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Extreme events in gene regulatory
networks with time-delays
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This work explores distinct complex dynamics of simplified two nodes of coupled gene regulatory
networks with multiple delays in two self-inhibitory and mutually activated genes. We have identified
the emergence of extreme events within a specific range of system parameter values. A detailed
analysis of the time delay-induced emergence of extreme events is illustrated using bifurcation
analysis, two-parameter phase diagrams, return maps, temporal plots, and probability density
functions. The reasons behind the advent of extreme events are discussed in detail, with possible
analogies to simplified two nodes of gene regulatory networks. The occasional large-amplitude
bursting originated in the system via interior crisis-induced intermittency, Pomeau-Manneville
intermittency, and the breakdown of quasiperiodic intermittency routes. Additionally, we have used
various recurrence quantification statistical measures, such as mean recurrence time, determinism,
and recurrence time entropy, to describe the transition from periodic or chaotic to unforeseen large
deviations. Our approach shows that the sudden surge of variance and mean recurrence time at the
transition points can be used as a new metric to detect the critical transitions of distinct extreme
bursting events. The comprehensive overview of the interaction between gene regulatory networks,
with insights into the formation of unusual dynamics, is beneficial to grasping different neuronal
diseases.
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Gene Regulatory Networks (GRNs) have been investigated in living organisms, such as bacteria and viruses
since the early 1960s!. They remain highly significant in numerous contexts, particularly in the biological
and medicinal sciences®. Generally, GRNs are described as the network of interactions between DNA, RNA,
molecules, and proteins®*. Due to its high connectivity, extreme complexity in its network, and a large variety
of genetically pre-coded responses, living organisms can respond to external signals and stimuli®. GRNSs play
a significant role in a considerable number of regular life processes, such as cell differentiation®, metabolism’,
the cell cycle®, and signal transduction’. For instance, the interaction between proteins and genes forms
a network that creates stimuli for the sophisticated biological functions of organisms®. The question of how
to model or illustrate GRNs in terms of gene functions®, expression mechanisms'’, and signal-transduction
routes!! remains vague. Mathematical models are beneficial for finding higher-order arrangements of an
organism and for accumulating deep understandings of both static and dynamic behaviors of gene networks by
extracting functional information from observation data. Hence, considerable measures are utilized to extend
mathematical techniques for GRNs research. GRNs can be modeled as networks (undirected or directed), where
the nodes represent separate genes, proteins, and so forth, and the edges equal some state of regulation between
the nodes'?. In the literature, gene regulatory networks have been represented in various mathematical forms,
including random Boolean networks!?, delay Boolean equations'?, differential equations!'>!¢, piecewise linear
differential equations'’, and stochastic equations'®. Other approaches also illustrate switch-like and smooth
variations in genetic networks, effectively combining discrete and continuous system models'*2.

From the perspective of modeling dynamical systems, the model represents the interactions of gene products,
such as mRNAs and proteins, as continuous values. This more precise method enables a thorough understanding
of the dynamic nonlinear behavior exhibited by biological systems?!. Geard et al. reviewed the widespread idea
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of treating a regulatory network as a dynamical system and described various approaches that have been taken
into account for modeling the dynamical system-based GRNs??. In addition, genetic regulatory networks with
time delays, which are described by functional differential equations or delay differential equations, provide the
necessary and sufficient conditions for simplifying the genetic network model and further investigation of the
nonlinear properties of the model in terms of local stability and bifurcation, as discussed in Ref.?*. Furthermore,
the time delay between the nodes of a gene regulatory network is a crucial factor to consider, as it significantly
influences the processes of transcription, translation, and translocation in genetic networks. In modeling gene
regulations, these time delays reflect the slow biochemical reactions between the cytosol and nucleus. Some
previous studies in the literature have examined the impact of delay in gene regulatory networks (see Refs:**-2%).

Various gene circuit motif topologies impacted by time-delay feedback of either positive or negative, as well as
a mix of both, have been thoroughly examined in relation to the discrete complex dynamics discussed in Ref.?.
Subsequently, they disclosed a new intriguing link to connect complex brain illnesses and intense bursting-
like events in gene regulatory networks?. A single gene with two time-delayed self-regulations, or even two
connected genes with time-delayed mutual regulation, can exhibit chaotic behavior. Specifically, the formation
of chaotic dynamics generated by delays leads to an aberrant physiological process in the control of genes**-32.
Upon additional examination of the chaotic zone already present in the GRNS, further examination reveals that
the development of unusual bursting dynamics occasionally occurs due to a unique time delay process inside the
system>>34, The impacts of temporal delays in the self and cross-regulations studied set them apart from earlier
reports of chaotic dynamics in gene circuits. The time lags in gene regulation can result from RNA polymerase
recruitment, mRNA transport, the translation process via the ribosome, and several other cellular processes.

In general, extreme events are recognized as the occurrence of unforeseen large deviations in the system
dynamics for short-living time and eventually return to their bounded motion. These extreme events must be
rare, but can appear recurrently at infrequent time intervals. No stick definition exists to confirm the formation
of extreme events. Conversely, a widely accepted qualitative measure from the statistical perspective is the
so-called significant height threshold (H,) value that is used to confirm the emergence of extreme events in
larger classes of complex dynamical systems®**~%’. This significant height threshold is defined as the sum of the
mean and four to eight times the standard deviation of the local maxima of the system variable. In the past few
decades, understanding the origin of extreme events (EEs) and their transitions in different disciplines such as
hydrodynamics and optical systems*®*, biological models*®*!, lasers*®*2-** and complex systems of coupled and
network of oscillators®>374> have been studied extensively in the literature. Especially, a deeper understanding
of various abnormal events in biological models and gene networks is an appealing problem for understanding
various intricate neuronal dynamics. For example, the paradigmatic excitable system of the FitzHugh-Nagumo
(FHN) neuron is extensively studied in various aspects: Different topologies of FHN units manifest extreme
events that originate via the dynamical process of interior-crisis-induced intermittency?’. Later, the inclusion
of two-time delays in the FHN model exhibits extreme events due to the bubbling transition®. A specific local
link induced unforeseen extreme events illustrated in ring-coupled FHN systems; besides, the propagation and
annihilation of extreme events were explored using various configurations of counter-rotating oscillators®!.
The mitigation of EE using appropriate time-varying interaction parameters is discussed in both coupled and
network neuron models?’. In addition, the time delay effect in the formation and control of extreme events has
been reported in a few complex systems*®->°. However, in this present report, we investigate the formation of
extreme events in the simplified two nodes of gene regulatory networks with their possible association with
abnormal behavior.

In the literature, various statistical measures have been used to explore complex dynamics, yielding deeper
insights into their origins, formation mechanisms, and transitional processes. Among these, recurrence
quantification analysis (RQA) is a prominent statistical tool employed to analyze complex real-world data,
synthetic data, biological interactions, and sudden transitions®">2. Numerous studies have applied RQA to
investigate diverse complex dynamics in experimental data®*->°. For example, the potential of RQA to predict
pre-epileptic seizures from electroencephalogram (EEG) data is discussed in Ref.®. Additionally, a novel
composite approach that combines RQA with Kalman filters has been utilized to monitor and predict bearing
degradation processes™. Furthermore, Merten et al. demonstrated the presence of instabilities in disk-brake
dynamics through RQA analysis of experimental data®. In our study, we aim to highlight the advantages of RQA
measures, such as determinism (DET), recurrence time entropy (RTE), and mean recurrence time (MRT), in
identifying critical transitions that lead to extreme events within our model system. Further details on the various
RQA measures and their mathematical formulations can be found in the supplementary material, Section S1.

The recent report by Suzuki et al.?’ explored various complex dynamics in a gene model with time delays,
including quasi-periodic, weak chaotic, strong chaotic, and intermittent dynamics. In the absence of time delays,
only periodic dynamics can be observed in gene regulatory networks (GRNs). Therefore, understanding the
formation of distinct complex dynamics that include time delays is essential for gaining insights into various
complicated neurological diseases. For instance, abnormal increases in protein concentrations can contribute
to conditions such as Alzheimer’s disease, coronary heart disease, and liver failure®”8, In our comprehensive
analysis of GRNs, we identified the occurrence of intermittent bursting dynamics, which are rare and appear at
irregular time intervals. Notably, we discovered that extreme events in GRNs can emerge through three main
routes: crisis-induced intermittency, Pomeau-Manneville intermittency, and the breakdown of quasi-periodic
intermittency. We performed a range of statistical and dynamical analyses to demonstrate the emergence and
transition of these extreme events in two gene circuits, employing both inhibitory and mutually activating
strategies.

The paper is organized as follows: the first part describes the mathematical model of two genes that inhibit
and activate each other; how these genes can work together in a way that makes sense biologically; and gives
a detailed analysis of their stability. Subsequently, we have elaborated on the emergence of different routes to
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extreme bursting dynamics and their changeovers under the influence of discrete delay parameters in the system.
Next, we discuss the merits of comprehensive statistical measures to identify the distinct intricate dynamics
of the gene circuit. In the penultimate section, we examine the impact of noise in gene regulatory networks
(GRNg). Finally, in the concluding section, we summarize the key findings of our research.

Gene regulatory model description and stability analysis

In this section, we have presented the mathematical description of the simplified two nodes of the gene regulatory
system. Also, we discussed the stability criteria of existing equilibrium states and the formation of periodic
dynamics in the system.

System equilibria
The two-gene circuit with two self-inhibitory and mutually activating genes is represented by the following delay
differential equations?

Al _ (94 + 9apB(t — 712)) Hyx [A(t — 71)] — kaA(t),

] (1)
det) = (98 + gBaA(t — 121)) Hgp [B(t — 72)] — ks B(t).

Here, A and B represent the protein concentrations measured in nanomolar (nM) units, i.e., 10~° moles per liter.
Time () is measured in minutes. The protein production rates ga and g are measured in units of nM/minute,
and the degradation rates k4 and kp are measured in units of 1/minute. These units are fixed throughout this
work for all simulations. Additionally, the model includes time delay terms in both self-inhibition processes (71
and 72) and mutual activation processes (712 and 721).

We model gene regulations using Hill functions. The experimental evidence suggests a monotonic
sigmoidal-shaped function®®, which increases when A(#) is an activator and decreases when A(#) is an inhibitor.
Activating regulation is modeled as 1 + (Ag/A)™, describing a curve that rises from zero and approaches unity.

Similarly, inhibitory regulation is represented by the decreasing function H, , and Hy are

1
1+ (A/Ao)""
self-inhibitory Hill functions for genes A and B, respectively. These inhibitory Hill functions are expressed as
_ 1 1
HyalAt)] =

1+(A/A0)n7 H;B[B(t)]z 1+(B/Bo)n7

concentrations of the Hill functions, and n represents its rank. Biologically, the Hill coefficient # is related to the
molecular binding mechanism. In simple cases, n corresponds to the number of protein monomers required for
saturation of binding to the DNA®.

where Ag and By represent the threshold

Equilibrium points
The equilibrium points of the system (1) are obtained by solving the nonlinear equations.

k‘AAn_H + kaAGA — gABAgB — gAAS‘ =0, k}BBn+1 + kpBy B — gBABE}A — g}336L =0. (2)

It is difficult to solve the above equations analytically; hence, we assume E* (A*, B*) be the arbitrary equilibrium
point of the system (1) and A* > 0 and B* > 0. In this study, we concentrate on the impact of varying time
delays in the model. It is important to note that these time delays do not influence the number of equilibrium
points in the model. We have numerically identified all biologically feasible equilibrium points (where A and B
represent protein concentrations) and present them in the following section.

Local stability and Hopf bifurcation
Tostudythelocalstabilityand Hopfbifurcationanalysisfor thesystem (1), weconsidered T, = 72 = T12 = 721 = 7T

and the Jacobian matrix of the linear model of the system (1) at an arbitrary interior equilibrium point
E*(A*, B") is given by

| —ka+ae ™ age T
- ( age™ ™" —kp + ase™ ) ' (3)
where
" (%;)nil (B"gap +ga) gAB gBA n(A*gsa +gB) (%)nil
a; = — A*\T 2 , a2 = T\ ,a3 = B " g = — - .
A ()" +1) ) 1" &)+ Bo ((5)"+1)

Then, the characteristic equation is given by
N+ (ka + k)X + kaks — [(a1 + ag) A+ (a1kp + aska)le ™ + (a1a4 — azaz)e” > = 0. (4)
Multiplying by o7, we get

(AN’ 4 (ka + k)X + kakp)e™ — (a1 + as)X — (a1kp + aska) + (a1as — azaz)e™ ™" = 0.

Scientific Reports|  (2025) 15:13064 | https://doi.org/10.1038/541598-025-97268-w nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Then
A2+ DA+ Q)e™ — Q3h — Qu + Qse N = 0. (5)
Let )\ — ;. separate the real and imaginary parts, and we obtain
(Qz + Q5 — wz) cos(wt) — Qwsin(wr) = Qq, (6)
Qwcos(wr) + (2 — Qs — w?) sin(rw) = Qaw, (7)

where Q1 = ka + kg, Q2 = kaks, Q3 = a1 + a4, Qu = a1kp + aska, Qs = a1a4 — azas.
From Egs. (6) and (7), we obtain

94(92 — w2 — Q5) —+ Q1ng2 ng(QQ — w2 —+ 95) — Q1Q4w

cos(wr) = =g, —orp —az r ke 0 ST T T e — 2 e ®)
Using sin®(w7) + cos®(wr) = 1, we get
W+ Biw® + Bow® + ng2 + B4 =0, 9)
where
Bi = —4Q, 4207 - Q3, By =605 + Q3 (2(2 + Q) — OF) — 40,07 — 203 + Qf — QF,
By = —4Q% 420202 + 40,02 — Q2(Q + (5)? + 20202 — 20202 + 40, Q50405 — 20502 — Q202
Bi = (Q2—925)%(Q2 + Q5 — Q) (Q2 + Q5 + Q).

Let us assume Eq. (9) has at least one positive root be (,,*, then we obtain the critical value of the time delay, that
the system (1) undergoes the Hopf bifurcation given by

7" = — arccos (94(92 —w =0 + QlQBw*Q) . (10)
w* (Q% 7w*2)279§+9%w*2
If - — (, the characteristic Eq. (4) becomes
N — (a1 + as) — (ka + k)N + kakp — a1k + aska + a1as — asaz = 0. (11)
It is clear that the system (1) is locally asymptotically stable for 7 = 0 if it satisfies
(a1 + a4) < (ka + kB), kakp + aska + a1a4 > a1kp + azas. (12)

Taking the derivative of \(7) in Eq. (5) with respect to T, we get

—1
d\(T) . Q3 T . Q3P
Sg“{ Re(?) } } = sen (RQ(A (VZF At Q) 7 — Qe ) A)Tﬂ) - Sg“(P;Z + Pg) - (13)

where

Pi =(w® — Qow) sin(wr) — (Qw? + ws) cos(wr), Po = (—w® + Qow) cos(wr) — (1w’ — Q) sin(wr).

-1

If (H1) P1 # 0 holds, then Re (d;{:) )T:T* # 0. Based on the above analytical derivations, we can conclude

that the system (1) for 7 # 0 is locally asymptotically stable for 7 € (0, 7*) if it satisfies Eq. (12) and (H1), then
the Hopf bifurcation occurs at critical parameter value 7*.

Result and discussion

We start by looking at the dynamics of GRNs as described in Suzuki (2016) before moving on to the discrete
complex dynamics in gene regulatory networks. As an example, we used two gene circuits with two self-
inhibitory and mutually activating genes, as shown in Fig. la. The brown and blue circles prove a two-gene
circuit: the self-activation loops of each gene A and B contain time-delays 71 and 72, respectively. Similarly, the
time delay among mutual activations of genes is denoted by 721 and 712. We found interesting dynamics, such
as extreme events (in protein concentration), in the gene circuit model when certain system parameters were set
to ga =50, ka = 0.20, g =50, kp = 0.24, gap = 3.0, gga = 3.00, a = 100, b = 4, and a range of different time
delays (71, 72, T12, and 721 ). Throughout this paper, we have fixed the above mentioned constant parameters for
all numerical simulations.

The occurrence of steady-state dynamics turns into an oscillatory solution through a Hopf bifurcation
for the appropriate time delay value identified in the system. When considering the equality of
T1 = T2 = T12 = T21 = 7( see Fig. 2(a)), and for a gradual increase of 7 within the range of (1.70, 1.85), distinct
dynamics of gene regulatory networks (GRNs) are observed, as depicted in Fig. 2b. For 7 < 1.776, the model
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Fig. 1. (a) The circuit schematic for the two genes, (A and B), includes fixed self-inhibitory delays (71 and

72) and one of the mutually activating delay terms (712 ), indicated by a solid line. Gradually varying 721 (
shown as a dashed line) leads to the emergence of chaos through a period-doubling route, as illustrated in the
bifurcation diagram in (b). The chaotic time series for 721 = 13.95 is presented in (c), along with the temporal
evaluation of chaotic dynamics for two infinitesimally small initial conditions depicted in (d). Additionally, (e)
displays the return map of the chaotic motion. Other delay parameter values are fixed as 71 = 6.0, 72 = 5.0,
and 712 = 7.5.

exhibits the equilibrium state at £*(196.1344, 189.9079), which satisfies the condition of Eq. (12), and it is locally
asymptotically stable. The phase portrait of asymptotically stable dynamics is pictured in Fig. 2c. On the other
hand, at a critical time delay value, i.e., for 7* = 1.776, we have identified the emergence of oscillatory dynamics

—1
from the steady state via Hopf bifurcation. Also, it satisfies the transversality condition Re (%@)T:T* # 0.

The phase portrait of regular oscillatory dynamics is showcased in Fig. 2d. The analytically obtained formation
of the Hopf bifurcation parameter value is plotted as a vertical red line in Fig. 2b that is well matched with the
numerical simulation result. Genetic networks often exhibit stable dynamics with multiple fixed points for a
wide range of parameter values. However, in this study, we focus on varying the time delay in the model. It is
important to note that the time delay does not affect the number of equilibrium points. Also, the proposed model
has only one biologically feasible equilibrium point, £*(196.1344, 189.9079).

Period-doubling route to chaos in GRNs

We began by examining how various dynamics in Gene Regulatory Networks (GRNs) emerge and the impact of
the time delay parameter 721 on this process. Fig. 1a illustrates the circuit architecture related to their time delay
interactions. To emphasize the significance of the control parameter 721, we used a dashed line to distinguish
it from the other time delay constants. The emergence of strong chaotic dynamics is identified in system eq. (1)
via the period-doubling route as we vary the time delay 721 = (0, 19) and for fixed 71 = 6.0, 72 = 5.0 and
712 = 7.5. To illustrate different transitions in the system, we have drawn a one-parameter bifurcation diagram
for a range of T21 €( 10, 17). The successive period-doubling routes to chaos are shown in Fig. 1b. Further, with
the gradual increase of 721 to the higher values, GRNs manifest chaotic attractors with different amplitudes,
that are intercepted by various periodic windows, as illustrated in Fig. 1b. To confirm the presence of chaotic
dynamics in the system, we have presented the time series for 721 = 13.95, as shown in Fig. 1c. For further
clarification of the chaotic dynamics, we have illustrated the temporal evolution using two infinitesimally small
initial conditions, depicted in Fig. 1d. The return map of the chaotic motion is also shown in Fig. 1e, with an inset
of magnified region highlighting scattered points that confirm the characteristic features of chaotic dynamics.
Upon increasing the 721 > 17.0, the GRNs exhibit rare and recurrent large events, which will be elaborated in
the following sections.
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Fig. 2. (a) Two gene circuits A and B (represented by orange and blue circles) consist of self-activation 71
and 72, as well as mutually activation 721 and 712. In this context, all delay terms are assumed to be equal:

T1 = Te = T21 = T12 = T, and these are illustrated as dashed lines. (b) Stability bifurcation diagram for the
system Eq. (1) proves the emergence of Hopf bifurcation from the steady state at the critical parameter value
of 7" = 1.776. The vertical red line in (b) elucidates the analytically obtained critical parameter value of the
gene model. Phase portraits (c) and (d) signify the existence of asymptotically stable dynamics and periodic
oscillation for the delay parameter values 7 = 1.75 and 7 = 1.776, respectively.

Extreme event via Pomeau-Manneville intermittency route
Next, we elucidate the formation of extreme events in the protein concentration in the gene regulatory network
that originate due to the Pomeau-Manneville (PM) intermittency. Broadly speaking, the Pomeau-Manneville
(PM) intermittency transition describes how a system changes from a laminar (periodic) state to a turbulent
state under the influence of specific parameters. Within a certain range of control parameter values, the system
exhibits periodic motion. As the control parameter continues to increase beyond a critical value, the system
remains in this periodic state for extended periods but experiences occasional bursts that disrupt the regular
dynamics at finite intervals. As the control parameters increase further, the system ultimately transitions to a
fully turbulent state. This entire process is referred to as the Pomeau-Manneville intermittency transition®!. Here
in the GRNs, for the fine-tuning of control parameter 721 from higher to lower values in the range 721 €(19.50,
20.0), the system exhibits period two oscillation and extreme events. In order to illustrate a sudden transition
from a periodic state to occasional extreme bursting-like events, we have drawn a bifurcation diagram, which
is presented in Fig. 3a. The large expansion appears at the critical parameter value 721 = 19.878. We utilized a
significant height threshold (H) to distinguish extreme events from other dynamics. The significant height
values are defined as Hy = (A, ) + no, where (A, ) represents the mean and o denotes the standard deviation
of the local maxima of A,. For a different analysis of this work, we fixed n at 6. The obtained threshold values
for a range of control parameters are plotted against the bifurcation diagram as a solid red line, as shown in
Fig. 3a. For the periodic state, the H value is placed above the threshold; conversely, the extreme events surpass
the significant height threshold values, which confirms the appearance of rare bursting dynamics in the system.
As previously mentioned, we introduced new statistical measures in the context of extreme events to uncover
critical transition points in the gene model that had not been used before. One of these measures is the mean
recurrence time (MRT). The MRT was calculated using a significantly larger amount of temporal data. Fig. 3b
shows the calculated MRT values for the control parameter 721 within the range (19.50, 20.0). Notably, the MRT
elucidates a clear distinction between periodic and extreme event (EE) dynamics. The dashed vertical red line
in Fig. 3b indicates the exact change from regular to large bursting dynamics, occurring at 721 = 19.878, which
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Fig. 3. (a) One parameter bifurcation diagram for a range of 721 € (19.5, 20) shows the transition to

extreme events via the PM intermittency route. The significant height threshold is plotted as a solid red line to
discriminate between extreme and non-extreme event domains. Variation of the finite-time MRT in (b) and
the variance (VAR) measure in (c) signifies sudden changes in those values at the critical parameter value. The
temporal dynamics of A(¢) for 21 ~ 19.878 show sporadic bursting events from the periodic dynamics. The
return map for PM intermittent dynamics (d) proves occasional bursting from the bounded region (see insert
plot for bounded dynamics). The PDF of PM intermittency dynamics (f) illustrates a long-tail distribution. The
red lines in (d) and (f) denote the significant height threshold values (H).

is marked by a sudden change in values from smaller to larger. Further, the time series indicates that extreme-
amplitude protein concentrations are rare events within the network. We want to understand the behavior of
the MRT in the context of shorter time frames. This entails examining the variance of the MRT to determine
how it fluctuates in smaller intervals in comparison to the entire time series. Insights into the stability and
variability of the MRT can be obtained by analyzing the variance, which aids in understanding the underlying
dynamics and predictability of these rare extreme events. The variance was calculated by finding the MRT for
smaller bins (300 time intervals) within the whole time series used for the MRT calculation. The variance plot
for the same range as the MRT analysis is presented in Fig. 3c. As expected, there is no variance for periodic
dynamics and moderate variance for extreme bursting dynamics in the gene regulatory networks (GRNs) model.
Notably, we identified a significant increase in variance at the critical value of 721, which supports our MRT
analysis. The study demonstrates that MRT and variance analysis can be utilized as effective statistical measures
for identifying various critical transitions in complex dynamical systems.

To provide further insight into the creation of rare bursting from the periodic state, we have included a
temporal plot in Fig. 3d for 721 = 19.878. Figure 3d makes it evident that the system exhibits rare bursting from
the period-two dynamics at irregular time intervals. A return map plot for PM intermittency-induced extreme
events is depicted in Fig. 3e. The more concentrated points in the lower amplitude show periodic dynamics, and
scatter points appear due to occasional large deviations in the system trajectory. Moreover, we have plotted a
probability distribution function (PDF) of extreme events that originated via PM intermittency in Fig. 3f. The
PDF plot of Fig. 3f demonstrates the rare probability of occurrence of EEs in the tail region and also reveals a
heavy-tail distribution.

Extreme event via quasiperiodic intermittency route

We then focus on investigating the quasiperiodic intermittency (QPI) pathway for the genesis of large amplitude
protein concentration. Compared to a large variety of complex dynamical systems, the QPI is an uncommon
phenomenon that has been identified in a few models*+¢2. The gene regulatory model exhibits QPI; here, the
intermittency emanating from the bounded quasiperiodic motion sporadically also exceeded the significant
height threshold value. For a better understanding of the appearance of QPI with extreme events and their
transitions, we have presented a one-parameter bifurcation diagram, which is depicted in Fig. 4a. The regular
period-two oscillations continue to exist until 721 = 20.08. Upon increasing the 721 > 20.08, the periodic

Scientific Reports|  (2025) 15:13064 | https://doi.org/10.1038/s41598-025-97268-w nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

oscillation shifted to quasiperiodic states via Neimark-Sacker bifurcation®*. The system persists in quasiperiodic
motion for the range of 721 €(20.08, 20.215). We can see the transition from periodic to quasiperiodic motion
in Fig. 4a. When the control parameter reaches the critical parameter 721 ~ 20.216, the system shows a sudden
surge from a bounded quasiperiodic motion into an irregular large amplitude oscillation, say, QPI which is
clearly visible in Fig. 4a. The red line in Fig. 4a denotes the significant height threshold that is used to differentiate
QPI and other dynamics in the system.

We found the MRT values for the QPI transition for a range of 721 €( 20, 21.5) using the same methods
described in the previous subsection. The results are shown in Fig. 4b. It is clear from the MRT plot that the
mean recurrence time values prevail at lower values for the range 721 €( 20, 20.215). However, the GRNs model
witnesses higher MRT values for the range 721 €(20.216, 21.5) in that region, where the system manifests rare
QPI bursting dynamics. In addition, there is a sudden increase in the MRT value at the critical control parameter
value 721 = 20.216, which is also reflected in the variance plot of Fig. 4c. Furthermore, we have identified null
variation for the quasiperiodic motion and reasonable fluctuation for the QPI dynamics portrayed in Fig. 4c.
The time series plot of quasiperiodic intermittency is presented in Fig. 4d, which manifests the advent of rare
bursting from the bounded QP region. Further, to ascertain the QPI dynamics, we have illustrated a return map
for 721 = 20.216 in Fig. 4e. It is well obtained from the return map plot (cf. Fig. 4e), the bestrew points reveal
the intermittent large expansion that occurred in the system. The magnified plot of Fig. 4e signifies that during
the large expansion, the bounded quasiperiodic motion remains the same in the system, resulting in the system
exhibiting a closed orbit in the bounded QP motion. Besides, the PDF for QPI dynamics is illustrated in Fig. 4f,
proving that a long-tail distribution confirms the appearance of extreme events in the gene circuit model.

So far, we have explored two distinct transitions in the gene regulatory networks (GRNs) that originated
from regular (either periodic or quasiperiodic) behavior to rare large amplitude protein concentration within a
specific range of 5, . To demonstrate other distinct possibilities for the emergence of extreme dynamics, we have
analyzed the system by varying another mutually activated time delay term, 7. This analysis is presented in the
following sections.

Extreme event via crisis-induced intermittency
In this section, we demonstrate the feasibility of the emergence of extreme bursting dynamics from the chaotic
states in the time delay-influenced gene model. For this illustration, we have fixed 7, = 5.0, T12 = 7.5, and

x10" 4
@) )] ©
of
\
6 =
% =
g = £
< 4T = >
|
2r [
2t
!
- ! . . 0 . =1
2%.00 20.45 20.95 21.40 20.0 20.5 21.0 21.5 20.00 20.75 21.40
To Ta1 To
x10" x10*
6l (d) 6 (e) 5000 3
+ S 107!
= 0o 5000 2
sl =3t A
3 < n A~ 1078
. x10° . _baot s
2.0 3.5 5.0 3 6 0 3.0x10" 6.0x10"
t A, A,
Fig. 4. (a) One parameter bifurcation diagram manifests the changeover in the system amplitude from QP
to extreme events for a range of 721 € (20, 21.5). Significant height threshold values (H) are drawn over
the bifurcation diagram to discriminate between extreme events and QP dynamics. (b) MRT and (c) variance
(VAR) analysis elucidate the unforeseen shift in their values at the transition point. The time series plot for
721 = 20.216 in (d) and the return map in (e) illustrate the irregular appearance of bursting dynamics from
the bounded QP region. (f) The PDF for QPI shows a heavy-tail distribution. The extreme events’ qualifier
threshold is plotted as a red line in (d) and (f).
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721 = 23.0. Gradually varying one of the self-inhibitory time delay terms 71, the system state variable exhibits
occasional large deviations from the bounded chaotic states. The circuit schematic associated with their time
delay interaction is shown in Fig. 5a. The solid line in Fig. 5a signifies constant delay, while the dashed line
elucidates the control parameter, which is used to pinpoint distinct dynamics in the system. When we slowly
change 71 in a certain range 71 €( 6.618, 6.65), the gene model shows a series of torus doubling routes. It then
moves into bounded chaotic dynamics via the torus breakdown routes*. The one-parameter bifurcation diagram
is shown in Fig. 5b, which shows that a three-torus forms after period-three oscillations with a critical time
delay value of 71 about 6.644. Upon decreasing 71, the three torus becomes complex QP motion, which is also
intercepted by higher-order periodic dynamics. Afterward, the complex QP motion shifted to chaotic dynamics
via the torus-breakdown transition, which is inferred from the bifurcation diagram of Fig. 5b.

Subsequently, upon reducing 71 to lower values, the gene model proves rare and large amplitude bursting
from the bounded chaotic states due to crisis-induced intermittency dynamics. The advent of extreme bursting
events from bounded chaotic dynamics is showcased in the bifurcation diagram of Fig. 6a. The sudden increase of
system amplitude from the bounded region to approximately eight times larger is apparent from the bifurcation
plot (see Fig. 6a). To demarcate the existence of distinct bounded dynamics (periodic, QP, and chaotic) and
occasional extreme bursting events, we have calculated the significant height threshold H which is plotted as a
red line in Fig. 6a. The bursting dynamics in the range of 71 €( 6.575, 6.611), surpass the H values, confirming
the emergence of extreme events in the system.

Next, we estimate the MRT and its variance for the crisis-induced intermittent transition. The estimated MRT
and variance for the range of 71 €( 6.575, 6.66) are depicted in Figs. 6b and c. The gene model exposes constant
MRT values for periodic dynamics, and successive increments have been identified for both quasiperiodic and
chaotic dynamics. We have observed the only conceivable increase at the transition point, as seen in the MRT
plot of Fig. 6b since the system already resides in strong chaos before the sudden large expansion. Nonetheless,
the variance plot of Fig. 6¢, which shows a sharp rise in value at the crucial parameter value, primarily illustrates
it. The vertical dashed line in both Figs. 6b and c indicate the transition point of crisis-induced intermittent
bursting dynamics in the gene model. Besides, we have shown the temporal dynamics of A(t) for 71 = 6.611
in Fig. 6d which shows the arrival of irregular large bursting dynamics from the bounded chaotic domain. Its
equivalent return map shows that sporadic scatter points show the formation of extreme bursting from confined
chaotic dynamics (see Fig. 6e) and messy points show the bounded dynamics. For additional confirmation on
the appearance of extreme bursting from the chaotic region, the PDF plot is pictured in Fig. 6f. The bounded
dynamics reveal a larger probability as compared with the rare existence of extreme bursting in the tail region
explicitly revealed in Fig. 6f and the significant height threshold represented as a vertical red line in Fig. 6f.
Supplementary section S2 also discusses the emergence of large bursting events influenced by other delay
parameters. We were able to find different sudden changes in the system from regular or irregular to occasional
large amplitude bursting in the GRNs by using the MRT and variance analysis. In the upcoming section, we will
present the details of our use of similar statistical measures to elaborate on the overall picture of the formation
of distinct complex dynamics in the system.

Formation of different complex dynamics: influence of delay parameters

The previous sections have shown the three different routes for the formation of extreme bursting events with
the impact of a specific delay parameter. In the present section, we show the overall dynamics of the GRNs. We
illustrate the system’s various intricate dynamics by varying two different time delays with the help of phase
diagrams. We have estimated the mean recurrence time for a wider range of delay parameters 721 €( 0, 25) and
71 €(0, 10) as shown in Fig. 7a. As we discussed earlier, the MRT measure proves a constant value for regular
dynamics, and its values remain lower for periodic states as compared with dissimilar irregular dynamics.

6.62 6.63 6.64 6.65
Tq

Fig. 5. (a) Two-gene (A and B) circuit model with the fixed 7, 712, 721 ( solid line) and varying 71 ( dashed
line) time delay configuration. (b) One parameter bifurcation diagram shows successive torus-doubling
dynamics followed by their breakdown to chaos for the range of 71 € (6.618, 6.650). The remaining delay
parameters chosen as 72 = 5.0, 712 = 7.5, and 721 = 23.0.
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Fig. 6. One parameter bifurcation diagram for 71 € (6.575,6.66), shows the advent of EEs from the confined
chaotic dynamics at 71 ~ 6.611. The significant height threshold is plotted as a solid red line to discriminate
between extreme and non-extreme events in a specific range of system parameters. The variation of finite-
time MRT and its variance (VAR) are presented in (b) and (c). The critical transition point is represented as

a dashed red line in (b) and (c) at 71 = 6.611. The temporal dynamics of extreme bursting from the chaotic
domain (d) and their respective return maps (e) signify the irregular appearance of EEs from the bounded
domain. The PDF of crisis-induced intermittency large expansion manifests the long-tail distribution,
exceeding the significant height (H - vertical red line) threshold.

Hence, the orange region of Fig. 7a manifests periodic dynamics, whereas the intermingled colors from yellow
to purple signify the existence of different complex dynamics. To support this analysis, we have incorporated
another reliable statistical measure, so-called determinism (DET). Indeed, this DET measure is used in many
classes of nonlinear models to locate the critical transition of the systems®. It has been shown that the DET
method can help us understand how different nonlinear systems go from having strange nonchaotic dynamics to
complex chaotic dynamics®. Precisely, the values of DET = 1 denote different periodic dynamics. On the other
hand, the lower values of DET signify the advent of discrete, complex dynamics. We used this same approach to
discriminate the formation of distinct dynamics in the gene model, and the results are shown in Fig. 7b. It can
be inferred from the DET phase diagram of Fig. 7b, that the periodic region (purple) reveals determinism values
1 and lower values (blue to orange) signify the existence of various complex dynamics in GRNs. The DET phase
diagram and the MRT analysis also match up well, which supports our observation that we can tell the difference
between regular and complex dynamics in the system.

The primary goal of this study is to uncover the formation of distinct, rare, and large-intensity bursts in
the GRNs. As a result, we have further classified the region of extreme events from the intermingled complex
domain of Figs. 7a and b. We used the variance of MRT to classify extreme and nonextreme regions for the
similar parameter space shown in Fig. 7c. The variance analysis adequately identified the existing regions
of extreme bursting dynamics, which are visible in the phase diagram of Fig. 7c. Moreover, for additional
confirmation to show the extreme bursting domain, we have used the well-established qualifier threshold
measure H; = (A,) + 60 to locate extreme events (EE - black dots) and the nonexistence of extreme events
(NEE - white region) dynamics, in the wider parameter region. The outcomes can be seen in Fig.7d, and they
support the parameter space for extreme events that we found using variance analysis.

Furthermore, we have evaluated the similar MRT, DET, and variance of MRT for the time delay interaction
between 721 and T regions, which are depicted in Fig. 8. Once again, the MRT and DET statistical measures
distinguish periodic (yellow in Fig. 8a and purple Fig. 8b) and non-periodic (intermingled color in both Fig. 8a
and b) domains for a broad parameter space, as pictured in Fig. 8a and b. The variance and extreme events’
qualifier-based phase diagrams are presented in Fig. 8c and d closely match with one another, which also
manifest the formations of extreme events and nonextreme bursting in the specific parameter range. Moreover,
we have presented other delays influenced by the formation of different burstings and their statistical analogies
elaborated in supplementary section S3. We utilized various recurrent quantification analyses to identify the
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Fig. 7. Phase diagrams for mean recurrence time in (a) and determinism in (b) at the 72; and 71 planes exhibit
the formation of distinct complex dynamics in the GRNs. The fixed delay parameters are set as 72 = 5.0 and
T12 = 7.5. The variance (c) and extreme and non-extreme event dynamics (d) are shown for a wider parameter
region. The higher variance (purple) in (c) is well matched with the extreme events domain (black region) in
(d), revealing the effect of RQA for identifying the critical dynamics domain in the system.

formation of distinct regular and complex dynamics, including extreme events. However, there are limitations
to using this measure for determining the distinct stability of gene regulatory networks (GRNs), which is not the
primary focus of this study. Additionally, we observed all three different transitions within the selected ranges of
T1, T2, T12, and 721. It is worth noting that the GRNs exhibit similar transitions for larger values of the different
T parameters, but we did not include those in our discussion to avoid repetition.

Effect of noise

Finally, we evaluated the effect of noise in two simplified gene regulatory networks (GRNs), as certain noise
levels are always present in most biological systems. To examine the impact of noise during the transition from a
bounded region to unforeseen large amplitude bursting dynamics, we analyzed the quasiperiodic intermittency
transitions. The stochastic delay differential equations of the GRNSs are expressed as follows:

LU — (g 9Bl = 1) L [AG = 70)] — ka (D) + 7a€(0),
dB(t) (14)

= (98 + gpaA(t — 721)) Hgp [B(t — 72)] — kpB(t) + 0B(1).

In Eq. (14), £(t) represents Gaussian white noise with zero mean and unit variance, and o4 and op denote
its relative intensities!*%>. We set 04 = 0B = 04, and examined the effect of noise in GRNs with different
noise intensity values. First, we presented the bifurcation diagram of the quasiperiodic intermittency transition
to extreme events for a fixed noise intensity value of o4 = 0.0001. The obtained bifurcation diagram (gray
points) is plotted in Fig. 9a. For this lower noise intensity, we observed that the GRNs transition from
bounded quasiperiodic behavior to extreme events at 721 ~ 20.217. This transition point closely aligns with
the quasiperiodic intermittency transition discussed earlier. However, an increase in the noise intensity led to
significant changes in system dynamics. For instance, when we set the noise intensity value to o4 = 0.001, we
found that the system began to display extreme events at 721 ~ 20.1, asillustrated in the bifurcation plot (yellow
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Fig. 8. Phase diagrams: (a) mean recurrence time and (b) determinism for the range of 721 €( 0.0, 25.0) and
71 €( 0.0, 10.0) showing the advent of distinct intricate dynamics in the system. Other delay parameters are
setas 71 = 6.0 and 712 = 7.5. The variance measure (c) and extreme and non-extreme event dynamics (d) are
presented for a wider parameter region. The existence of a higher variance (purple) in (c) exactly aligns with
the extreme events domain (black region) in (d), confirming the rare appearance of extreme bursting events in
the system.
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Fig. 9. (a) One parameter bifurcation diagram shows quasiperiodic intermittency transition via extreme
events with the influence of different noise effects. The GRNs are robust with a lower noise level (gray points:
04 =0.0001) and a significant shift in the transition point with the influence of larger noise strength (yellow
point: o4 = 0.001). (b) The PDF for different noise strengths and 721 values, for o4 = 0.0001, 721 = 20.217
(gray), and for o4 = 0.001, 721 = 20.1 (yellow), signify the heavy-tail distribution.
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points) in Fig. 9a. It is important to note that the two simplified GRNG are resilient to noise at certain levels but
exhibit substantial changes after reaching a specific noise intensity threshold. Moreover, to confirm the existence
of extreme events at different noise intensities in the GRNSs, we depicted the probability distribution function
(PDF) for two different o4 values in Fig. 9b. The PDF reveals a heavy-tailed distribution, confirming the presence
of extreme events in the GRN.

Conclusion

We explored the emergence of diverse dynamical behaviors including periodic, quasiperiodic, chaotic, and
extreme bursting patterns in a two-node gene regulatory network influenced by self-inhibitory and mutually
activated time-delay parameters. Through a combination of numerical and statistical analyses, such as
bifurcation diagrams, return maps, probability distribution functions, mean recurrence time (MRT), and the
variance of MRT, we identified the origins, and transitions leading to extreme bursting dynamics and other
dynamical phenomena. Our findings highlight that varying time delays in two-node gene regulatory networks
reveal a rich spectrum of dynamics, offering valuable insights into the interactions, bursting behaviors, and
stability transitions in such systems. The results presented in this work offer several hypotheses and analogies
for understanding simple real gene regulatory networks. For example, high-amplitude fluctuations (say EEs)
in protein levels can disrupt gene expression, destabilize cellular homeostasis, activate stress responses, and
impose a significant metabolic burden that leads to cancer, improper cellular responses, and neurodegenerative
diseases®®®”. Time delays within gene networks are known to influence various biological processes, including
delay-induced chaos in circadian gene regulation?. Our findings indicate that studying extreme bursting events
and chaotic dynamics in simple gene regulatory models, including the impact of delays, can provide valuable
insights into understanding how high-amplitude fluctuations emerge and can lead to disrupted gene expression.
To expand this research, we plan to construct networks of gene regulatory networks (GRNs) incorporating
delays and diverse topological connections. This will enable us to explore the interplay between extreme events
and disruptions in circadian rhythms across interconnected pathways in future studies.

Data availability
The datasets generated during the current study are available from the corresponding author on reasonable
request.
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