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A signed graph is a simple graph where each edge receives a sign positive or negative. Such graphs are mainly used in social sciences
where individuals represent vertices friendly relation between them as a positive edge and enmity as a negative edge. In signed
graphs, we define these relationships (edges) as of friendship (“+” edge) or hostility (“−” edge). A 2-path product signed graph 𝑆#̂𝑆
of a signed graph 𝑆 is defined as follows: the vertex set is the same as 𝑆 and two vertices are adjacent if and only if there exists a path
of length two between them in 𝑆. The sign of an edge is the product of marks of vertices in 𝑆 where the mark of vertex 𝑢 in 𝑆 is the
product of signs of all edges incident to the vertex. In this paper, we give a characterization of 2-path product signed graphs. Also,
some other properties such as sign-compatibility and canonically-sign-compatibility of 2-path product signed graphs are discussed
along with isomorphism and switching equivalence of this signed graph with 2-path signed graph.

1. Introduction

Signed graph forms one of the most vibrant areas of research
in graph theory and network analysis due to its link with
behavioural and social sciences. The earliest appearance of
signed graphs can be traced back toHeider [1] andCartwright
[2]. From that time to recently, signed theory has evolved
rapidly with signed graphs being linked to algebra [3–5],
social networks [6, 7], other models [8, 9], and graph spectra
[10] to name few. In graph theory, itself signed graphs have
been used to define many properties and new concepts. In
[11, 12] the signed graph of line signed graphs is discussed,
whereas [13, 14] talks about common edge signed graphs.
The work in [15, 16] generalises the (𝑘, 𝑑)-graceful graphs to
signed graphs. The colouring of signed graphs is reported in
[17–19]. The connection between the intersection graphs of
neighborhood and signed graphs has also been studied [20–
24]. Recently a Coxeter spectral analysis and a Coxeter spec-
tral classification of the class of edge-bipartite graphs (that is a
class of signed (multi)graphs) is developed in the papers [25–
27] in relation to Lie theory problems, quasi Cartan matrices,
Dynkin diagrams, Hilbert’s X Problem, combinatorics of

Coxeter groups, and the Auslander-Reiten theory of module
categories and their derived categories. In this paper, we were
mainly driven to carry out work in the area of signed graphs
derived from 2-path product operations, which primarily
deals with the structural reconfiguration of the structure of
dynamical systems under prescribed rules and the rules are
designed to address a variety of interconnections among the
elements of the system. We have obtained some theoretical
results (some of which are presented in [28]) with a hope
of building necessary conceptual resources for applications.
For standard terminology and notation in graph theory one
can refer to Harary [29] and West [30] and for signed graph
literature one can read Zaslavsky [19, 31, 32]. Throughout the
text, we consider finite, undirected graph with no loops or
multiple edges.

A signed graph is an ordered pair 𝑆 = (Σ, 𝜎), where Σ
is a graph Σ = (𝑉, 𝐸), called the underlying graph of 𝑆 and
𝜎 : 𝐸 → {+, −} is a function from the edge set 𝐸 of Σ into the
set {+, −}, called the signature (or 𝑠𝑖𝑔𝑛 in short) of 𝑆. Alter-
natively, the signed graph can be written as 𝑆 = (𝑉, 𝐸, 𝜎), with
𝑉, 𝐸, and 𝜎 in the above sense. A signed graph is all-positive
(resp., all negative) if all its edges are positive (negative);
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further, it is said to be homogeneous if it is either all-positive
or all negative and heterogeneous otherwise. The positive
(negative) degree of a vertex V ∈ 𝑆 denoted by 𝑑+(V)(𝑑−(V))
is the number of positive (negative) edges incident on the
vertex V and 𝑑(V) = 𝑑+(V) + 𝑑−(V). The negation of a signed
graph 𝜂(𝑆) is obtained by reversing the sign of edges of 𝑆.
Let V be an arbitrary vertex of a graph 𝑆. We denote the
set consisting of all the vertices of Σ adjacent to V by 𝑁(V).
This set is called the 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑒𝑡 of V and sometimes
we call it as 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 of V. A 𝑚𝑎𝑟𝑘𝑒𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ is
an ordered pair 𝑆𝜇 = (𝑆, 𝜇) where 𝑆 = (Σ, 𝜎) is a signed
graph and 𝜇 : 𝑉(Σ) → {+, −} is a function from the vertex
set 𝑉(Σ) of Σ into the set {+, −}, called a marking of 𝑆. M𝑆
denotes the set of all markings on vertices of 𝑆. For any vertex
V ∈ 𝑆, 𝜇1(V) = ∏𝑢∈𝑁(V)𝜎(𝑢V) is called canonical marking. The
marking on the vertices will be specified in the whole text as
the case may be.

𝑁∗(𝑡) = {V𝜇1 ∈ (𝑉(𝑆𝜇)) : 𝑡V is an edge with sign 𝜇},
𝑁+∗ (𝑡) = {V+ ∈ (𝑉(𝑆𝜇)) : 𝑡V is an edge}, and 𝑁−∗ (𝑡) = {V− ∈
(𝑉(𝑆𝜇)) : 𝑡V is an edge}. A vertexwith amarking𝜇 is denoted
by V𝜇. A cycle in a signed graph 𝑆 is said to be positive if the
product of the signs of its edges is positive or, equivalently, if
the number of negative edges in it is even. A cycle which is
not positive is said to be negative.

A signed graph is line balanced or balanced if all its
cycles are positive. The partition criterion to characterize the
balance property of a signed graph is given by Harary. A
marked graph is vertex or point balanced if it does not contain
odd number of negative vertices. A signed graph 𝑆 is sign-
compatible [35] if there exists a marking 𝜇 of its vertices such
that the end vertices of every negative edge receive “−” marks
in 𝜇 and no positive edge in 𝑆 has both of its ends assigned
“−”mark in 𝜇; it is sign-incompatible otherwise. A canonically
marked graph 𝑆 is said to be canonically sign-compatible (orC-
sign-compatible) if end vertices of every negative edge receive
“−” sign and no positive edge has both of its ends assigned
“−” under 𝜇.

The idea of switching a signed graph was introduced by
Abelson and Rosenberg [36] in connection with structural
analysis of social behaviour andmay be formally stated as fol-
lows: given a marking 𝜇 of a signed graph 𝑆, switching 𝑆 with
respect to𝜇 is the operation of changing the sign of every edge
of 𝑆 to its opposite whenever its end vertices are of opposite
signs in 𝑆𝜇 (also seeGill and Patwardhan [37, 38]).The signed
graph obtained in this way is denoted by (𝑆)𝜇 and is called the
𝜇-switched signed graph or just switched signed graph when
themarking is clear from the context. Further, a signed graph
𝑆1 switches to signed graph 𝑆2 (or that they are switching
equivalent to each other), written as 𝑆1 ∼ 𝑆2, whenever there
exists 𝜇 ∈ M𝑆1 such that (𝑆1)𝜇 ≅ 𝑆2, where “≅” denotes the
isomorphism between any two signed graphs in the standard
sense. Two signed graphs 𝑆1 and 𝑆2 are cycle isomorphic if
there exists an isomorphism 𝑓 : Σ1 → Σ2, where Σ1 and Σ2
are underlying graph of 𝑆1 and 𝑆2, respectively, such that the
sign of every cycle 𝑍 in 𝑆1 equals the sign of 𝑓(𝑍) in 𝑆2.

Assume that 𝑆 = (𝑉, 𝐸, 𝜎) is a signed graph. We associate
with 𝑆 the 2-path signed graph [39] 𝑆#𝑆 = (𝑉, 𝐸󸀠, 𝜎󸀠) defined
as follows: the vertex set is same as the original signed graph
𝑆 and two vertices 𝑢, V ∈ 𝑉(𝑆#𝑆), are adjacent if and only if

1

2

3

4

2

3

4

1
S

S2

Figure 1: A signed graph and its 2-path signed graph.
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Figure 2: A signed graph and its 2-path product signed graph.

there exists a path of length two in 𝑆. The edge 𝑢V ∈ 𝑉(𝑆#𝑆) is
negative if and only if all the edges in all the two paths in 𝑆 are
negative otherwise the edge is positive (see Figure 1). The 2-
path product signed graph 𝑆#̂𝑆 = (𝑉, 𝐸󸀠, 𝜎󸀠) [40] is defined as
follows: The vertex set is same as the original signed graph
𝑆 and two vertices 𝑢, V ∈ 𝑉(𝑆#̂𝑆), are adjacent if and only
if there exists a path of length two in 𝑆. The sign 𝜎󸀠(𝑢V) =
𝜇1(𝑢)𝜇1(V), 𝜇1 is canonical marking (see Figure 2).

Property 1 (see [39]). A 2-subset {V𝑖, V𝑗} in a neighborhood of
a vertex in a given signed graph 𝑆 has propertyP if {V𝑖

−, V𝑗
−} ⊂

𝑁∗(V𝑘) for some 𝑖, 𝑗, 𝑘 and for each 𝑁(𝑡) containing V𝑖, V𝑗,
{V𝑖
−, V𝑗
−} ⊂ 𝑁∗(𝑡).

In the first section, we give a characterization of 2-path
product signed graph, followed by a theorem of finding
the degree of each vertex in 𝑆#̂𝑆. Also, we find when a 2-
path product graph is isomorphic and switching equivalent
to its negation. Next, we find when 𝑆#̂𝑆 is all negative
for a given 𝑆. The following two sections are dedicated to
signed graph properties sign-compatibility and canonical-
sign-compatibility. The last section deals with the isomor-
phism and switching equivalence of the two types of 2-path
graphs of signed graphs.

2. Characterization of 2-Path Product
Signed Graph

We require the following theorems for the characterization of
2-path product signed graph.

Theorem 2 (see [41]). A signed graph 𝑆 is vertex balanced if
and only if it is possible to assign signs to the edges of 𝑆 such that
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the mark of any vertex 𝑢 is equal to the product of the signs of
the edges incident to 𝑢.

The following characterization of 2-path graphswas given
by Acharya and Vartak.

Theorem 3 (see [42]). A connected graph Σ with vertices
V𝑖, 𝑖 = 1, . . . , 𝑛 is of the 2-path graph form Σ = 𝐻#𝐻, with
some graph𝐻 if and only if Σ contains a collection of complete
subgraphs Σ1, Σ2, . . . , Σ𝑛 such that for each 𝑖, 𝑗 = 1, . . . , 𝑛

(i) V𝑖 ∉ Σ𝑖;

(ii) V𝑖 ∈ Σ𝑗 ⇔ V𝑗 ∈ Σ𝑖;

(iii) V𝑖V𝑗 ∈ Σ and there exists Σ𝑘 containing V𝑖V𝑗.

Theorem 4 (see [39]). A connected sigraph 𝑆 with vertices
V𝑖, 𝑖 = 1, . . . , 𝑛 is a 2-path sigraph of some sigraph 𝑆󸀠 if and only
if 𝑆 contains a collection of complete subsigraphs 𝑆1, 𝑆2, . . . , 𝑆𝑛
with marked vertices V𝑖𝜇, 𝜇 ∈ {+, −} such that, for each 𝑖, 𝑗 =
1, . . . , 𝑛, the following hold:

(i) V𝑖
𝜇 ∉ 𝑆𝑖;

(ii) V𝑖
𝜇1 ∈ 𝑆𝑗 ⇔ V𝑗

𝜇2 ∈ 𝑆𝑖, 𝑖 ̸= 𝑗, 𝜇1 = 𝜇2;

(iii) V𝑖V𝑗 ∈ 𝐸(𝑆) with sign 𝜎; then there exists 𝑆𝑘 containing
V𝜇𝑖𝑖 , V

𝜇𝑗
𝑗 where 𝜇𝑖, 𝜇𝑗 ∈ {+, −} and if 𝜎(V𝑖, V𝑗) = − then

{V𝑖, V𝑗} is a P pair in 𝑆𝑘.

The following proposition is evident from [43, 44].

Proposition 5. 2-path product signed graph of a signed graph
𝑆 is always balanced.

We give a characterization for 2-path product signed
graph.

Theorem 6. A connected signed graph 𝑆 with vertices V𝑖, 𝑖 =
1, . . . , 𝑛 is of the 2-path product signed graph form 𝑆 = 𝑆󸀠#̂𝑆󸀠
with some signed graph 𝑆󸀠 if and only if the underlying graph
Σ is a 2-path graph and 𝑆 is both line balanced and vertex
balanced.

Proof.

Necessity. Suppose 𝑆 is of the 2-path product signed graph
form 𝑆 = 𝑆󸀠#̂𝑆󸀠 with vertices V1, V2, . . . , V𝑛. Now from
Theorem 3, there exist 𝑛 complete subsigned graphs such that
(i), (ii), and (iii) hold. Let us consider the set 𝑁(V) of neigh-
borhood of a vertex V in 𝑆󸀠. For each vertex V in 𝑆󸀠 there is a
neighborhood𝑁(V), hence 𝑛 such subsets of neighborhoods.
Clearly since we consider open neighborhood, V ∉ 𝑁(V),
also if a vertex 𝑢 ∈ 𝑁(V), then 𝑢V is an edge in 𝑆 and
hence V ∈ 𝑁(𝑢). And if 𝑢V is an edge in 𝑆 then 𝑢 and V are
adjacent to a vertex 𝑤 in 𝑆󸀠. That is 𝑢, V ∈ 𝑁(𝑤) such that
𝜎(𝑢V) = 𝜇1(𝑢)𝜇1(V) since each vertex has a marking in 𝑆󸀠. We
know that 𝑆󸀠 is a canonically marked signed graph; thus each
vertex has a marking 𝜇1. Now let𝑁∗(V𝑖) be the neighborhood
of a vertex V𝑖 with marked vertices retaining the marking
from 𝑆󸀠. Then clearly since all three properties (i), (ii), and

(iii) of Theorem 3 are satisfied and also by Theorem 2, and
Proposition 5, 𝑆 is line balanced and vertex balanced.

Sufficiency. Let 𝑆 be a given signed graph such that its
underlying graph Σ is a 2-path graph and 𝑆 is both line
balanced and vertex balanced. Then by Theorem 3, it can
be written as the union of 𝑛 complete subsigned graphs
𝑆1, 𝑆2, . . . , 𝑆𝑛 of marked vertices such that for each 𝑖, 𝑗 =
1, . . . , 𝑛, (i), (ii), and (iii) hold. Now associate a vertex V𝑖 ∉ 𝑆𝑖
to 𝑆𝑖 and join V𝑖 to all the vertices in 𝑆𝑖, 𝑖 = 1, . . . , 𝑛 and giving
the edge V𝑖V𝑗 sign as that of the product of marking on V𝑖 and
V𝑗 where V𝑗 ∈ 𝑆𝑖. Let the signed graph thus obtained be 𝑆󸀠.
Next we show that 𝑆󸀠#̂𝑆󸀠 ≅ 𝑆. Obviously Σ󸀠#̂Σ󸀠 ≅ Σ, where Σ󸀠
and Σ are underlying graph of 𝑆󸀠 and 𝑆, respectively. Let V𝑖V𝑗
be an edge 𝑆 with the sign 𝜎; then 𝜎 = 𝜇1(V𝑖)𝜇1(V𝑗), where
𝜇1(V𝑖) and 𝜇1(V𝑗) are markings on V𝑖 and V𝑗, respectively. By
hypothesis, V𝑖V𝑗 ∈ 𝑆𝑘 for some 𝑘. Hence we will associate a
vertex V𝑘 to 𝑆𝑘 and let its marking be 𝜇1. By definition, the
sign of edge V𝑖V𝑗 in 𝑆

󸀠#̂𝑆󸀠 is 𝜎󸀠, 𝜎󸀠 = 𝜇1(V𝑖)𝜇1𝜇1(V𝑗)𝜇1. That is
𝜎󸀠 = 𝜎 = 𝜇1(V𝑖)𝜇1(V𝑗). Therefore, 𝑆󸀠 is the signed graph such
that 𝑆󸀠#̂𝑆󸀠 ≅ 𝑆.

The characterization of 2-path signed graph inTheorem 4
provides us with a mechanism to check if a given signed
graph is 2-path of some signed graph, which is discussed in
Algorithm 1.This has been rigorously studied elsewhere in the
author’s contribution which is fully devoted to 2-path signed
graphs and its properties.ThusAlgorithm2usingAlgorithm 1
detects if the given signed graph is 2-path product signed
graph and find the original signed graph. In Algorithm 2, we
use the adjacency matrix 𝐴 = {𝑎[𝑖][𝑗] : 𝑖, 𝑗 ≤ 𝑛} and its
order 𝑛 to find the original signed graph. Algorithm 3 is used
to find the 2-path product signed graph for a given signed
graph.

Theorem 7. If 𝑢𝜇1 ∈ 𝑉(𝑆𝜇1), 𝜇1 ∈ {+, −} being the canonical
marking of a vertex 𝑢, then the degree of the vertex 𝑢 in 𝑆#̂𝑆,
for a given signed graph 𝑆, is given by the following:

(i) If 𝜇1 = + then positive degree of 𝑢 in 𝑆#̂𝑆 =
|⋃𝑢+∈𝑁∗(𝑥)(𝑁

+
∗ (𝑥) − {𝑢})| and the negative degree of

𝑢 = |⋃𝑢+∈𝑁∗(𝑥)(𝑁
−
∗ (𝑥) − {𝑢})|.

(ii) If 𝜇1 = − then positive degree of 𝑢 in 𝑆#̂𝑆 =
|⋃𝑢−∈𝑁∗(𝑥)(𝑁

−
∗ (𝑥) − {𝑢})| and the negative degree is

| ⋃𝑢−∈𝑁∗(𝑥)(𝑁
+
∗ (𝑥) − {𝑢})|.

Proof. ByTheorem 6 the neighborhoods of a vertex of 𝑆 gives
the edges in 𝑆#̂𝑆. That is, if 𝑢, V ∈ 𝑁∗(𝑥) for some 𝑥 ∈ 𝑉(𝑆),
then 𝑢V is an edge in 𝑆#̂𝑆. Thus ⋃𝑢∈𝑁∗(𝑥) (𝑁∗(𝑥) − {𝑢}) gives
the number of vertices which form an edge with 𝑢 in 𝑆#̂𝑆.
And since the marking is canonical in 𝑆 thus positive edges
in 𝑆#̂𝑆 are given by vertices with samemarking.Thus a vertex
𝑢𝜇1 , 𝜇1 ∈ {+, −} in 𝑉(𝑆#̂𝑆) is given by the following:

(i) If 𝜇1 = + then positive degree of 𝑢 in 𝑆#̂𝑆 =
|⋃𝑢+∈𝑁(𝑥)(𝑁

+
∗ (𝑥) − {𝑢})| and the negative degree of

𝑢 = |⋃𝑢+∈𝑁∗(𝑥)(𝑁
−
∗ (𝑥) − {𝑢})|.
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Input. The adjacency matrix 𝐴𝑛×𝑛 = {𝑎𝑖𝑗 ∈ {−1, 0, +1} : 1 ≤ 𝑖, 𝑗 ≤ 𝑛}
Output. If 𝐴 is a 2-path for some signed graph 𝐴󸀠 then returns 𝐴󸀠.
Process
(1) Collect all the cliques𝐷 for each vertex 𝑛, using Bron-Kerbosch algorithm [33].
(2) Mark every vertex by + and then − in each clique.
(3) Calculate 𝐵, which represent the all possible combinations generated by each marked vertex from the

clique.
(4) for 𝑡 = 1 to size(𝐵) do
(5) Select 𝐵𝑡 ∈ 𝐵
(6) for 𝑘 = 1 to 𝑛 do
(7) Select𝑚 ∈ 𝐵𝑡 && 𝑛

󸀠 ∈ 𝐵𝑡
(8) if 𝑎[𝑚][𝑛󸀠] ̸= 0 then
(9) 𝐸(𝑘) = 𝐵𝑡
(10) for 𝑘 = 1 to 𝑛 do
(11) for 𝑙 = 1 to 𝑛 do
(12) if 𝑚(𝑘)+ ∈ 𝐵𝑙 then
(13) 𝐶[𝑘][𝑙] = 1
(14) else
(15) if 𝑚(𝑘)− ∈ 𝐵𝑙 then
(16) 𝐶[𝑘][𝑙] = −1
(17) else
(18) 𝑚(𝑘)− ∉ 𝐵𝑙
(19) 𝐶[𝑘][𝑙] = 0
(20) for 𝑘 = 1 to 𝑛 do
(21) for 𝑗 = 1 to 𝑛 do
(22) if 𝐶[𝑘][𝑘] == 0&&𝐶[𝑘][𝑗] == 𝐶[𝑗][𝑘] then
(23) go to (25)
(24) else
(25) go to (23)
(26) For all the combinations of elementary swamping operations on either rows or columns in 𝐴, repeat (4).
(27) If all the combinations are checked and no such matrix 𝐶 is obtained then no such graph exist.
(28) If such a signed graph exist then 𝐶 is the adjacency matrix of required signed graph whose 2-path signed

graph is 𝑆.

Algorithm 1: To check if the given signed graph is a 2-path of some other signed graph.

Input. The adjacency matrix 𝐴 of signed graph 𝑆 and dimension 𝑛
Output. If 𝑆 is a 2-path for some signed graph then returns its adjacency matrix 𝐴󸀠.
Process
(1) We use Algorithm 1 to detect if 𝐴 is a 2-path signed graph.
(2) Use algorithm in [34] to check if 𝑆 is balanced.
(3) for 𝑖 = 1 to 𝑛 do
(4) 𝑑[𝑖] = 1; for𝑗 = 1 to 𝑛 do
(5) if 𝑎[𝑖][𝑗] ̸= 0 then
(6) 𝑑[𝑖] = 𝑑[𝑖] ∗ 𝑎[𝑖][𝑗];
(7) 𝑓 = 1;
(8) for 𝑖 = 1 to 𝑛 do
(9) 𝑓 = 𝑓 ∗ 𝑑[𝑖]
(10) if 𝑓 = −1 then
(11) The given signed graph is not a 2-path product signed graph
(12) else
(13) The given signed graph is a 2-path product signed graph

Algorithm 2: To check if the given signed graph is a 2-path product of some other signed graph.
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Input. Adjacency matrix 𝐴 and dimension 𝑛.
Output. Adjacency matrix of 2-path signed graph
Process
(1) Enter the order 𝑛 and adjacency matrix 𝐴 of for a given signed graph 𝑆.
(2) Collect all the 𝑞P pairs for given signed graph 𝑆.
(3) for 𝑖 = 1 to 𝑛 do
(4) 𝑑[𝑖] for𝑗 = 1 to 𝑛 do
(5) 𝑏[𝑖][𝑗] = 0 if 𝑎[𝑖][𝑗] ̸= 0 then
(6) 𝑑[𝑖] = 𝑑[𝑖] ∗ 𝑎[𝑖][𝑗];
(7) for 𝑖 = 1 to 𝑛 do
(8) for 𝑗 = 1 to 𝑛 do
(9) for 𝑘 = 1 to 𝑛 do
(10) if (𝑎[𝑖][𝑗] ̸= 0)&& (𝑎[𝑖][𝑘] ̸= 0) then
(11) if (𝑑[𝑘] ∗ 𝑑[𝑗] = −1) then
(12) 𝑏[𝑘][𝑗] = −1
(13) 𝑏[𝑗][𝑘] = −1
(14) else
(15) 𝑏[𝑘][𝑗] = 1
(16) 𝑏[𝑗][𝑘] = 1

Algorithm 3: Algorithm to obtain a 2-path product signed graph for a given signed graph.

(ii) If 𝜇1 = − then positive degree of 𝑢 in 𝑆#̂𝑆 =
|⋃𝑢−∈𝑁∗(𝑥)(𝑁

−
∗ (𝑥) − {𝑢})| and the negative degree is

| ⋃𝑢−∈𝑁∗(𝑥)(𝑁
+
∗ (𝑥) − {𝑢})|.

Theorem 8. 𝑆#̂𝑆 ≅ 𝜂(𝑆)#̂𝜂(𝑆), if and only if 𝑆 is a signed graph
with each vertex of even degree.

Proof.

Necessity. Let 𝑆#̂𝑆 ≅ 𝜂(𝑆)#̂𝜂(𝑆); then clearly the underlying
graph Σ of 𝑆 is such that Σ#̂Σ ≅ 𝜂(Σ)#̂𝜂(Σ). Also since 𝑆 is
a canonically marked signed graph with each vertex of even
degree, the mark on every vertex will be the product of edges
incident to it. Let if possible V be a vertex with 𝑥 number of
positive edges incident to V and 𝑦 be the number of negative
edges incident to it. Then one of the following cases arises.

Case 1. Let 𝑥 be even; then 𝑦 is also even since the total
number of edges incident to V is even. In negation of 𝑆, 𝑦 will
again be even (since 𝑥 is even in 𝑆).Thus both retain the same
marking for V.

Case 2. Let 𝑥 be odd then 𝑦 is odd. Clearly 𝜇1(V) = −; also
𝜇1(V) in 𝜂(𝑆) is again negative.Thus in both 𝑆#̂𝑆 and 𝜂(𝑆)#̂𝜂(𝑆)
the marking of V is −.

Clearly, since marking on each vertex remains the same
so their 2-path product signed graphs remain isomorphic.

Sufficiency. Let 𝑆#̂𝑆 ≅ 𝜂(𝑆)#̂𝜂(𝑆). Let if possible V be a vertex
with odd degree. Let 𝑥 be the number of positive edges
incident to V and 𝑦 be the negative edges incident to V; then
the following cases arise:

(i) If 𝑥 is odd then 𝑦 is even. Consequently, V receives a
positive marking in 𝑆, but in its negation the number

of negative edges becomes odd and hence the sign is
reversed.

(ii) If 𝑥 is even then 𝑦 is odd. The marking in 𝑆 and 𝜂(𝑆)
is again reversed.

Thus if the signed graph has odd degree vertices then the 2-
path product graphs of 𝑆 and 𝜂(𝑆) are not isomorphic, which
is a contradiction.

Corollary 9. For any signed graph 𝑆, 𝑆#̂𝑆 ∼ 𝜂(𝑆)#̂𝜂(𝑆).

Proof. Clearly, Σ#̂Σ ≅ 𝜂(Σ)#̂𝜂(Σ), where Σ is underlying
graph of 𝑆. Next we know that 𝑆#̂𝑆 is always balanced, for
every signed graph 𝑆. Thus all cycles are positive and have
even number of negative edges. Thus both 𝑆#̂𝑆 and 𝜂(𝑆)#̂𝜂(𝑆)
will possess cycles with even number of negative edges. Thus
𝑆#̂𝑆 ∼ 𝜂(𝑆)#̂𝜂(𝑆).

Theorem 10. A 2-path product signed graph 𝑆#̂𝑆 of a given
signed graph 𝑆 is all negative if and only if 𝑆 is either a cycle of
length 4𝑚 or a signed path and 𝑆 does not contain a subsigned
path 𝑢+, 𝑤𝜇1 , V+ or 𝑢−, 𝑤𝜇1 , V−, in 𝑆 where 𝜇1 ∈ {+, −}.

Proof.

Necessity. Let for a given 𝑆 its 2-path product signed graph
𝑆#̂𝑆 be all negative. Clearly, the signed graph 𝑆 can be a
tree or a cycle. Now if 𝑆 is not a cycle or tree then 𝑆#̂𝑆 will
consist of cliques which can not be all negative since cliques
always consist of a cycle of length three which can never
be all negative as 2-path product signed graphs are always
balanced. Clearly, 2-path graph of a cycle of odd length is self-
isomorphic. Thus the cycle of odd length can not generate all
negative 2-path product graphs. The 2-path graphs of cycles
of even length say 2𝑚 are disjoint cycles of length 𝑚 each.
So if𝑚 is odd then also the 2-path product signed graph can
never be all negative. Thus, a cycle of length 4𝑚 can generate
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Figure 3: Acharya and Sinha two forbidden subsigned graphs for a
sign-compatible signed graph.

all negative 2-path product signed graphs. To produce all
negative 2-path product signed graph 𝑆#̂𝑆, 𝑆 can not have
subsigned path 𝑢+, 𝑤𝜇1 , V+ or 𝑢−, 𝑤𝜇1 , V−, on any subsigned
path since then 𝑢V will be a positive edge in 𝑆#̂𝑆.

Also if there is a tree 𝑆with a vertex of degree greater than
two, then clearly it gives rise to a clique containing cycles of
length three in 𝑆#̂𝑆, thus having at least one positive edge.
Hence the tree can not have a vertex of degree greater than
two. Thus, it is a signed path.

Sufficiency. let 𝑆 is either a cycle of length 4𝑚 or a signed
path and 𝑆 does not contain a subsigned path 𝑢+, 𝑤𝜇1 , V+ or
𝑢−, 𝑤𝜇1 , V−, where 𝜇1 ∈ {+, −}. Clearly 𝑆#̂𝑆 will be disjoint
cycles in case of cycle except for 𝑚 = 1 where it will be two
disjoint signed paths. And in case of signed path 𝑆#̂𝑆 will
be disjoint paths. And since always for any subsigned path
𝑢, 𝑤, V in 𝑆, 𝑢, and V will occupy opposite mark in 𝑆#̂𝑆, thus
it makes edge 𝑢V negative in 𝑆#̂𝑆.Thus 𝑆#̂𝑆 is all negative.

3. Sign-Compatibility of 2-Path Product
Signed Graphs

In this section, we give a characterization of sign-compat-
ibility for 2-path product signed graphs.

Theorem 11 (see [35]). A signed graph 𝑆 is sign-compatible if
and only if 𝑆 does not contain a subsigned graph isomorphic to
either of the two signed graphs in Figure 3, 𝑆1 formed by taking
the path 𝑃4 : 𝑥, 𝑢, V, 𝑦 with both the edges 𝑥𝑢 and V𝑦 negative
and the edge 𝑢V positive, and 𝑆2 formed by taking 𝑆1 and identi-
fying the vertices 𝑥 and 𝑦.

Theorem 12. A 2-path product signed graph 𝑆#̂𝑆 of a signed
graph 𝑆 is sign-compatible if and only if

(i) 𝑆 does not contain a heterogeneous canonically marked
triangle or 𝐾1,3;

(ii) 𝑆 does not consist of the canonically marked subsigned
path 𝑃7 : 𝑢+, 𝑤𝜇1 , V−, 𝑥𝜇1 , 𝑦−, 𝑧𝜇1 , 𝑡+ or 𝜂(𝑃7) :
𝑢−, 𝑤𝜇1 , V+, 𝑥𝜇1 , 𝑦+, 𝑧𝜇1 , 𝑡−, where 𝜇1 ∈ {+, −}.

Proof.

Necessity. Let 2-path product signed graph 𝑆#̂𝑆 of a signed
graph 𝑆 be sign-compatible. To prove (i) and (ii), let 𝑆 consist
of a heterogeneous marked triangle 𝑢, V, 𝑤, 𝑢; then there
exist two vertices with same mark and one vertex with differ-
ent mark. Clearly the 2-path product signed graph 𝑆#̂𝑆 will
contain triangle 𝑢, V, 𝑤, 𝑢 with two negative edges and

one positive edge. Thus 𝑆#̂𝑆 will not be sign-compatible,
which is a contradiction. Again if 𝑆 contains a heterogeneous
canonically marked 𝐾1,3 then 𝑆#̂𝑆 will consist of a forbidden
triangle 𝑆1 in Figure 3. Hence (i) holds. Let if possible 𝑆
consist of the canonically marked subsigned path 𝑃7 : 𝑢

+,
𝑤𝜇1 , V−, 𝑥𝜇1 , 𝑦−, 𝑧𝜇1 , 𝑡+ or 𝜂(𝑃7) : 𝑢

−, 𝑤𝜇1 , V+, 𝑥𝜇1 , 𝑦−, 𝑧𝜇1 , 𝑡−,
where 𝜇1 ∈ {+, −}. Then 𝑆#̂𝑆 will contain a forbidden 𝑆2
in Figure 3; thus 𝑆#̂𝑆 will not be sign-compatible which is a
contradiction to our assumption. Hence (ii) holds.

Sufficiency. Let (i) and (ii) hold. To show 𝑆#̂𝑆 is sign-com-
patible, let if possible 𝑆#̂𝑆 not be sign-compatible. Then 𝑆#̂𝑆
must consist of subsigned graph isomorphic to Figure 3,
which is not possible as then either (i) or (ii) does not hold
true. Hence 𝑆#̂𝑆 is sign-compatible.

4. C-Sign-Compatibility of 2-Path Product
Signed Graphs

This section gives the C-sign-compatibility of 2-path product
signed graphs.

Proposition 13 (see [45]). Every C-sign-compatible signed
graph is sign-compatible.

Theorem 14 (see [45]). A signed graph 𝑆 = (Σ, 𝜎), is C-sign-
compatible if and only if the following holds for 𝑆:

(i) For every vertex V ∈ 𝑉(𝑆) either 𝑑−(V) = 0 or 𝑑−(V) =
1 (mod 2) and

(ii) For every positive edge 𝑒𝑘 = V𝑖V𝑗 in 𝑆 either 𝑑−(V𝑖) = 0
or 𝑑−(V𝑗) = 0.

Theorem 15. A 2-path product signed graph 𝑆#̂𝑆 of a signed
graph 𝑆 is C-sign-compatible if and only if

(i) 𝑆 is sign-compatible;

(ii) 𝑆 does not contain a subsigned path 𝐴 = 𝑢−, 𝑤𝜇1 , V−, of
vertices 𝑢, 𝑤, V where 𝜇1 ∈ {+, −};

(iii) if there exist a subsigned path 𝑢+, 𝑤𝜇1 , V+ of vertices
𝑢, 𝑤, V in 𝑆; then either 𝑑−(𝑢) = 0 or 𝑑−(V) = 0, where
𝜇1 ∈ {+, −};

Proof.

Necessity. Let 𝑆#̂𝑆 be C-sign-compatible then clearly it is sign-
compatible by Proposition 13. Let us suppose 𝑆 contains a
subsigned graph 𝑢−, 𝑤𝜇1 , V−; then clearly 𝑢V is a positive
edge in 𝑆#̂𝑆 such that 𝑑−(𝑢) ̸= 0 and 𝑑−(V) ̸= 0, which is a
contradiction to the fact that 𝑆#̂𝑆 is C-sign-compatible.Hence
𝑆 does not contain subsigned path 𝑢−, 𝑤𝜇1 , V−.

Let there exist a subsigned path 𝑢+, 𝑤𝜇1 , V+ on vertices
𝑢, 𝑤, V in 𝑆, such that 𝑑−(𝑢) ̸= 0 and 𝑑−(V) ̸= 0. Then 𝑢V is
a positive edge in 𝑆#̂𝑆 with both the vertices having negative
degrees which is a contradiction toTheorem 14.Thus (i), (ii),
and (iii) hold.
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Sufficiency. Let (i), (ii), and (iii) hold. Then clearly for each
positive edge 𝑢V in 𝑆#̂𝑆 either 𝑑−(𝑢) = 0 or 𝑑−(V) = 0. Hence
byTheorem 14, 𝑆#̂𝑆 is C-sign-compatible.

5. Isomorphism and Switching Equivalence of
𝑆#𝑆 and 𝑆#̂𝑆

In this section, we give the switching equivalent and isomor-
phism for the two definitions of 2-path signed graphs.

Theorem 16 (see [46]). Given a graph 𝐺, any two signed
graphs are switching equivalent if and only if they are cycle
isomorphic.

Theorem 17 (see [39]). For a signed graph 𝑆 of order n, its
2-path signed graph 𝑆#𝑆 is balanced if and only if for all
sequences of vertices 𝑥1, 𝑥2, . . . , 𝑥𝑁, 1 ≤ 𝑁 ≤ 𝑛 in 𝑆 such that
𝑥1, 𝑥2 ∈ 𝑁(𝑡1); 𝑥2, 𝑥3 ∈ 𝑁(𝑡2); . . . ; 𝑥1, 𝑥𝑁 ∈ 𝑁(𝑡𝑁) for some
𝑡1, 𝑡2, . . . , 𝑡𝑁 ∈ 𝑉(𝑆); then the pairs 𝑥𝑖, 𝑥𝑖+1 ∈ 𝑁(𝑡𝑖), 1 ≤ 𝑖 ≤ 𝑁
having property P are even in each sequence.

Theorem 18. The 2-path signed graph 𝑆#𝑆 and 2-path product
graph 𝑆#̂𝑆 are switching equivalent if and only if 𝑆#𝑆 is
balanced.

Proof.

Necessity. if 𝑆#𝑆 and 𝑆#̂𝑆 are switching equivalent then they
are cycle isomorphic and hence 𝑆#𝑆 is balanced.

Sufficiency. Clearly, Σ#̂Σ ≅ Σ#Σ. Next, we know that 𝑆#̂𝑆 is
always balanced. For balanced 𝑆#𝑆, each cycle of 𝑆#̂𝑆 and 𝑆#𝑆
will be positive which implies that 𝑆#̂𝑆 and 𝑆#𝑆 will be cycle
isomorphic. Thus, by Theorem 16, 𝑆#̂𝑆 and 𝑆#𝑆 are switching
equivalent.

Theorem 19. The 2-path signed graph 𝑆#𝑆 and 2-path product
graph 𝑆#̂𝑆 are isomorphic, if and only if there exists subsigned
path 𝑢+, 𝑤𝜇1 , V− or 𝑢−, 𝑤𝜇1 , V+, 𝜇1 ∈ {+, −} in 𝑆; then {𝑢, V},
satisfies P property.

Proof.

Necessity. For a signed graph 𝑆, let its 2-path signed graph 𝑆#𝑆
and 2-path product graph 𝑆#̂𝑆 be isomorphic; here if 𝑢V is a
negative (positive) in 𝑆#𝑆 then it is negative in 𝑆#̂𝑆. All the
pair of vertices {𝑢, V} are negative in 𝑆#𝑆 and have property P.
If there exist subsigned path 𝑢+, 𝑤𝜇1 , V− and 𝑢−, 𝑤𝜇1 , V+ where
𝜇1 ∈ {+, −} in 𝑆 then 𝑢V is a negative edge in 𝑆#̂𝑆 and thus
{𝑢, V} satisfies property P.

Sufficiency. Let there exist subsigned path 𝑢+, 𝑤𝜇1 , V− and
𝑢−, 𝑤𝜇1 , V+ in 𝑆 then {𝑢, V} has property P. To show 2-
path signed graph 𝑆#𝑆 and 2-path product graph 𝑆#̂𝑆 are
isomorphic. Clearly Σ#̂Σ ≅ Σ#Σ, Σ being the underlying
graph of 𝑆. Thus we need to show that the sign convention
remains the same in 𝑆#𝑆 and 𝑆#̂𝑆. This is true since the end
vertices of every negative edge of 𝑆#̂𝑆 have property P and
hence 𝑢V is a negative edge in 𝑆#𝑆. And thus 2-path signed
graph 𝑆#𝑆 and 2-path product graph 𝑆#̂𝑆 are isomorphic.

6. Conclusion

In this paper, we haveworked on 2-path product signed graph
of a given signed graph 𝑆. A 2-path product signed graph is
the signed graph where the vertex set is same as the original
signed graph 𝑆 and two vertices 𝑢, V ∈ 𝑉(𝑆#̂𝑆) are adjacent
if and only if there exists a path of length two in 𝑆. The sign
𝜎󸀠(𝑢V) = 𝜇1(𝑢)𝜇1(V), 𝜇1 being canonical marking. We give
its algorithmic characterization along with its properties like
sign-compatibility and C-sign-compatibility. Also, we find
the isomorphism of 2-path product signed graph and its
negation. We next find isomorphism of 2-path signed graph
and 2-path product signed graphs.
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