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Abstract
To adapt to an uncertain world, humans must learn event probabilities. These probabilities may be stationary, such as that of 
rolling a 6 on a die, or changing over time, like the probability of rainfall over the year. Research on how people estimate and 
track changing probabilities has recently reopened an old epistemological issue. A small, mostly recent literature finds that 
people accurately track the probability and change their estimates only occasionally, resulting in staircase-shaped response 
patterns. This has been taken as evidence that people entertain beliefs about unknown, distal states of the world, which are 
tested against observations to produce discrete shifts between hypotheses. That idea stands in contrast to the claim that 
people learn by continuously updating associations between observed events. The purpose of this article is to investigate the 
generality and robustness of the accurate, staircase-shaped pattern. In two experiments, we find that the response pattern is 
contingent on the response mode and prior information about the generative process. Participants exist on continua of accu-
racy and staircase-ness and we only reproduce previous results when changing estimates is effortful and prior information is 
provided—the specific conditions of previous experiments. We conclude that explaining this solely through either hypotheses 
or associations is untenable. A complete theory of probability estimation requires the interaction of three components: (i) 
online tracking of observed data, (ii) beliefs about the unobserved “generative process,” and (iii) a response updating process. 
Participants’ overt estimates depend on how the specific task conditions jointly determine all three.
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Introduction

A small, mostly recent literature has presented participants 
with a task where they track a latent, nonstationary Bernoulli 
parameter (Gallistel et al., 2014; Khaw et al., 2017; Ricci 
& Gallistel, 2017; Robinson, 1964, “Bernoulli paradigm”). 
Participants observe consecutive draws with replacement 
from the Bernoulli distribution and provide an estimate after 
each draw. Here, one consistently finds “stepwise” response 
behaviour: participants do not change their estimate for 
many trials, and when they do, they adjust by large or small 

steps (Fig. 1A). Participants are also often quite accurate, 
closely tracking the true latent probability. These accurate, 
“staircase shaped” response curves have been presented as 
a ubiquitous and robust phenomenon deriving from par-
ticipants’ mental shifts between discrete hypotheses1—thus 
tying them to a long-standing debate between cognitivist and 
associationist frameworks (see Fodor, 1983). 

For example, Ricci & Gallistel (2017) conclude that “we 
find that the step-hold pattern is seen in every subject... even 
when the characteristics of the stochastic process to which 
subjects are exposed discourages such a strategy” (p. 1482). 
Gallistel et al. (2014) suggest that “trial-by-trial updating 
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models cannot explain the statistics of the step-like pattern 
of estimates seen in all subjects” (p. 99). Similarly, Khaw 
et al. (2017) report in the abstract that “subjects adjust in 
discrete jumps rather than after each new piece of informa-
tion” (p. 88). These claims are surprising given the promi-
nent role played by trial-by-trial updating models in related 
neuropsychological paradigms which do not find stepwise 
updating (e.g., McGuire et al., 2014; Nassar et al., 2010; 
Norton et al., 2019)—there, even demographics who update 
particularly infrequently (Bruckner et al., 2020; Nassar et al., 
2021) update more frequently than the average participant in 
the Bernoulli paradigm literature.

Here, we will show that the accurate and stepwise 
response curves are in fact not ubiquitous even in the Ber-
noulli paradigm. Rather, participants exist on continua of 
more or less accurate responses and more or less stepwise 
updating and can be moved along these continua by adjust-
ing design choices in the experiment task. We argue that 
this invites a theory that allows a role for trial-by-trial track-
ing of the observed events (e.g., associations), beliefs about 
the task (hypotheses), as well as an adaptable response pro-
cess. Rather than either/or, people may simultaneously be 
intuitive statisticians (Peterson & Beach, 1967) and intuitive 
scientists (Szollosi & Newell, 2020) whose overt responses 
correspond only imperfectly to their covert representations.

We concentrate on two quantitative measures to capture 
the important properties of data of the sort presented in 
Fig. 1. One measure concerns the estimation error, calcu-
lated as the average absolute distance between the partici-
pant’s response and the true probability (a low error implies 
high accuracy). The other measure concerns the step widths 
in the response curves, calculated as the number of trials 
between changes to the estimate.2 As can be seen in Fig. 1B, 
the data from the periodic condition in Ricci & Gallistel 
(2017), for example, have a mean absolute error of 0.156 
(95% bootstrapped confidence interval [0.129, 0.183], N = 4) 
and a mean step width of 12.2 trials (CI [8.98, 15.4], N = 4).

In a pilot study (unpublished), we tested 60 participants 
in a conceptual replication of the Bernoulli paradigm. Our 
version (Fig. 2) manipulated the functional form of the 
generative function and the cover story of the task (blue or 
green ball drawn vs. the stock market going up or down) 
between subjects. We also added a “blind phase” at the end 
of the experiment, where the outcomes were obscured and 
participants had to extrapolate from what they had learned. 

Fig. 1   Examples from previous experiments. A: participant in Ricci 
& Gallistel (2017) who exhibits a staircase shaped response curve, 
with long periods without an update. The participant is tracking a 
Bernoulli parameter that changes according to a sinusoidal function. 

B: Mean absolute error and mean step widths for previous experi-
ments. Dots indicate group means, whiskers indicate 95% boot-
strapped confidence intervals based on 1,000,000 resamples. Circles 
indicate individual participants

2  An alternative dependent measure is the probability of making an 
update to the estimate (sometimes called “perseveration probability”, 
e.g. Nassar et al., 2021). This is a non-linear rescaling of mean step 
width. See the Supplement for plots and analyses of this additional 
measure.
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Fig. 2   Results from an unpublished pilot study. A: Six groups of 
participants provided trial-by-trial estimates of the value of a non-
stationary Bernoulli parameter based on observed outcomes from the 
Bernoulli process. Conditions differed in how the parameter changed 
over time (thick grey curves) and the cover story of what the Ber-
noulli process described (blue or green colour ball being drawn; stock 
market index going up or down). The last 100 trials were “blind”: 

the outcomes of the Bernoulli process were hidden to reveal if par-
ticipants had inferred the underlying pattern. B: Means and 95% boot-
strapped confidence intervals by condition for two summary statis-
tics. Circles indicate individual participants. One outlier each in the 
Stocks, half and Stocks, linear condition with a mean absolute error 
of 0.460 and 0.459, respectively, is not displayed to preserve legibility
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We had expected to find stepwise patterns similar to those 
in Fig. 1A. Surprisingly, however, accuracy was poorer than 
in other Bernoulli paradigm studies, there was little evidence 
of staircase-shaped response curves, and participants seemed 
unable to track the parameter in the blind phase (i.e., no 
signs of extrapolation based on an explicit hypothesis; see 
Fig. 2). This initial attempt made us suspect that stepwise 
updating may not be as robust a phenomenon as had been 
assumed.

This prompted us to further investigate its robustness 
through the two experiments reported below. An immedi-
ate limitation of Gallistel et al. (2014), Khaw et al. (2017), 
and Robinson (1964) is that the Bernoulli parameter itself 
changed in a staircase-shaped pattern in those studies. 
Hence, the discreteness seen in the response patterns might 
simply have reflected the discreteness in the stimulus pat-
terns, rather than being a property of the cognitive process. 
Ricci & Gallistel (2017) addressed this confound by includ-
ing one condition where the parameter changed periodi-
cally according to a sine function and one where it changed 
aperiodically.

In Experiment 1 we aimed for a direct replication of the 
periodic condition in Ricci & Gallistel (2017), but again 
we were unable to replicate the high accuracy and ubiqui-
tous staircase curves. In Experiment 2, we scrutinized the 
remaining difference between our and previous experiments: 
explicitly telling the participants that the probability distri-
bution was nonstationary.3 We also investigated the effect 
of the amount of effort required to select a new response, 
because we had noticed that this required more effort in the 
paradigm of Gallistel et al. (2014), Khaw et al. (2017), Ricci 
& Gallistel (2017), and Robinson (1964; i.e., the studies 
that found mostly stepwise updating) compared with our 
pilot and the paradigms of McGuire et al. (2014) and Nassar 
et al., (2010; i.e., the studies that found very little stepwise 
updating).

To preview our results, we find that response curves are 
noticeably affected by minor changes to the amount of effort 
required to change a response and instructions about the 
nonstationarity of the tracked parameter. Although some 
participants produce staircase-shaped response curves, this 
is not the general case. We take this as evidence that accu-
rate, stepwise updating is not a ubiquitous and robust phe-
nomenon but one that occurs more often in specific circum-
stances. In addition, we replicate previous anecdotal reports 
(Ricci & Gallistel, 2017) that participants can extract and 
report some description of the generative function. These 
results suggest to us that a complete theory of the cognitive 

process should include the ability to (i) track the associa-
tion between observed events online, (ii) hold beliefs about 
the unobserved generative process, (iii) regulate when and 
how often the overt estimate is updated to correspond to 
the covert, internal estimate (see Forsgren et al., 2023), and 
adapt (i), (ii), and (iii) depending on available information 
and task interface.

General methods

The experiment task was to repeatedly estimate a continu-
ously changing Bernoulli parameter—the proportion of 
targets in a box—based on draws with replacement. The 
latent Bernoulli parameter changed over trials according to 
a sinusoidal function. Here, we describe the methods for 
the two main experiments. Methods, materials, and data for 
the pilot study and both experiments are available at https://​
osf.​io/​zhv2r/.

General design and materials

We replicated the interface described in Gallistel et  al. 
(2014) and Ricci & Gallistel (2017).4 It consisted of a box 
labelled “Box of RINGS”, a bar with a slider, and a rectangle 
filled with red and blue dots, which visualised the current 
slider value (Fig. 3). At the beginning of each trial, a single 
ring would be drawn from the box and remain visible for the 
duration of the trial. The task was to estimate the propor-
tion of blue rings5 in the box using a slider on a bar labelled 
“0% = no blue” and “100% = only blue” on the left and right 
end, respectively. Adjusting the slider caused the proportion 
of red and blue dots in the rectangle labelled “My current 
estimate: % blue rings” to change to reflect the new propor-
tion indicated by the slider position. This was intended as 
a visual aid to help the participants to “see” their currently 
chosen estimate. After locking in their response (see Design 
sections below for details on how), the trial ended by the 
ring being returned to the box. The animation of returning 
and then drawing a ring imposed a minimum trial time of 
about 1.1 seconds, depending on frame rate latency. Impor-
tantly, participants could choose to repeat their last estimate 
by locking in their response without adjusting the slider. The 
next trial commenced immediately after responding, start-
ing with a new ring being drawn. The experiment consisted 
of 2000 trials with an optional break halfway through. The 
task was performed using the mouse. The mouse cursor was 

3  Previous experiments provided similar information verbally to par-
ticipants, but we had failed to notice this when designing Experiment 
1.

4  We had access to their code and could thus verify that the two were 
equivalent.
5  Previous versions use red and green rings. We used red and blue 
rings to avoid issues with red–green colour blindness.

https://osf.io/zhv2r/
https://osf.io/zhv2r/
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never repositioned automatically but remained where the 
participant positioned it.

Previous designs have varied in three details which 
we comment on here. Firstly, Gallistel et al. (2014) also 
included two buttons labelled “I think the box has changed” 
and “I take that back,” which participants could use to report 
declarative perceptions of there having been a discrete 
change in the latent probability distribution. We followed 
Ricci & Gallistel (2017), who argued that the buttons make 
little sense under continuously changing generative func-
tions (where the box is changed every trial), in excluding 
them. Secondly, we removed the possibility of clicking left 
or right of the slider to make it jump a set distance, just 
like Khaw et al. (2017). This feature decreased response 
effort for responding with certain estimates while keeping 
them high for the rest. Removing it allowed unequivocal 
manipulation of the amount of effort required to update (see 
Experiment 2). Our participants could thus only move the 
slider via the mouse cursor (see Design sections below for 
details). Lastly, like Ricci & Gallistel (2017), we used the 
written instructions from Gallistel et al. (2014) but excluded 
the passages relating to reporting that the box had changed 
(since those buttons had been removed). The instructions 
were translated to Swedish by the first author (see https://​
osf.​io/​zhv2r/). All participants gave their informed consent 
to participate.

Procedure

Participants read an informed consent form and the instruc-
tions for the task and confirmed to the experimenter that 
they had no questions. Importantly, they were not given 
any information regarding whether the content of the box 
would, could, or could not change throughout the course of 
the experiment. We manipulated availability of such prior 
information in Experiment 2. The participants then carried 

out the task (see Materials) for 1000 trials, before they were 
prompted to take a break. When they felt ready, participants 
commenced the final session of 1000 trials.6

After finishing the experiment, the participants filled out 
a questionnaire with questions concerning their beliefs about 
the generative function, self-assessed statistics proficiency, 
age, gender, and education. Finally, they were asked to draw 
a graph of what they thought the probability of drawing a 
blue ring had been as a function of trial count. We will return 
to these graphs in the General Discussion.7

Analysis

Because of the nonnormal nature of our dependent variables 
(accuracy and step width), we used a (nonparametric) per-
mutation approach adapted to analysis of variance (ANOVA) 
models (Anderson, 2001) for statistical analysis. We 
employed an unrestricted sampling algorithm (see Gonzalez 
& Manly, 1998; Howell, 2009; Manly, 2018) with 1,000,000 
resamples but note here that other algorithms should pro-
duce comparable results (Gonzalez & Manly, 1998). The 
algorithm begins by calculating the F values for the main 
and interaction effects on the original data. Next, the data 
are shuffled 1,000,000 times, randomly redistributing the 
values among the cells of the factorial design. For each of 
the shuffled datasets, the F values are computed. This pro-
cess generates an empirical null distribution of F values for 
each main effect and interaction. Finally, the p value for an 
effect is calculated as the proportion of F values in the null 

Fig. 3   Experimental paradigm. Screenshot of our replication of the visual design of the experiments by Gallistel et  al. (2014), Khaw et  al. 
(2017), and Ricci & Gallistel (2017). All text translated from Swedish to English and slightly enlarged for readability

6  Although we measured fewer trials than previous experiments (Gal-
listel et al., 2014; Khaw et al., 2017; Ricci & Gallistel, 2017), those 
experiments have not reported any qualitative changes in behaviour 
between earlier and later trials.
7  All questionnaire data are available at https://​osf.​io/​zhv2r/.

https://osf.io/zhv2r/
https://osf.io/zhv2r/
https://osf.io/zhv2r/
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distribution that equal or exceed the F value observed in the 
data. For more detailed information, please refer to the code.

Experiment 1

Experiment 1 was an attempt to exactly replicate the peri-
odic condition in Ricci & Gallistel (2017). They used a sine 
function with a period of 200 trials to create a smoothly 
changing, periodic Bernoulli parameter that participants 
were to track. In addition to that condition, our experiment 
also included a condition in which the period of the sine 
wave was increased to 500. We expected this slower-chang-
ing parameter to be easier to track and thereby rule out that 
any pattern was an artefact of excessive difficulty.

Method

Participants

Thirty-one participants (mean age = 25.9 years, SD = 7.07) 
were recruited from university campuses in Uppsala.8 The 
sample thus mainly consisted of students. To ensure naivety, 
participants were screened to confirm that none had partici-
pated in the pilot study. One participant completed Experi-
ment 1 despite having done so; therefore, these data were 
excluded. Twenty-one valid participants identified as women 
and nine as men. Participants were rewarded with course 
credits or gift vouchers to a major Swedish cinema chain 
(SF bio) worth approximately US$29.9

Design

The experiment had two between-subjects conditions. For 
the first group, the generative function was a sinusoidal with 
a period of 200 trials (Short period), just like in the periodic 
condition in Ricci & Gallistel (2017). The only change for 
the second group was that the period was 500 trials (Long 
period).

Both groups provided their responses as in Gallistel et al 
(2014), Ricci & Gallistel (2017) and Khaw et al. (2017): by 
dragging the slider with the mouse cursor by pressing and 
holding the left mouse button. When they had dragged the 
slider to the desired position, they clicked a button labelled 
“Next” to lock in their response. The slider would remain in 
position between trials, why they could repeat their previ-
ous estimate by clicking “Next” without moving the slider.

Materials

The task was replicated from the code used in Ricci & Gal-
listel (2017). See General Methods.

Procedure

The procedure was as specified under General Methods.

Results

We do not replicate the high accuracy (Short period: 
mean = 0.328, SD = 0.056; Long period: 0.252, 0.108; see 
Fig. 4A) from Ricci & Gallistel (2017), Gallistel et  al. 
(2014), and Khaw et al. (2017): the upper limits of the boot-
strapped confidence intervals of their data never exceed 0.20 
(Fig. 1B), which is the lowest limit of the confidence inter-
vals here (Fig. 4A). The bootstrapped confidence intervals 
for mean step-widths (Short period: 18.582, 60.472; Long 
period: 13.818, 29.185) overlap with most previous studies 
(Fig. 1B). Further, individual level data shows examples of 
response curves without the characteristic staircase shape 
(e.g. Fig. 4B). Altogether, the qualitative character of the 
response curves is different here than in previous experi-
ments, with much poorer accuracy. Participants improve 
when there is a Long period (p = 0.023). There was no evi-
dence, however, that step width is affected by Period length 
(p = 0.25). This indicates that increasing the period length 
indeed constituted a manipulation of task difficulty.

In the Supplement we report a decomposition of partici-
pants’ estimation errors into three sources: (i) insufficient 
number of updates; (ii) estimates lagging behind the chang-
ing parameter, and (iii) other. Not surprisingly, an insuffi-
cient number of updates accounts for more error when the 
latent parameter is changing more quickly (Short period: 
32.5%, Long period: 12.4%) while the contribution from lag 
is more equal (10.5% vs. 14.4%), However, in both condi-
tions, the largest proportion of error is attributable to other 
sources (57.0% vs. 73.2%).

Discussion

Experiment 1 failed to replicate previous qualitative 
results in that we did not see the reported high accuracy. 
Although the average step widths were high, some indi-
vidual participants exhibited response curves that were 
not staircase-shaped (Fig. 4B), at least for subintervals 
(Fig. 4C, first 100 trials). A longer period increased accu-
racy but violations of staircase-shaped response curves 
(Fig. 4B) occurred in that condition too. It is thus not 
the case that nonstepwise updating is a mere artefact of 
struggling with the task.

8  The four previous studies using the Bernoulli parameter paradigm 
have recruited 39 participants in total.
9  Calculated using 2017 OECD purchasing power parity estimates.
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Experiment 2

The purpose of Experiment 2 was twofold. Firstly, it was 
another attempt to replicate the patterns from previous 

studies. Upon carefully rereading them, we realised that 
participants had been informed about the nonstationarity 

Fig. 4   Results from Experiment 1. A: Mean absolute error and mean 
step width by condition and the periodic condition in Ricci & Gal-
listel (2017) – “R&G, periodic”. Whiskers indicate 95% bootstrapped 
confidence intervals, circles individual participants. One outlier each 
in the Short and Long condition with mean absolute error of 0.446 
and 0.413, respectively, is not displayed to preserve legibility. Two 

outliers in the Short period condition with mean step widths of 136 
and 143 are also off-scale. B, C & D: Data from the three partici-
pants whose mean step width was closest to the 25th, 50th, and 75th 
percentile, respectively. Note how participants in panel C and D have 
a high accuracy/low step width at the start of the experiment which 
then decreases/increases
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of the latent probability distribution.10 In Experiment 2, 
we tested the effect of the availability of this informa-
tion.11 Secondly, we tested the effect of the amount of 
effort required from a participant to change their prob-
ability estimate since we realised that it was generally 
greater in experiments reporting stepwise patterns com-
pared with those that did not (our pilot; McGuire et al., 
2014; Nassar et al., 2010; Norton et al., 2019). To address 
the possibility that the results of Experiment 1 arose due 
to poor motivation, we now incentivised accuracy (as in 
Khaw et al., 2017). One possible outcome is that the pat-
tern from previous studies (e.g., Fig. 1) obtains in all four 
conditions, indicating that Experiment 1 failed to repli-
cate due to insufficient participant motivation (remedied 
by Experiment 2 incentivising accuracy). This would sug-
gest that staircase-shaped response curves are a general 
feature of (diligent) estimation of a Bernoulli probability. 
Another possibility is that only the cell with the particu-
lar design choices made in previous studies (information 
about nonstationarity and higher effort updating) replicate 
previous results, but that they do not hold under slightly 
different set-ups.

Method

Participants

Sixty-two participants (mean age = 24.7 years, SD = 6.3) 
were recruited from university campuses in Uppsala. Data 
from two participants were excluded since they chose to ter-
minate early. Of the remaining sixty participants, 47 identi-
fied as women, 11 as men, and two as other. Participants 
were rewarded with gift vouchers for a major Swedish book 
shop chain (Akademibokhandeln) with a total value deter-
mined by the (rounded) root-mean-squared error of their 

estimates, ranging between US$11 and US$28.12 Two partic-
ipants in the No info, High effort condition, six in Info, High 
effort, six in No info, Low effort, and five in Info, Low effort 
received course credits instead of gift cards.

Design

Since participants in the Long period condition of Experi-
ment 1 performed better on the task than those in the Short 
period condition, we chose to go with the Long period (500 
trials) in Experiment 2. The experiment was a 2 × 2 factorial 
design where we varied (i) whether participants were told 
that the generative function was nonstationary and (ii) the 
response effort of updating the response slider. For (i), par-
ticipants were either only given the written instructions from 
Gallistel et al. (2014) and Ricci & Gallistel (2017), which 
did not comment on stationarity (No information), or told 
that the contents of the box might change after each draw, 
that these changes would occur throughout the task, that the 
changes could be fast or slow and that their task was to track 
the proportion as it changed (Information). Effectively, they 
were told that the generative process was nonstationary. For 
(ii), one group of participants had the same response mode 
as in previous studies (Gallistel et al., 2014; Khaw et al., 
2017; Ricci & Gallistel, 2017: High effort). To respond with 
the same estimate as last trial, they merely had to click the 
“Next” button (over which their cursor would already be 
hovering following their latest response), thus incurring 
minimal motor and time costs. To respond with a different 
estimate than last trial, they needed to move the mouse cur-
sor to the slider, press the left mouse button and hold to drag 
the slider to the desired position, and then click the “Next” 
button. Providing a different estimate than on the last trial 
thus required greater response effort and took more time. For 
the other group, the cursor and “Next” button were removed 
and the slider was “stuck” to the mouse (Low effort): when 
the mouse was moved to the right, so was the slider and vice 
versa. Participants locked in their response and initiated the 
next trial by a mouse click. Providing the same estimate as 
last trial thus still required minimal motor and time costs but 
the costs of providing a different estimate were decreased.

Materials

The task was replicated from the code used in Ricci & Gal-
listel (2017; see General Methods).

Procedure

The procedure was as specified under General Methods.

10  Robinson (1964): “The subjects were instructed in detail on 
the concept of a time-varying probability” (p.  10). Gallistel et  al. 
(2014): “Subjects are told that the box of RINGS may sometimes be 
silently replaced by a box with a different proportion of green cir-
cles” (p.  101) Ricci and Gallistel (2017): “Subjects were told that 
the hidden distribution contained some proportion of green and red 
rings and that this proportion silently changes” (p. 1482). Khaw et al. 
(2017): “The subjects are not told when a change in the box occurs, 
but they are told in advance that the box might change, and they know 
the probability of a regime change and the distribution from which 
the new box is drawn” (p. 90).
11  We were unable to obtain the manuscript for the verbal informa-
tion through private communication. We could therefore not exactly 
replicate the information provided, but it is unequivocal that partici-
pants in all studies were at least aware of the nonstationarity. We thus 
consider this a minimal treatment which may not include all informa-
tion conveyed to participants in previous studies. 12  Calculated using 2017 OECD purchasing power parity estimates.
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Results

We first consider the causal effects of providing the informa-
tion that the distribution was nonstationary, decreasing the 
effort required to update the estimate, and their interaction, 
on our two summary statistics of interest, mean absolute 
error and mean step width. We then consider individual level 
data.

Being informed that the box might change decreased 
mean absolute error (p < 0.001). There was no effect of 
making it more or less effortful to update on mean abso-
lute error (p = 0.19), but an interaction was found between 
information and effort (p = 0.015) such that accuracy is 
increased when participants are informed and it is more 
effortful to update—the condition most similar to previous 
studies (e.g., Ricci & Gallistel, 2017). The mean step width 
was decreased by being informed that the box might change 
(p < 0.001) and increased by making it more effortful to 
update (p < 0.001), especially when coupled with no prior 
information (p = 0.017). See Fig. 5. Thus, for both depend-
ent measures the substantive effect lies in the interaction 
between response effort and information, where the joint 
effect of these variables influences the response curves. Note 
that only the cell with the particular design choices made in 
Ricci & Gallistel (2017) replicates their results. See Table 1 
for descriptives.

As is evident from Fig. 6, the characteristic combination 
of high accuracy and long step widths is not ubiquitous but 
obtains for some participants in certain subintervals of the 
data.

Also in Experiment 2, the main contributor to estimation 
error was other sources (between 71.1% and 81.8%). Lag 
accounted for between 13.3% and 20.2%. An insufficient 

number of updates accounted for less error in the Low effort 
conditions (No info, Low effort: 6.0%; Info, Low effort: and 
4.9% vs. No info, High effort: 14.2%; Info, High effort: 
12.9%). This could tentatively suggest that reducing the 
effort required to update invites a more appropriate number 
of adjustments. See the Supplement for details.

A scatterplot of summary statistics for each individual 
participant (Fig. 7) shows that only the Info/High effort con-
dition clusters around the data from Ricci & Gallistel (2017). 
The other conditions form separate clusters elsewhere. A 
number of highly accurate participants display low mean 
step widths, indicating that stepwise updating is not ubiqui-
tous even for participants who are clearly on-task.

After completing the experiment task, participants were 
asked to draw a graph of the probability of drawing a blue 
ring over the course of the experiment. These data are not 
clear-cut and should be interpreted tentatively (see https://​

Fig. 5   Results from Experiment 2. Mean absolute error and mean 
step width by condition and the periodic condition in Ricci & Gallis-
tel (2017). Whiskers indicate 95% bootstrapped confidence intervals, 
circles indicate individual participants. One outlier in the Info, High 
effort condition and one outlier in the No info, Low effort condition 

with mean absolute errors of 0.615 and 0.466, respectively, are not 
displayed to preserve legibility. Two outliers in the No info, High 
effort condition with mean step widths of 126 and 195 are also off-
scale

Table 1   Descriptives for the dependent measures

Descriptives are presented as “mean (standard deviation)”. Main 
effects are marginal means

Mean absolute error
No information Information Main effect

Low effort 0.284 (0.092) 0.258 (0.084) 0.271
High effort 0.314 (0.064) 0.160 (0.141) 0.237
Main effect 0.299 0.209
Mean step width

No information Information Main effect
Low effort 7.922 (4.358) 4.979 (4.957) 6.450
High effort 39.571 (51.941) 10.076 (7.061) 24.823
Main effect 23.747 7.527

https://osf.io/zhv2r/
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osf.​io/​zhv2r/ for all graphs) but one could perhaps divide 
them into three groups: some participants did not understand 

what to draw (e.g., Subject ID 3), some drew qualitatively 
incorrect graphs (e.g., linear, Subject ID 13), but some 
(about 35 out of 60) did manage to extract the back-and-
forth pattern in the generative function.13 They struggled, 
however, with extracting the amplitude and period.

Discussion

In Experiment 2, we found that design choices regarding 
prior information and updating effort affected the degree to 
which we obtained accurate, stepwise updating. Indeed, we 
only replicate Ricci & Gallistel’s (2017) results in the cell 
most similar to their design (Info, High effort).

The interaction effect of Information and Effort on mean 
absolute error and step width may suggest (to us) that par-
ticipants actively infer what behaviour is reasonable from the 
task design. If they are told that the distribution is nonsta-
tionary and it is relatively effortful to change the estimate, 
they infer that the experimenter has set the generative func-
tion to change somewhat slowly, thus helping them to track 
it accurately. If they are not told anything about the distribu-
tion but it requires more effort to change the estimate, they 
infer that the experimenter chose to make updating effortful 
because they only need to do it occasionally. If this kind 
of “teleological” reasoning indeed is the explanation for 
the interaction, it underscores how important participants’ 
declarative beliefs are for their trial-by-trial responses.

Fig. 6   Example participants from Experiment 2. Provided probability estimate (x axis) by trial (y axis) for the first participant of each condition. 
Participant estimates in black, true probability in light grey

Fig. 7   Summary statistics for individual participants. Mean step 
width and mean absolute error (MAE) for each participant in Experi-
ment 2 and the periodic condition in Ricci & Gallistel (2017). 
Ellipses indicate one standard deviation from mean of fitted two-
dimensional normal distributions. Although there are outliers, each 
condition tends towards a discernible cluster. The Info/High effort 
condition participants typically cluster close to participants from the 
periodic condition in Ricci & Gallistel (2017). Info/Low effort par-
ticipants form a cluster of lower step widths, No info/High effort a 
cluster with higher step widths and No info/Low effort in betwen. 
Note the outlier with an MAE greater than 0.6. From visual inspec-
tion of their responses, we suspect they mixed up which end of the 
slider indicated “100% only blue”. Inverting their responses brings 
their MAE down to 0.385 and decreases all p values in the ANOVA 
but does not change any qualitative conclusions, see Supplement

13  Ricci & Gallistel (2017) reported something similar: “During 
debriefing, all 4 subjects spontaneously remarked that the probability 
changed periodically” (p. 1488).

https://osf.io/zhv2r/
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General discussion

These results show that the accuracy and step widths of 
response curves are not robust but sensitive to (fairly minor) 
design choices. We take them to suggest that people possess, 
at least, three capabilities. Firstly, people are able to estimate 
a nonstationary Bernoulli probability online—albeit with 
varying accuracy (Figs. 4 and 6). Secondly, they can mod-
ulate the estimation based on beliefs about the generative 
process (interaction effect on mean absolute error, Fig. 5). 
Thirdly, there seems to exist some kind of process which 
regulates when and how often the overt estimate is updated 
to correspond to the covert, internal estimate (see “response 
threshold”; Forsgren et al., 2023). This too appears modu-
lated by declarative beliefs (interaction effect on mean step 
width). In the Supplement, we show that there are main 
effects of Effort on the mean size of updates when made 
(“step heights”) and the number of times the updating direc-
tion is reversed (“direction reversals”). Those results are 
consistent with an “economising” threshold that implements 
an accuracy–cost trade-off. In addition, and less surely, we 
found that people seem able to extract a vague, qualitative 
belief about the generative function which is retained at least 
for a while after they have completed the task (posttest draw-
ings of generative function).

This invites the following speculation: maybe trial-by-
trial updating is indeed how people track probabilities from 
moment to moment, but these estimates are never encoded 
in long-term memory. Instead, a belief about the generative 
function is extracted and stored (cf. Brehmer, 1980; Mcdan-
iel & Busemeyer, 2005). Online tracking thus affects beliefs 
but the reverse holds too: There exists a literature which 
investigates how learning rates can be learnt from experi-
ence (Behrens et al., 2007; Rushworth & Behrens, 2008) by 
estimating the volatility in the environment (Silvetti et al., 
2013) but our results suggest that the learning rate can also 
be calibrated by beliefs.14 That is, it is not a question of 
either associative learning or hypothesis testing but always 
both and there exists a feedback loop between the two. If so, 
any theory that purely focuses on explaining the online esti-
mates in the present paradigm, rather than encoded beliefs, 
would only give us insight into a very local form of prob-
ability learning. This includes various versions of the delta 
rule (e.g., Forsgren et al., 2023; Nassar et al., 2010).

Previous models in the Bayesian tradition (e.g., Mathys 
et al., 2014; Nassar et al., 2010; Piray & Daw, 2020) assume 
a (fixed) structural representation of the task but (flexibly) 

update that representation’s parameters. They thus allow 
effects of beliefs on online estimation by including priors 
that could be set by initial beliefs. Those priors will, how-
ever, eventually be overcome by data. This is not compatible 
with how some participants appear to maintain the qualita-
tive characteristics of their response curves throughout the 
sessions (Fig. 4B, & Fig. 6; see also https://​osf.​io/​zhv2r/). 
One way of explaining persistent effects of information 
would be through a model that, in parallel with online esti-
mation, holds and (flexibly) tests hypotheses about the struc-
tural representation of the task (cf. Szollosi et al., 2023). In a 
nutshell, we envision a theory where people simultaneously 
possess the intuitive statistician’s capacity for data compres-
sion (Peterson & Beach, 1967) and the intuitive scientist’s 
capacity for structural modelling (Szollosi & Newell, 2020).

Future research should test the influences of experience 
versus beliefs on learning rates by varying prior informa-
tion within-person and measuring some statistic related 
to information-discounting over the course of the task. It 
should also be investigated whether the response curves per 
se are encoded into long-term memory or whether the cod-
ing only preserves the gist of the generative function through 
posttests (cf. Mason et al., 2022). This is important since it 
may be our long-term memories that we act on when making 
real-world decisions.

Compared with any real-life probability estimation task 
the information about the generative function provided in the 
Information conditions here was extremely impoverished. 
When estimating the risk of the train coming in late, for 
example, we have a rich cognitive causal model (Sloman, 
2005) of train punctuality and can use prior information 
(e.g., reading in the paper that there will be maintenance 
work done) to inform how we weight past observations or 
infer regime changes. A complete theory must account for 
how beliefs about such things can affect my estimate of the 
risk of the train being late but also how seeing other trains 
repeatedly come in on time can make me reevaluate my 
belief about the effects of the maintenance work.

Supplementary Information  The online version contains supplemen-
tary material available at https://​doi.​org/​10.​3758/​s13423-​024-​02604-2.

Acknowledgements  We gratefully acknowledge funding from the 
Swedish Research Council (Grant 2018-01947) and the Marcus and 
Amalia Wallenberg Foundation (MAW 2016.0132).

Funding  Open access funding provided by Uppsala University. The 
research was funded by the Swedish Research Council (Grant 2018–
01947) and the Marcus and Amalia Wallenberg Foundation (MAW 
2016.0132).

Data Availability  All data and materials are available at https://​osf.​
io/​zhv2r/.

Code availability  All code used to analyse the data is available 
at https://​osf.​io/​zhv2r/.

14  In the supplement, we show that there are main effects of Informa-
tion on mean step heights and the number of direction reversals and 
argue that those results are consistent with this “calibration hypoth-
esis”.

https://osf.io/zhv2r/
https://doi.org/10.3758/s13423-024-02604-2
https://osf.io/zhv2r/
https://osf.io/zhv2r/
https://osf.io/zhv2r/


1295Psychonomic Bulletin & Review (2025) 32:1284–1296	

Declarations 

Conflict of interest  We have no conflicts of interest to disclose.

Ethics approval  Participants gave informed consent and were aware 
that they could terminate participation at any time. All data are 
anonymous, and no sensitive personal data were collected. The study 
involved no physical intervention on participants or biological mate-
rial being taken from the participants. The participants were neither 
physically nor psychologically manipulated, and there was no risk of 
harming the participants physically or psychologically. According to 
the Swedish act concerning the Ethical Review of Research involving 
humans (2003:460), application for ethics approval is required if any 
of the above considerations are not fulfilled. Since these considerations 
were fulfilled, blanket ethics approval applied to this study. The study 
was conducted in accordance with the Declaration of Helsinki.

Consent to participate  All participants in this research gave informed 
consent before starting the experiment.

Consent for publication  Not applicable.

Open practices statement  All data, materials, and analysis code are 
available at https://​osf.​io/​zhv2r/. This study was not preregistered.

Open Access  This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons licence, and indicate if changes 
were made. The images or other third party material in this article are 
included in the article’s Creative Commons licence, unless indicated 
otherwise in a credit line to the material. If material is not included in 
the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
need to obtain permission directly from the copyright holder. To view a 
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Anderson, M. J. (2001). Permutation tests for univariate or multivariate 
analysis of variance and regression. Canadian Journal of Fish-
eries and Aquatic Sciences, 58(3), 626–639. https://​doi.​org/​10.​
1139/​f01-​004

Behrens, T. E. J., Woolrich, M. W., Walton, M. E., & Rushworth, M. 
F. S. (2007). Learning the value of information in an uncertain 
world. Nature Neuroscience, 10(9), 1214–1221. https://​doi.​org/​
10.​1038/​nn1954

Brehmer, B. (1980). In one word: Not from experience. Acta Psycho-
logica. https://​doi.​org/​10.​1016/​0001-​6918(80)​90034-7

Bruckner, R., Nassar, M. R., Li, S.-C., & Eppinger, B. (2020). Differ-
ences in learning across the lifespan emerge via resource-rational 
computations. https://​doi.​org/​10.​31234/​osf.​io/​nh9bq

Fodor, J. A. (1983). The modularity of mind. MIT Press. https://​doi.​
org/​10.​7551/​mitpr​ess/​4737.​001.​0001

Forsgren, M., Juslin, P., & van den Berg, R. (2023). Further perceptions 
of probability: In defence of associative models. Psychological 
Review. https://​doi.​org/​10.​1037/​rev00​00410

Gallistel, C. R., Krishan, M., Liu, Y., Miller, R., & Latham, P. E. 
(2014). The perception of probability. Psychological Review. 
https://​doi.​org/​10.​1037/​a0035​232

Gonzalez, L., & Manly, B. F. J. (1998). Analysis of variance by ran-
domization with small data sets. Environmetrics, 9(1), 53–65. 
https://​doi.​org/​10.​1002/​(SICI)​1099-​095X(199801/​02)9:​1%​3c53::​
AID-​ENV285%​3e3.0.​CO;​2-%​23

Howell, D. C. (2009). Permutation tests for factorial ANOVA designs. 
https://​www.​uvm.​edu/​~statd​htx/​StatP​ages/​Permu​tation%​20Ano​
va/​PermT​estsA​nova.​html. Accessed 18 Oct 2024.

Khaw, M. W., Stevens, L., & Woodford, M. (2017). Discrete adjust-
ment to a changing environment: Experimental evidence. Journal 
of Monetary Economics, 91, 88–103. https://​doi.​org/​10.​1016/j.​
jmone​co.​2017.​09.​001

Manly, B. F. J. (2018). Randomization, bootstrap and Monte Carlo 
methods in biology. Chapman and Hall/CRC. https://​doi.​org/​10.​
1201/​97813​15273​075

Mason, A., Szollosi, A., & Newell, B. R. (2022). Learning the lie 
of the land: How people construct mental representations of 
distributions. PsyArXiv Preprints. https://​doi.​org/​10.​31234/​osf.​
io/​rdhv8

Mathys, C. D., Lomakina, E. I., Daunizeau, J., Iglesias, S., Brodersen, 
K. H., Friston, K. J., & Stephan, K. E. (2014). Uncertainty in per-
ception and the Hierarchical Gaussian Filter. Frontiers in Human 
Neuroscience, 8. https://​doi.​org/​10.​3389/​fnhum.​2014.​00825

Mcdaniel, M. A., & Busemeyer, J. R. (2005). The conceptual basis of 
function learning and extrapolation: Comparison of rule-based 
and associative-based models. Psychonomic Bulletin & Review. 
https://​doi.​org/​10.​3758/​BF031​96347

McGuire, J. T., Nassar, M. R., Gold, J. I., & Kable, J. W. (2014). Func-
tionally dissociable influences on learning rate in a dynamic envi-
ronment. Neuron. https://​doi.​org/​10.​1016/j.​neuron.​2014.​10.​013

Nassar, M. R., Waltz, J. A., Albrecht, M. A., Gold, J. M., & Frank, M. 
J. (2021). All or nothing belief updating in patients with schizo-
phrenia reduces precision and flexibility of beliefs. Brain, 144(3), 
1013–1029. https://​doi.​org/​10.​1093/​brain/​awaa4​53

Nassar, M. R., Wilson, R. C., Heasly, B., & Gold, J. I. (2010). An 
approximately Bayesian delta-rule model explains the dynamics 
of belief updating in a changing environment. Journal of Neuro-
science, 30(37), 12366–12378. https://​doi.​org/​10.​1523/​JNEUR​
OSCI.​0822-​10.​2010

Norton, E. H., Acerbi, L., Ma, W. J., & Landy, M. S. (2019). 
Human online adaptation to changes in prior probability. 
PLOS Computational Biology. https://​doi.​org/​10.​1371/​journ​
al.​pcbi.​10066​81

Peterson, C. R., & Beach, L. R. (1967). Man as an intuitive statistician. 
Psychological Bulletin. https://​doi.​org/​10.​1037/​h0024​722

Piray, P., & Daw, N. D. (2020). A simple model for learning in vola-
tile environments. PLOS Computational Biology, 16(7), Article 
e1007963. https://​doi.​org/​10.​1371/​journ​al.​pcbi.​10079​63

Ricci, M., & Gallistel, R. (2017). Accurate step-hold tracking of 
smoothly varying periodic and aperiodic probability. Atten-
tion, Perception, & Psychophysics. https://​doi.​org/​10.​3758/​
s13414-​017-​1310-0

Robinson, G. H. (1964). Continuous estimation of a time-varying prob-
ability. Ergonomics, 7(1), 7–21. https://​doi.​org/​10.​1080/​00140​
13640​89307​21

Rushworth, M. F. S., & Behrens, T. E. J. (2008). Choice, uncertainty 
and value in prefrontal and cingulate cortex. In Nature Neurosci-
ence. https://​doi.​org/​10.​1038/​nn2066

Silvetti, M., Seurinck, R., & Verguts, T. (2013). Value and prediction 
error estimation account for volatility effects in ACC: A model-
based fMRI study. Cortex, 49(6), 1627–1635. https://​doi.​org/​10.​
1016/j.​cortex.​2012.​05.​008

Sloman, S. (2005). Causal models. Oxford University Press. https://​doi.​
org/​10.​1093/​acprof:​oso/​97801​95183​115.​001.​0001

Szollosi, A., Donkin, C., & Newell, B. R. (2023). Toward nonprobabil-
istic explanations of learning and decision-making. Psychological 
Review, 130(2), 546–568. https://​doi.​org/​10.​1037/​rev00​00355

https://osf.io/zhv2r/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1139/f01-004
https://doi.org/10.1139/f01-004
https://doi.org/10.1038/nn1954
https://doi.org/10.1038/nn1954
https://doi.org/10.1016/0001-6918(80)90034-7
https://doi.org/10.31234/osf.io/nh9bq
https://doi.org/10.7551/mitpress/4737.001.0001
https://doi.org/10.7551/mitpress/4737.001.0001
https://doi.org/10.1037/rev0000410
https://doi.org/10.1037/a0035232
https://doi.org/10.1002/(SICI)1099-095X(199801/02)9:1%3c53::AID-ENV285%3e3.0.CO;2-%23
https://doi.org/10.1002/(SICI)1099-095X(199801/02)9:1%3c53::AID-ENV285%3e3.0.CO;2-%23
https://www.uvm.edu/~statdhtx/StatPages/Permutation%20Anova/PermTestsAnova.html
https://www.uvm.edu/~statdhtx/StatPages/Permutation%20Anova/PermTestsAnova.html
https://doi.org/10.1016/j.jmoneco.2017.09.001
https://doi.org/10.1016/j.jmoneco.2017.09.001
https://doi.org/10.1201/9781315273075
https://doi.org/10.1201/9781315273075
https://doi.org/10.31234/osf.io/rdhv8
https://doi.org/10.31234/osf.io/rdhv8
https://doi.org/10.3389/fnhum.2014.00825
https://doi.org/10.3758/BF03196347
https://doi.org/10.1016/j.neuron.2014.10.013
https://doi.org/10.1093/brain/awaa453
https://doi.org/10.1523/JNEUROSCI.0822-10.2010
https://doi.org/10.1523/JNEUROSCI.0822-10.2010
https://doi.org/10.1371/journal.pcbi.1006681
https://doi.org/10.1371/journal.pcbi.1006681
https://doi.org/10.1037/h0024722
https://doi.org/10.1371/journal.pcbi.1007963
https://doi.org/10.3758/s13414-017-1310-0
https://doi.org/10.3758/s13414-017-1310-0
https://doi.org/10.1080/00140136408930721
https://doi.org/10.1080/00140136408930721
https://doi.org/10.1038/nn2066
https://doi.org/10.1016/j.cortex.2012.05.008
https://doi.org/10.1016/j.cortex.2012.05.008
https://doi.org/10.1093/acprof:oso/9780195183115.001.0001
https://doi.org/10.1093/acprof:oso/9780195183115.001.0001
https://doi.org/10.1037/rev0000355


1296	 Psychonomic Bulletin & Review (2025) 32:1284–1296

Szollosi, A., & Newell, B. R. (2020). People as Intuitive Scientists: 
Reconsidering Statistical Explanations of Decision Making. 
Trends in Cognitive Sciences, 24(12), 1008–1018. https://​doi.​org/​
10.​1016/j.​tics.​2020.​09.​005

Publisher's Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

https://doi.org/10.1016/j.tics.2020.09.005
https://doi.org/10.1016/j.tics.2020.09.005

	Further perceptions of probability: Accurate, stepwise updating is contingent on prior information about the task and the response mode
	Abstract
	Introduction
	General methods
	General design and materials
	Procedure
	Analysis

	Experiment 1
	Method
	Participants
	Design
	Materials
	Procedure

	Results
	Discussion

	Experiment 2
	Method
	Participants
	Design
	Materials
	Procedure

	Results
	Discussion

	General discussion
	Acknowledgements 
	References


