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Abstract

Twin support vector regression (TSVR) is generally employed with e-insensitive loss function
which is not well capable to handle the noises and outliers. According to the definition, Huber
loss function performs as quadratic for small errors and linear for others and shows better
performance in comparison to Gaussian loss hence it restrains easily for a different type of
noises and outliers. Recently, TSVR with Huber loss (HN-TSVR) has been suggested to
handle the noise and outliers. Like TSVR, it is also having the singularity problem which
degrades the performance of the model. In this paper, regularized version of HN-TSVR is
proposed as regularization based twin support vector regression (RHN-TSVR) to avoid the
singularity problem of HN-TSVR by applying the structured risk minimization principle
that leads to our model convex and well-posed. This proposed RHN-TSVR model is well
capable to handle the noise as well as outliers and avoids the singularity issue. To show the
validity and applicability of proposed RHN-TSVR, various experiments perform on several
artificial generated datasets having uniform, Gaussian and Laplacian noise as well as on
benchmark different real-world datasets and compare with support vector regression, TSVR,
e-asymmetric Huber SVR, e-support vector quantile regression and HN-TSVR. Here, all
benchmark real-world datasets are embedded with a different significant level of noise 0%,
5% and 10% on different reported algorithms with the proposed approach. The proposed
algorithm RHN-TSVR is showing better prediction ability on artificial datasets as well as
real-world datasets with a different significant level of noise compared to other reported
models.
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1 Introduction

Over the last decade, support vector machine (SVM) (13) has played a leading role in the
field of classification and regression problems which utilize the gist of statistical learning
theory. The state of the art methods like SVM, attracts many areas such as medical imaging
[40, 69], financial time series [7, 9], cybercrime [18], remote sensing applications [10, 44],
sediment [29] and many more. The main aim of SVM is to obtain the optimal solution through
solving the quadratic programming problems (QPPs) (Cristianini and Shawe-Taylor [15]) in
the consideration of the structural risk minimization principle. SVMs are well applicable
to handle small sized data samples. It is having better generalization performance in binary
classification but high learning cost i.e. O (%) and more sensitive towards the noise of the
training data sample. To reduce these drawbacks of SVMs, a twin version of SVMs for binary
classification has been formulated named TWSVM by Jayadeva et al. [36]. This TWSVM
is highly motivated from PSVM [23] in which it generates two non- parallel hyperplanes
that are nearer to either positive or negative class, respectively and unit distance separable to
each other. An experiment result related to TWSVM has been shown in the literature that the
computational cost is four times superior to standard SVM because it solves a pair of small
sizes QPPs rather than one complex QPP. The popularity of SVM based models increases
due to its low learning cost, e.g. Kumar and Gopal [39], Gupta and Gupta [26], Gupta et al.
[28], Bai et al. [3] and Tang et al. [60, 61]. In the regression problem, SVR has been used for
finding the optimal regressor that consists of two sets of constraints [19]. These constraints
are trying to separate the data sample in e-insensitive field [57]. Peng [50] have formulated a
twin version of SVR termed as TSVR model, influenced by the TWSVM for the regression
problem. TSVR is generating two functions, which measure both e-insensitive bound of the
regressor. In the gist of TWSVM, TSVR also solves a pair of small size QPPs, unlike SVR
as one large QPP, which is responsible for attaining high computational speed to TSVR. In
the computational field, the main drawback is that to fit the data having different noise and
outliers as well as to deal with overfitting phenomenon.

To achieve the robustness, several variants of SVR that deals with different types of noises
and outliers, are discussed in the literature as Hwang et al. [35], Cui and Yan [16], Chen et al.
[8], Tang et al. [59] and Chen et al. [7, 9], Yang and Xu [79] etc. Other popular models are to
assign different weight values to the samples to reduce the effect of outliers as follows: Xu
and Wang [75], Xu et al. [74], Tanveer et al. [62] and Mao et al. [43] etc. Some researchers
include fuzzy-based membership values to training points through assigning some importance
in terms of penalty to the data samples [12, 22, 6]. For avoiding the overfitting problem, some
valuable work is added in the field of regression [37, 82] but some gap is still present. As we
already know the importance of noise in the computation, so the right choice of loss functions
which are associated with particular noise in the training data sample will give the proper
direction towards optimal generalization. There are several loss functions which generally
consider in different regression estimation problem such as ¢- insensitive loss [13], Gaussian
loss [31, 71, 73], Laplacian loss [46, 80], Pinball loss [25, 54, 78], Quadratic loss [30, 70],
Huber loss [5, 8, 45, 52], Asymmetric loss [32, 76], 1- norm [41], Soft insensitive loss [11,
84], Non-convex loss [83], and Hinge loss [56].

Niu et al. [47] have proposed a new approach termed as TSVR with Huber loss (HN-
TSVR) that tested on real-world datasets and Gaussian noise data. In this approach, HN-TSVR
performs well in comparison to TSVR with Gaussian loss function (GN-TSVR) and TSVR.
For further study, the reader can follow: [33, 34,42,47,72]. To strongly handle the asymmetric
noise distribution and outliers in the observed real world data, Balasundaram and Meena
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[5] have proposed SVR with asymmetric Huber loss where solutions are attained by using
functional iterative approach. In the similar pattern, Balasundaram and Prasad [4] have also
proposed TSVR based variant named as robust TSVR with Huber loss which is solved by
function iterative approach and Newton iterative with Armijo step size to less sensitivity of
noise and outliers. To improve the sparseness and prediction ability of the regression model,
Anand et al. [1] have improved the e-support vector quantile regression model (¢-SVQR) by
adding the regularization term for quantile estimation. The e-SVQR model mainly focuses
on the sparseness of the regression model. Gu et al. [24] also have investigated a new fast
clustering-based approach for TSVR to lessen the effect of outliers and noise in the observed
data examples by following the prior structural information and successive over relaxation
algorithm. Due to influence of noise and outliers in observed real world data, SVR and TSVR
regression based models attract in the literature [49, 51, 77, 81]; Wang et al. [66—68].

Our proposed approach, RHN-TSVR, is highly influenced by HN-TSVR approach. Here,
we further improve this HN-TSVR model through the addition of the regularization term to
follow the structural risk minimization principle which shows more effective and efficient
generalization performance and lead to a well-posed model. The advantage of our proposed
algorithm is that it contains a strong convex optimization function and works well for different
types of noises and outliers. The efficacy and usability of RHN-TSVR are discussed based
on various numerical experiments using twenty-four artificial generated and forty-two real-
world datasets. It shows better prediction performance in the case of both types of datasets.
Our proposed approach is also validated through the standard statistical test which also
signifies that our approach is performed better for different types of noisy data. The attractive
characteristics of proposed RHN-TSVR follow as:

1. As we know that the TSVR and HN-TSVR suffer from the possible singularity problem,
so to resolve this problem, we reformulate the primal problem by adding a regularization
term in the objective functions.

2. Our proposed approach RHN-TSVR is following the structured risk minimization prin-
ciple that leads to our model convex and well-posed.

3. By using the Huber loss function, the proposed approach RHN-TSVR effectively deals
with noisy data.

4. Our proposed approach RHN-TSVR is tested and validated on both various real world
datasets having different significant level of noise 0%,5% and 10% as well as on artificial
datasets.

In this paper, all the sections are organized in this manner. In Sect. 2, related work such as
SVR, TSVR, e-AHSVR, ¢-SVQR and HN-TSVR formulations have been stated for the non-
linear case. An improved and regularized version of HN-TSVR (RHN-TSVR) is proposed
diligently under Sects. 3. In Sect. 4, numerical experiments on benchmark different real
world and several artificial generated datasets are conducted properly while Sect. 5 dwells
on conclusion and future scope.

2 Related Work

In this related work section, the mathematical formulation of standard SVR, TSVR,s-
AHSVR, ¢-SVQR and HN-TSVR is derived for the non-linear case. Assume B € (Bj,
..., By) is the matrix of size m x n in which g vector is xp and y € R™. For non-linear

kernel function, K (B, B') is defined for gh'" entry as {(K (B, B')}en = k(xg, x;) and K (x,
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B") = (k(x, x1), ..., k(x, x;)) be a row vector. The non-linear regression function on a
training set can be obtained through mapping of data to higher-dimensional space ¢(.).

{(xg, Yg)};nzl Training samples e Vector of one’s
xg € R" Input sample (a)+ = max{a, 0} Plus function definition
yg €R Desired output #() Higher-dimensional feature space

2.1 Support Vector Regression (SVR)

According to Vapnik [64], standard SVR uses the ¢- insensitive loss for finding the unknown
value of w and b through the solution of following QPP (Cristianini and Shawe-Taylor [15])
in such a way:

R T ‘
min 2||w|| +C(e'A + e A2)

w, b, A1, A
subject to:
Ve — (P(xg)w + be) < ge+Aig, Lig =0,
(p(xg)w +be) — yg < ee+ Ao, forg=1,...,m, (1)
where slack variables are A; € (A1, ..., A1)’ and A2 € (A1, ..., A2y)'; input parameters

are C >0, ¢ > 0.
After introducing the Lagrange’s multipliers 71, 72 and apply sufficient conditions, the
Wolfe dual of the Eq. (1) is given as:

oy i S > (g — mpkCegs Xi)un — man) +& Y (1g +12g) — Y Ve(ig — M2g)
1,12
g, h=1 g=1 g=1

subject to:

m
Zet(mg - 7I2g) =0,
g=1
and 0 <n,m2 < Ce. (@)
The non-linear decision regression function f(.) will be calculated by solving the dual

problem as represented in Eq. (2) (Cristianini and Shawe-Taylor [15]) for any new input
x* € R" as

=" (2 — mok(x*,x,) +b. 3)

z=1

For more details, see [15, 19].

2.2 Twin Support Vector Regression (TSVR)

The twin model of SVR named TSVR is proposed [50] in which it finds a pair of non-
parallel kernel generating functions related to both g-insensitive down-bound f(x) = K (x/,
B"w + by and up-bound function f>(x) = K(x', B )wy + by, where wy, w, € R™,by,
by € R. The formulation of TSVR in primal form is given as:
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1
min —|ly — e1e — (K (B, BYwi + bie)||>+ Cie' A

wl,hl,kleRM“ 2

subject to:
y — (K(B, B Yw) +b1e) > e1e — Ay, A1 =0 @
and
w2,b2,r§12iI€lR2m+1 %Ily +82¢ — (K(B, BYwa +bre)|[*+ Cae' s
subject to:

(K(B,B"Ywy +bye) —y > e2¢ — Ay, 22 > 0 5

where the slack variables are A1, Ay; input parameters C1, C; > 0, &1, &2 > 0 are chosen a
priori.

Similarly, solve unconstrained optimization problems as mentioned in Egs. (4) and (5) with

Lagrange’s multiplier 71, 2 and apply Karush—-Kuhn-Tucker (KKT) sufficient conditions,
we get

l t t 7\—1 5t _ t toN—Llpt t
max MZ(ZZ)y " Zm+(y—€1e) Z(Z'Z) " Z'n1 —(y —e1e) m
wl,bléR"“'l 2

subjectto : 0 < 1 < Cie, (6)

and

1 _ _
max  —nyZ(Z'Z) 2+ (v + £26) Z(Z' Z) 7 2y + (v + £2¢)' m2
wo,bre R 2
subject to: 0 < 1y < Cae, 7)
where Z = [ K(B, B') e]is the augmented matrix.
The values wi, wy, by and b, are obtained from Eqs. (6) and (7) as follows:

[Zl} =(Z'Z+81)""Z"(uy — 1) and [122} =Z'Z+8D)7 "' Z'wr +m),  (8)
1 2

where u; =y —eey and up = y + eée.
We add 87 a term in the matrix (Z* Z)~! with small value where § > 0. Its final prediction
value for a new test sample can be obtained to take the average of functions f1(x) and f>(x).

2.3 g-Insensitive Asymmetric Huber Support Vector Regression (£-AHSVR)

The e-insensitive asymmetric Huber based SVR is proposed by Balasundaram and Meena
[5] in which it finds w € R™ and b € R through the solution of QPPs using Huber loss in
such a way:

. 1
mm -

1
(W'w +b7 + =CIlI(y — (K(B, B Yw + be) — eqe)s |
(w,b)eRm+! 2 2

— Iy = (K(B, BYw + be) — (g4 + L))+ | I*+|(K (B, B Yw + be) — y — ege)s |
— (K (B, BYw +be) — y — (eg + ¢p)e)+| ] 9

where &g, g > 0; ¢y, ¢ > 0;C > 0 are inputs.
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One can rewrite the (9) problem by considering ¢, = ¢g = ¢, Z = [ K(B, B") e] and

Y= [ 1;; ] in this manner as follows:

1 1
min ~y'y + =ClI(y — ZY — ee)e| P—[I(y — Z¢ — (& + L))+l
YeRm+ 2 2

+IZY =y = eenlP=II(Zy =y — (e + Epe)lI’] (10)
To solve the (10) by following the function iterative approach asy&*! = (é + 787 )_] VA

[y + L= Zytoed IZVEovmeel  (Zy8 — y — (e + o))y — (v — ZYE — (e + cﬁ)e»] for
g=0,1, ...

2.4 g-Insensitive Support Vector Quantile Regression (£-SVQR)

A novel e-SVQR model uses the e-insensitive pinball loss function for quantile estimation
[1] to find the unknown value of w and b through the solution of QPPs in such a way:

) 1 m
min §||w||2+c2(m1g +(1 = 0)rag)

w, b, A1, Ao po
subject to:
Vg — (P(xg)w +be) < e(1 —0)+ A1y, Aig =0
and
(p(xg)w +Dbe) — yg < O+ Ay, hig =0, Ayg = 0forg=1,...,m (11)
where slack variables are A1, := % and Ayg := %; 6 > 0is the quantile; input parameters

are C > 0, ¢ > 0.
After introducing the Lagrange’s multipliers 11, 2 and apply sufficient conditions, the
Wolfe dual of the Eq. (11) is given as:

1 m
min  — E (Mg — mg)k(xg, xp)(M1r — N28)
'“*"ZERngh:l ng ’lg g n n

m m
= (g —mg)yg + Y (1 — O)emig +0ena)

g=1 g=1

subject to:
m
Z(nlg - 772g) =0,
g=1

and0 < n, < CcCo,g=1,2,...,m,
0<meg=C-06),g=12,...,m, (12)

where the kernel function is k(xg, xp) = ¢(xg) d(xp).
The non-linear decision regression function f(.) will be calculated by solving the dual
problem as represented in Eq. (12) for any new input x* € R" as

FE) =) (ng — mgk(x*, xg) +b. (13)

g=1
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2.5 Twin Support Vector Regression with Huber Loss (HN-TSVR)

In order to improve the prediction ability, a hybrid approach is proposed by combination of
Huber loss function and Twin model of SVR, termed as TSVR with Huber loss (HN-TSVR)
in this sub-section.

Huber loss function [47]
2 2

97 .

where ¢ = &} c(tg) = 2 iftg=e

)\' .
Tgs if Ag < ,
| rg| — 87, otherwise el ¢g| — % otherwise

c(hg) = where ¢ = &3

where €], &, are Input parameters.

HN-TSVR regression involves the following optimization problems as

1 t L L 1
Jmin Sily —ere = (KB, Bywi +bio)l*+ Cie' (3 535+ 3 Ghg = 5¢)

geD geD;
subject to : y — (K(B, B Yw; +bie) > gje — 1, 1 > 0, (14)
and
1 t 1, 1
wabosg 11y +e2e = (K(B, Bywa + bae)|["+ Cae > 58 e Y G- 78)
g€y geD;
subject to : (K(B, Bwy +bye) —y > ere—¢,¢ >0, 15)

where D; = {g| 0 < 1, < ¢} andD/1 = {glrg >} D, = {g|0§§g<a}andD/2 =
{gl ¢, = €}. The slack variables are A, ¢.
So, derive the dual formulation with sufficient conditions are shown as

. t t 7\—1 t t t 7\—1 ~t t 1 t
min - Z(Z'Z)"Zm - —¢c1e) Z(Z'Z) Zm+(y —¢e1e)n+ ~—mm
m 2 2C
subject to:
0 <n < Ciefe, (16)

and

1 _ ~ 1
r%iﬁﬂfm‘zm+@+adﬂ2m‘Zm—@+ndm+53%m

subject to:
0 < < Cr83e, a7
where, Z = [ K(B, B') e] is the augmented matrix.

The values of wi, wy, by, by can be solved as

[wl} —(Z'Z)"'Z'(uy — 1) and [wz} = (Z'Z)"' Z' (w2 + o). (18)
by by

where u; =y — ee, up = y + eés.
Further, the final prediction value can be obtained same as TSVR. For more details see
Niu et al. [47].
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3 Proposed Regularization Based Twin Support Vector Regression
with Huber Loss (RHN-TSVR)

Twin model of SVR (TSVR) deals with g-insensitive loss but fail to address the Gaussian noise
data. To handle this problem, Niu et al. [47] have proposed an approach named HN-TSVR
which deals with Huber loss function but it has failed to follow the structured minimization
principle. To avoid the singularity problem of HN-TSVR, we are adding one regularization

term S (||wy|1>+53) and §(J|w>||>+b3) in the primal problem of (19) and (20) respectively
that leads to a stable and well-posed model, named as regularization based twin support
vector regression with Huber loss which follows the gist of statistical learning theory. The
Mathematical formulation of RHN-TSVR is written as:

1. RHN-TSVR requires two kernel generating functions as fj(x) = K(x’, B)w; + by,
and fr(x) = K(x', B)ws + bs.
2. The proposed approach involves the following optimization problems as

1
min_~||y — e1e — (K(B, B )Yw; + bie)||?
wibih 2

l 2 1 C3 2 2

+ce'| Y Shte > - 38 | + 5 lwilP+by
8D g€D)]

subject to : y — (K(B, B)wy + bje) > gje — A, A > 0, (19)

and

1
min 5||y +e2e — (K(B, B)wy + be)||?
¢

w2,by,

1 1 Cy
+ Cac| Y i e D G — o) | + S (lwnlP+b3)
gebr geD;
subject to : (K(B, B )wy +bye) —y > ere —¢,¢ >0, (20)
where, D, = {gl 0 <X, <¢}and D, = {glrg >e}; D, = {21 0< ¢, < ¢} and

D/2 = {g| L > 8}; slack variables are A, ¢; input parameters are Cy, C; > 0;¢q,
& > 0.

3. By introducing the Lagrangian multipliers 1y, 12, o1, oz and apply sufficient KKT
conditions to the Eq. (19) and (20)

1
Li(wi, bi,nion) = 511(y = e1e = (K (B, BYwy +bie)|

1 1
+Cre| Yo Shgre Y Gy —50)

eD 4
e g€D,

C3
+ 7(||w1||2+b%) — 1l (y — e1¢ — (K(B, B Ywy +bre) + 1) — ol
Q1)
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1
La(w2,b2,m,00) = EH()’ +e&re — (K(B, B Ywy + bye))| >

1 1
+ Coe! Z §§§+8 Z (&g — 58)

geD2 gED;

C.
+5&wmﬂw@—nﬂwww—&ﬂﬁﬁww+ma+o—ag

(22)
4a. Then, we find the gradient of (21) according to KKT conditions with respect to w1, by
aél(g)\:
o L = _K(B. B'Y(y — K(B, B'Yw| — bie — e1¢) + K(B, B'Y'n1 + Csw', =0,
wi
Ly t t t
b = —e'(y —e1e — K(B, B Ywy — bie)+e'ny + C3b; =0,
1
dLy
37 = Civg —n1g — a1, =0.
_dcly) _ ) Agif g € Dy
where v, = 8()\:) = {8 ifge D/l , for g € Dy.

Here, we have A, < ¢, thus vy < . Also, a1y > 0, then we can get 0 < 51, < Cyuvg.
Therefore we can conclude that 0 < 1, < Cie.
4b. Similar to (21), find the gradient of Eq. (22) with respect to wy, b and ¢:

&——K(B B"Y'(y — K(B, B Ywy — bye + ez¢) + K(B, B") 'y + C4w’, =0
s = > y , 2 e +&ze 5 n2 4Wy = U,
aL, " ' '
by = —e'(y+&e— K(B, B Ywy —bye)+e'n+ Caby =0,

2
dLy /
? = szg — 772g — Olzg =0.

’ h J | [ D

where, v/, = 26 _ { bg if i €Dy , fori e D;.

8= TG e ifieD,

Here, we have ¢, < ¢, thus v}; < &. Also,apg > 0, then we can get 0 < 1z, < sz;,.
Therefore we can conclude that 0 < 1y, < Cse.
5a. By following the same approach [47], we get the dual formulation of (19) as

min 71 tZ ZIZ+C 1 IZ’
2771 ( 31) n
m

_ 1
— (=) Z(Z'Z+C3 D)7 2 + (v — ere) my + En’m]

subject to: 0 <1y < Cjefe, (23)

where, Z = [ K(B, B') e] is the augmented matrix.
5b. Similar to above, we get the dual formulation of (20) as

min flr]tZ Z'Z + Cyl IZt
2 ( 4 ) n2
m 2

1
—@+nd2@7+an”fm+@+mdm+&;%m
2

subjectto : 0 < 2 < Ca&5e, (24)
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6 The values of wy, wa, by, by can be obtained as

Y = [Zl] =(Z'Z+C3D)7" 2wy — ),
and

¥2 = [Z}zz] = (Z'Z+Cyl 2wz 4 m2) =

where u; =y — €1e, up = y + ese.
7 The end regressor value can be determined for a new test sample to take the average of
functions fi(x) and f>(x).

fix)+ fz(x)_

5 (26)

fx) =
One can follow the Algorithm 3.1 of proposed approach RHN-TSVR as:

Algorithm 3.1 Non-linear RHN-TSVR

Input: Initialize the input parameters C,,C,,C,,C, >0; &, >0; slack variables areA,{;
D, ={g\05/1g <eh, D) ={g\/lg >e}, D, ={g\0£§’g >eb, D,={g|¢, 2¢} and the input kernel

matrix K(B,B').

Output: The final regressor function is given by equation (26) where the values of (w;,b,)and (w,,b,)are
computed from equation (25).

Process:

Training

Stepl: Construct the primal problems (19) and (20) of proposed RHN-TSVR by adding %(H w I? +b|2)

C 2 . . .
and 7"(“ w, |7 +b22) in the formulation of HN-TSVR (14) and (15) respectively;

Step2: Apply the Lagrangian multiplier7,,7,,¢,,¢, and apply sufficient KKT conditions to (19) and (20)
respectively to obtain as (21) and (22) correspondingly;

Step3: Calculate the gradient with respect to (w;,b,,4) and (w,,b,,{) then equate them to 0;

Step4.: Find the dual of the (19) and (20) as given in (23) and (24) respectively;

Wi

Step5: Solve y, =L

} =(Z'Z+C)'Z (y—g,e—n,) and y, = BZ

1 2

} =(Z'Z+CI)"'Z' (y+e,e+1,)
where Z=[K(B,B") e] is the augmented matrix;
Step6: By solving step 5, one can find the value of (w,,y,) .

Testing
Stepl: For any test example, determine the predicted value by using the end regressor from (26).

Remark One can observe that for TWSVM, the authors in [55] gave an improvement by
adding a regularization term in the objective function aiming at minimizing the structural
risk by maximizing the margin. This method is called TBSVM, where the bias term is also
penalized. But penalizing the bias term will not affect the result significantly and will change
the optimization problem slightly. From a geometric point of view, it is sufficient to penalize
the norm of w in order to maximize the margin [45].
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Table 1 All parameters with their range and concerned algorithms

Parameters Range Model

C,C1=Cy,C3=C4 {1073, ..., 10%} SVR, TSVR, ¢-AHSVR,
£-SVQR, HN-TSVR,

RHN-TSVR

n {275,..., 2%} SVR, TSVR, e-AHSVR,
£-SVQR, HN-TSVR,
RHN-TSVR

€ {0.1} SVR

€1, & {0.001, 0.01, 0.1, 0.3, 0.5, 0.7, 0.9} TSVR

(60 =€) {0.001, 0.01, 0.1} e-AHSVR

€ (0.1, 0.3, 0.5, 0.7, 0.9} £-SVQR

(e1 = €2), (] = ¢3) {0.1, 0.3, 0.5, 0.7, 0.9} HN-TSVR, RHN-TSVR

Sas 8B {0.1, 1.0, 1.345} &-AHSVR

0 {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8} &-SVQR

4 Numerical Experiments and Results

In this section, we have demonstrated a number of experiments to validate the efficacy of
our new proposed approach RHN-TSVR in comparison to existing approaches such as SVR,
TSVR,e-AHSVR, ¢-SVQR and HN-TSVR on various artificial datasets having different
types of noises and real-world datasets at significant noise level 0%, 5% and 10%.

4.1 Experimental Setup

To perform this experiment, some hardware and software are required to execute the numerical
experiment such as one desktop PC, one CPU with 4 Gigabyte RAM and a high-speed 64-bit
processor as i5@intel 3.20 GHz, operating system @ Microsoft windows 10 and MATLAB
software. An optimization toolbox MOSEK (accessible from https://www.mosek.com) is also
needed to solve the QPP in case of SVR, TSVR, ¢-SVQR and HN-TSVR and RHN-TSVR
models. In this paper, Gaussian kernel function is considered for nonlinear consideration
as K(xz,, xz,) = exp(—m [x7, — Xz, ] |2), for z1, z2 = 1, ..., m, where kernel parameter
© > 0. Here, all the parameters with their set of ranges corresponding to concerned algorithms
are defined in Table 1. The 10-fold cross-validation is applied for all interested concerned
algorithms on benchmark standard real world as well as artificial generated datasets.

Here, the root mean square error (RMSE) is considered to compute the prediction error
for all interested algorithms on test data. Its formula is shown as:

RMSE =

where y, considered as observed data, ¥, considered as predicted data and N considered total
test data.
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4.2 Artificial Data Set
4.2.1 Uniform and Gaussian noise

We generate artificial datasets to test the effectiveness of our proposed RHN-TSVR with
SVR, TSVR, e-AHSVR, ¢-SVQR and HN-TSVR whose function definitions are mentioned
in Table 2. In Table 2, two types of noise are considered: I) Uniform noise ® € U (a, b) with
interval (a, b); IT) Gaussian noise ©® € N (i, o) with mean p and variance o 2. In Table 2,
Functions from 1 to 14 are using uniform variability of noise with symmetric distribution
and Functions from 15 to 18 are having the heteroscedastic noise structure in which noise is
computed on the basis of the value of input sample.

The performance analysis of RHN-TSVR model with standard SVR, TSVR, e-AHSVR,
&-SVQR and HN-TSVR using Gaussian kernel on artificially generated datasets is tabulated
in Table 3. Table 4 contains the average ranks of all concerned algorithms over artificially
generated datasets for the Gaussian kernel. The proposed algorithm RHN-TSVR has the
lowest rank among SVR, TSVR, e-AHSVR, ¢-SVQR and HN-TSVR in Table 4 that signifies
our approach is far better than others. The performance of RHN-TSVR is better in 10 out of
18 artificial functions for both types of noise either uniform or Gaussian noise from Table 3. It
also shows prominent impact in both uniform variabilities of noise as well as heteroscedastic
noise structure.

Figures 1 and 2 are plotted corresponding to artificial Function 13 and Function 14 from
Table 3 in order to show the uniform variability of noise with symmetric distribution respec-
tively. Figures 3 and 4 are plotted corresponding to artificial Functions 15 and Function
16 from Table 3 results using Gaussian kernel in order to show the predictions with het-
eroscedastic noise structure respectively. One can find from Fig. 1, 2, 3 and 4 that our proposed
approach RHN-TSVR is having closed relationship with the original one in comparison to
other reported approaches. Hence, one can say that RHN-TSVR is very well capable to deal
with uniform noise as well as heteroscedastic noise structure if present in the dataset.

4.2.2 Laplacian Noise

Further, we generate artificial datasets having another type noise i.e. Laplacian noise to
validate our RHN-TSVR approach with SVR, TSVR,e-AHSVR, ¢-SVQR, and HN-TSVR
whose function definitions are mentioned in Table 5. The Laplacian noise is considered as
W e L (u, b) with interval (0, 1).

The prediction performance of RHN-TSVR to conventional SVR, TSVR, e-AHSVR, &-
SVQR, and HN-TSVR using Gaussian kernel on artificially generated datasets have been
tabulated in Table 6. Here, proposed RHN-TSVR shows better prediction capability in 4 cases
among 6. Further, the average ranks of all models are computed in Table 7. The proposed
algorithm RHN-TSVR has the lowest rank among all that signifies our approach outperforms
to others. We have plotted Fig. 5 corresponding to Function 19 to understand the close
relationship between prediction and original values. In this case, our proposed RHN-TSVR
is having similar performance as HN-TSVR.
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Table 4 Average ranks of proposed RHN-TSVR with SVR, TSVR, ¢-AHSVR, ¢-SVQR and HN-TSVR on
RMSE using Gaussian kernel on synthetic data sets with Uniform and Gaussian noise

Datasets SVR TSVR e-AHSVR e-SVQR HN-TSVR RHN-TSVR

(98]

Functionl
Function2
Function3
Function4
Function5
Function6
Function7

Function8

W W

Function9

Function10
Functionl1
Function12
Function13

Function14

Functionl5

S N T N T N T S NG Y VG U g N S o))
W

A~

Function16
4.5
4.5 4.5

.5555556 3.3333333 1.9166667

—_

Function17

Function18

[V e NRVL e e NN N Y= LY Bire WY, Bie WY, e Wi e N e
N NN ko= = BN RN RN =N NN W
A= W R W LN NN A

Average rank 2777778 3.1388889 777778

Table 5 Different artificially generated functions having Laplacian noise with their definition and domain of
definition

Function name Function definition Domain of definition
Function19 f(x) = (Mﬁ) +cos2xp) +sinGx) + ¥ x; € [=10, 10]
Function20 f(x) = ((1 +sin(2x] +3x2))/ xi € [=2, 2]
(3.5 +sin(x] — x2))) + ¥ ie {12}
Function21 f(x1, x2) = exp(xysin(wx3)) + ¥ X1, x2 € [=1, 1]
Function22 f(x) = 0.02[(12 + 3x - 3.5x2+7.2x°) x € [—0.25,0.2 5]
(1 + cosdmrx)(1 + 0.8sin37x)] + W
Function23 f(x1, x2, X3, X4, X5) = 10sinwx1 X2 x; € [0, 1]
+20(x3—0.5)% + 10x4 + 5x5 + ¥ i=1,2345
Function24 f(x) = 0.2 5in(27x)+0.2x% + 0.3 X =001G-1)-1i=1,2,...,200

such that y; = f(x;)+(0.1x2+0.05)¥;

4.3 Real World Datasets
Here, 42 standard benchmark real-world datasets at different significant noise levels such as

0%, 5% and 10% are used to demonstrate the performance of RHN-TSVR. The details of
datasets follow as:
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©  Training samples

*__RHN-TSVR

Prediction

°
&

05
[

Fig. 1 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Function 13 artificial generated dataset. Gaussian kernel was used

2 T T T T T T o Training samples
+  Original

Prediction

05

Fig. 2 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Function 14 artificial generated dataset. Gaussian kernel was used

Real world datasets Repositories

Forestfires, Machine_CPU, Auto-original, Winequality, Gas_furnace, (UCI datasets repositories, [63])
Quake

SantafeA [53]

The inverse dynamics of a Flexible robot arm [21]

The financial time series datasets: S&P500, INFY, ONGC_NS, XOM, [20, 27]
ATX, BSESN, DJI, GDAXI, MXX, N225

Space Ga [58]
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Real world datasets Repositories
KEEL time-series datasets: NNGC1_dataset_E1_V1_001, [38]
NNGCI1_dataset_F1_V1_008, NNGC1_dataset_F1_V1_009,
NNGCI_dataset_F1_V1_010, NNGCI1_dataset_F1_V1_006,
NNS5_Complete_109, NN5_Complete_104, NN5_Complete_106,
NNS5_Complete_103, NN5_Complete_101, NN5_Complete_105,
NNS5_Complete_111, D1dat_1_2000
Wankara, Laser, Dee, Friedman, Mortgage [38]
Roszmanl, Gauss1, Chwirut2 [48]
Vineyard [65]
COVID-19_spain [14]
14 T 13 o Training samples
: o
i .
é‘j?’ . D%f- RHN-TSVR
08— -~ K LR - %‘ -
£
06 !. % =t
_‘%‘ ag¥ Y
z 04— . . nf° }g .. il
I P y Y. P Wy |
s S 3.3 % o % %
O hag ., o g % # Y A T ~u,°("-
e Y Noos? ==
02 & %Qi é’ o “u‘é G ° -
1

Sample

Fig. 3 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR

on the Function 15 artificial generated dataset. Gaussian kernel was used

06— “!:

Prediction
°
=
T

°
N
T

©  Training samples
Original

+ eAHSVR
£SVaR

® HNTSVR

RHN-TSVR

-13 -10 5 o
Sample

Fig. 4 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR

on the Function 16 artificial generated dataset. Gaussian kernel was used
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Table 7 Average ranks of proposed RHN-TSVR with SVR, TSVR, ¢-AHSVR, ¢-SVQR and HN-TSVR on
RMSE using Gaussian kernel on synthetic data sets with Laplacian noise

Datasets SVR TSVR e-AHSVR e-SVQR HN-TSVR RHN-TSVR
Function19 5 3 4 6 1.5 1.5
Function20 2 4 6 3 5 1

Function21 2 5 3 6 4 1
Function22 3 4 1 5 6 2
Function23 2 3 5 6 4 1
Function24 5 4 6 1 3 2

Average rank 3.1666667 3.8333333 4.1666667 4.5 3.9166667 1.4166667

©  Training samples

- Original

° SWR

+ TSWR

+ CAHSWR
&SVaR

© HNTSWR

*__RHN-TSVR

d;o"
et
!

Prediction

Sample

Fig. 5 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Function 19 artificial generated dataset. Gaussian kernel was used

4.3.1 At Significant Noise Level 0%

The numerical experiment results for SVR, TSVR, e-AHSVR, ¢-SVQR, HN-TSVR and
proposed approach RHN-TSVR on 42 standard real-world benchmark datasets at significant
noise level 0% are obtained and tabulated in Table 8. It consists of the prediction accuracy
with optimal parameters value and the learning time for all reported approaches. The per-
formance of our proposed RHN-TSVR over benchmark real-world datasets is better in 22
cases compared to SVR, TSVR, e-AHSVR, ¢-SVQR, and HN-TSVR. Further, the average
ranks are determined to perform the statistical test in Table 9 based on RMSE values for
the Gaussian kernel. We can see that the average rank of our proposed RHN-TSVR is least
in compared to other reported approaches. One can reach to conclusion that RHN-TSVR
performs better on real world datasets at significant noise level 0%. Figures 6 and 7 are plot-
ted corresponding to Machine CPU and Gas furnace datasets respectively in order to show
the prediction performance graphically. Both graphs are clearly showing a better prediction
capability of RHN-TSVR.

Now, a statistical analysis is implemented using a Friedman test (Demsar [17]) by using
the average ranks of algorithms as mentioned in Table 9. Here, we decide the null hypothesis
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Fig. 6 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Machine CPU dataset with 0% noise. Gaussian kernel was used
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°
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No of Data Samples

Fig. 7 Prediction over the testing dataset by SVR, TSVR, e-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Gas furnace dataset with 0% noise. Gaussian kernel was used

Hpy: All the reported algorithms such as SVR, TSVR, e-AHSVR, ¢-SVQR, HN-TSVR and

RHN-TSVR are equivalent.
In this context, now compute both X% and Fr based on Table 9 as shown below:

,  12x42
XF = 6 x7

6 x 72
+3.428571% +2.011905%) — (XTH = 60.3299,

[(4.595238% +3.1309527 + 4.666667° + 3.166667°

and
_ (42—1)x60.3299
T (42 x (6 — 1)) — 60.3299

Fr = 16.5265,

Here, the critical value, corresponding to (5, 205) the degree of freedom at the probability
level @ = 0.05, is smaller than Fr (16.5265 > 2.2581). So, the null hypothesis Hy is
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rejected and further performed pairwise Nemenyi test. Now, calculate the critical difference
at a significant level (p = 0.10) as

Critical difference = go /%41 =2 589, /¢ D 1 057,
where, k and N are the no of reported algorithms and datasets respectively and q, = 2.589

(Demsar [17]).
One can conclude some points from this Nemenyi test that are discussed below:

1. The average rank of proposed algorithm RHN-TSVR is compared with SVR and TSVR
ie. (4.595238—2.011905= 2.58333) and (3.130952—-2.011905= 1.119048) respec-
tively. The differences are greater than critical difference 1.057 which shows, RHN-TSVR
is superior to SVR and TSVR.

2. Now calculate the average rank differences of RHN-TSVR to e-AHSVR and e-SVQRi.e.
(4.666667—2.011905= 2.654762) and (3.166667—2.011905= 1.154762) respectively
which are also greater than 1.057. Hence, it justifies the effectiveness of our proposed
RHN-TSVR.

3. Check the dissimilarity of average ranks between RHN-TSVR and HN-TSVR,
ie. (3.428571—-2.011905= 1.416667). It is also higher than the critical difference
(1.416667 > 1.057) that declares, our proposed approach RHN-TSVR outperforms to
HN-TSVR.

4.3.2 At Significant Noise Level 5%

In this section, we have verified the applicability of RHN-TSVR model on real-world datasets
at significant noise level 5%. All the results are computed and placed in Table 10 correspond-
ing to 42 benchmark datasets. In Table 10, one can easily find the RMSE values with the
computational time of all reported approaches. One can notice that RHN-TSVR model has
shown better performance for 18 cases. The average ranks of each model are determined in
Table 11 based on RMSE values to perform the statistical test. Here, RHN-TSVR has shown
the lowest average rank in Table 11. Overall, we can analyze that RHN-TSVR may be one of
the better choice for noisy datasets. We have plotted the prediction value graph for Machine
CPU and Gas furnace datasets having significant noise level 5%, as shown in Figs. 8 and 9
respectively. The interpretation of these graphs is crystal clear and easily understandable that
RHN-TSVR shows a closer relationship with the desired output.

Further, the Friedman statistical test is performed to validate the efficacy of proposed
approach RHN-TSVR on noisy data at significant level 5% with SVR, TSVR, e-AHSVR,
&-SVQR and HN-TSVR by using the results of Table 11.

12 x 42
6x7

xXF = [(4.33333% +3.404762% + 4.547619° + 3.4523817

6 x 7?
+3.3809522+1.8809522)—< j )} = 52.2653,

And

_ (42—1) x 52.2653
T (42 x (6 — 1)) — 52.2653

Fr = 13.9336

Here, the critical value, corresponding to (5, 205) the degree of freedom is smaller than
FFr (13.9336 > 2.2581). So the null hypothesis Hy is rejected thus perform pairwise test.
Now, calculate the critical difference at a significant level (p = 0.10) to perform the Nemenyi
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Fig. 8 Prediction over the testing dtaset by SVR, TSVR, e-AHSVR, e-SVQR, HN-TSVR and RHN-TSVR on
the Machine CPU dataset with 5% noise. Gaussian kernel was used

12 T T T ——original

°
®
T

Predicted/Observed Values.
5
T

1
40 60 80 100 120 143

No of Data Samples

Fig. 9 Prediction over the testing dataset by SVR, TSVR, ¢-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Gas furnace dataset with 5% noise. Gaussian kernel was used

test. The critical difference is the same as to the previous case i.e. 1.057. One can analyze
few points as below:

1. The differences of the average ranks of RHN-TSVR compared to SVR, TSVR, e-AHSVR
and e-SVQR are always greater than 1.057. Hence, it shows that RHN-TSVR is superior.

2. Now, check the dissimilarity of average ranks between RHN-TSVR and HN-TSVR, i.e.
(3.380952—1.889052= 1.5) which is greater than the critical difference (1.5 > 1.057).
It declares that our proposed approach RHN-TSVR is better than HN-TSVR.

4.3.3 At Significant Noise Level 10%

Similar to significant noise level 5%, we have added more noise by increasing the significant
noise level up to 10% on real-world datasets and tested the performance of proposed RHN-
TSVR into the more noisy environment. All the significant results of SVR, TSVR, e-AHSVR,
&e-SVQR, HN-TSVR and proposed approach RHN-TSVR are placed in Table 12 at noise

@ Springer
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Fig. 10 Prediction over the testing dataset by SVR, TSVR, e-AHSVR, e-SVQR, HN-TSVR and RHN-TSVR
on the Machine CPU dataset with 10% noise. Gaussian kernel was used
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Fig. 11 Prediction over the testing dataset by SVR, TSVR, e-AHSVR, ¢-SVQR, HN-TSVR and RHN-TSVR
on the Gas furnace dataset with 10% noise. Gaussian kernel was used

level 10%. It is clearly visible from Table 12 that the RHN-TSVR performs better in 18
cases overall. The average rank of all reported approaches with RHN-TSVR is computed in
Table 13 where RHN-TSVR is having the lowest average rank. Similar to previous cases, the
prediction graphs of Machine CPU and Gas furnace datasets at significant noise level 10%
have been plotted in Figs. 10 and 11 and the same conclusion may be suggested.

Same as to previous cases, compute the values of X% and Fr using Table 13 as

X =~ [(5:047619% + 326190487 + 3.2142857" + 3.8333337
X

6 x 72
+3.5476192+2.O9523812)—< j )}

R

= 55.442

42 — 1) x 55.442
Fre ) X — 14707,

T 42 x (6—1))—55.442
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Fig. 12 Prediction/observed value over the testing dataset by RHN-TSVR on the Gas furnace dataset with 0%,
5% and 10% noise. Gaussian kernel was used

Here, FF is also greater than the critical value on degree of freedom (5, 205)i.e. (14.707 >
2.2581). So, null hypothesis Hy is also rejected in this case which means all the models may
have some significant differences. Now, we perform Nemenyi test on these algorithms and
few points may be concluded based on test. Similar to previous two cases, RHN-TSVR is still
having lowest average rank at significant noise level 10% and the average rank differences
with others are always greater than the critical difference i.e. 1.057. So, one can notice that
overall the performance of RHN-TSVR is outperformed to others models.

4.3.4 Effect of Increasing Noise Percentage

In this section, we have shown the effect of increasing significant noise level percentage
like 0%, 5%, and 10% on real-world dataset. As we have already discussed the performance
of proposed RHN-TSVR on real-world datasets at different significant noise level in the
previous sections. We have plotted the performance accuracy for Gas furnace dataset in
Fig. 12 at different noise levels 0%, 5% and 10%.

One can see that the test data samples are plotted in the form of the black line and the
prediction results obtained on RHN-TSVR for different noise levels 0%, 5% and 10% are
shown in the form of brown, blue, and pink dotted lines respectively. From Fig. 12, one can
analyze the impact of increasing noise percentage for proposed RHN-TSVR model. Here,
noisy results are having a closer relationship with the desired output which justifies the
applicability and usability of the proposed RHN-TSVR model for noisy environment.

5 Conclusion and Future Scope

In this paper, regularized version of TSVR with Huber loss propose to avoid the singularity
problem of HN-TSVR by implementing the structural risk minimization principle as regu-
larization based twin support vector regression with Huber loss (RHN-TSVR) and further,
justify the noise insensitivity of the proposed model by different variation of the significant
noise level such as 0%, 5%, and 10%. As we know that TSVR accommodates e-insensitive
loss function which is not capable to deal with different types of noise and outliers. Classical
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Huber loss function performs as quadratic for small error and linear for others. It is the com-
bination of the Laplacian loss and Gaussian loss function which gives better generalization
performance for data having Gaussian noise and outliers. The performance of the proposed
approach is tested and validated on different benchmark real-world datasets at different sig-
nificant levels and on artificial datasets having a different type of noises for the non-linear
kernel. The proposed RHN-TSVR shows better prediction accuracy in most of the cases and
takes less or comparable computational time in comparison to existing approaches such as
SVR, TSVR, e-AHSVR, e-SVQR, and HN-TSVR. A comparative study is analyzed based
on numerical experiments which justify the importance of RHN-TSVR model in comparison
to reported approaches especially to deal with the data, having noise and outliers. One can
apply this model for the financial time series forecasting which can be one of the applications.
In future, the computational cost may be reduced by suggesting the iterative approach.
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