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The investigation of steady, incompressible, laminar mixed convective fluid flow within two different types of 
tilted lid-driven trapezoidal enclosures filled with nanofluid composed of water and Al2O3 nanoparticles has 
been carried out in this paper. The upper wall of the enclosure is an isothermal cold surface that travels at a 
constant speed, while the bottom surface of the cavity maintains a constant high temperature. Non-dimensional 
governing equations along with the appropriate boundary conditions are solved using Galerkin finite element 
technique. Parametric simulation has been conducted by varying tilt angle of the base wall from 0◦ to 45◦, 
Reynolds number from 0.1 to 103, Grashof number from 10−2 to 106, and Richardson number between 0.1 and 
10 for three different cases. The streamlines and the isotherms are used to describe the fluid flow and heat transfer 
characteristics within the enclosure. Besides, the quantitative evaluations of thermal enhancement in terms of 
the average Nusselt number, average fluid temperature, and Bejan number of the enclosure are presented. Effects 
of base wall tilt angle and the presence of nanofluid on convection heat transmission characteristics as well as 
Bejan number are also explored.
1. Introduction

Forced convection is always accompanied by natural convection, but 
in the case of considerably higher forced flow, the effect of forced con-
vection gets dominated to such an extent that ignoring the buoyancy 
effect leaves very negligible error. On the other hand, in the case of 
extremely low fluid velocities, the opposite happens, that is natural con-
vection gets dominated and thus cannot be neglected. Both natural and 
forced convection must be considered when velocity is such that the im-
portant governing parameter called Richardson number (Ri) is within 
the range of 0.1 ≤ Ri ≤ 10. Several notable uses of mixed convection 
within a lid-driven enclosure include lubricating technologies, heat-
ing and drying technologies, and electronic device cooling, float glass 
production, food processing. Crystal growth, nuclear reactor thermo-
hydraulics, metal plating, lake dynamics, reservoirs, cooling ponds, and 
other processing of materials are only a few examples of the applica-
tions of the research that has been done in this field.

During the assessment of Navier-Stokes solutions, Schreiber and 
Keller [1], Thompson and Ferziger [2] employed lid-driven cavity 
problems as a benchmark configuration to compare the numerical re-
sults. The diverse flow spectrum resulting from the interaction between 
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forced flow and buoyancy effect within lid-driven trapezoidal enclo-
sures offers a fascinating arena of mixed convection to investigate in-
depth as well.

Numerous investigations on mixed convective flow in lid-driven en-
closures have been conducted during the previous decades. Alleborn et 
al. [3] examined a numerical evaluation of mixed convection in a nar-
row container with a moving cold lid at the top and a hot lid at the 
bottom. In their research, they discovered that velocity parameters and 
the cavity length had an impact on mass and heat transfer. Additionally, 
they found two turning locations and flow designs that minimized heat 
and mass transfer. Khanafer and Chamkha [4] investigated numerically 
convective flow in a lid-driven square enclosure inside fluid-saturated 
porous material and examined the influence of Richardson and Darcy 
numbers on heat transmission characteristics of the enclosure. Using a 
square cavity, Yang and Aydin [5] numerically investigated mixed con-
vection heat transfer for the discrete heat source. They examined the 
impact of Richardson number and heat source length on fluid flow and 
heat transfer. Javed et al. [6] investigated the effects of varying the 
heating conditions on the behavior of mixed convection flow within a 
lid-driven trapezoidal cavity. They found that changing the lid motion 
had no effect when the Rayleigh number was at 105. Bakar et al. [7] 
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Table 1. A summary of prior research on mixed convection in a trapezoid chamber.

Authors Method Fluid Re Gr Ri 𝜃 𝛾

Mamun et al. [17] FVM Air 400, 600 1.6×104–3.6×106 0.1–10 30◦–60◦ 30◦–60◦

Bhattacharya et al. [18] FEM Liquid metal, air, water 1, 100 1–104 1 0◦ 45◦

Hasib et al. [19] FEM Al2O3-water 50 2.5×103 1 0◦–45◦ 15◦

Aghaei et al. [20] FVM Cu-water 30–1000 90–107 0.1–10 0◦ 15◦–60◦

Kareem et al. [21] FVM Al2O3-, CuO-, SiO2-, TiO2-water 100–1200 103–1.44×107 0.1–10 30◦–60◦ 30◦–60◦

Arefmanesh et al. [22] FVM Cu-water 10–103 104 0.01, 0.1, 1, 100 0◦ 45◦

Selimefendigil et al. [23] FEM Al2O3-water 44–1414 105 0.05–50 0◦ 0◦–20◦

Selimefendigil and Oztop [24] FEM Al2O3-water 63–1414 105 0.05–25 0◦ 15◦, 22.5◦

Toghraie and Davood [25] FVM Cu-water - - 0.1–1 0◦ 0◦–40◦

Ibrahim and Hirpho [26] FEM Water 100 103–105 0.1, 1, 10 0◦ 45◦

Shah et al. [27] FEM Air 300–500 9×103–2.5×106 0.01–10 0◦ 15◦

Mondal and Mahapatra [28] FDM Al2O3-water 10–100 103–106 0.01–100 0◦ 45◦–90◦

Ishak et al. [29] FEM Al2O3-water 5–500 0.25–2.5×106 0.01–10 0◦ 15◦
investigated mixed convection within a lid-driven cavity while employ-
ing an inclined magnetic field. They demonstrated that the presence 
of the magnetic field slowed down the flow of mixed convection. Re-
cently, Xiong et al. [8] investigated the effects of various configurations 
of the obstacles on the mixed convection flow within the lid-driven tri-
angular chamber. They discovered that the Richardson number was a 
progressively increasing function of the Nusselt number.

Nanoparticles (often less than 100 nm in size) are distributed in 
a plain fluid such as ethylene glycol, water, or propylene glycol to 
produce a nanofluid with a solid volume fraction of less than 0–5%. 
Utilizing high metallic nanoparticles having higher thermal conduc-
tivity such as silver, copper, silicon, or aluminum in the composition 
enhances the thermal conductivity of that nanofluid with its increas-
ing total energy transfer capabilities [9]. Nanofluid is a commonly used 
fluid that has improved heat and mass transfer properties in recent de-
velopments. Its applications include heat radiators, buildings cooling, 
plants, vehicular cooling, and so on. The use of nanofluid enhances 
heat transmission, reduces the size of heat transfer systems, minimizes 
blockage, cools microfluidic devices, and compacts systems [10].

Talebi et al. [11] utilized a Cu-water nanofluid flow in a square 
chamber that was lid-driven. They employed the finite volume method 
(FVM) and observed that the nanoparticle percentage had significant 
impacts on thermal behavior and flow pattern for a certain Reynolds 
number (Re). By utilizing the finite volume approach along with the 
SIMPLER algorithm, Mahmoodi [12] explored heat transmission and 
mixed convection fluid flow in rectangular enclosures driven by the bot-
tom wall and filled with Al2O3-water nanofluid. He found that a main 
counterclockwise vortex formed within the domain at low Richardson 
numbers. Mansour et al. [13] carried out the numerical modeling of 
mixed convective flow in a square lid-driven reservoir that was partly 
heated from below and filled with nanofluid. The finite difference 
method (FDM) was used to discretize the governing equations of their 
problem [13]. They noticed that although the fluid activity and tem-
perature were reduced, an increase in the percentage of solid volume 
led to an increase in the average Nusselt number. The finite element 
method (FEM) was utilized by Rahman et al. [14] to study heat trans-
fer enhancement in a triangular lid-driven inclined enclosure filled with 
nanofluid. At three different convective regimes, they discovered that 
the nanoparticle percentage had a significant impact on heat transmis-
sion and fluid flow in the enclosure. Ismael et al. [15] studied mixed 
convection in a cavity with a moving lid and hybrid nanofluid inside 
it. Their results showed that the hybrid nanofluid strategy had a good 
chance of making things more economic by decreasing the number of 
expensive nanoparticles with high thermal conductivity. Mixed con-
vection in a double lid-driven rectangular chamber filled with hybrid 
nanofluids was studied by Ali et al. [16]. They found that particle-fluid 
interaction had a significant impact on convective heat transmission 
rates.

Many studies have focused on basic geometric shapes such as rect-
angle, square, and triangle for the design of the enclosure. However, the 
real enclosures that are used in practice are typically different from the 
2

basic shapes in terms of their design. Irregular shapes may be found in 
a variety of building materials, electrical panels, and solar energy col-
lectors. It is also worth noting that just a few prior research has looked 
at the trapezoidal geometry, which is used in numerous practical appli-
cations. Mixed convection inside trapezoidal enclosure has a substantial 
impact on the interior temperature and flow profiles. Hence, extensive 
investigation on trapezoidal enclosure is required to build more effec-
tive heating and cooling systems in future. Only a few investigations 
in past focused on mixed convective flow in a lid-driven trapezoidal 
chamber [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. All those 
studies along with geometric conditions (e.g., sidewall inclination an-
gle, 𝛾 and tilt angle, 𝜃), working fluids, governing parameters (e.g., Ri, 
Re and Grashof number, Gr) and numerical methods are summarized in 
Table 1.

Furthermore, a review report by Izadi et al. [30] revealed that only 
around 3% of the research had been conducted on trapezoidal shape 
cavities filled with Cu-water or Al2O3-water nanofluids being the most 
prevalent nanofluids in this field of study. Another review article by 
Mustafa et al. [31] concluded that when the angle of inclination of the 
cavity increased, heat transmission levels decreased. They further noted 
that mixed convection was inferior to forced convection in terms of fluid 
flow and heat transfer.

Following a review of the previous similar studies as listed in Ta-
ble 1, it is fair to conclude that Mamun et al. [17], Hasib et al. [19], and 
Kareem et al. [21] conducted investigations in a tilted lid-driven trape-
zoidal enclosure. However, no entropy generation analysis has been 
done on the tilted trapezoidal enclosure in these works along with the 
systematic presentation of the influence of mixed convection govern-
ing parameters under different cases. This research aims to investigate 
the presence of nanofluid and tilt angle on entropy formation and heat 
transmission in lid-driven two symmetrical trapezoidal enclosures. The 
findings are shown in the form of parametric presentations of isotherms 
and streamlines for different mixed convection cases. Furthermore, the 
impacts of different governing parameters and base wall inclination an-
gles on the heat transmission process are quantitatively investigated, 
and the findings of this study are reported in terms of average Nusselt 
number at the bottom heated wall, average fluid temperature as well as 
Bejan number.

2. Problem definition

Two isosceles trapezoidal enclosures with one having a longer hot 
wall at a temperature, 𝑇ℎ and the other with a shorter hot wall main-
taining the same temperature are considered in the present study (see 
Figs. 1(a) and (b), respectively), with an aspect ratio of 𝐿∕𝐻 = 1.268
and 0.732 respectively. Both enclosures have insulated sidewalls with 
an inclination angle of 𝛾 = 15◦. Allowing the top cold wall at a tem-
perature 𝑇𝑐 to move with a fixed speed 𝑈0, the remaining walls are 
kept stationary. The hot base wall is assumed to be tilted at an angle 
of 0◦, 30◦, and 45◦ with respect to the horizontal direction, respec-
tively. Assume that the nanofluid (Al2O3-water) within the trapezoid is 
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Fig. 1. Schematic diagram of the computational domains with (a) longer base trapezoid and (b) shorter base trapezoid.
incompressible and Newtonian with constant thermos-physical proper-
ties. Besides, the Boussinesq approximation is used to approximate the 
temperature field, which relates temperature changes as a function of 
fluid density. The analysis ignores viscous dissipation, radiation, and 
internal heat generation.

The mathematical model for governing steady laminar, mixed con-
vection utilizing conservation of mass (1), momentum (2)–(3) and ther-
mal energy (4) can be formulated in the following way [19]:
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The dimensionless scales (5) used in the above equations have the fol-
lowing definitions [19]:

𝑋 = 𝑥

𝐻
, 𝑌 = 𝑦

𝐻
, 𝑈 = 𝑢

𝑈0
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𝜌nf𝑈
2
0

, Θ=
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𝑇ℎ − 𝑇𝑐

,

(5)

where, 𝑈 and 𝑉 stand for non-dimensional velocity components as per 
Cartesian coordinate system 𝑋 and 𝑌 respectively. Non-dimensional 
temperature is expressed by Θ and non-dimensional pressure is ex-
pressed by 𝑃 . Similarly, the related dimensional quantities are ex-
pressed by 𝑢, 𝑣, 𝑇 and 𝑝 respectively. Reynolds number, Grashof 
number, Richardson number, and Prandtl number (Pr) are the non-
dimensional governing parameters appeared respectively, which are 
defined by the following relations (6) as:

Re =
𝜌𝑓𝑈0𝐻

𝜇𝑓
, Gr =

𝜌2
𝑓
𝑔𝛽𝑓

(
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)
𝐻3

𝜇2
𝑓

, Ri = Gr
Re2

, Pr =
𝜇𝑓𝐶𝑝,𝑓

𝑘𝑓
.

(6)

The following relationships (7)–(10) can be used to determine the 
thermos-physical properties of the nanofluid (Al2O3-water) using mix-
ing law theory [29],

Mass density:

𝜌nf = (1 −𝜙)𝜌𝑓 +𝜙𝜌𝑠, (7)

Heat capacity:

(
𝜌𝐶𝑝

)
= (1 − 𝜙)

(
𝜌𝐶𝑝

)
+𝜙

(
𝜌𝐶𝑝

)
, (8)
nf 𝑓 𝑠

3

Table 2. Thermo-physical properties of water, Al2O3 nanoparticles and water-
Al2O3 nanofluid.

Physical 
properties

Plain Fluid 
(water, 𝜙 = 0)

Solid phase 
(Al2O3)

Al2O3-water 
nanofluid 
(𝜙 = 0.01)

𝐶𝑝 (J/kg K) 4179 765 4047

𝑘 (W/m K) 0.613 25 0.64306

𝜌 (kg/m3) 997.1 3970 1026.8

𝛽 × 105 (1/K) 21 0.85 20.51

𝜇 (Pa.s) 0.001003 - 0.001093

𝛼 (m2/s) 1.471×10−7 8.232×10−6 1.548×10−7

Pr 6.4348 - 6.8788

Table 3. Non-dimensional boundary conditions used in the current study.

Boundary Thermal Condition Velocity Condition

Bottom wall Θ = 1 𝑈 = 0, 𝑉 = 0
Top wall Θ = 0 𝑈 = 1, 𝑉 = 0
Side walls 𝜕Θ∕𝜕𝑁 = 0 𝑈 = 0, 𝑉 = 0

Thermal expansion coefficient:

(𝜌𝛽)nf = (1 −𝜙) (𝜌𝛽)𝑓 + 𝜙 (𝜌𝛽)𝑠 , (9)

Thermal diffusivity:

𝛼nf =
𝑘nf(
𝜌𝐶𝑝

)
nf

. (10)

Azmi et al. [32] computed the thermal conductivity and viscosity of 
a mixture of a plain fluid and a diluted suspension of small spherical 
particles which can be calculated as (11)–(12):

𝑘nf = 0.8938 (1 + 𝜙)1.37
(
1 + 𝑇 − 273

70

)0.2777(
1 +

𝑑𝑠

170

)−0.0336

×
(
𝛼𝑠

𝛼𝑓

)0.01737
𝑘𝑓 , (11)

𝜇nf = 𝜇𝑓 (1 + 𝜙)11.3
(
1 + 𝑇 − 273

70

)−0.038(
1 +

𝑑𝑠

170

)−0.061
, (12)

where, 𝑑𝑠 (= 47 nm) is the diameter of Al2O3 nanoparticles and 𝑇
(K) is the temperature of Al2O3-water nanofluid, 𝜙 denotes the vol-
ume fraction of Al2O3 nanoparticles. Symbols with subscripts ‘nf ’, ‘𝑓 ’, 
and ‘𝑠’ denote properties of nanofluid (Al2O3-water), base fluid (water) 
and solid particles (Al2O3). Table 2 lists the thermo-physical proper-
ties of water (𝜙 = 0), Al2O3 nanoparticles and water-Al2O3 nanofluid 
(𝜙 = 0.01) at 𝑇 = 313 K [4]. Table 3 presents the non-dimensional 
boundary conditions for this problem, where 𝑁 denotes distance nor-
mal to the boundary.
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The average fluid temperature (Θav) inside the enclosure (13) and 
the average Nusselt number (Nu) of the bottom heated wall (14) can be 
defined according to [19] as follows:

Θav =
1
𝐴 ∫
𝐴

Θ𝑑𝐴, (13)

Nu = −
𝑘nf

𝑘𝑓

𝐻

𝐿

𝐿∕𝐻

∫
0

𝜕Θ
𝜕𝑌

||||𝑌=0 𝑑𝑋, (14)

where, 𝐴 is the non-dimensional area of the enclosure. The mixed con-
vective flow domain generates entropy primarily via heat transfer (𝑆𝑙,ℎ) 
and the viscous effects of the fluid (𝑆𝑙,𝑓 ). These can be defined in non-
dimensional forms (15)–(16) referencing to [29],

𝑆𝑙,ℎ =
𝑘nf

𝑘𝑓

[(
𝜕Θ
𝜕𝑋

)2
+
(
𝜕Θ
𝜕𝑌

)2]
, (15)

𝑆𝑙,𝑓 = 𝜑
𝜇nf

𝜇𝑓

[
2
(
𝜕𝑈

𝜕𝑋

)2
+ 2

(
𝜕𝑉

𝜕𝑌

)2
+
(
𝜕𝑈

𝜕𝑌
+ 𝜕𝑉

𝜕𝑋

)2]
, (16)

where irreversibility distribution ratio (𝜑) is defined as (17):

𝜑 =
𝜇𝑓

(
𝑇ℎ + 𝑇𝑐

)
2𝑘𝑓

(
𝑈0

𝑇ℎ − 𝑇𝑐

)2
. (17)

By integrating the local values throughout the whole domain, it is pos-
sible to deduce average entropy production as follows (18):

𝑆ℎ =
1
𝐴 ∬

𝐴

𝑆𝑙,ℎ𝑑𝐴,𝑆𝑓 = 1
𝐴 ∬

𝐴

𝑆𝑙,𝑓 𝑑𝐴. (18)

A further major irreversibility variable known as the Bejan number 
is designated to show how much irreversibility is made through heat 
transfer compared to how much entropy is made overall [29]. The def-
inition of average Bejan number is as follows (19):

Be =
𝑆ℎ

𝑆ℎ +𝑆𝑓
. (19)

3. Numerical procedure

The governing equations are discretized using the Galerkin finite 
element method together with the required boundary conditions (see 
Table 3), and then the numerical solutions are performed using the com-
mercial CFD tool “COMSOL Multiphysics 6.0.” Zienkiewicz and Taylor 
[33] provided extensive documentation on the implementation of this 
approach. The non-linear parametric computational approach is used 
to determine the governing equations’ numerical solution. Compared to 
previous approaches, this one ensures convergence much more quickly. 
A triangular non-uniform mesh arrangement (free mesh) is used in the 
current simulation to obtain quick changes in the unknown variables, 
principally close to the lower hot wall. Six nodding triangular elements 
are also utilized since it is useful for them to detect nonlinear changes of 
field variable smoothly. Following that, a system of integral equations is 
constructed using the Galerkin weighted residual method utilizing the 
nonlinear governing partial differential equations. The Gauss quadra-
ture method must be used to integrate each term of these equations. 
On the algebraic nonlinear equations, boundary conditions are then 
imposed. The nonlinear equations are solved repeatedly using the Broy-
den’s technique in conjunction with a LU-decomposition preconditioner 
utilizing the LU-decomposition method. For the error criteria, a relative 
tolerance of 10−6 is taken into account. Manual scaling of the unknown 
variables is done to improve computational convergence because the 
magnitudes of the dependent variables vary greatly. The manual scal-
ing values are retained fixed and picked in such a way that, when used, 
the scaled degrees of freedom have magnitudes of one.
4

Table 4. Grid independence study in terms of average Nusselt number at heated 
base wall of the trapezoidal enclosure for 𝜃 = 45◦ , Re = 100, Gr = 105 and 𝜙 =
0.01.

Element 
number

Longer base 
trapezoid

Element 
number

Shorter base 
trapezoid

993 3.9892 987 7.5429

1524 4.1260 1512 7.6489

2542 4.2147 2522 7.7058

6617 4.3890 6643 7.8872

17232 4.4698 17180 7.9672

26540 4.4672 26424 7.9653

3.1. Grid sensitivity check

A wide variety of mesh combinations has been investigated and re-
ported in the current work, which covers six distinct non-uniform grid 
systems. Table 4 shows the outcomes of the investigation. Based on 
these comparisons, it is established that a total of 6617 and 6643 mesh 
elements is adequate to yield an acceptable result for longer and shorter 
base trapezoids respectively. However, to provide a better grid inde-
pendent solution, a total of 17232 and 17180 elements for longer and 
shorter base trapezoids respectively has been selected for the current 
investigation.

3.2. Model verification

The computational algorithm is verified using findings from Bhat-
tacharya et al. [18] for mixed convection flows in a trapezoidal en-
closure and a square enclosure as presented by Roy et al. [34]. This 
is because validation with similar experimental results is not avail-
able. Fig. 2(a) illustrates the discrepancy of average Nusselt number at 
the lower heated wall of a trapezoidal enclosure having 𝜃 = 0◦ against 
Bhattacharya et al. [18], which is in excellent agreement. Another re-
semblance of the Bejan number inside the square enclosure using the 
current model with Roy et al. [34] at Re = 1 for water (𝜙 = 0) is con-
ducted. The comparison is presented in Fig. 2 (b), and it is seen that the 
obtained data is in close harmony with Roy et al. [34]. Both compar-
isons provide a good agreement in terms of Nusselt number and Bejan 
number.

Furthermore, the resemblance of streamline and isotherms with 
Bhattacharya et al. [18] at Re = 100 and Gr = 103 are plotted in Figs. 3(a) 
and (b), respectively. Streamline and isotherm patterns show similar 
trends and values in comparison with those of Bhattacharya et al. [18]. 
The consistency observed in the Nusselt number, Bejan number, stream-
line, and isotherm plots verify the existing model and give a great deal 
of confidence in the execution of the further numerical simulation.

4. Results and discussion

Simulations have been carried out to study the steady, laminar, 
mixed convective flow inside trapezoidal enclosure provided with a slid-
ing lid and a temperature gradient. When analyzing heat transfer in a 
lid-driven trapezoidal enclosure, Richardson number provides a mea-
surement of the relative significance of natural convection over forced 
convection. In the case of Ri = 1, it defines a dominating mixed con-
vection mode, whereas in the case of Ri > 1, it defines buoyancy-driven 
enclosure flow behavior for a non-stratified fluid [35, 36].

Different flow conditions are simulated by varying enclosure tilt an-
gle and volume fraction of the solid particles under three different cases 
as listed in Table 5. Inclination angle is changed from 0◦ to 45◦, and 
nanofluid with the volume fraction of 0% (water) and 1% (Al2O3-water) 
is considered in the present study to understand their effects on ther-
mal and flow fields. The buoyancy force only impacts in the Y-direction 
for a horizontal cavity (𝜃 = 0◦). Buoyancy forces act in both X- and 
Y-directions for inclined enclosures (𝜃 = 30◦ and 45◦). Effect on heat 
transfer characteristics has been explored in this study by describing 
average fluid temperature and average Nusselt number at the bottom 



Md.S. Shuvo, M.H. Hasib and S. Saha Heliyon 8 (2022) e12079

Fig. 2. Resemblance of (a) average Nusselt number at heated lower wall of the trapezoidal enclosure, and (b) Bejan number inside the square enclosure using the 
current model with Bhattacharya et al. [18] and Roy et al. [34] respectively computed at (a) Re = 100, 𝜃 = 0◦ , Pr = 10 and (b) Re = 1, Pr = 7.2 respectively.

Fig. 3. Resemblance of (a) streamline, and (b) isotherm with Bhattacharya et al. [18] computed at Re = 100, Gr = 103 , 𝜃 = 0◦, Pr = 10.

Table 5. Selection of governing and physical parameters for the current investigation.

Case Re Gr Ri 𝜃 𝜙 𝜑

1 100 103–105 0.1–10 0◦, 30◦, 45◦ 0, 0.01 2.05×10−4–2.05

2 31.62–316.22 104 0.1–10 0◦, 30◦, 45◦ 0, 0.01 2.05×10−3–2.05×10−1

3 0.1–103 10−2–106 1 0◦, 30◦, 45◦ 0, 0.01 2.05×10−4–2.05×104
heated wall of the enclosure in detail under both geometric configura-
tions. Measurement of entropy generation in terms of Bejan number for 
both geometric configurations is also explored under these three differ-
ent cases.

4.1. Effect of Ri and Gr at fixed value of Re

In case 1, Richardson number, which determines the order of ef-
fect encompassing both free convection and forced convection, has 
been varied within a range of 0.1 to 10 with varying Grashof number 
within a range of 103 to 105 for a fixed Re = 100. The results show that 
Richardson number has a significant effect on both natural and forced 
convection. As seen in Figs. 4(a)-(f) and 5(a)-(f), both flow and thermal 
fields vary with the variation of the parameters Ri and Gr simultane-
ously.

The forced flow induces at the right-moving upper wall and then 
descends until it reaches the bottom section. Upon reaching the lower 
zone, it begins to travel left, and upon reaching the bottom-left corner, 
it turns upwards. The shear effect dominates the buoyancy effect in the 
transition state of forced-mixed convection environment (Ri = 0.1). The 
5

moving lid supports to generate a main recirculation cell that covers 
most of the cavity with a secondary eddy on the right-bottom corner. 
Because the corner angle is bigger than the right angle, the secondary 
eddy is less in size the shorter base trapezoid. Specifically, for the pure 
mixed convection dominated environment (Ri = 1), the buoyancy im-
pact and the shear effect owing to the sliding lid are both statistically 
significant. Streamlines depict two recirculating cells of varying diam-
eters in this case. Fig. 4 shows a bigger eddy than the shorter base 
trapezoid (Fig. 5), which is located at the right-bottom corner. However, 
there are no secondary eddies in the shorter base trapezoid (right-
bottom corner) as shown in Fig. 5. This is because primary vortices 
cover the whole enclosure due to the higher corner angle at the bot-
tom of the enclosure compared to the longer base trapezoid. Besides, 
the longer top lid allows more circulating fluid to encounter the slid-
ing motion resulting in the formation of only one main vortex inside 
the enclosure. A single main recirculation system is seen in shorter base 
trapezoid for Ri = 0.1 and 10. In the case of Ri = 10, when the flow is 
at the transition state of natural-mixed convection, the buoyancy effect 
is dominating. The secondary circulation is located at the top moving 
lid in all cases. With rising Richardson number, the flow field becomes 
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Fig. 4. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Ri and Gr at 𝜃 = 45◦, Re = 100 inside longer base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.

Fig. 5. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Ri and Gr at 𝜃 = 45◦, Re = 100 inside shorter base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.
slower, and the center of the primary large vortex is pushed towards 
the center of the enclosure.

In addition, as shown in Figs. 4 and 5, certain significant variations 
in the isotherms are seen for different values of Richardson number. 
The isotherms also suggest a similar situation for the heat transmis-

sion characteristic inside the enclosure, which is consistent with the 
previous findings [30, 31]. As the value of Richardson number rises, 
the isotherms near the hot wall become stronger, and vice versa. In 
nature, the isotherms seem to be more uniform at first. When Richard-

son number is increased, the non-linearity of the isotherms rises at a 
higher value resulting in greater plume production, and the develop-

ment of a deformed plume showing improved convective heat transfer 
for Ri = 10. Since the level of mechanical turbulence decreases with in-

creasing Richardson number, the growth of the plume moves closer to 
neutral stability. This phenomenon can be visualized through isotherms.
6

When Ri = 1, buoyancy and shear effects are both at about the same 
level. As Ri goes up, natural convection dominates over mixed convec-

tion. However, for lower Ri, where most of the convection is dominated 
by forced flow, there is less heat transfer as shown in Figs. 6(a) and (b), 
respectively. Also, it is important to note that forced to natural convec-

tion dominance changes at Ri = 0.8 (Gr = 8 × 103) and 3 (Gr = 3 × 104) 
for horizontal (𝜃 = 0◦) longer and shorter base trapezoids respectively. 
When trapezoids are tilted, this transition Richardson number is less 
than for horizontal trapezoids. However, it should be mentioned that 
the mechanism of mixed convection involves within the limiting range 
of 0.1 ≤ Ri ≤ 10. The total heat transmission is decreased due to the 
inclination of the thermal line. On the other hand, nanofluid has con-

siderable effect on temperature fields. Figs. 4 and 5 show shifting of 
isotherms for nanofluid which clearly denotes that nanofluid increases 
heat augmentation process for those trapezoids.
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Fig. 6. Variation of average Nusselt number of the heated wall of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Grashof numbers for 
different tilt angles in both plain and nanofluid at Re = 100.

Fig. 7. Variation of average fluid temperature of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Grashof numbers for different tilt 
angles in both plain and nanofluid at Re = 100. The datasets are the same as in Fig. 6(a).
The impact of the base wall tilt angle on changes in average Nusselt 
number and average fluid temperature of the enclosure with Ri = 0.1 to 
10, and 𝜙 = 0, 0.01 are plotted in Figs. 6(a)-(b) and 7(a)-(b) for 𝜃 = 0◦, 
30◦ and 45◦. Nusselt number lowers at first and then grows again where 
average fluid temperature rises sharply with Richardson number for 
both types of inclined enclosures. The average Nusselt number and av-

erage fluid temperature representing the amount of heat transferred are 
both improved by the presence of nanofluid. From Figs. 6 and 7, it can 
be deducted that larger Nusselt number and smaller average fluid tem-

perature are found for shorter base trapezoid compared to the longer 
one. In both configurations, increasing the tilt angle reduces the av-

erage Nusselt number. The reason behind the reduction of Nu is that 
when the inclination angle increases, the hot surface is dominated by 
dead zones, which corresponds to a low-temperature gradient. Due to 
this, it is suggested that an inclination angle that is too high is not used 
for applications that need more heat transmission.

Effect of Richardson and Grashof numbers on average Bejan number 
is dictated in Figs. 8(a)-(b) with varying base wall tilt angle and volume 
percentage of nanoparticles at Re = 100. Here, average Bejan number is 
found to be increased by nanofluid. It is also found that average Bejan 
number gradually rises with increasing Ri and Gr. For all configurations, 
Be is much larger than 0.5 when Ri > 0.5. This leads to the conclusion 
7

that entropy development by heat transfer is much more dominant than 
that for viscous friction.

4.2. Effect of Ri and Re at fixed value of Gr

To visualize fluid flow and thermal fields, streamlines and isotherms 
are plotted in Figs. 9(a)-(f) and 10(a)-(f) for three different combina-
tions of Ri and Re at fixed 𝜃 = 0◦ and Gr = 104 for longer and shorter 
base trapezoids respectively. For longer base trapezoid, the right vortex 
in the streamline plot tends to get occupied most of the enclosure as Ri
increases and Re decreases, which indicates the dominance of natural 
convection over forced convection. However, for shorter base trapezoid, 
this effect is negligible since the fluid motion inside the enclosure is 
completely dominated by a circulating cell. For longer base trapezoids, 
the right vortex of the lines of flow tends to dominate as Ri increases 
and Re decreases at fixed Gr, which shows that natural convection is 
more dominant than forced convection. However, if the base is shorter, 
this effect is not high enough, because there is no such a vortex in the 
enclosure. On the other hand, for both enclosures, isotherms are seen 
dense at the lower heated wall indicating dominant conduction mode 
at lower Ri.

The average Nusselt number of the hot wall and average fluid tem-
perature inside the enclosure are used to provide a quantitative mea-
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Fig. 8. Variation of average Bejan number of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Grashof numbers for different tilt angles 
in both plain and nanofluid at Re = 100. The datasets are the same as in Fig. 6(a).

Fig. 9. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Ri and Re at 𝜃 = 0◦ , Gr = 104 inside longer base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.
surement of heat transfer performance with varying base wall tilt angles 
and nanoparticle volume percentages as illustrated in Figs. 11(a)-(b) 
and 12(a)-(b) respectively for different combinations of Re and Ri at 
Gr = 104. In the case of increasing Ri and decreasing Re at a given Gr, 
the Nusselt number falls. For longer base enclosure, this fall is quite 
quick at the beginning except 𝜃 = 45◦ and 𝜙 = 0, and then it drops grad-
ually with increasing Ri for all inclined enclosures. The Nusselt number 
also drops as the base wall tilt angle increases. The average fluid tem-
perature in the enclosure rises as Ri grows (Re decreases), and it falls 
as Ri decreases. Moreover, it rises when the tilt angle of the base wall 
is increased. In fact, when the angle of inclination is increased, there 
is a reduction in the amount of buoyancy force that appeared in the 
body force term of momentum equations. As a result, the enclosure 
will have a higher average temperature. Nanofluid, on the other hand, 
causes improvement of both the average fluid temperature and the Nus-
selt number.

Figs. 13(a)-(b) shows the effect of Richardson and Grashof numbers 
on average Bejan number when the base wall tilt angle and volume per-
centage of nanoparticles are varied. Average Bejan number increases in 
proportion to the rise in Ri. When Ri is smaller and Re is larger, the Be-
8

jan number is greater than 0.5 indicating that heat transmission is the 
main force in entropy development. After raising Ri while simultane-
ously decreasing Re, this impact becomes far more dominating. Bejan 
number is seen to be one slowly for all combinations indicating that en-
tropy growth happens solely during heat transfer and thus, there is no 
growth of viscous entropy generation. A drop in average Bejan num-
ber is also seen with an increase in overall entropy creation while using 
nanofluids. In case 2, the longer base trapezoid generates more total 
entropy than the shorter base trapezoid.

4.3. Effect of Re and Gr at fixed value of Ri

In this case, the impact of pure mixed convection (Ri = 1) for the 
various combinations of Re and Gr is identified. To distinguish laminar 
to chaotic regime, variation of average Nusselt number as a function 
of Re and Gr is presented in Figs. 14(a)-(b). Reynolds number is varied 
from 0.1 to 103 with the corresponding change of Grashof number from 
0.01 to 106. Fig. 14 also illustrates the effect of volume percentage of 
nanoparticles (𝜙 = 0 and 0.01) on average Nusselt number. As expected, 
heat transmission increases with simultaneous rising of Re and Gr after 
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Fig. 10. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Ri and Re at 𝜃 = 0◦ , Gr = 104 inside shorter base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.

Fig. 11. Variation of average Nusselt number of the heated base wall of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Reynolds 
numbers for different tilt angles in both plain and nanofluid at Gr = 104 .
crossing the conduction dominated regime, where Nu is essentially con-
stant. A typical transition state of laminar to chaotic regime for both 
types of enclosure is identified, where there is a sudden drop of Nu
and then increasing sharping with increasing Re and Gr. This region 
is elaborately scrutinized through the visualization of streamline and 
isotherm plots as described next. Besides, the heat transmission rate of 
the heated bottom wall, i.e., Nusselt number is increased by the pres-
ence of nanofluid. However, the presence of nanoparticles has very little 
effect on this laminar to chaotic transition process as clearly visualized 
in the inset figures of Fig. 14.

To visualize laminar to chaotic transition qualitatively in pure mixed 
convection (Ri = 1), streamlines and isotherms are plotted for three 
combinations of Re and Gr as shown in Figs. 15(a)-(f) and 16(a)-(f) 
for larger and shorter base trapezoids respectively. It is clear to detect 
a little vortex in streamline (Re = 37 and Gr = 1369) at the right cor-
ner of longer base trapezoid. In a convection dominated mode, when 
laminar to chaotic transition takes place, that vortex seems to grow. A 
dense concentration of isotherms may also be seen along the hot wall 
for Re = 37 and Gr = 1369. Isotherms are spreading across the enclo-
9

sure as Re and Gr grow. For higher Re and Gr, the shear and buoyancy 
effects dominate on both isotherms and streamlines.

As shown in Fig. 16 for streamline plots with a shorter base trape-
zoid, there is no vortex in the laminar regime. When the flow becomes 
chaotic, this right vortex begins to form and becomes dominant at 
greater Re and Gr. This is because with higher Re and Gr values, both 
forced and buoyancy driven forces are more prevalent. Moreover, it 
seems that isotherms are concentrated near heated walls at lower Re
and Gr. When Re and Gr grow, isotherms spread out. Due to the ge-
ometry of the enclosure, the right vortex in a longer base trapezoid is 
greater than the same in a shorter base trapezoid. Having a wider base 
trapezoid allows this vortex to stretch out as well as to be more pow-
erful. In both enclosures, isotherms seem to follow the same pattern, 
yet their values and shapes vary. In contrast, nanofluids have a consid-
erable impact on flow patterns and temperature distributions. It seems 
that the vortex is becoming smaller, and the isotherms are being more 
evenly distributed for nanofluid indicating improved heat transfer.

Figs. 17(a)-(b) illustrate the variation of average Nusselt number as a 
function of Re and Gr at Ri = 1 and 𝜙 = 1% for three values of tilt angle. 



Md.S. Shuvo, M.H. Hasib and S. Saha Heliyon 8 (2022) e12079

Fig. 12. Variation of average fluid temperature of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Reynolds numbers for different tilt 
angles in both plain and nanofluid at Gr = 104 . The datasets are the same as in Fig. 11(a).

Fig. 13. Variation of average Bejan number of (a) longer base trapezoid and (b) shorter base trapezoid with Richardson and Reynolds numbers for different tilt 
angles in both plain and nanofluid at Gr = 104 . The datasets are the same as in Fig. 11(a).

Fig. 14. Variation of average Nusselt number of the hot wall of (a) longer base trapezoid and (b) shorter base trapezoid with combined variation of Gr and Re for 
different nanoparticle solid volume fraction at Ri = 1 and 𝜃 = 0◦.
10
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Fig. 15. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Re and Gr at 𝜃 = 0◦, Ri = 1 inside longer base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.

Fig. 16. Plots of (a)-(c) streamlines and (d)-(f) isotherms between nanofluid and plain fluid for different values of Re and Gr at 𝜃 = 0◦ , Ri = 1 inside shorter base 
trapezoidal enclosure. The solid lines (—) represent data for plain fluid, whereas the dotted lines (- - - -) represent the same for nanofluid.

03,
Three key aspects are highlighted in this figure. At first, conduction to 
convection transition is seen in the laminar zone. This is because the 
average Nusselt number stays unchanged at lower Reynolds number 
up to Re = 3 and Gr = 9 for both types of enclosure. After that, another 
transition is observed when the average Nusselt number drops suddenly 
and then gradually increases with increasing Re and Gr. It is caused by 
the shift from laminar to chaotic state. Another important observation 
can be seen that both Reynolds and Grashof numbers, at which laminar 
to chaotic transition takes place, decrease with an increase of bottom 
wall tilt angle. Besides, these critical Re and Gr are lower for the longer 
base trapezoid that shorter base trapezoid.

Two correlations of average Nusselt number of the heated wall are 
proposed for longer and shorter base trapezoids based on the outcomes 
11
of pure mixed convection (case 3) at 𝜙 = 1%. To eliminate dimension-
ality associated with the tilt angle, it is divided by 90◦ in the proposed 
correlations (20)–(21). The 𝑅2 values for those correlations are 0.9948 
and 0.9853 respectively. Theoretical support for related engineering ap-
plications may be provided by these correlations. The correlations can 
be expressed in the following way:

For longer base trapezoid:

Nu = 1.1505−0.5636
(
𝜃

90

)0.0105
+0.0939Re0.7242; 0◦ ≤ 𝜃 ≤ 45◦, 0.1 ≤ Re ≤ 1

(20)

For shorter base trapezoid:
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Fig. 17. Variation of average Nusselt number of the heated base wall of (a) longer base trapezoid and (b) shorter base trapezoid with Reynolds and Grashof numbers 
for different tilt angles at Ri = 1 and 𝜙 = 1%.

Fig. 18. Variation of average fluid temperature of (a) longer base trapezoid and (b) shorter base trapezoid with Reynolds and Grashof numbers for different tilt 
angles at Ri = 1 and 𝜙 = 1%.
Nu = 1.3473 + 3.6574
(
𝜃

90

)4.7762
+ 0.1848Re0.6619;

0◦ ≤ 𝜃 ≤ 45◦, 0.1 ≤ Re ≤ 103. (21)

Figs. 18(a)-(b) present the variation of average fluid temperature 
in both types of enclosure with simultaneous change of Reynolds and 
Grashof numbers for different tilt angles at Ri = 1 and 𝜙 = 1%. Like Nu
plots as shown in Fig. 17, there are three separate regimes. No change 
in average fluid temperature occurs when conduction is the dominant 
mode of heat transfer. In a laminar regime dominated by convection, 
the average fluid temperature decreases for both configurations. How-
ever, there is no difference of Θav with the change of base wall tilt angle 
until it reaches to the critical Re and Gr. Both enclosures exhibit signifi-
cant variation of average fluid temperature after that transition regime. 
It is noticed that the average fluid temperature in an inclined enclosure 
is greater than that for a horizontal enclosure.

To observe the effect of entropy generation due to heat transfer, 
variation of average Bejan number with Re and Gr as a function of 
tilt angles is plotted in Figs. 19(a)-(b). Initially, total entropy gener-
ation is constant which indicates conduction dominated mode. Then, 
it is increasing with increasing Re and Gr. In the conduction domi-
nated region, total entropy generates due to only viscosity of the fluid. 
As both Re and Gr increases, entropy generation due to heat transfer 
starts to form. Because increasing Re and Gr enhances heat transfer and 
12
movement of fluid inside the enclosure. Furthermore, an important ob-
servation can be seen that both trapezoids develop similar patterns of 
entropy generation for all tilt angles.

5. Conclusion

The steady entropy generation and mixed convective flow of 
nanofluid within an inclined lid-driven trapezoidal enclosure have been 
investigated numerically. The Reynolds, Grashof, and Richardson num-
bers, the tilt angle of the base wall, and the nanoparticle volume 
fraction are the primary parameters of interest in the present study. 
The following conclusions can be derived from the findings of this in-
vestigation:

• Both heat transmission and flow properties inside the enclosure are 
significantly influenced by the change of Richardson number. Up to 
a certain Richardson number, Nusselt number decreases, but after 
that, it increases gradually when Reynolds number is fixed. Besides, 
when Grashof number is fixed, Nusselt number decreases with in-
creasing Richardson number and decreasing Reynolds number.

• The shorter base trapezoid transmits more heat than the longer 
base trapezoid (maximum increment in Nusselt number is almost 
100%). However, entropy production patterns are nearly identical 



Md.S. Shuvo, M.H. Hasib and S. Saha Heliyon 8 (2022) e12079

Fig. 19. Variation of average Bejan number of (a) longer base trapezoid and (b) shorter base trapezoid with Reynolds and Grashof numbers for different tilt angles 
at Ri = 1 and 𝜙 = 1%.
in both arrangements. The heat transfer performance deteriorates 
as the tilt angle of the base wall increases, yet the fluid temper-
ature rises. During cases 1 and 2, the growth of entropy for heat 
transfer is far more dominant than the development of entropy due 
to viscosity.

• At a lower Reynolds number, changes from conduction to convec-
tion are seen in the laminar region for pure mixed convection 
(Ri = 1). For a longer base trapezoid, the Reynolds number at 
which the flow changes from laminar to chaotic is lower than for a 
shorter base trapezoid. Also, as the bottom wall tilt angle goes up, 
the Reynolds number at which the flow changes from laminar to 
chaotic drops.

• The average Nusselt number indicates the amount of heat trans-
ferred which is increased by the presence of nanofluid (the maxi-
mum increment is 29% for case 3 and longer base trapezoid). When 
the enclosure is filled with nanofluid, both the average fluid tem-
perature and the average Bejan number decrease slightly.

Various aspects of the current inquiry have not been completely 
investigated due to various restrictions. In future investigations, the im-
pacts and circumstances that described below can be used:

• Incorporation of the applied inclined magnetic field strength.
• Conjugate heat transfer with thick solid walls.
• Different cavity shapes, such as hexagonal, domed, triangular, etc., 

as well as various types of working fluids, notably conducting fluids 
such as hybrid nanofluids, phase change materials, etc.
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