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Abstract
The deformation mechanism in amorphous solids subjected to external shear remains poorly understood because of the absence of well- 
defined topological defects mediating the plastic deformation. The notion of soft spots has emerged as a useful tool to characterize the 
onset of irreversible rearrangements and plastic flow, but these entities are not clearly defined in terms of geometry and topology. In this 
study, we unveil the phenomenology of recently discovered, precisely defined topological defects governing the microscopic mechanical 
and yielding behavior of a model 3D glass under shear deformation. We identify the existence of vortex-like and antivortex-like 
topological defects within the 3D nonaffine displacement field. The number density of these defects exhibits a significant 
anticorrelation with the plastic events, with defect proliferation–annihilation cycles matching the alternation of elastic-like segments 
and catastrophic plastic drops, respectively. Furthermore, we observe collective annihilation of these point-like defects via plastic 
events, with large local topological charge fluctuations in the vicinity of regions that feature strong nonaffine displacements. We 
reveal that plastic yielding is driven by several large sized clusters of net negative topological charge, the massive annihilation of 
which triggers the onset of plastic flow. These findings suggest a geometric and topological characterization of soft spots and pave the 
way for the mechanistic understanding of topological defects as mediators of plastic deformation in glassy materials.
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Significance Statement

The inherently disordered nature of amorphous solids, reflected in the absence of long-range order, makes a precise definition of topo-
logical defects from structure intricate. This has hindered the formulation of a microscopic theory of plasticity and mechanical fail-
ure, as successfully done in crystals based on dislocations. Recently, the identification of well-defined topological defects in the 
displacement and eigenvector fields of 2D glasses opened a new path towards the microscopic definition of plasticity carriers and their 
role in the yielding transition. In this work, we show that the statistical properties of the topological charge carried by these defects 
reveal essential new information about the plasticity of 3D glasses and their dynamics towards and across yielding.
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Introduction
While plastic deformations in crystals are by now well understood 
in terms of dislocation dynamics, a concept originally proposed by 
Taylor (1), identifying the physical mechanism of plasticity in 
amorphous solids, such as glasses, is more challenging (2). 
Despite several attempts to generalize the concept of topological 
defects and dislocation-like structures in amorphous solids 
(3–6), not much progress in this direction has been achieved so 
far, and this approach is still considered by many as hopeless. 
The deformed structure is indistinguishable from the disordered 

reference structure (7). Other existing viewpoints on this matter, 
such as shear transformation zone (STZ) theory (8), 2D melting- 
type scenarios (9), or elastoplastic models (10), assume the exist-
ence of soft spots linked to some unspecified defects, but they 
are purely phenomenological and agnostic about the precise def-
inition of the defect. In particular, soft spots, as discussed in the 
literature (11), lack a quantitative geometric characterization or 
measure to identify them, in contrast to topological defects in 
crystalline matter and liquid crystals (12). At the same time, 
novel ideas to identify defects in amorphous solids based on 

PNAS Nexus, 2024, 3, pgae315 

https://doi.org/10.1093/pnasnexus/pgae315
Advance access publication 6 August 2024 

Research Report

https://orcid.org/0000-0003-0148-3406
https://orcid.org/0000-0001-9392-7507
https://orcid.org/0000-0002-8714-1484
https://orcid.org/0000-0002-1105-4931
https://orcid.org/0000-0001-7764-5067
https://orcid.org/0000-0002-6673-7043
mailto:amelia.liu@monash.edu
mailto:alessio.zaccone@unimi.it
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/


quasilocalized modes (13), geometric charges (14), or string-like 
defects (15, 16) are not mature enough; consequently, structural 
indicators (17) still remain the most effective available option to 
predict plasticity in glasses.

Recently, substantial progress has been achieved by looking for 
defects beyond the paradigm of the static structure. Following this 
idea, well-defined topological defects have been discovered in the 
shear deformation of simulated polymer glasses (18). These de-
fects were identified with singularities in the displacement field, 
which emerge in the nonaffine part u of the total displacement 
field ut = uA + u, where uA is the smooth affine contribution (19– 
21). As for dislocations in ordered crystals (22), a circulation 
integral around such topological defects connects to the incompati-
bility of the strain field, i.e. the curl of the curl of the strain tensor 
does not vanish. This is, in turn, mathematically equivalent to a 
Bianchi identity for the displacement field which is violated topo-
logically due to the presence of a finite Burgers vector, and to the ex-
plicit breaking of an emergent higher-form symmetry (23).

Shortly thereafter, further evidence of the existence of well- 
defined topological defects in glasses came from the analysis of ei-
genvectors in 2D simulated glasses (24, 25). It was found that, even 
without applying any deformation to the 2D glass, a circulation in-
tegral of the angle between the y and x components of the eigen-
vectors of the Hessian matrix yields vortex-like defects with 
quantized +1 charge, and antivortex-like defects with quantized 
−1 charge. Moreover, spatial correlation between the negative 

topological charges and the soft regions most inclined to plastic 
deformation was found. Interestingly, the dynamics of vortex-like 
defects in the displacement field have been already connected in 
the past to the formation of shear transformation zones (26, 27), 
confirming their importance for the description of plasticity in 
amorphous solids.

Almost at the same time with the current paper, a preprint (28) 
has been posted, where the concept of topological defects has 
been used to unambiguously identify shear transformation zones 
in 2D amorphous solids, providing a direct connection between in-
dividual topological defects with negative charge and local struc-
tural rearrangements responsible for plasticity. Topological 
defects can be modeled in a continuum fashion using geometry, 
and in particular relating dislocations to torsion and disclinations 
to curvature (22, 29). Likewise, point defects can be described us-
ing a geometric approach (30, 31). The relationship between these 
geometric charges and the vortex-like defects considered in this 
article remains unclear. Our work investigates the connection be-
tween topological defects in the nonaffine displacement field, as 
examined in recent studies (25, 28), and the mechanical properties 
of a 3D polymer glass system under shear deformation.

In this study, we establish a protocol for identifying quantized 
(±1) topological defects in the displacement field of model 3D 
glasses undergoing shear deformation. Through defect analysis 
of quasi-2D slices within the shear plane, we demonstrate a cor-
relation between the population of topological defects and plastic 
drops in the stress–strain curve. Further dissection of these 2D sli-
ces reveals microscopic details on local topological charge and 
associated nonaffinity. Notably, fluctuations in topological charge 
are observed in proximity to regions exhibiting strong nonaffine 
displacements, indicating the emergence of soft spots. 
Systematic analysis of various 2D slices enables the construction 
of a 3D representation of topological charges originating from de-
fects, highlighting the drastic annihilation of such defects during 
yielding—a “topological avalanche” (32).

Results
Here, we prepare a polymer glass sample at T = 0 implemented us-
ing the Kremer–Grest model (33). The system is then subjected to 
an athermal quasistatic (AQS) shearing protocol involving affine 
transformation by small strain increments of δγxz = 0.001 in the 
xz plane following energy minimization. More details on the inter-
action potential and the deformation protocol of the simulations 
are provided in the Materials and methods section.

During the deformation, we determine the total displacement 
field ut by taking the difference between two successive snapshots 
separated by δγxz = 0.001. The affine displacement field here is cal-
culated as uA = δγxzzeff x̂, where zeff represents the effective dis-
tance from the base of the box along the z-direction.

The nonaffine field is defined as u = ut − uA (21) and can be ex-
pressed as u = u∥ + u⊥, where u∥ is the vector in the xz (shear) 
plane, and u⊥ is the vector along the y-direction. The average mag-
nitude of nonaffine displacement in three dimensions is com-
puted as u3D

mag = 1
N

N
i=1 |ui|. This average is performed over the 

total number of monomers/particles (N = 10,000) in the system. 
As the shear is applied along the x-direction to deform the xz 
(shear) plane, we compute the average nonaffine displacement 
in the xz plane as umag = 〈 1

Ns

Ns
i=1 |u∥,i|〉, where 〈· · ·〉 denotes the 

average over all slices along the y direction, and Ns represents 
the number of particles in each 2D slice. For our analysis, we div-
ided the 3D box into numerous 2D slices of thickness 2σ (σ is the 
monomer diameter) along the y direction.

Fig. 1. a) The stress vs. strain curve is plotted, accompanied by red lines 
representing the average magnitudes of nonaffine displacement in three 
dimensions (u3D

mag) and blue lines illustrating the average magnitude of the 
nonaffine field in the xz plane (umag). The green dashed lines are indicative 
of the “major plastic events”. b) Normalized nonaffine displacement field 
presented for a 2D slice within the xz plane at y = 0, with γ = 0.098. Circles 
filled in magenta and black represent topological defects with winding 
numbers q = +1 and −1, respectively. Enlarged views of specific regions 
(outlined by the rectangular boxes) emphasize the chirality of the defects 
(described by the red arcs). The color bar illustrates the magnitude of 
nonaffine displacement.
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In Fig. 1, we present the stress (σ) vs. strain (γ) curve. 
Additionally, we plot the average magnitudes of the nonaffine dis-
placement, denoted as u3D

mag and umag, represented by red and blue 
lines, respectively. The stress drop is notably identifiable by the 
peaks in the nonaffine displacement values. These peaks in u3D

mag 

and umag are evidently commensurate with the occurrence of 
plastic events (PEs). We have highlighted several of these PEs us-
ing green dashed lines in Fig. 1. Remarkably, we observe that 
umag, which disregards the y-component of the field, can accurate-
ly identify the locations of PEs. This observation implies that the 
characteristics of displacement field remain consistent when we 
exclude the y-component (orthogonal to the shear plane). 
However, the same behavior is observed even when we exclude 
the x or z component of the nonaffine field, as proven explicitly 
in the Supplementary Material. This suggests that the peaks in 
umag occur due to the high values of the nonaffine field magnitude 
for a small fraction of all particles. All three components of the 
nonaffine displacement for these fraction of particles have ap-
proximately of the same order of magnitude. This is why discard-
ing any one component does not alter the overall characteristics 
of the umag vs. γ curve.

Moreover, we have confirmed the convergence of our numeric-
al analysis by considering also smaller strain steps, δγ = 10−4, and 
obtained analogous results. As a direct proof, we compare the 
magnitude of nonaffine displacement for different strain steps 
in the Supplementary Material.

We investigate point-like topological defects by analyzing the 
nonaffine displacement fields within various 2D slices orthogonal 
to the y direction. We construct circulation integrals along closed 
loops L and calculate the winding number q as (21, 25, 28):

q =
1
2π



L

dθ =
1
2π



L

∇θ · dℓ, (1) 

where θ represents the phase angle of the nonaffine field, defined as 
θ = arctan(uz/ux) with reference to the Cartesian z and x compo-
nents of the nonaffine displacement field in the shear plane. 

Furthermore, dℓ denotes the line elements along the closed loop L. 
The winding number q ∈ Z is referred to as the topological charge.

In 2D, a point defect carrying a winding number of q = +1 is rec-
ognized as a vortex, while a defect with q = −1 is identified as an 
antivortex. We systematically discerned these point defects 
across various 2D slices within the xz plane. As depicted in 
Fig. 1b, we present the interpolated nonaffine displacement field 
with a color bar indicating the scaled magnitude, within a 2D slice 
at y = 0 for γ = 0.098. The existence of topological defects with 
winding numbers q = +1 and q = −1 is marked by magenta and 
black-filled circles, respectively. Notably, two rectangular regions 
are selectively magnified to elucidate the chirality of vortices 
(q = +1). At the frustrated interface between two vortices of iden-
tical phase chirality (direction of swirls), an antivortex (q = −1) is 
observed. Conversely, vortices with opposing phase chiralities ex-
hibit a stable interface, as portrayed in the enlarged sections of 
Fig. 1b.  This intriguing pattern bears resemblance to topological 
defects discerned in the eigenvectors field of a recently investi-
gated 2D glass (25). As shown in Ref. (28), the displacement and 
stress distribution of −1 defects strongly resemble those of an 
Eshelby inclusion with quadrupolar structure, i.e. a shear trans-
formation zone. The nonaffine displacement field incorporates 
contributions from the entire spectrum of eigenmodes of the 
Hessian matrix. In the work by Tanguy (20), it is reported that 
the structure of the eigenvectors from the Hessian matrix and 
that from the nonaffine displacement field strongly correlate in 

space for low eigenfrequencies. Since plastic events are typically 
dominated by low-frequency modes, it can be expected that ana-
lyses based on these low-frequency modes and the displacement 
field yield consistent results. However, this aspect is beyond the 
scope of our current study.

In Fig. 2, we present the locations of point defects within the xz 
plane nonaffine displacement field at y = 0 for four consecutive γ 
values that straddle the yielding point. These snapshots reveal a 
significant transformation in the structure of defects. We com-
pute the total number of these point defects in the nonaffine dis-
placement field across various xz planes by varying y and 
calculate the average number of defects Nd per slice. In order to 
establish a connection between plastic events and the emergence 
of point-like topological defects, we compute Nd with increasing 
strain γ. In our analysis, we interpolate the displacement field, ig-
noring the periodic boundary conditions, and additionally, we 
consider 2D slices of a 3D system. Consequently, the number of 
vortices and antivortices is not completely equal in any given in-
terpolated 2D displacement field. However, when averaging the 
defect numbers over several 2D slices, the number of defects 
with opposite charge is approximately equal; leading to near-zero 
total topological charge, or approximate conservation of topo-
logical charge.

In Fig. 3a, we depict the average magnitude of the displacement 
field (umag) and the average number of defects (Nd) per slice across 
the entire range of γ. To establish a correlation, we calculate the 
dimensionless quantities ũmag and Ñd, defined as ũmag = (umag − 
u̅mag)/σumag and Ñd = (Nd − N̅d)/σNd . Here, u̅mag and N̅d denote the 
average values of umag and Nd over the range of strain 
γ ∈ [0, 0.2], respectively. The quantities σ2

umag
=


{γ} (umag − u̅mag)2 

and σ2
Nd

=


{γ} (Nd − N̅d)2 are proportional to the variances of umag 

and Nd, respectively. In Fig. 3b, we illustrate the variation of 
ũmag and Ñd within the range of γ. Notably, the peaks in umag align 
with dips in the total number of point defects. This observation 
strongly suggests an anticorrelation between umag and Nd, imply-
ing that the accumulation of topological defects triggers plastic 
events through subsequent defect annihilation. This anticorrela-
tion might be explained by the fact that topological defects occur 
where the displacement field is close to zero and fluctuating, and 
thus singular or not defined. It is thus plausible that these defects 
anticorrelate with plasticity, as zeros in the displacement field are 
less common at strain steps pertaining to large plastic events, 
concomitant with large and coordinated displacements over ex-
tensive regions.

As apparent from Fig. 3a, the topological defects are of transi-
ent nature. In the Supplementary Material, we have analyzed 
this aspect further by extending the analysis to smaller strain 
step, δγ = 10−4. We observe drastic fluctuations in Nd in this case 
as well, indicating that the transient nature persists even for 
smaller δγ. In order to understand the origin of this transient na-
ture, it would be useful to investigate in detail the dynamics of 
these defects, their lifetime and their interactions.

To explore this dependence further, we calculate the Pearson 
correlation coefficient (PCC) (34), given by PCC =


{γ} ũmagÑd. The 

value of PCC falls within the range of [−1, 1], where a value close 
to 1 indicates a strong positive correlation, while a value near −1 
suggests a strong negative correlation. Averaging over the entire 
range of γ, we obtain the value of PCC ≈ −0.5, indicating a marked 
level of anticorrelation. Interestingly, when we consider only the 
data points associated with plastic events, identified from the 
peaks of umag, the value of PCC approaches −1. This suggests 
that there is a strong (inverse) relationship between the topologic-
al defects and plastic deformation events in the material.
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While we have established a robust anticorrelation between 
plastic events and the variation in the total number of topological 
point defects, our primary objective is to understand the micro-
scopic details of these plastic events and investigate the specific 
role played by the topological defects. Upon examining the snap-
shots in Figs. 1b and 2, we observe that topological defects tend to 
be positioned in close proximity to regions characterized by high 
nonaffine displacement magnitudes. In order to investigate 

whether the local nonaffine displacement field correlates with 
the presence of topological defects, we systematically partition 
each 2D slice into numerous unit area square cells, as illustrated 
in Fig. 4a and b. Within each such cell, we compute the number 
density of defects nd, average nonaffine displacement umag and 
concurrently measure the local topological charge in each cell, de-
noted as C̅k =


j∈Sk

qj, where qj is the topological charge of defects 
present inside the kth cell, Sk. In fact, C̅k essentially measures the 

Fig. 2. a–d) Normalized displacement field for four consecutive γ values within the 2D slice at y = 0. Topological defects are represented by circles filled by 
magenta (q = +1) and black (q = −1). The color bar (scaled by the factor s) indicates the magnitude of the displacement field. Note that the range of the 
displacements varies by two orders of magnitudes and the displacements are extremely large around yielding (b).

Fig. 3. a) The magnitude of nonaffine displacement field umag (left) and the average defect number Nd (right) are shown for the entire range of γ values. 
b) The quantities, ũmag and Ñd are presented for a limited range of γ for better visualization.
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topological charge imbalance inside each cell. The average topo-
logical charge imbalance is computed as C̅avg = (1/ncell)

ncell
k=1 C̅k, 

where ncell is the total number of square cells. Let us emphasize 
that this analysis probes a mesoscopic coarse-grained length scale 
corresponding to the size of the (square) sub-cell of length σ and 
does not reveal any local microscopic information.

In Fig. 4a and b, we visually illustrate the partitioning of a 2D 
slice into multiple square cells, utilizing a color bar to represent 
the number density of topological defects (nd) and the magnitude 
of the nonaffine displacement field (umag within each cell), re-
spectively. The red crosses in Fig. 4a pinpoint cells where umag is 
notably higher compared to other cells, while colors of the crosses 
within several cells in Fig. 4b demarcate the signs of the average 
topological charge, denoted as C̅avg. Magenta highlights cells 
with C̅k ≥ 1, and black designates cells with C̅k ≤ −1. In Fig. 4c, 
we present the average local topological charge imbalance C̅avg, 
computed across all cells and various 2D slices, while varying γ. 
Here, we depict the variation of C̅avg for two different square cell 
areas with sides as = 1 and 2. The behavior of C̅avg vs. γ remains 
consistent across varying coarse-grained cell sizes, except for a 
constant scale factor reflecting the different cell areas. 
Remarkably, we observe a prevailing bias in local charge 

imbalance towards net negative charge values, which we attri-
bute as an underlying tendency towards plastic deformation.

In Fig. 5a–d, we further analyze the distribution of umag and the 
corresponding average topological charge imbalance C̅u across 
different umag values, where the average is performed over cells 
with same umag. We observe much greater fluctuations in local 
charge imbalance at higher nonaffine displacements. The pro-
nounced charge imbalance at higher nonaffine field suggests the 
formation of mesoscopic soft spots possessing a net topological 
charge, upon approaching yielding.

To investigate the development of these soft spots, we calcu-
late the distribution of umag for coarse-grained cells with local 
topological charge C̅k > 1 or C̅k < −1. In Fig. 6, we present this dis-
tribution for positive and negative charge imbalances towards 
the approach of two plastic events at γ = 0.099 and γ = 0.154. 
Notably, distinct peaks in these distributions at high umag are al-
most always associated with a net negative charge, showing 
how the negative defects clusters emerge as soft spots at the onset 
of yielding.

Our analysis has primarily focused on various 2D cross- 
sections within the xz plane along the y axis. In order to extend 
our observations into three dimensions, we developed a 

Fig. 4. a) A 2D slice (γ = 0.099 and y = 0) dissected into many unit area square cells is shown with the local topological number density ρd in each cell by 
color bar. The cells having larger nonaffine magnitude have been presented by red crosses. b) The same slice, as in (a), shown by color (scaled by 0.2) 
which represents the local magnitude of nonaffine displacement. The cells marked by crosses colored in magenta and black are populated by topological 
charges with positive and negative values, respectively. c) The average topological charge density C̅avg per cell is shown as a function of γ for two different 
coarse-grained sizes of the sub-square box as × as.
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generalized protocol to systematically scan the system from arbi-
trary directions. Positions of topological defects were identified 
across numerous 2D slices, each oriented along a direction vector 
n̂. By considering various directions n̂ uniformly distributed on a 
unit sphere, we located defects within the simulation box. 
Similar to the dissection of 2D slices illustrated in Fig. 4a and b, 
we partitioned the entire simulation box into cubical cells of 
unit volume. Utilizing the locations of topological defect points 
identified from 2D dissections along all possible directions, we 

computed the local topological charge imbalance C̅
c
k (scaled with-

in the range [−1,1]) within these cubical cells.
In Fig. 7, 3D simulation boxes are depicted, wherein coarse- 

grained cells with C̅
c
k < −0.6 are highlighted in light blue. 

Additionally, we identify connected cubical cells with large nega-
tive charges, referred to as clusters. In Table 1, we present the 
number of clusters Ncls with a size of nc ≥ 8 just before a PE, at 
the PE, and after the PE for various values of γ. In all cases, we ob-
serve a significant decrease in Ncls at PEs, followed by an increase 

Fig. 5. a–d) The distribution of umag and associated average topological charge C̅u per cell are shown for several γ values. Note that there is large variation 
in the magnitude of the displacements as a function of strain.

Fig. 6. a–d) The normalized distribution function that measures the probability of obtaining topological charge C̅k > 1 and C̅k < −1 at different local 
regions having average nonaffine displacement magnitude (umag) are shown at the vicinity of two major plastic events at γ = 0.099 and γ = 0.154.
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after each PE. Furthermore, Fig. 7a and b shows all 11 clusters with 
nc ≥ 8 just before yielding and all 6 clusters at the PE. A similar 
scenario is depicted in Fig. 7c and d for another PE at γ = 0.154. 
Notably, we observe the disappearance of most of these large con-
nected clusters at PEs and their subsequent development just 
after the PEs. This suggests that the clustering of negative topo-
logical charges is a precursor of a PE and that PEs can be identified 
with the sudden fragmentation of these large clusters of negative 
topological charge.

We examine the spatial distribution and probability distribu-
tion of connected cells that had high net charge imbalance of 
the same sign. We then calculate the normalized cluster size dis-
tribution P(nc), where nc represents the number of connected cu-
bical cells with a high topological charge of the same sign. In 
Fig. 8a–d, we depict the cluster size distribution P(nc) for C̅

c
k > 0.6 

and C̅
c
k < −0.6 during yielding. We have highlighted the three lar-

gest clusters in the distributions for γ = 0.098 and γ = 0.099 in 
Fig. 8a and b. Right before yielding, we observe the emergence of 

several large clusters, with the largest one being of negative net 
charge imbalance. At yielding, many of these large clusters dis-
appear and the distribution tends to narrow and fragment into 
clusters of smaller sizes. After each PE, the system again tends 
to develop negative charged clusters (see Table 1). The rapid for-
mation and disappearance of large clusters of negative topological 
charge—a “topological avalanche” (32)—suggests that yielding 
might be caused by the massive annihilation of topological de-
fects. Furthermore, following the recent results presented in 
(28), the large clusters of negative topological charge, related to 
STZ, appearing before yielding might be a manifestation of the 
formation of shear bands. It is also plausible that the structure 
and dynamics of these defects bear strong connections with the 
concept of elastic screening discussed in Ref. (14).

Conclusion
In this study, we systematically explored the formation, dynam-
ics, and statistical properties of topological defects in a 3D poly-
mer glass model under shear deformation. We first established 
that, in 3D glasses, the topological defects with −1 charge (saddles 
or antivortices) are associated with large nonaffine displacements 
and act as triggers of local plastic activity. Also, the total defect 
density anticorrelates with the nonaffine displacements magni-
tude as a function of shear strain. This suggests that the transient 
accumulation of defects triggers a subsequent plastic event, upon 
further increasing the strain, via massive annihilation of negative 
and positive defects. Overall, the deformation process upon in-
creasing the strain is characterized by a dominance of negative 
charges over positive charges, which is linked to the tendency of 
the polymer glass to strain-soften prior and across yielding. 
Through a coarse-graining procedure into mesoscopic cells, we 
unveiled the formation of several large clusters bearing net nega-
tive topological charge before the yielding point. These clusters 
are associated with huge values of the nonaffine displacement 
magnitude. The emergence of these large negative clusters before 
yielding is followed by its massive annihilation right at yielding, 
which is accompanied by a system-spanning plastic event mark-
ing the onset of plastic flow. While our findings pertain to polymer 
glasses, we expect the same methodology to yield interesting in-
sights into the deformation behavior of other amorphous and 
glassy systems.

Several open questions remain to be answered. As already an-
ticipated in Ref. (28), topological defects with negative charge ex-
hibit strong quasilocalized quadrupolar field previously identified 
as the carriers of plasticity in amorphous solids (35, 36). Indeed, 
topological defects can be identified as geometric singularities 
even in amorphous systems (37, 38), and might constitute the 
building blocks for the dipolar and quadrupolar field discussed 
in the literature in relation to elastic screening and anomalous 
elasticity (39). These topological defects could provide the missing 
link to understand yielding in amorphous systems as a topological 
phase transition (37, 40), akin to the famous Berezinskii– 
Kosterlitz–Thouless (BKT) transition in 2D crystals (9, 41). In our 
study, we characterized the topological defects by analyzing 
quasi-2D slices of the 3D system. It would be interesting to inves-
tigate 3D defects within the fully 3D nonaffine field. This direct 3D 
characterization of topological defects in glasses has been less 
explored in the literature (see nevertheless (42)) and is computa-
tionally more challenging. This presents an intriguing avenue 
for future research.

Vortex-like topological defects have been originally proposed in 
the eigenvector field (25), while our study generalizes this concept 

Fig. 7. The simulation boxes contain cubical cells with negative charge 
(C̅

c
k < −0.6) shaded in light blue. Within this representation, we present 

clusters with size nc ≥ 8 from this negative charge cloud. a) At γ = 0.098 
(just before yielding), 11 clusters are displayed, colored in red (nc = 17, 
Nnc = 1), green (nc = 15, Nnc = 1), magenta (nc = 14, Nnc = 1), yellow (nc = 10, 
Nnc = 1), cyan (nc = 9, Nnc = 3), and purple (nc = 8, Nnc = 4), respectively. b) 
At γ = 0.099 (at yielding), the six largest clusters are shown in red (nc = 31, 
Nnc = 1), green (nc = 13, Nnc = 1), magenta (nc = 10, Nnc = 1), and yellow 
(nc = 9, Nnc = 3). c) At γ = 0.153 (just before another PE), 11 largest clusters 
are presented in red (nc = 21, Nnc = 1), green (nc = 17, Nnc = 1), magenta 
(nc = 16, Nnc = 1), yellow (nc = 12, Nnc = 4), cyan (nc = 11, Nnc = 2), and purple 
(nc = 8, Nnc = 2). d) At γ = 0.154 (occurrence of another PE), three clusters 
are displayed in red (nc = 10, Nnc = 1), green (nc = 9, Nnc = 1), magenta 
(nc = 8, Nnc = 1), respectively. Note that Nnc is the number of clusters of size 
nc.

Table 1. The number of clusters Ncls having size nc ≥ 8 for several 
plastic events.

Strain γ at PE Ncls (before) Ncls (at PE) Ncls (after)

0.099 11 6 13
0.106 15 4 8
0.120 7 4 8
0.126 8 4 9
0.154 11 3 9
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to the displacement vector field. At this point, it is not entirely 
clear which are the differences and similarities between the two 
approaches. Nevertheless, following the aforementioned results 
of Ref. (20), it is plausible to expect a correlation between the topo-
logical features in the displacement field and those in the low- 
frequency eigenvector fields around strong plastic events. The 
main reason behind this expected correlation is the fact that plas-
tic events are typically dominated by low-frequency modes that 
correspond to the disappearance of local potential barriers in 
the potential energy landscape. A more detailed comparison be-
tween these two methods is left for future research. See also 
Ref. (28) for an analysis of topological defects in the displacement 
vector field.

Moreover, topological defects may provide a geometric defin-
ition for the liquid-like atomic environments (43) and display a 
strong connection with the emergence of unstable instantaneous 
modes, already associated in the literature to plastic instabilities 
(44, 45). On the other hand, it would be interesting to analyze 
from a theoretical point of view how these topological defects 
manifest themselves within the tensor gauge theory for anomal-
ous elasticity of (46, 47).

Finally, to give more credibility to this novel approach, it is im-
perative to identify these topological defects experimentally. 
Colloidal systems or granular matter systems seem to be the 
most promising playground for this scope. Microbeam X-ray scat-
tering techniques, as used in Ref. (48), might also be able detect 
the signatures of these topological defects. Finally, X-ray irradi-
ation (49) could provide a method to induce and control the dy-
namics of the latter.

As a final remark, despite what has been thought for long time, 
topological concepts are still valid beyond the realm of structural 
order. Here, we show topological defects emerge as extremely 
promising candidate to characterize plasticity and mechanical 

failure in amorphous materials at a microscopic level, as achieved 
for their crystalline counterparts.

Materials and methods
We use the Kremer–Grest model (33) to investigate a coarse- 
grained polymer system consisting of linear chains, each com-
posed of 50 monomers. The monomer masses within a polymer 
chain alternate between two values, m1 = 1 and m2 = 3, with a to-
tal of N = 10, 000 monomers in the system.

In our system, monomers interact through the potential:

ULJ(r) = u(r) − u(rc), for r < rc = 2.5σ,
0, otherwise.



(2) 

Here, u(r) represents the standard Lennard–Jones (LJ) potential

u(r) = 4ε
σ
r

 12
−

σ
r

 6
 

, (3) 

where ε is the interaction strength, and σ is the diameter of each 
monomer. The inter-particle distance r is constrained to be within 
the interaction range rc = 2.5σ. Additionally, the covalent 
along-the-chain bonds are represented by a finite extensible non-
linear elastic (FENE) potential (33):

UFENE(r) = −
Kr2

0

2
ln 1 −

r
r0

 2
 

. (4) 

Here, we set the strength of the FENE interaction as K = 30 and the 
range r0 = 1.5σ.

The polymer chains were placed within a 3D cubic box and sub-
jected to periodic boundary conditions in all directions. 
Equilibration of the system was conducted using the LAMMPS 
simulation package (50). For the deformation process, we em-
ployed an athermal quasistatic (AQS) protocol utilizing the 

Fig. 8. a–d) The normalized cluster size distribution P(nc) (nc being the size of the cluster, i.e. number of connected cubical cells) are plotted for positive 
and negative charges at different values of strain γ. Note that the overlapping regions between the distributions for positive and negative charges are 
plotted in black. The distributions have been normalized in such a way that the area under the curve is unity.
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LAMMPS (50) environment. The glass sample is prepared at zero 
temperature and subsequently subjected to a quasistatic shear 
procedure with each strain step of δγxz = 0.001. We expressed 
mass, length, and time in units of m1, σ, and τ = (m1σ2/ε)1/2. In 
our study, we set m1, σ, and ε to unity. In all our simulations the 
chains are treated as fully flexible, with no covalent-like bond- 
bending terms in the potential.

We systematically partitioned the simulation box into 20σ × 
20σ 2D slices of width 2σ along the xz-plane into a 80 × 80 square 
lattice. Subsequently, we executed an interpolation of nonaffine 
displacement values at these lattice grid points. The interpolation 
has been performed using an in-built Python function “griddata” 
that takes as input the displacement field scattered data and gives 
the displacement field at each constructed lattice grid. At each 
grid point, the phase angle θ of the nonaffine field is determined. 
Utilizing nearest neighbor grid points, we systematically con-
structed closed square loops and compute the topological charge 
q at the central point of each such square loop using (1).

When approximating the contour integration with a discrete 
Riemann sum, precise numerical evaluation requires numerous 
points along the path or, equivalently, a small step between sum-
mation points. To isolate single defects in the plane, the circula-
tion path can be contracted to the immediate vicinity, 
maintaining the topological index of the (potential) vortex core. 
Ensuring small steps between points is achieved by interpolating 
the smooth and continuous field near the suspected vortex core, 
preserving the topology. For efficient upscaling through interpol-
ation, only a few points need sampling, as they are in close prox-
imity. On a Cartesian grid, four points over a 2 × 2 pixel grid are 
numerically convenient. In clustered vortex scenarios, expanded 
circulation paths might inaccurately identify unresolved higher- 
order vortices (by encompassing multiple like-signed topological 
charges) or overlook vortices altogether (in the presence of an 
equal number of −ve and +ve signed vortices within the contour).
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