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ABSTRACT: We present an analysis of the static exchange-correlation (XC) kernel
computed from hybrid functionals with a single mixing coefficient such as PBEO and
PBE0—1/3. We break down the hybrid XC kernels into the exchange and correlation parts
using the Hartree—Fock functional, the exchange-only PBE, and the correlation-only PBE.
This decomposition is combined with exact data for the static XC kernel of the uniform
electron gas and an Airy gas model within a subsystem functional approach. This gives us a
tool for the non-empirical choice of the mixing coefficient under ambient and extreme
conditions. Our analysis provides physical insights into the effect of the variation of the mixing
coeflicient in hybrid functionals, which is of immense practical value. The presented approach
is general and can be used for other types of functionals like screened hybrids.

Modern density functional theory (DFT) based on the
Kohn—Sham scheme' is the most widely used
electronic structure method and is routinely applied in
computational chemistry, condensed-matter physics, materials
science, and related disciplines. The accuracy of a DFT
calculation depends strongly on the particular choice of the
exchange-correlation (XC) functional.” It needs to be
approximated and supplied as an external input to any DFT
calculations. In this regard, orbital-dependent XC functionals
that are defined in the context of the generalized Kohn—Sham
density functional (KS-DFT)*™> have distinguished practical
value for DFT calculations. Furthermore, it is one of the most
promising directions in quantum chemistry toward achieving
predictable capability with DFT calculations. Commonly used
orbital-dependent XC functionals belong to the class of hybrid
functionals that mix exact Hartree—Fock (HF) exchange with
the exchange energy obtained from a density functional
approximation, e.g., on the level of the local density
approximation (LDA) and the generalized density approx-
imation (GGA).*” The success of hybrid XC functionals stems
from the reduction of the infamous self-interaction (or
delocalization) error, which often hinders explicit density XC
functionals like LDA and GGA from reaching chemical
accuracy.® Additionally, hybrid XC functionals enable thermal
XC effects”'” to be treated more accurately than usual ground-
state functionals due to the inherent use of thermally smeared
occupation numbers.''~"* This is particularly important for
warm dense matter (WDM),'*™'® which is a state of matter
generated for example by laser heating or shock compression at
facilities such as the European X-ray Free-Electron Laser
(XFEL)'” and Linac coherent light source (LCLS) at SLAC'®
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and naturally occurs in astrophysical objects like the interior of
giant planets."”'” Important technological applications of
WDM include the discovery of novel materials under extreme
conditions””™** and hot-electron chemistry.”> Therefore, a
rigorous understanding of hybrid XC functionals within the
generalized KS-DFT approach is of immense importance for
physics and quantum chemistry under both ambient and
extreme conditions.

Hybrid XC functionals are typically constructed by
combining a certain amount of HF exchange with the
exchange energy obtained from an XC approximation.
Following Perdew, Ernzerhof, and Burke,** hybrid XC
functionals are represented as

E.lp, nl = EX[n] + aE[p] + (1 - )EX 0] (1)
where a is termed the mixing parameter and DF is an acronym
for density functional. Examples for eq 1 are PBEQ’ with a =
!/, and PBE0—1/3"° with a = !/, where EDF = EPPE*° To ease
the computational cost of PBEO, a screened version of its
exchange part was implemented in HSE03*” and HSE06,”%*’
where the Coulomb interaction ~1/r is substituted by a
screened interaction ~erfc(Qr)/r, with Q denoting the
screening parameter. Arguably, for solids, these four are the
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most commonly applied and most famous hybrid XC
functionals. Furthermore, we refer to the hybrid functionals
with an arbitrary mixing coefficient a in eq 1 and with EL" =
EPPE as the PBEO-type functionals.

While a general framework of the KS-DFT with hybrid XC
functionals has been rigorously derived by Garrick et al,’ the
choice of the degree of mixing for solids had remained
somewhat intuitive and justified empirically by computing
material properties and comparing them with experimental
measurements such as lattice constants, bulk moduli, the
vacancy formation energy, and atomic data. The usually quoted
rationale for the choice of the mixing coeflicient is from
Perdew et al,** who analyzed atomization errors of typical
molecules from the Moller—Plesset perturbation expansion to
conjecture a = '/,. Clearly, there is ample room left for the
variation of the degree of mixing and of the screening
parameter for systems different from molecules under ambient
conditions. The situation is particularly unsatisfactory for
WDM, where such basic atomic properties like an atomization
energy become ill defined due to the smearing of the boundary
between bound and free states at high pressure or temper-
ature,’”™** and where bulk properties such as the vacancy
formation energy or bulk moduli cannot be accurately
measured due to prevalent extreme conditions. Moreover,
the bulk properties of materials like the lattice constant
(interparticle distance and/or separation), stress tensor, etc., at
high pressures and temperatures often differ significantly from
those under ambient conditions. This calls for an approach that
allows the rationalization of the choice of the mixing coefficient
and screening without employing properties of individual
atoms and molecules or other physical properties limited to
ambient conditions. At the same time, it is preferable that such
a rationale have some connection to properties that are well-
defined and measurable in experiments across temperature and
pressure regimes. Here we show that the static XC kernel
K,(q) [where q denotes a wavenumber (see eq 2)] can serve
this purpose. First, we discuss the K, (q) of the PBEO-type
hybrid functionals by comparing it to archetypal electron gas
models®* to illustrate the concept. Then, we describe how this
can be related to the static density response function
(susceptibility) y(q) that can be measured in experiments via
the X-ray Thomson scattering (XRTS) technique.***

We begin by arguing that the choice of the mixing coefficient
can be based on the K, (q) of the uniform electron gas
(UEG),”™*” which is valid for bulk systems, and on the K.(q)
of the AMOS functional,”® which incorporates the limit of the
Airy gas at large gradients typically close to surface regions.
This is demonstrated for the static XC kernel of the PBEO-type
functionals by varying the mixing coefficient over a wide range
of values. The AMOS functional incorporates the exact
exchange energy of the Airy gas and consists of a correlation
part that is fitted to reproduce jellium surface energies
(because exact quantum Monte Carlo data for the Airy gas
are not available). Importantly, the AMOS functional enables
an accurate and universal treatment of systems with electronic
surfaces.”* Hence, choosing the UEG and jellium surface as
reference data for K, .(q) is motivated by the fact that the
functionals based on these generic-model systems are more
widely applicable for solids than those XC functionals that are
fitted to specific materials (see, e.g, refs 26 and 38—41).

First, we recall that the complete information about the
density response of a given system of interest is contained in
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the dynamic density response function, which can be
conveniently expressed for homogeneous systems as”"*

ZO (q) CU)
x(q, ) =
1 - [v(g) + K,(q, @)l (q ) )
where v(q) = 4n/q* is the Coulomb potential in reciprocal

space and y,(q, @) denotes a known reference function such as
the response of the ideal Fermi gas in the case of a UEG or the
KS response function yys(q, @) for linear response time-
dependent DFT (LR-TDDFT) calculations of materials.** The
exact density response is then given by the combination of
2o(q, @) with the dynamic XC kernel K,.(q, ®). We note that
the density response function in eq 2 depends on only one
wavenumber because we consider a homogeneous system.”**’
In general, for inhomogeneous systems, the density response
function depends on two wavenumbers that are usually
expressed as k + G and k + G’ with reciprocal lattice vectors
G and G’, and k denoting a wave vector restricted to the first
Brillouin zone.*

The XC kernel can be computed by inverting eq 2 if the
density response function is known. To compute the static XC
kernel K,.(q) = K.(q, ® = 0), we perturb the UEG with an
external static harmonic perturbation V,,, = 2A cos(q-r). Then,
static density response function y(q) (defined by setting w = 0
in eq 2) is found from the difference Sn(r) between the
perturbed and unperturbed densities:**~*

Sn(r) = 2A cos(q-1)y(q) (3)

This approach for computing y(q) was used for the UEG by
Dornheim et al.*”*® within the path integral Monte Carlo
(PIMC) method. Recently, this method has been extended to
the KS-DFT and has been illustrated for the UEG and warm
dense hydrogen.* By doing so, we circumvent the need to
compute a second-order functional derivative of the XC
functional and, thus, can calculate the static XC kernel across
Jacob’s ladder.” The key ingredient of our analysis is the exact
quantum Monte Carlo data for the so-called local field
correction (LFC) of the UEG, which is connected to the XC
kernel as G(q) = —K,.(q)/v(q) and is commonly used in the
quantum theory of the electron liquid.”**”

The UEG is conveniently described by mean interparticle
distance r; and the reduced temperature 8 = T/ Ty, where r, is
in units of the Bohr radius and Ty is the Fermi temperature
(energy).”">* All results are presented in Hartree atomic units.
We consider metallic densities and set r, equal to 2, which is
typical for both solids and WDM.*” The results are presented
for the ground state § = 0.01 with strong electron degeneracy
and for the case with partial electron degeneracy 0 =1, i.e, T =
Tg. The former case corresponds to ambient conditions, and
the latter is characteristic of WDM. We note that perturbation
amplitude A in eq 3 must be small enough to avoid higher-
order nonlinear effects. This aspect was extensively analyzed
within the KS-DFT method for the UEG by Moldabekov et
al.>* Furthermore, we drop the vector notation for the
wavenumber and set q in eq 3 to be along the z-axis. We
note that the linear response of an UEG depends on only g.

The ABINIT package’®~®° has been used for the KS-DFT
calculations of the perturbed free electron gas. The results at 6
= 0.01 are presented for N = 38 electrons, and those at @ = 1.0
for N = 14 electrons. We note that finite-size effects have been
extensively investigated in the literature®' "’ and are expected
to be small for these conditions. The corresponding cell

https://doi.org/10.1021/acs.jpclett.2c03670
J. Phys. Chem. Lett. 2023, 14, 1326—1333


pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.2c03670?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry Letters

10t F .
E a) 6 =0.01 °
1 — ML O PBEx A
4 0O bpmc A —PBEc o
4 0O pBE & HF 1
1 <& pBEO A /,,—E'
= O PBE0-1/3 8 @\
oy %
e “
i n
| i
107

q/qr

pubs.acs.org/JPCL
10*]
10°]
1071
10724y 1 1 1 1 1 1
0.5 1.0 1.5 2.0 2.5 3.0 3.5
q/qr

Figure 1. (a) Static XC kernel of the UEG at (a) € = 0.01 and (b) 0 = 1 for r, = 2. The exact diffusion quantum Monte Carlo (DMC) results of
Moroni et al.** are presented as black squares for & = 0.01. The solid line is the ML representation of the exact quantum Monte Carlo results by

Dornheim et al.®*

The dashed line illustrates the quadratic dependence of the PBE data on g. Mixing parameter a indicates the data obtained by

combining the results for kernels from the separate HF, the exchange-only PBE (labeled as PBE,), and the correlation-only PBE (labeled as PBE,)

calculations as K,.(q, a) = Ko *(q) + aK2¥(q) + (1 — a)K."

*(q). Other symbols correspond to the KS-DFT data computed using PBE, PBEO,

PBE0—1/3, and AMOS as described in the text. Some data points are multiplied by a constant factor to better illustrate the results. The
corresponding multiplications are explicitly shown next to the curly braces in the graphs.

lengths (L) are 10.839 and 7.7703 Bohr, respectively. The
perturbation wavenumber is defined by the length of the main
simulation cell as g = 27j/L, where j > 1 is a positive integer
number. The number of bands at 8 = 0.01 is set to 76, and that
at @ = 1.0 to 200. The calculations are performed with periodic
boundary conditions and a k-point grid of 8 X 8 X 8. The
maximal kinetic energy cutoff is set to 13 hartree. Self-
consistent-field cycles for the solution of the Kohn—Sham
equations were converged with absolute differences in total
energy of 6E < 1077 Hartree. The perturbation amplitude is set
to A = 0.01. For a detailed discussion of the convergence with
respect to the simulation parameters, see our recent
11,45

papers.
The results for K, of the UEG forr,=2 at @ = 0.01 and 6 =

1.0 are presented in Figure 1. Remarkably, we find exactly the
same trend for both temperatures. In particular, we show K,
values computed using the PBE, PBEO, PBE0—1/3, and AMO0S
functionals and compare them with the exact diffusion
quantum Monte Carlo (DMC) results of Moroni et al.
(black squares)** at @ = 0.01 as well as with the machine-
learning representation (ML) by Dornheim et al.** based on
an extensive PIMC simulation for the WDM parameters (solid
line). The dashed red line illustrates the quadratic q
dependence of K,(q) based on PBE according to the
compressibility sum rule.* It becomes exact in the limit of g
— 0. The results for K, .(q) based on various LDA, GGA,
meta-GGA, and hybrid XC functionals, including the data for
the PBE, PBEO, PBE0—1/3, and AMOS functionals, were
reported in refs 11 and 45. In this work, we break down the
PBEO-type functionals into exchange and correlation parts with
the aim of obtaining physical insight into how the results
change as we vary the mixing coefficient. To that end, we
carried out additional calculations using only the HF orbital-
dependent functional, only the exchange part of PBE (PBE,),
and only the correlation part of PBE (PBE,).

Let us start our discussion with the special case of eq 1 with
a = 0, ie.,, without the HF contribution. In this case, eq 1
reduces to the PBE functional. From Figure 1, we infer that the
results for the kernels in PBE, (blue circles) and PBE_ (black
triangles) vastly differ from the full PBE data (red squares) and
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all other results. Thus, we use a logarithmic scale for
comparative analysis. The kernels K,.(q) based on PBE, and
PBE_ have opposite signs (PBE, data are shown with a minus
sign). The first numerical observation is that the PBE, kernel is
dominant over the PBE_ kernel in the entire g range, g < 3¢
(with gg being the Fermi wavenumber). In particular, when g <
qr, the PBE, kernel is larger than the PBE_ kernel by at least 1
order of magnitude in absolute value. In Figure 1la, the data
point at g ~ 0.6gy for the PBE_ kernel is multiplied by a factor
of 35 for a better illustration. The direct sum of the PBE, and
PBE, data for the UEG reproduces the results obtained using
the full PBE functional, because the XC kernel is equivalent to
the second-order functional derivative of the XC functional,
and for PBE, we have EP®¥[n] = EPBE[4] + EEBE[n].Z(’

Next, we consider the case in which a = !/,, which is the
definition of the PBEQ functional (depicted using an orange
rhombus). For PBEO, one needs to mix in a fraction of HF
exchange. The full HF data (purple plus signs) are in close
agreement with PBE, data at g < 1.5gp with a a maximum at
1.5gr < g < 2qg. At g > 2qg, the HF kernel underestimates
K,.(q) compared to the exact quantum Monte Carlo data.
Now we add a quarter of the HF kernel, three-quarters of the
PBE, kernel, and the full PBE_ kernel according to eq 1 with a
= '/, The resulting data points (green circles) are in
agreement with the data computed using the PBEO functional.
This sanity check confirms that the PBEO XC kernel for the
UEG can be found by adding the exchange and correlation
parts computed separately. Figure 1 shows that, on one hand,
replacing one-quarter of the PBE, kernel with one-quarter of
the HF kernel significantly reduces the PBEO kernel at g > 2q;
compared to the exact data for the UEG. On the other hand,
this replacement leaves the PBEO kernel almost unaffected at g
< 2qg. The reason for this is the aforementioned observation
that the HF kernel is nearly the same as the PBE, kernel at q <
24g.

Then, we consider the results of the PBE0—1/3 functional
(brown squares). As for PBEO, here we use the static XC
kernel data from the separate HF, PBE,, and PBE_ calculations
to combine them according to eq 1 with a = '/5. The result
(red inverted triangles) reproduces the data obtained from

https://doi.org/10.1021/acs.jpclett.2c03670
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Figure 2. Static XC kernel at (a) # = 0.01 and (b) § = 1 for r, = 2. The exact diffusion quantum Monte Carlo (DMC) results of Moroni et al.** are
presented as black squares for @ = 0.01. The solid line is the ML representation of the exact quantum Monte Carlo data by Dornheim et al.** The
dashed lines illustrate the quadratic dependence of the PBE data on g in logarithmic scale. Mixing parameter a in eq 1 is varied in the range of
0—'/,5. The KS-DFT data corresponding to different a values are presented as circles with different colors, and the corresponding lines depict
spline interpolations between these data points. In addition, we show the data points computed using a = /.

independent simulations using the PBE0O—1/3 functional (see
Figure 1). We observe that the admission of one-third of the
HF exchange does not affect the PBE0—1/3 kernel at g < 2g5
due to the close value of the HF kernel and the PBE, kernel at
these wavenumbers. At the same time, the mixing of one-third
of the HF exchange leads to a significant reduction of the
PBE0—1/3 kernel compared to the exact data for the UEG at g
> 2qp. At g > 3qg, the PBE0—1/3 kernel even changes its sign
with the increase in the wavenumber (indicated in Figure 1 by
multiplication by a negative factor). The reason for that is that
the HF kernel reduces with the increase in g at g > 2qp and
thus the difference between the exchange and correlation parts
of the PBE0—1/3 kernel decreases and eventually the sign of
the kernel changes at g > 3gg.

Therefore, we have established that at q > 2gp the
disagreement between the exact data for the UEG and both
PBEO—1/3 and PBEO increases with an increase in the
wavenumber, because the HF kernel decreases with q. On the
contrary, Figure 1 shows that the same decreasing trend at g >
2gp holds for the AMOS kernel (pink crosses). In fact, the
agreement of the PBEO and PBE0—1/3 kernels with the AM0S
kernel is much closer than the agreement of the PBE kernel
with AMOS. This is also the case for the HSE06 and HSE03
kernels, which are screened versions of PBE0."' A relevant
observation is that AMOS performs as well as PBEO and HSE06
and much better than PBE for solids and surfaces.”” The
success of AMOS is due to a subsystem functional approach.®®
Within the subsystem functional approach, AMO0S mimics the
Airy gas model at large density gradients and the UEG model
at small density graldients.38 Indeed, we see that at ¢ < 1.5¢g,
AMOS is in agreement with PBE and with the exact data for the
UEG. Figure 1 shows that the increase in the mixing coeflicient
from a = !/, (used for PBEO) to a = '/; (used for PBE0—1/3)
leads to the closer agreement of the PBEO-type kernel with the
AMOS kernel.

After this illustration of our approach for the analysis of
PBEO-type functionals for the examples of a = 1/4 and a = 1/3,
we now use the HF, PBE,, and PBE_ kernels to investigate the
PBEO-type kernel for a wide range of values of mixing
parameter a. In particular, we achieve an excellent agreement
with the exact data for the UEG at the considered
wavenumbers by choosing a = '/, as illustrated for both 6
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=0.01 and 0 = 1 in Figure 1 (light blue circles). In Figure 2, we
scan a values from a = 0 to a = '/,5 to show that the
corresponding PBEO-type kernel changes from the PBE kernel
to the AMOS kernel with an increase in a at g > 2qp and
remains in good agreement with the exact data for the UEG at
q < 2qg.

An important conclusion we draw from these results is that
the mixing coefficient for PBEO-type functionals can be chosen
using the XC kernel from the UEG model or from AMOS,
which incorporates the Airy gas model within the subsystem
functional approach at large density gradients. These two
models are archetypal for electrons in the bulk’*®” and in the
surface regions”*"7% of solids. The functionals that are
based on such generic models are termed non-empirical
functionals because they are valid for a larger range of materials
than functionals created for some specific systems.”****" In
this way, we provide a theoretical device for constructing
hybrid functionals that are non-empirical and that apply for
both solid-state systems and WDM. Indeed, one could perform
a similar analysis for screened hybrid functionals by varying
screening parameter £2. Moreover, the static XC kernel of the
UEG based on HF, PBE, and PBE. functionals can be
calculated over a wide range of densities and temperatures to
find the optimal parameters of the hybrid XC functionals such
as the mixing coefficient. Additionally, this method can be used
with a greater degree of freedom in terms of range-separated
functionals,”" ™" a subgroup of hybrid XC functionals that
provide more flexibility in tuning the exchange energy
component

An important observation is that a small change in mixing
coeflicient a does not lead to a drastic change in the XC kernel
as shown in Figure 2, where we vary a with a step size of /¢4
from 0 to '/, . Thus, it is not expected that, e.g, the choice a =
'/, (which closely reproduces the AMOS kernel) yields results
significantly different from those for a = y 5 (used in PBEO—1/
3) when applied to solids. On the contrary, the presented
approach is particularly valuable for applications beyond
ambient conditions where surface properties are less relevant,
which is the case for liquid metals, dense plasmas, and WDM.
For example, there is no need to take the surface properties of
WDM into consideration, because warm dense samples
generated by laser heating or shock compression do not have
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J. Phys. Chem. Lett. 2023, 14, 1326—1333


https://pubs.acs.org/doi/10.1021/acs.jpclett.2c03670?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c03670?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c03670?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c03670?fig=fig2&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.2c03670?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry Letters

pubs.acs.org/JPCL

a clearly distinguishable surface. Thus, our approach yields a
rationale for choosing, e.g., a = !/ 4 at metallic densities, which
should yield a better description of the bulk properties.

We are convinced that our new insights into the non-
empirical mixing coefficient in hybrid functionals will be useful
for a number of applications both under ambient conditions
and in the WDM regime. In particular, we stress that the XC
kernel is very important in its own right and constitutes the key
input for the computation of material properties such as
effective potentials,”*’*~"® quantum fluid dynamics,””~** or
LR-TDDFT simulations of real materials** and plasmonics.*®
A particularly interesting possibility is the experimental
verification of our work for the hybrid XC kernel in XRTS
experiments in WDM.?> XRTS is a standard tool of diagnostics
of WDM, and measurements can be performed at both small g
< 24y and large q > 2y wavenumbers.**™*® In fact, the XRTS
signal is proportional to the dynamic structure factor of the
electrons convolved with the probe function. Recently, it has
been shown that a two-sided Laplace transform of the
measured XRTS intensity can be used to compute the
imaginary-time density—density correlation function with
significantly reduced experimental noise.”” This allows one to
subsequently find static density response function y(q) via the
imaginary-time version of the fluctuation—dissipation theo-
rem.’® Thus, the static XC kernel that has been shown here is a
suitable quantity for determining the mixing coefficient of
hybrid functionals non-empirically. In addition, it can also be
probed in XRTS measurements of matter under extreme
conditions.
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