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Abstract

A frequency domain modeling approach for lightning protection systems (LPS) of

buildings is described and validated in this paper. The model is based on a 2-port

transmission line representation of each conductor, and the further assembling of a

network representing the complete structure. Horizontal and vertical conductors are

modeled using formulas based on the complex images method, in order to take into

account frequency dependence. Variation of electrical parameters with height is

also considered for vertical conductors. This is accomplished by means of a non-

uniform modeling approach based on conductor subdivision and cascaded

connection of chain matrices computed for each segment. The results from the

model are validated by means of comparisons with measurements reported

elsewhere, as well as simulations using PSCAD/EMTDC.

Keywords: Electromagnetism, Engineering

1. Introduction

The objective of lightning protection systems (LPS) of buildings is the dissipation

of lightning currents to ground with the least possible impact on equipment,

installations and people inside the building. This impact is mostly due to the

electromagnetic environment (conducted and radiated fields) generated by the

circulating currents from the point of impact of the lightning stroke to the

grounding electrodes [1]. Large voltage differences between different points of the

structure, which are dangerous to persons and equipment inside the building, can
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also appear as a result of the circulating currents. Electronic and communication

components (sensitive equipment) are particularly prone to damage or failure under

this conditions. In addition, the performance of LPS structures is especially

important when photovoltaic (PV) modules are installed on building roofs [2].

LPS are formed of metallic components in reinforced concrete or steel

constructions, as well as vertical and horizontal conductors located outside of

the structure, similarly to a Faraday cage [3]. An example is shown in Fig. 1.

Transient analysis of LPS struck by direct lightning strokes can be performed by

means of field measurements or experimental setups on reduced-scale prototypes

[1], [3], as well as digital simulations using different software tools. Experimental

tests are usually complicated, expensive and case sensitive. On the other hand,

simulations can deal with different test cases in a simpler manner.

There are several approaches for the simulation of building structure arrangements,

such as those based on equivalent lumped-parameter circuits [4, 5, 6, 7], method of

moments, [8, 9, 10], finite-difference-time-domain method (FDTD) [11, 12, 13,

14], finite element method (FEM) [15], [16], etc. An alternative approach is the

representation of the structure by means of a network consisting of horizontal and

vertical transmission lines. This has been previously applied to tower modeling

with very good results [17], [18].

In this work, a frequency domain model of the LPS for direct lightning studies is

described. This model is based on the representation of each horizontal or vertical

[(Fig._1)TD$FIG]

Fig. 1. Lightning protection structure of a building.
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structure component by means of a 2-port transmission line model. Once all of the

components are modeled, an admittance matrix model for the complete structure is

defined, which is then solved for the nodal voltages. From such voltages, the

current circulating along each structure component is also computed. Finally, the

time domain response of the structure is obtained applying the inverse numerical

Laplace transform [19].

The results from the proposed model are compared with experimental results

reported in [3], as well as results from a model implemented in the professional

software PSCAD/EMTDC.

The contributions of this work can be summarized as follows:

1. The proposed model considers frequency dependence of the structure

components due to skin effect in conductors and finite ground conductivity,

as well as non-uniformity of the vertical conductors parameters, due to variation

with height.

2. It is demonstrated that the computation of transient overvoltages at different

nodes of the LPS structure requires an accurate modeling of both horizontal and

vertical conductors, considering frequency dependence and non-uniformity (in

the case of vertical components). This is not possible with the current

capabilities of existing transient simulation programs. PSCAD/EMTDC is used

for comparisons, but other EMTP-type programs have the same limitations for

vertical conductor modeling.

3. It is also demonstrated that the circulating currents along the structure can be

obtained with sufficient accuracy with a professional simulation software

(PSCAD/EMTDC), using existing transmission line models.

The inductive and capacitive coupling between structure components is neglected

in this work, aiming at a balance between accuracy and practicality of the modeling

proposal. Simulation results show that, for the test cases under consideration, this

coupling is not a significant parameter, since the difference between simulation and

experimental results are below 5% in average. This is due to the fact that the

distance between conductors is equal to or larger than their length for all of the

structure components, resulting in a low coupling factor. This observation is very

important because a single conductor based model is simpler, less computer-time

consuming and easier to implement in a commercial software package than a

multiconductor based model. Bearing in mind that for LPS the transversal distance

between conductors is oftentimes comparable to the lengths of the structure

elements, the model described in the paper can be applied with enough confidence

for a variety of real cases. Nonetheless, future work will explore the application of

a multiconductor transmission line modelling approach to consider more general

cases which may not comply with this and could present larger coupling factors.
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2. Model

There are 3 fundamental components of the LPS model:

1. Horizontal conductors

2. Vertical conductors

3. Grounding components

The modeling approach followed for each component is described below.

2.1. Horizontal conductors

Each of the horizontal conductors in the metallic structure is modeled similarly to

an aerial single-phase line. The model starts from the telegrapher equations in the

frequency domain for a single conductor. Applying boundary conditions, the 2-port

representation (admittance matrix) used in this work is obtained:

IL
IR

� �
¼ Ah �Bh

�Bh Ah

� �
VL

VR

� �
(1)

where VL, VR IL e IR, are the nodal voltages and currents at the left and right ends of

the conductor, respectively. Admittance matrix elements of a horizontal conductor

are defined as

Ah ¼
ffiffiffiffiffi
Yh

Zh

r
coth

ffiffiffiffiffiffiffiffiffiffi
ZhYh

p
ℓh

� �
(2a)

Bh ¼
ffiffiffiffiffi
Yh

Zh

r
csch

ffiffiffiffiffiffiffiffiffiffi
ZhYh

p
ℓh

� �
(2b)

where Zh and Yh are the series impedance and shunt admittance of the horizontal

conductor, respectively, and ℓh is its length. Parameter computation for horizontal

conductors is well-known [20] and is only summed up in the remaining of this

section for completeness of the paper.

Series impedance of a bare horizontal conductor can be divided in 3 parts:

geometrical impedance, Zh,G, impedance do to the finite ground conductivity, Zh,E,

and internal conductor impedance, Zh,C:

Zh ¼ Zh;G þ Zh;E þ Zh;C (3)

Geometric impedance is computed considering perfectly conducting ground and

applying the method of images. This yields the following expression:

Zh;G ¼ jωμ0
2�

ln
2h
r

� �
(4)

where ω is the angular frequency, μ0 is the permeability of free space, h is the

conductor height above ground and r is its radius.
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Impedance due to finite ground conductivity is computed applying the method of

complex images [21], [22]. It is considered that the ground return current is limited

by a fictitious plane parallel to the earth plane and given by a complex penetration

depth, p, defined as

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jωμ0σE

p (5)

where σE is the ground conductivity. From this definition, the impedance

component of the horizontal conductor due to the finite ground conductivity is

given by

Zh;E ¼ jωμ0
2�

ln 1þ p
h

	 

(6)

Internal conductor impedance is due to skin effect, this is, the tendency of current

to concentrate in the conductor’ surface as frequency increases. This phenomenon

is approximated by means of the concept of complex penetration depth inside the

conductor, δ, expressed as

δ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jωμ0σC

p (7)

where σE is the conductivity of the conductor. Considering both dc and high

frequency components of the internal impedance, the following expression is

obtained:

Zh;C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4δ2 þ r2

p
2�r2σCδ

(8)

On the other hand, shunt admittance of a horizontal conductor is also computed

from the method of images; the corresponding expression is

Yh ¼ jω2�ε0
ln 2h

r

� � (9)

2.2. Vertical conductors

Parameter computation of vertical conductors follows the approach proposed by

Gutiérrez et al. for tower modeling [17]. In this reference, a vertical conductor is

represented by means of a non-uniform line, considering that its electrical

parameters are a function of the vertical position. Therefore, each vertical

conductor is divided into n segments, computing the electrical parameters of each

segment. In [17], the resulting system is solved using the method of characteristics,

a finite differences method for time-domain solution of the telegrapher equations.

Conversely, in this work the frequency domain chain matrix model of each

segment is obtained, and then the method of chain connection of chain matrices is
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applied, as described in [18]. With this method, a chain matrix model for the

complete vertical conductor is obtained as follows:

VU

IU

� �
¼ ΦnΦn�1 : : : Φ2Φ1

VD

ID

� �
¼ ΦV

VD

ID

� �
(10)

where VU, VD, IU and ID are the voltages and currents at the upper and lower ends

of the vertical conductor, respectively;Φv is the chain matrix of the complete

conductor, and Φi is the chain matrix of the i-th vertical conductor, defined as

Φi ¼
cosh

ffiffiffiffiffiffiffiffiffiffi
Zi
vY

i
v

q
ℓv=n

	 

�

ffiffiffiffiffi
Zi
v

Yi
v

s
sinh

ffiffiffiffiffiffiffiffiffiffi
Zi
vY

i
v

q
ℓv=n

	 


�
ffiffiffiffiffi
Yi
v

Zi
v

s
sinh

ffiffiffiffiffiffiffiffiffiffi
Zi
vY

i
v

q
ℓv=n

	 

cosh

ffiffiffiffiffiffiffiffiffiffi
Zi
vY

i
v

q
ℓv=n

	 

2
66664

3
77775 (11)

where Zi
v and Yi

v are the electrical parameters (series impedance and shunt

admittance) of the i-th segment of the vertical conductor, ℓV is the length of the

complete conductor and n is the number of subdivisions.

Series impedance of the i-th segment of the vertical conductor, Zi, is computed

considering that this parameter is formed by 3 components, similarly to the

expression given by Eq. (3) for horizontal conductors:

Zi
v ¼ Zi

v;G þ Zi
v;E þ Zi

v;C (12)

The corresponding formulas are [17]:

Zi
v;G ¼ jωμ0

2�
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2i þ r2

q
þ hi

r

0
@

1
A (13a)

Zi
v;E ¼ jωμ0

2�
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hi þ pð Þ2 þ r2

q
þ hi þ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2i þ r2
q

þ hi

0
B@

1
CA (13b)

where hi is the height of the i-th conductor segment. Internal impedance of each

segment of the vertical conductor, Zi
v;C, is computed applying the same equation

used for horizontal components [Eq. (8)].

On the other hand, the shunt admittance of the i-th segment of the vertical

conductor, Yi
v, is computed as

Yi
v ¼

jω2�ε0

ln
ffiffiffiffiffiffiffiffiffi
h2i þr2

p
þhi

r

� � (14)

Once the chain matrix of the complete vertical conductor is computed according to

Eqs. (10) and (11), it is transformed into an admittance matrix, so that it can be

directly used (in conjunction with Eq. (1)) to assemble the network of horizontal
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and vertical conductors representing the building structure, as described in

Section 2.4. In order to perform such transformation, Eq. (10) is rewritten in terms

of the elements of the chain matrix of the vertical conductor:

VU

IU

� �
¼ Φ11 Φ12

Φ21 Φ22

� �
VD

ID

� �
(15)

By means of a simple algebraic manipulation of Eq. (15) an admittance matrix

model of the vertical conductor is obtained [23]:

ID
IU

� �
¼ �Φ�1

12 Φ11 Φ�1
12

Φ22Φ�1
12 Φ11 �Φ21 �Φ22Φ�1

12

� �
VD

VU

� �
¼ Av �Bv

�Bv Av

� �
VD

VU

� �
(16)

2.3. Grounding components

Dissipation of lightning currents to ground is done by means of buried metallic

electrodes (ground rods). These electrodes can be included in the LPS model in 3

different ways:

1. As simple footing resistances.

2. As lumped-parameter RLC circuits representing each vertical electrode.

3. By means of distributed-parameter representations which consider the

propagation along the rods. The dependence of parameters on the vertical

position (non-uniform model) can also be accounted for.

Any of these representations can be included in the proposed model. If the third

option is considered (including the non-uniformity of electrical parameters), the

ground rod model will be very similar to the model described for vertical

conductors of the building structure. The main difference lies in the computation of

the shunt admittance. For ground rods, this parameter has to include, besides the

capacitive component, a shunt conductance component through which the

lightning current is dissipated to ground [24]. The corresponding expression is

as follows (modified from [17]):

Yi
gr ¼

2� σE þ jωεEð Þ
ln

ffiffiffiffiffiffiffiffiffi
h2i þr2

p
þhi

r

� � (16b)

where ɛE is the ground permittivity. Also, in this case hi represents the vertical

position of the i-th segment of the rod in the −y direction (instead of the +y

direction as in Eq. (14)).

2.4. Network assembly and frequency domain solution

Considering a system consisting of N nodes, the complete metallic structure is

described by means of a nodal or admittance matrix model as follows:
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I1
I2
⋮
IN

2
664

3
775 ¼

Y11 Y12 ⋯ Y1N

Y21 Y22 ⋯ Y2N

⋮ ⋮ ⋱ ⋮
YN1 YN2 ⋯ YNN

2
664

3
775

V1

V2

⋮
VN

2
664

3
775 (17)

where Yij is the element located at row i and column j of the structure admittance

matrix, Ii is the i-th element of the injection currents vector, and Vi is the i-th

element of the nodal voltages vector. Insertion of a structure component (horizontal

or vertical) between nodes i and j of the admittance matrix defined in Eq. (17)

modifies such matrix according to

Yii ⋯ Yij

⋮ ⋱ ⋮
Yji ⋯ Yjj

2
4

3
5
new

¼
Yii ⋯ Yij

⋮ ⋱ ⋮
Yji ⋯ Yjj

2
4

3
5
old

þ
A ⋯ �B
⋮ ⋱ ⋮
�B ⋯ A

2
4

3
5 (18)

where A and B are the elements of the admittance matrix of a single structure

component, defined by Eqs. (2a) and (2b) for horizontal components and by

Eq. (16) for vertical components. Subscripts “old” and “new” indicate the elements

of the admittance matrix before and after the insertion of the structure component.

Application of Eq. (18) is repeated for each existing component until the network

representing the metallic structure is formed, as defined in Eq. (17). This equation

is solved for the nodal voltages, considering the lightning current excitation at the

corresponding node (point of impact) by means of the injection currents vector.

Inclusion of lumped-parameter elements (for example footing resistances), is

performed similarly to Eq. (18).

Finally, the current circulating between nodes i and j is computed according to

Iij ¼ Yij Vj � Vi
� �

(19)

Time domain response of the structure is obtained by means of the inverse

numerical Laplace transform [19].

3. Results

In order to validate the results from the model presented in this work, two test cases

taken from [3] are considered. This reference presents experimental measurements

(reduced-scale) of the current distribution within industrial building structures. The

arrangements used for model validation are reproduced in Fig. 2. Hereafter,

arrangements from Fig. 2(a) and (b) are denoted as structure A and structure B,

respectively. Both structures consist of horizontal and vertical steel conductors.

The dimensions of each structure are shown in Fig. 2. For the experimental setups

under consideration, the structures are not grounded by means of vertical rods but

instead by simple low resistances. In addition [3], does not mention the values of

such resistances for the structures considered for validation; therefore, a value of 2

Ω was assumed for the simulations. Ground resistivity and conductors’ radius are
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not mentioned either, thus a resistivity of 100 Ω-m (typical for most cases) and a

radius of 1 mm (remembering that this is a reduced-scale test) are assumed. Wave-

shape of the lightning current (ip in Fig. 2) used for experimental tests and

simulations, is given by the following expression [1]:

i tð Þ ¼ Σn
i¼1t

δiAie�αit (20)

with n = 4. The remaining values used in Eq. (20) are listed in Table 1.

[(Fig._2)TD$FIG]

Fig. 2. Structures considered for validation of the proposed model: a) structure A, b) structure B [3].

Table 1. Parameters of the lightning current wave-shape [1].

n A (A/μs2) δ (dimensionless) α (1/μs)

1 100500 2 0.99

2 390 2 0.063

3 2100 2 0.18

4 14500 2 0.4
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Additionally, the structures shown in Fig. 2 were modeled using the professional

software PSCAD/EMTDC v.4.5. As an example, Fig. 3 shows the implementation

of structure A. In this software, horizontal elements were represented by single-

phase lines using the frequency-dependent line model denoted in this program as

“Phase domain model” [25]. However, this software does not include models for

vertical conductors. Therefore, such conductors were modeled using the constant-

parameter Bergeron model [26], and computing their characteristic impedances

according to the expression proposed by Hara for vertical conductors [27]:

Z0 ¼ 60 ln
2
ffiffiffi
2

p
h

r

 !
� 2

" #
(21)

This formula has shown good results with respect to lab tests [28] and simulations

using FEM [29]. However, it does not consider the non-uniform and frequency

dependent nature of electrical parameters for vertical conductors.

3.1. Results for structure A

Fig. 4 shows the transient current obtained at different conductors (branches) of

structure A, comparing the results obtained with the proposed model (hereafter

denoted as FD model) from those obtained using PSCAD/EMTDC. It can be

noticed that the responses from both methods are very similar. Then, the maximum

current values at each conductor of the structure are computed and compared to the

experimental results reported in [3]. This is shown in Table 2. Branch numbering

can be identified in Fig. 2(a). Additionally, relative differences between simulation

results and experimental measurements are computed. This is shown in Fig. 5.

[(Fig._3)TD$FIG]

Fig. 3. Structure A implemented in PSCAD/EMTDC.
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It can be observed that the relative difference of the proposed model against

measurements remains below 10% for all of the branches, while in PSCAD/

EMTDC it reaches a value of 17.36% at branch 1, and exceeds 10% at 3 of the 8

branches. Besides, the average relative difference of the proposed model is

considerably lower than that of PSCAD/EMTDC (4.65% vs 8.33%).

In addition to the circulating current, another important parameter to be evaluated

is the voltage at different nodes of the structure. A large potential difference can be

dangerous to people and equipment inside the building. Fig. 6 shows the transient

overvoltages produced by the lightning stroke at nodes 1 to 4 of the structure (node

numbering is shown in Fig. 2(a)). The results obtained with PSCAD/EMTDC are

also included. Unlike the circulating currents, the transient overvoltages computed

by both methods are clearly different, particularly in terms of amplitude.

[(Fig._4)TD$FIG]

Fig. 4. Transient currents at different branches of structure A.

Table 2. Maximum current value at different branches of structure A.

Branch max[i(t)]

Measurement from [3] FD model PSCAD/EMTDC

1 45600 49993.62 53517.44

2 23250 23539.57 22829.80

3 12710 12105.69 12104.51

4 16500 15481.07 14458.61

5 31500 30478.90 28784.32

6 8000 7666.99 7656.40

7 4750 4592.83 4473.65

8 21000 20010.30 18558.37
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To explore the reasons for these differences, Fig. 7 shows the frequency spectrum

of the characteristic impedance magnitude of a typical vertical element (notice that

structures A and B have the same type of vertical elements). This spectrum is

compared with the constant value of characteristic impedance applied for PSCAD/

EMTDC simulations. The following remarks are obtained from this figure:

1. For a large part of the frequency spectrum, the characteristic impedance

computed for the vertical conductors of the proposed model is larger than the

value used in PSCAD/EMTDC. This results in larger overvoltage magnitudes,

since the magnitude of the voltage traveling-wave is directly proportional to the

characteristic impedance of the conductor.

[(Fig._5)TD$FIG]

Fig. 5. Relative differences between the results from simulations and experimental measurements for

structure A.

[(Fig._6)TD$FIG]

Fig. 6. Transient overvoltages at nodes 1 to 4 of structure A.
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2. In the high frequency region, the frequency spectrum of the characteristic

impedance computed for the vertical conductors of the proposed model is highly

oscillatory. These resonances are not considered in the characteristic impedance

introduced into PSCAD/EMTDC. In consequence, differences in phase and

frequency content can be noticed in the transient overvoltages obtained by both

computational methods.

To sum up, the simulations obtained with PSCAD/EMTDC underestimate the

overvoltages at different nodes of the structure. This can result in an insufficient

protection of people and equipment inside the building.

3.2. Results for structure B

Fig. 8 shows the transient current circulating along different conductors of

structure B. Similarly to the previous case, it can be seen that the responses from

the proposed model and PSCAD/EMTDC are very similar. The maximum current

values at each conductor of the structure are computed and compared with the

measurements from [3]. This is listed in Table 3. Relative difference between

simulations and experimental results are shown in Fig. 9.

Although in this case the results from PSCAD/EMTDC at some branches are

slightly closer to the measurements than the results from the proposed model, the

average relative difference of the proposed model is lower than the one obtained

with PSCAD/EMTDC (4.37% vs 4.80%). Besides, the relative difference between

the proposed model and the measurements remains below 10% for all of the

branches. This is not the case for the PSCAD/EMTDC results: the relative

difference with respect to measurements reaches 17.24% % at branch 1.

[(Fig._7)TD$FIG]

Fig. 7. Frequency spectrum of the characteristic impedance magnitude for a typical vertical conductor

of structures A or B.
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Finally, Fig. 10 shows the transient overvoltages at nodes 1 to 4 of structure B. The

results are similar to those obtained for structure A: waveforms are significantly

different in amplitude, presenting also differences in phase and frequency content.

This supports the conclusion obtained from the previous case, regarding the

necessity of including the frequency dependence and non-uniformity of vertical

conductors’ parameters in order to avoid underestimating overvoltages at the

structure nodes.

[(Fig._8)TD$FIG]

Fig. 8. Transient currents at different branches of structure B.

Table 3. Maximum current value at different branches of structure B.

Branch max[i(t)]

Measurement from [3] FD model PSCAD/EMTDC

1 45000 48959.87 52757.83

2 22000 22521.83 22077.25

3 8380 9020.12 8819.80

4 11800 12383.68 11789.18

5 31250 30404.74 28723.81

6 9000 9491.77 9417.56

7 4000 4059.40 3901.14

8 22000 21197.84 19865.75

9 5130 5407.44 5353.06

10 5500 5577.47 5516.27

11 4340 4750.28 4692.43

12 690 678.39 683.47

13 6130 6244.15 6181.05
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4. Conclusions

The modeling of metallic structures for lightning protection of buildings has been

described and evaluated in this work. The proposed model is based on representing

the horizontal and vertical components of the structures by means of transmission

lines in the frequency domain.

By means of two test cases, it is demonstrated that the proposed model yields very

good results with respect to experimental measurements, maintaining a relative

difference below 10% for all of the structure branches, and an average relative

difference below 5%.

[(Fig._9)TD$FIG]

Fig. 9. Relative differences between the results from simulations and experimental measurements for

structure B.

[(Fig._10)TD$FIG]

Fig. 10. Transient overvoltages at nodes 1 to 4 of structure B.
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Both test cases were also implemented using the professional software PSCAD/

EMTDC. According to the results, the currents circulating along the structure can

be computed with good accuracy with this software tool. This is due to the fact that

the potential difference between terminal nodes of each conductor is also computed

with accuracy. However, the overvoltages at different nodes of the structure are

substantially underestimated. The reason for this is that PSCAD/EMTDC does not

include detailed models of vertical conductors; thus, they have to be approximated

by means of simple Bergeron representations, which do not consider frequency

dependence and non-uniformity of their electrical parameters.

The frequency domain model proposed here can be used as a standalone tool for

accurate computation of the transient response of lightning protection structures of

buildings or as base solution for future implementation of time domain models

using commercial software tools.

The application of numerical methods based on electromagnetic field analysis,

such as FDTD or FEM, might result in a more accurate prediction of the

electromagnetic environment in the LPS, but it also requires far more computer

resources and a larger implementation time for the construction of each case setup

than the method proposed in this paper. The idea of the proposed model is to offer

a simple, feasible and fast alternative to electromagnetic field analysis which

provides sufficient accuracy for practical purposes.
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