs
are sufficient to ensured under the IE condition is lower than the
PE condition. Compared with the traditional SMC, the CLSMC
method has better control ability and can estimate parameter more
accurately.

The article is divided into the following parts. Some of the
fractional-order calculus preliminaries are given in
Section ‘‘Preliminaries”. Section ‘‘Adaptive sliding mode control
design” gives the description of the problem, fractional sliding sur-
face design, the concepts of IE and PE, and the construction of the
SMC and CLSMC. Section ‘‘Simulation example” shows the simula-
tion example to compare the effects of the SMC method and the
CLSMCmethod. Finally, Section ‘‘Conclusions” concludes this work.

Preliminaries

Fractional-order calculus is an extension of integer-order calcu-
lus, and the definition of Caputo’s fractional-order calculus will be
used in the following discussion. The definition of a-th fractional-
order integral is

Iat f ðtÞ ¼
1

CðaÞ
Z t

0
ðt � .Þa�1f ð.Þd.; ð1Þ

where CðsÞ ¼ R1
0 ts�1e�tdt.

The Caputo’s fractional-order differential is

Da
t f ðtÞ ¼

1
Cðn� aÞ

Z t

0
ðt � .Þn�a�1f ðnÞð.Þd.; ð2Þ

where a > 0, and n� 1 6 a < n . For ease of use, we will assume
that 0 < a < 1 hereafter. Therefore, (2) is expressed as

Da
t f ðtÞ ¼

1
Cð1� aÞ

Z t

0
ðt � .Þ�af 0ð.Þd.: ð3Þ

Lemma 1. If xðtÞ 2 C1½0; T� for some T > 0, then it holds:
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Iat D
a
t xðtÞ ¼ xðtÞ � xð0Þ; ð4Þ

and

Da
t I
a
t xðtÞ ¼ xðtÞ: ð5Þ
Lemma 2. Caputo’s fractional calculus satisfies

Da
t ðkv1ðtÞ þ lv2ðtÞÞ ¼ kDa

t v1ðtÞ þ lDa
t v2ðtÞ; ð6Þ

wherek , l 2 R.
:

Adaptive sliding mode control design

Problem statement

The dynamics of fractional-order cellular NNs are written as the
following differential equations:

Da
t fiðtÞ ¼ �aifiðtÞ þ

Xn
j¼1

bijðtÞf jðfjðtÞÞ þ Hi þ wT
i ðfðtÞÞh; ð7Þ

where i ¼ 1;2; � � � ;n;a is the fractional order, n is the number of
units in the NN, fiðtÞ represents the state of the i-th unit at time
t; bijðtÞ is the connection weight of the j-th neuron on the i-th neu-
ron which is assumed to be disturbed, f jðfÞ is a nonlinear function,
ai corresponds to the rate with which the neuron will reset its
potential to the resting state when disconnected from the network,
Hi represents the external input, wi : R

i #Rm with m 2 N is a
known vector function, and h 2 Rm is an unknown constant vector
to be estimated.

According to the concept of driver-response, we set the system
(7) as the drive FONN, and consider the response FONN as:

Da
t giðtÞ ¼ �aigiðtÞ þ

Xn
j¼1

bijðtÞf jðgjðtÞÞ þ Hi þ uiðtÞ; ð8Þ

where i ¼ 1;2; � � � ;n;giðtÞ is the state vector of the response system,
uiðtÞ is the control input.

Definition 1. A signal wðtÞ is of IE on ½T � 10; T� for 10 > 0 and

T > 10 iff
R T
T�10 w

Tð1Þwð1Þd1P mIc�c where m 2 Rþ.
Definition 2. A signal wðtÞ is of PE iff
R t
t�10 w

Tð1Þwð1Þd1P mIc�c for

m 2 Rþ; 10 > 0 and all t 2 Rþ.
There are two indices that are usually used to describe the con-

trol performance, i.e., the integral squared error (ISE) and the mean
squared error (MSE), which can be defined as follows.

The ISE:

ISE ¼
Z 1

0
e2ðtÞdt: ð9Þ

The MSE:

MSE ¼
Z 1

0
te2ðtÞdt; ð10Þ

where eðtÞ is the error between the actual output and the expected
output.

Adaptive sliding mode control and stability analysis

The synchronization error is defined as:

eðtÞ ¼ gðtÞ � fðtÞ: ð11Þ
The parameter estimation error is expressed by
~hðtÞ ¼ ĥðtÞ � h; ð12Þ
with ĥðtÞ being the evaluation of h. The error dynamics between the
response system (8) and the drive system (7) can be written as:

Da
t eiðtÞ ¼ �aieiðtÞ þ

Xn
j¼1

bijðtÞ½f jðgjðtÞÞ � f jðfjðtÞÞ� þ uiðtÞ � wT
i ðfðtÞÞh:

ð13Þ
In this part, a sliding mode control method with adaptive law of

ĥðtÞ is proposed to ensure the convergence of synchronization error
eðtÞ and parameter estimation error ~hðtÞ. Here we will introduced
the following fractional sliding surface:

SiðtÞ ¼ diI
1�a
t eiðtÞ; ð14Þ

where di is chosen such that SiðtÞ converges quickly. As an extension
of the integral sliding surface, the fractional sliding surface (14) is
the same as integral SMC, so the control action can be realized
through two steps: the system state variables goes into the sliding
surface and then stays on it.

It follows from (14) that

_SiðtÞ ¼ diD
a
t eiðtÞ

¼ di �aieiðtÞ þ
Xn

j¼1

bijðtÞ f jðgjðtÞÞ � f jðfjðtÞÞ
h i

þ uiðtÞ � wT
i ðfðtÞÞh

" #

ð15Þ
Then, the control input uiðtÞ can be given as

uiðtÞ ¼ aieiðtÞ �
Xn
j¼1

bijðtÞ f jðgjðtÞÞ � f jðfjðtÞÞ
h i

þ wT
i ðfðtÞÞĥðtÞ

� 1
di
kSiðtÞ; ð16Þ

where k 2 Rþ.
We will use the following equation to update ĥ :

FðtÞ ¼ �c
Xn

i¼1

diwiðfðtÞÞSiðtÞ; _̂hðtÞ ¼ KðĥðtÞ;FðtÞÞ; ð17Þ

where c 2 Rþ, and KðĥðtÞ;FðtÞÞ is designed by

KðĥðtÞ;FðtÞÞ ¼
FðtÞ; if kĥðtÞk 6 b;

FðtÞ þ ĥðtÞĥT ðtÞFðtÞ
ĥðtÞk k2 ; otherwise;

8<
: ð18Þ

where b > 0.
Thus, according to the above calculation, we can get the follow-

ing conclusions.

Theorem 1. With regard to the drive FONN (7) and the response
FONN (8). The sliding mode controller (16) and the adaptive law (17)
can not only make all signals keep bounded but also make the
synchronization error eðtÞ asymptotically tend to the origin.
Proof. Substituting the control input (16) into (15) yields

_SiðtÞ ¼ di wT
i ðfðtÞÞĥðtÞ � wT

i ðfðtÞÞh� 1
di
kSiðtÞ

h i
;

¼ �kSiðtÞ þ diw
T
i ðfðtÞÞ~hðtÞ:

ð19Þ

The lyapunov function is set to be:

VðtÞ ¼ 1
2

Xn

i¼1

S2i ðtÞ þ
1
2c

~hTðtÞ~hðtÞ: ð20Þ

Differentiating the Lyapunov function (20) gives
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_VðtÞ ¼
Xn

i¼1

SiðtÞ _SiðtÞ þ 1
c
~hTðtÞ _~hðtÞ: ð21Þ

Substituting (19) into (21) yields

_VðtÞ ¼
Xn
i¼1

SiðtÞ½�kSiðtÞ þ diw
T
i ðfðtÞÞ~hðtÞ� þ 1

c
~hTðtÞ _~hðtÞ;

¼ �k
Xn
i¼1

S2i ðtÞ þ
Xn
i¼1

diw
T
i ðfðtÞÞ~hðtÞSiðtÞ þ 1

c
~hTðtÞ _~hðtÞ;

¼ �k
Xn
i¼1

S2i ðtÞ þ ~hTðtÞ
Xn
i¼1

diwiðfðtÞÞSiðtÞ þ 1
c
_̂hðtÞ

" #
:

ð22Þ

Using [38, Th.4.6.1], and substituting (17) into (22) yields

_VðtÞ 6 �k
Xn
i¼1

S2i ðtÞ þ ~hT ðtÞ
Xn
i¼1

diwiðfðtÞÞSiðtÞ þ 1
c �c

Xn

i¼1

diwiðfðtÞÞSiðtÞ
" #" #

;

¼ �k
Xn
i¼1

S2i ðtÞ:

ð23Þ
Thus, asymptotic stability of the controlled system is achieved, and
this ends the proof of Theorem 1. h
Composite learning sliding mode control and stability analysis

From the above SMC design, we known that the adaptation law
(17) consists of instantaneous data related to SiðtÞ, and its value is
used to update ĥðtÞ online. In (19), k; SiðtÞ; di and wT

i ðfðtÞÞ are avail-

able. When _SiðtÞ is also available, the ~hðtÞ can be calculated, which
gives an accurate estimation of ĥðtÞ. Later in this article, a CLSMC
method will be provided to guarantee not only that eðtÞ asymptot-
ically approaches zero without the PE condition but also obtain the
accurate estimation of h. To meet above objectives, we set the pre-
diction error as

�iðtÞ ¼ hiðfðtÞÞ~hðtÞ; ð24Þ
with hiðfðtÞÞ : Rn # Rm�m being expressed as

hiðfðtÞÞ ¼
0m�m; for t 6 10;R t
t�10 Wiðfð1ÞÞWT

i ðfð1ÞÞd1; for t > 10;

(
ð25Þ

with WiðfðtÞÞ ¼ diwiðfðtÞÞ. Then, we will use the following equation
to update ĥ :
Fig. 1. A diagram o
FðtÞ ¼ �c
Xn
i¼1

diwiðfðtÞÞSiðtÞ þ
Xn
i¼1

x�iðtÞ
" #

;

_̂hðtÞ ¼ KðĥðtÞ;FðtÞÞ;

8>><
>>: ð26Þ

where x > 0 is a learning parameter, and KðĥðtÞ; FðtÞÞ has the same
concept as (18). According to (25), the definition of IE condition is
rewritten as hiðfðtÞÞ P mI with m being an exciting term. Let T1

(T1 > 10) be the first point that satisfies Definition 1, exciting term
that varies over time is

mdðtÞ ¼ sup
12½T1 ;t�

fmðtÞg:

A graph of mðtÞ and mdðtÞ can be indicated as Fig. 1, in which mdðtÞ is
defined as

mdðtÞ ¼

0; t 2 ½0; T1Þ;
mðtÞ; t 2 ½T1; T2Þ;
mðT2Þ; t 2 ½T2; T3Þ;
mðtÞ; t 2 ½T3; T4Þ;
mðT4Þ; t 2 ½T4;1Þ:

8>>>>>><
>>>>>>:

Next, we will calculate the value of �iðtÞ. Let

eiðtÞ ¼
Z t

t�10
Wiðfð1ÞÞWT

i ðfð1ÞÞhd1: ð27Þ

Since WiðfðtÞÞ ¼ diwiðfðtÞÞ, Eq. (19) is equivalent to

_SiðtÞ ¼ �kSiðtÞ þWT
i ðfðtÞÞ~hðtÞ: ð28Þ

Multiply both ends of (28) by WiðfðtÞÞ
WiðfðtÞÞ _SiðtÞ ¼ �kWiðfðtÞÞSiðtÞ þWiðfðtÞÞWT

i ðfðtÞÞ~hðtÞ: ð29Þ
According to (12), Eq. (29) is written as

WiðfðtÞÞ _SiðtÞ ¼ �kWiðfðtÞÞSiðtÞ þWiðfðtÞÞWT
i ðfðtÞÞ½ĥðtÞ � h�;

¼ �kWiðfðtÞÞSiðtÞ þWiðfðtÞÞWT
i ðfðtÞÞĥðtÞ �WiðfðtÞÞWT

i ðfðtÞÞh:
ð30Þ

From the above formula, we can get

WiðfðtÞÞWT
i ðfðtÞÞh ¼ �WiðfðtÞÞ _SiðtÞ � kWiðfðtÞÞSiðtÞ

þWiðfðtÞÞWT
i ðfðtÞÞĥðtÞ: ð31Þ

Consequently, (27) and (31) imply

eiðtÞ ¼
Z t

t�10
Wiðfð1ÞÞ � _Sið1Þ � kSið1Þ þWT

i ðfð1ÞÞĥð1Þ
h i

d1: ð32Þ
f mðtÞ and mdðtÞ.



Fig. 3. Control inputs and sliding surfaces under SMC and CLSMC.

Fig. 2. Dynamical behavior of system (38) with initial value ½�0:3;0:4;0:3�T .
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Fig. 4. Parameter estimations for SMC and CLSMC.

Fig. 5. Synchronization between f1ðtÞ and g1ðtÞ for SMC and CLSMC.

Fig. 6. Synchronization between f2ðtÞ and g2ðtÞ for SMC and CLSMC.
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So �iðtÞ is calculated as

�iðtÞ ¼ hiðfðtÞÞĥðtÞ

�
Z t

t�10
Wiðfð1ÞÞ � _Sið1Þ � kSið1Þ þWT

i ðfð1ÞÞĥð1Þ
h i

d1: ð33Þ
Remark 1. In the SMC method, only instantaneous data is applied
to update the parameter estimator (see, the adaptation law (17)).
However, in the CLSMC method, the combination of online
recording data and instantaneous data is used to update the
parameter estimator.
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Remark 2. The composite learning law (26) is constructed under
the IE condition by using prediction error (24). In this law all
recorded data on the interval t 2 ½0;þ1Þ is used to get an accurate
estimate of unknown parameter h. In (25), 10 can be selected
according to the control target, but if 10 is too large, it puts a great
quantity of memory pressure on the system. The control rate of
CLSMC will vary with the change of c and x, but if c and x are
too big, the results are not ideal. In fact, in our work, we can use
not too large parameters (see the simulation in
Section ‘‘Simulation example”) to obtain good synchronization per-
formance. That is, the proposed CLSMC method is meaningful and
realistic.
Remark 3. In the CLSMC design, a main problem need to be solved
is how to obtain the prediction error. Here, we will give a proce-
dure to elaborate how to calculate �iðtÞ. In Definition 1, if
hiðfðtÞÞ 6 mI;hiðfðtÞÞ is 0. At this point, �iðtÞ ¼ 0. On the other hand,
if hiðfðtÞÞ > mI, and all the data in the interval ½T � 10; T� is used to
calculate the prediction error �iðtÞ by
�iðtÞ ¼ hiðfðtÞÞĥðtÞ � eiðtÞ: ð34Þ
Noting that the exact value of _SiðtÞ is not available, to obtain eiðtÞ in
(32), we can use the data of SiðtÞ. For example, it can be computed as
_SiðtÞ � Siðt þ4tÞ � SiðtÞ
4t

; ð35Þ
where the estimation error oð4tÞ. On the other hand, in the CLSMC
design, the integral is used in (27), which can further reduce the cal-
culation error of eiðtÞ.
Fig. 7. Synchronization between f3ðt

Fig. 8. ISE of parameters
Theorem 2. With regard to the drive FONN (7) and the response
FONN (8). The sliding mode controller (16) and the composite learning
law (26) guarantee that both the synchronization error eðtÞ and the

parameter estimation error ~hðtÞ converge to zero asymptotically.
Proof. Let the Lyapunov function be (20), and its derivative be
(21). Putting (26) into (22), then (22) becomes

_VðtÞ 6 �k
Xn
i¼1

S2i ðtÞ þ
Xn
i¼1

diwiðfðtÞÞ~hTðtÞSiðtÞ

� 1
c c

Xn
i¼1

diwiðfðtÞÞSiðtÞ þ c
Xn
i¼1

x�iðtÞ
" #

~hTðtÞ;

¼ �k
Xn

i¼1

S2i ðtÞ �
Xn
i¼1

x~hTðtÞ�iðtÞ:

ð36Þ

Substituting (34) into (36) yields

_VðtÞ 6 �k
Xn
i¼1

S2i ðtÞ �
Xn
i¼1

x~hTðtÞ hiðfðtÞÞĥðtÞ � eiðtÞ
h i

;

¼ �k
Xn

i¼1

S2i ðtÞ �
Xn
i¼1

x~hTðtÞ hiðfðtÞÞĥðtÞ � hiðfðtÞÞh
h i

;

¼ �k
Xn

i¼1

S2i ðtÞ �
Xn
i¼1

x~hTðtÞhiðfðtÞÞ~hðtÞ;

6 �k
Xn
i¼1

S2i ðtÞ � nxm~hTðtÞ~hðtÞ;

6 �tVðtÞ;

ð37Þ

where t ¼ minf2k;2ncmxg. Therefore, both the synchronization
error eðtÞ and the parameter estimation error ~hðtÞ tend to zero
asymptotically. This ends the proof of Theorem 2. h
Þ and g3ðtÞ for SMC and CLSMC.

for SMC and CLSMC.
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Remark 4. The SMC and CLSMC introduced in this article use the
same controller (16). In terms of the advantages and disadvantages,
the CLSMC which uses composite learning law (26) has the follow-
ing merits. (1) In the adaptive SMC, only instantaneous data is
applied to update ĥðtÞ. However, in the CLSMC, all data recorded
on interval ½t � 10; t� is utilized. That is, the CLSMC method has
remember ability, and the SMCmethod can be seen as a special case
of the CLSMC (i.e., 10 ¼ 0). (2) In the CLSMC approach, the synchro-
nization error eðtÞ and the parameter estimation error ~hðtÞ asymp-
totically approaching zero can be ensured under the IE condition,
while only the eðtÞ asymptotically approaching zero can be guaran-
teed under the PE condition in the adaptive SMCmethod. (3) Noting
that the two methods, i.e., SMC and CLSMC, use the same controller
(16), they will consume similar control energy in the same circum-
stance. However, in terms of control ability, the CLSMC approach
has better control performance than the SMC method.
Þ;

Remark 5. The advantage of the proposed CLSMCmethod over the
traditional SMC method is obvious. Although both methods use the
same control input (16) and they both ensure that the synchroniza-
tion error eðtÞ tends to zero, the PE condition must be satisfied to
drive the synchronization error converges to zero in the SMC, while
in the CLSMC, only the IE condition should be fulfilled. The CLSMC
method uses the composite learning law (26) to update the estima-
tion of h. Compared with the SMC method using the adaptive law
(17), the CLSMC method can obtain an accurate estimation of h.
This advantage of the proposed CLSMC method is proved in the
proof of Theorem 2. In addition, through the comparison of ISE
and MSE under the two methods in the simulation results of the
Fig. 9. MSE of parameters

Fig. 10. ISE of state variable
next section, it can be concluded that the proposed CLSMC method
has better control performance than the SMC method, although
these two methods use similar control energy.
Simulation example

The drive FONN is given by

Da
t f1ðtÞ ¼ �f1ðtÞ þ 2 tanh f1 � 1:2 tanh f2 þ wT

1ðfðtÞÞh;
Da

t f2ðtÞ ¼ �f2ðtÞ þ 2 tanh f1 þ 1:71 tanh f2 þ 1:15 tanh f3 þ wT
2ðfðt

Da
t f3ðtÞ ¼ �f3ðtÞ � 4:75 tanh f1 þ 1:1 tanh f3 þ wT

3ðfðtÞÞh;

8><
>:

ð38Þ
and the response FONN is

Da
t g1ðtÞ ¼ �g1ðtÞ þ 2 tanhg1 � 1:2 tanhg2 þ u1ðtÞ;

Da
t g2ðtÞ ¼ �g2ðtÞ þ 2 tanhg1 þ 1:71 tanhg2 þ 1:15 tanhg3 þ u2ðt

Da
t g3ðtÞ ¼ �g3ðtÞ � 4:75 tanhg1 þ 1:1 tanhg3 þ u3ðtÞ:

8><
>:

ð39Þ
In the drive FONN system (38), when h ¼ ½0;0;0;0�T and Hi ¼ 0,

it becomes a chaotic system. The dynamical behavior of (38) with
h ¼ ½0; 0;0;0�T and a ¼ 0:95 is shown in Fig. 2.

The initial value of the drive FONN is f0 ¼ ½�0:3;0:4;0:3�T and

the initial value of the response FONN is g0 ¼ ½0:3;�0:4;�0:3�T .
The basis functions are set to be w1ðfðtÞÞ ¼ ½0:25;0:5 tanh f1;

0:5 sinðf1f2Þ;0:5 tanhðf1f3Þ�T ;w2ðfðtÞÞ ¼ ½0:5 sinðf1f2Þ;0:5 tanh f2;

0:5 sin f2; 0:5 tanh f3�T ;w3ðfðtÞÞ
for SMC and CLSMC.

s for SMC and CLSMC.



Fig. 11. MSE of state variables for SMC and CLSMC.

Table 1
The ISE and MSE for SMC and CLSMC.

Variable ISE for SMC ISE for CLSMC MSE for SMC MSE for CLSMC

h1 36:91 8:33 609:66 23:36
h2 222:13 31:90 4673:20 103:29
h3 102:12 20:71 1823:30 63:72
h4 73:55 17:38 1157:00 45:02

f1ðtÞ 0:62 0:27 3:77 0:49
f2ðtÞ 0:27 0:14 1:38 0:20
f3ðtÞ 0:26 0:14 1:21 0:26
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¼ ½0:5 cos f3;0:05;0:5 tanh f1;0:5 sin f2�T , and h ¼ ½0:3;�0:2;0:9;
�0:7�T . The parameters of the controller are designed as
c ¼ 1; d1 ¼ d2 ¼ d3 ¼ 1;x ¼ 1;b ¼ 100; 10 ¼ 5; k ¼ 5.

In Figs. 3–11 and Table 1, we compare the SMC method and the
CLSMC method in detail. The control inputs of the two control
methods are shown in Fig. 3 (a), (b), (c), and the sliding surfaces
are given in Fig. 3 (d), (e), (f). The estimation of h is presented in
Fig. 4. The synchronization performance of f1ðtÞ; f2ðtÞ; f3ðtÞ by using
the two control methods are indicated in Fig. 5, Fig. 6 and Fig. 7,
respectively. The ISE and MSE of parameters and state variables
for SMC and CLSMC are shown in Figs. 8–11. Finally, the values
of ISE and MSE at t ¼ 40 (s) under the SMC method and the CLSMC
method are given in Table 1. From these simulation results, we
have the following concoctions. (1) It can be seen from dynamics
of sliding surfaces and the synchronization between the drive
FONN and the response FONN under SMC and CLSMC, the conver-
gence speed of synchronization error e1ðtÞ and e2ðtÞ is faster under
CLSMC than under SMC (although the rate at which e3ðtÞ
approaches zero is similar in both methods). It is commonly recog-
nized that the smaller of the ISE and MSE, the higher the accuracy
of the estimation, therefore, the convergence rate of e1ðtÞ and e2ðtÞ
under the CLSMC is faster than that under the SMC. It can be ver-
ified that in Fig. 10 and Fig. 11 the ISE and MSE of h and fðtÞ by
using the CLSMC are less than by using the SMC. In Table 1, the
ISE and MSE of the two control methods when t ¼ 40 (s) are given,
from which similar conclusions can be obtained. (2) From Fig. 8 (b)
and Fig. 9 (b), it can be seen that ISE and MSE in the CLSMCmethod
finally approach a certain value, and the value of ISE and MSE at
t ¼ 40(s) obtained from Table 1 is very small, which indicates that
the parameters in the CLSMC have been accurately estimated. On
the contrary, in Fig. 8 (a) and Fig. 9 (a), we can see that ISE and
MSE under the SMC are always on the rise and the values of ISE
and MSE at t ¼ 40(s) obtained from Table 1 are very large, which
represent that the SMC method does not have the ability to accu-
rately estimate parameters. (3) In terms of control performance,
by comparing the ISE and MSE of the two control methods in
Figs. 8–11 and Table 1. We can figure out the ISE and MSE by using
the CLSMC are less than by using the SMC, which is the CLSMC
technique that has a better control performance than the SMC
and can stabilize the system in a short time. (4) It should be
emphasized that the two control methods use the same control
signal, then they consume similar control energy (which can be
seen in Fig. 3(a), (b), (c)). However, the CLSMC technique obtain
better synchronization performance than the SMC method.
Conclusions

This paper presents a composite learning sliding mode synchro-
nization method for chaotic FONNs with unmatched unknown
parameter. By using the traditional SMC method, the convergence
of the synchronization error can be guaranteed under the PE con-
dition. Then, a CLSMC method is proposed, and it is proved that
the proposed CLSMC method can achieve the accurate estimation
of unknown parameter and ensures that the parameters converges
to zero asymptotically under an IE condition that is lower than the
PE condition. In addition, by comparing the ISE and MSE under the
two methods, it is concluded that the CLSMC method can not only
achieve accurate parameter estimation without the PE condition,
but also has better control performance than the SMC approach.
One of the future work will focus on how to design composite
learning adaptive sliding mode synchronization of uncertain
FONNs.
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