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Abstract: Two-dimensional superconductors with disorder at the nanoscale can host a variety of
intriguing phenomena. The superconducting transition is marked by a broad percolative transition
with a long tail of the resistivity as function of the temperature. The fragile filamentary supercon-
ducting clusters, forming at low temperature, can be strengthened further by proximity effect with
the surrounding metallic background, leading to an enhancement of the superfluid stiffness well
below the percolative transition. Finite-frequency dissipation effects, e.g., related to the appearance
of thermally excited vortices, can also significantly contribute to the resulting physics. Here, we
propose a random impedance model to investigate the role of dissipation effects in the formation
and strengthening of fragile superconducting clusters, discussing the solution within the effective
medium theory.

Keywords: inhomogeneous superconductivity; nanoscale inhomogeneity; percolation; optical re-
sponse of superconductors; superfluid stiffness; dissipation in inhomogeneous superconductors

1. Introduction

Two-dimensional (2D) electron systems hosting superconductivity are the object of
renewed interest, triggered by new experimental methods and fabrication techniques [1].
Interestingly enough, experiments on 2D systems like SrTiO3-based oxide interfaces [2],
transition metal dichalcogenides (TMDs) [1], or monolayer graphene [3] have highlighted
unusual physical properties that challenge consolidated theoretical schemes. One open
intriguing question concerns the possible occurrence of a low-temperature metallic state,
which has been claimed to be a new state of matter and dubbed quantum metal. This
state occurs in systems that are close to a superconducting transition but display a low-
temperature saturation or an anomalous behavior of the sheet resistance R as a function
of the temperature T [4–18]. Under specific experimental conditions, as those resulting
from ionic-liquid gating (in TMDs) or the application of a magnetic field (in graphene),
an unusually broad superconducting transition is achieved, whose thermal width cannot
possibly be accounted for by standard fluctuational mechanisms [19,20] with physically
sound values of the parameters. Another interesting feature is the very slow vanishing of
the resistance at low T, with a long tail that cannot be understood in terms of standard
vortex dissipation. In SrTiO3-based oxide interfaces [21–24] and TMDs [25], these anomalies
have been successfully interpreted as the consequence of electron inhomogeneity at the
nanoscale and have been described within a 2D random resistor network (RRN) model.

In [25], the main features of the metal-to-superconductor transition in TMDs were
captured describing the systems as a 2D superconductor with disorder at the nanoscale,
composed by sub-micrometric superconducting puddles with random critical temperature
Tc, embedded in a metallic background, giving a natural explanation to the broadness of the
resistive transition. The downturn of the sheet resistance curve R(T) that is observed when
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the temperature is lowered is understood as being a consequence of the gradual nucleation
of superconducting puddles, whose percolation eventually leads to the zero-resistance state.
Conversely, if the fraction of these puddles is not large enough to give rise to a percolating
superconducting path when T → 0, the curve R(T) saturates at low temperatures, and the
system stays metallic, thereby providing a simple interpretation for the enigmatic quantum
metal. Finally, the long tail of the curve R(T) near the percolative metal-to-superconductor
transition is recovered in systems where the puddles are connected by a filamentary
superconducting backbone, resulting in a very weak long-distance connectivity of the
superconducting cluster.

Once the percolative transition has occurred, the DC transport measurement cannot
highlight the properties of the inhomogeneous superconducting cluster at low temperatures.
However, the electrodynamic properties of a superconductor with disorder at the nanoscale
are expected to be peculiar as well. To investigate the optical conductivity σ(ω) and
superfluid stiffness Js of a 2D inhomogeneous superconductor, in a recent work [26] we
extended the original RRN to finite frequency, resulting in a random impedance network
(RIN). The model was solved within the effective medium theory (EMT) [27,28], and
our main result was that if the percolating superconducting cluster is rather fragile and
the resulting superfluid stiffness is weak just below the temperature of the percolative
transition, it can nonetheless be strengthened (and its superfluid stiffness can be increased)
as a result of the proximity effect acting on the nearby metallic background. However,
the role and effect of finite-frequency dissipation inside the superconducting cluster was
not addressed in [26].

Here, we want to extend our previous investigation, including finite-frequency dissi-
pation effects in the superconducting cluster. Usually, finite-frequency dissipation in the
superconducting phase is understood in terms of vortices [29], which can be generated
either in the presence of a magnetic field or by thermal excitation. Although very little
is known about the nature of thermally generated vortices in a strongly inhomogeneous
superconductor with disorder at the nanoscale, it has been shown [30,31] that the presence
of spatially correlated disorder may significantly lower the vortex-core energy, inducing
an anomalous vortex nucleation below the superconducting transition. More generally, it
can be argued that the nucleation of a thermally excited vortex may be particularly cheap
if the core of the vortex is located inside a region belonging to the metallic background.
As the model proposed in [29], with a proper parametrization, can be re-interpreted as
a phenomenological electrodynamic model for finite-frequency dissipation in a super-
conductor, regardless of the origin of the vortices, we will extend our RIN analysis to
include these effects. The conditions of applicability of our description require that the
superconducting puddles are large enough to sustain superconductivity, below some local
critical temperature. This condition usually makes the capacitance of the superconducting
puddles small and the corresponding charging effects negligible, hence we will ignore
capacitance effects altogether. As far as the mechanism for finite-frequency dissipation is
concerned, we will assume that the superconducting puddles are type II superconductors.
Within this respect, we point out that our analysis is carried out in the absence of magnetic
field, contrary to the work in [29], so the vortices entailing finite-frequency dissipation are
thermally generated within our description. The properties of the RIN will be described
within the EMT, to provide a benchmark for more detailed analyses based on the exact
solution of the equations of the RIN in the linear response regime. Note that, albeit neglect-
ing space correlations and despite the fact the superconducting puddles are forced to be
at least a fraction 1

2 in order for the system to percolate, the EMT allows for a simple yet
insightful description of the temperature dependence of the electrodynamic properties of a
superconductor with disorder at the nanoscale.

The paper is organized as follows. In Section 2, we briefly introduce the RRN and RIN
models and discuss the EMT approximation. In Section 3, we extend the RIN model to
include finite-frequency dissipation in the superconducting cluster by adopting the model
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proposed in [29] as a phenomenological model. Finally, in Section 4, we summarize our
concluding remarks and discuss some possible perspectives.

2. A Coarse-Grained Model for Superconductors with Nanoscale Inhomogeneities

A coarse-grained description of a superconductor with disorder at the nanoscale can
be achieved in terms of a RRN model [25]. Within this description, the system is imagined
as being composed by sub-micrometric regions (puddles) that are large enough to support
superconductivity, but may be loosely connected with one another, as they are embedded in
a metallic background. Such a metallic matrix can persist down to very low temperatures or
become partially superconducting, as a result of the proximity effect, when the temperature
is decreased. The system is then mapped onto a 2D square lattice of resistances, each resistor
Rj representing a metallic region to which a random superconducting critical temperature
Tc,j is assigned, according to a given probability distribution. When the temperature is
lowered, the resistors are gradually switched off, so that the corresponding puddles become
superconducting when the condition T < Tc,j is met. Therefore, the simplest description of
a random resistor is Rj = R0, when T > Tc,j, and Rj = 0, when T ≤ Tc,j, R0 being the sheet
resistance of the system in the metallic state at high temperature (T > max Tc,j). To model
the case where a metallic background persists down to T = 0 K, we select a fraction of
resistors with Rj = R0 at all temperatures.

Within the EMT, the sheet resistance of the 2D system Rem is obtained as the solution
of the equation [27,28]

∑
α=s,m

wα(T)
Rem − Rα

Rem + Rα
= 0, (1)

where the subscript s (m) refers to the superconducting (metallic) cluster, ws(T) =
∫ +∞

T dTc Ps(Tc)
is the superconducting fraction at a temperature T, Ps(Tc) is the probability distribution of critical
temperatures inside the superconducting cluster (properly normalized to the total superconducting
fraction, see below), wm(T) = 1− ws(T) is the metallic fraction at a temperature T, Rm = R0,
and Rs = 0. Equation (1) can be solved analytically. Let us assume that the total fraction occupied
by the superconducting cluster is ws ∈ [0, 1], so that the metallic background occupies a fraction
wm = 1− ws ∈ [0, 1], and that the critical temperature inside the superconducting cluster is
distributed according to a Gaussian with mean Tc and variance σ2,

Ps(Tc) =
ws√
2π σ

e−
(Tc−Tc)2

2σ2 , (2)

normalized to the total weight ws of the superconducting cluster. Then, the solution of
Equation (1) reads

Rem(T)
R0

= θ

(
ws erf

T − Tc√
2 σ

+ 1− ws

)
,

where θ(·) is the Heaviside step function and erf(·) is the error function. The variance of
the Gaussian distribution (2) sets the broadening of the percolative transition and controls
the downturn of Rem. The parameter ws rules the percolation of the superconducting
cluster and, together with σ, controls the presence of a more or less pronounced tail in the
percolative transition. Indeed, the percolation threshold for a homogeneous distribution
of superconducting puddles is wp = 1

2 , i.e., the percolative transition, if any, occurs at the
temperature Tp such that ws(Tp) = 1

2 . If the superconducting cluster is not sufficiently
dense and ws < wp, the resistance Rem saturates to a finite value when T → 0. Therefore,
despite neglecting all spatial correlations, the EMT gives a preliminary insight into the main
mechanisms at play in an inhomogeneous superconductor, including the occurrence of
metallic state at T = 0 K, if the superconducting cluster does not percolate. If a percolating
superconducting cluster exists, the zero-resistance state is reached below the percolation
temperature Tp.
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In the superconducting state, Rem = 0, so that the DC transport properties are not
apt to highlight its inhomogeneous character. To gain insight into the electrodynamic
properties of an inhomogeneous superconductor, the RRN model must be extended to finite
frequencies ω and the local resistors must be replaced by complex impedances, resulting in
a RIN model [26]. The simplest description of a random impedance is zj = R0 + iωL0, when
T > Tc,j, and zj = iωL0, when T ≤ Tc,j, R0 being again the sheet resistance of the system in
the metallic state at high temperature, while the inductance L0 rules the purely reactive
response of the superconducting cluster. For the sake of comparison, in a homogeneous
Drude model the complex AC impedance of a metal is z = R0(1 + iωτ̄) = R0 + iωL0,
where R0 = m/(ne2τ̄) is the DC resistance (henceforth, we refer all impedances to unit
length and unit cross-sectional area of the conductor), n is the carrier density, e is the
electron charge, m is the carrier effective mass, τ̄ is the scattering time, and the inductance
is L0 = R0τ̄ = (e2 Js)−1 (independent of the scattering time τ̄), where Js = n/m is the
superfluid stiffness. The purely reactive response in the superconducting state is achieved
setting R0 = 0, i.e., taking the formal limit τ̄ → ∞.

In complete analogy with the case of the RRN in Equation (1), one can derive the EMT
equation for the RIN,

∑
α=m,s

wα(T)
zem − zα

zem + zα
= 0, (3)

where zem is the EMT impedance of the network, while its complex conductance is
gem = z−1

em = g′ − ig′′ (we drop the subscript em in the real and imaginary parts of gem to
lighten the notation).

3. Finite-Frequency Dissipation within an Inhomogeneous Superconductor

The RIN model introduced in the previous section considers a constant inductance
L0 inside the superconducting cluster [26]. The superfluid stiffness below percolation is
Js(T) = − lim

ω→0
ω g′′(ω, T). As we will fix ω to a constant (low) value, the behavior of Js(T)

can be directly read off the curve −g′′(ω, T).
To include dissipative effects inside the superconducting cluster, we are led to consider

a temperature and/or frequency dependent complex inductance Lj = Lj(ω, T). In [29],
the complex impedance was written as z = R0 + Zv + iωL0, where

Zv = A
iωτ

1 + iωτ

described the dissipation due to vortices generated by the presence of a magnetic field,
A is proportional to the strength of the magnetic field (but with the dimensions of a
resistance), and τ is the relaxation time for vortices. This expression can be borrowed
to represent phenomenologically some finite-frequency dissipation effect in the system
even in the absence of an external magnetic field, as we assume throughout this piece of
work, considering the dissipation as due to thermally excited vortices. We can recast the
expression of the complex impedance assuming a frequency dependent complex inductance
z = R0 + iωL(ω), where

L(ω) = L0 +
Aτ

1 + iωτ
.

Evidently, for ωτ � 1, the finite frequency dissipation is suppressed. In the supercon-
ducting state, where R0 = 0, the reactive part of the response is related to

Re L(ω) = L0 +
Aτ

1 + (ωτ)2 > L0,

i.e., the reactive response, proportional to the inverse of the inductance, is reduced. How-
ever, we point out that in the presence of finite-frequency dissipation, the response of
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the percolating superconducting cluster is not purely reactive and there is a dissipative
response ruled by the term

Re Zv =
A(ωτ)2

1 + (ωτ)2 ,

which is vanishingly small for ωτ → 0, and tends from below to the constant value A for
ωτ → ∞, thus clarifying the meaning of the parameter A, which sets the high-frequency
dissipation in the superconducting state.

Of course, within a phenomenological description, the values of the parameters A
and τ must be adapted to a specific system. As very little is known about thermally
excited vortices in strongly inhomogeneous superconductors with a metallic background
persisting down to T = 0 K, for the sake of illustration, in the following we adopt values of
the parameters comparable to those used in [29], taking A = 10−3 Ω and τ of the order of
1µs. To highlight finite-frequency dissipation we take a frequency ω = 0.1 MHz, so that
ωτ ≈ 0.1 is small but not negligible. In the following, we discuss the properties of the
RIN within the EMT, assuming that the complex impedance is zj = R0 + Zv + iωL0 above
the local (random) critical temperature and zj = Zv + iωL0 below it, while the eventual
metallic residue has always zj = R0 + Zv + iωL0.

Let us consider first the simplest case of a system where all the resistors contributes to
superconductivity, i.e., ws = 1. The parameters of the distribution of critical temperatures
(Equation (2)) are chosen to be Tc = 0.2 K, σ = 0.05 K. Let us fix, for the sake of definiteness,
R0 = 600 Ω, L0 = 1 nH, as values typical of SrTiO3-based oxide interfaces [26], and ω =
0.1 MHz, which will allow us to highlight dissipative effects in the forthcoming discussion.

The solution of the EMT equation (Equation (3)), gives a resistance R = Re( zem)
shown as the blue curve in Figure 1b, whose value coincides with the result obtained
for the case ω = 0 (as ωL0 � R0). As it can be evinced from the distribution of critical
temperatures (red shaded area in Figure 1), despite the fact that the superconducting cluster
occupies the whole system, percolation in a 2D system requires only 1

2 of the puddles to
turn superconducting and the percolative transition occurs at T = Tc. The width of the
percolative transition is ruled by σ. No tail is present.
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Figure 1. (a) Imaginary part of the complex conductance of the RIN within the EMT, −g′′, as a
function of the temperature T, for R0 = 600 Ω, L0 = 1 nH, ω = 0.1 MHz. The normal distribution
Ps(Tc) of the superconducting critical temperatures is shaded in red; the average value and variance
are, respectively, Tc = 0.2 K, σ = 0.05 K; the weight is ws = 1, i.e., all the resistors participate to
superconductivity. The values A and τ of the dissipative term ZV = A(iωτ)/(1 + iωτ) are specified
for each curve. In particular, for the violet curve labeled by A(T) we took a temperature dependence
A(T) = A0 e−(Tc−T)/T , with A0 = 10−3 Ω, to describe the thermal excitation of vortices, which is
exponentially suppressed at T = 0 K. (b) The blue curve gives the sheet resistance of the system above
percolation, where the effects of ZV are negligible. All the calculations are carried out assuming zero
magnetic field.
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The imaginary part of the complex conductance −g′′ becomes relevant below percola-
tion, where the AC response of the RIN is purely reactive [23] (see Figure 1a). The solution
of Equation (3) with no dissipative effects (A = 0) is plotted in yellow. As soon as A > 0,
finite-frequency dissipation suppresses the reactive response of the system below the per-
colative transition. In the regime ωτ � 1, once we fixed A = 10−3 Ω, this suppression
increases with increasing τ: this is shown in Figure 1a, respectively, for the light blue
(τ = 0.5µs), green (τ = 1µs) and red (τ = 5µs) curves. As we are considering a ther-
mal activation mechanism for dissipation, we can expect that A depends on T. This is
shown by the violet curve in Figure 1 labeled with A(T) (τ = 5µs), where a dependence
A(T) = A0 e−(Tc−T)/T , with A0 = 10−3 Ω, is adopted to describe the thermal excitation of
vortices, exponentially suppressed at T = 0 K. To make the comparison with the case of
a constant A easier, we assumed that near percolation A(T) ≈ A0, so that the curve with
variable A(T) collapses onto the curve with A = A0, while smoothly joining the curve
with A = 0 at low temperature.

Let us now consider a more complicated situation in which the system host three
components: the metallic background (m), the percolative superconducting cluster (s1),
and a smaller superconducting cluster (s2) emerging by proximity effect below the per-
colative transition. The minimal required fraction of superconducting bonds to have
a low-temperature global superconducting state is ws1 = 1

2 . In this case, the resistive
transition is characterized by a very pronounced tail because all the puddles must turn
superconducting to reach percolation (see the blue curve in Figure 2b). Even after the
appearance of a global zero-resistance state, the superconducting cluster is in this case
very fragile towards an applied current [32]. Suppose now that, at lower temperatures,
a second superconducting cluster is formed, e.g., as a consequence of the proximity effect
acting on the metallic background. This second superconducting cluster is much less
dense, and occupies a small fraction of the system, say, e.g., ws2 = 7

100 , but it boosts the
superfluid stiffness of the fragile superconducting cluster formed at higher temperature.
The appearance of this second cluster modifies the reactive response of the system in the
superconducting phase.

The EMT equation for this three-component system is

∑
α=m,s1,s2

wα(T)
zem − zα

zem + zα
= 0, (4)

where α runs over the three possible states, as in Equations (1) and (3): the label m stands
for metallic, while s1 and s2 identify the two possible superconducting clusters, whose
critical temperatures are distributed according to

Psk(Tc) =
wsk√
2π σk

e
− (Tc−Tc,k)

2

2σ2
k ,

normalized to a total weight wsk for each superconducting cluster sk, with k = 1, 2.
Following the lines in [26], we assume that, in the absence of the low-temperature

superconducting cluster, the inductance of the high-temperature superconducting cluster
is L1 = 1 nH. Assuming that the inductance of the low-temperature superconducting
cluster is L2 = 0.5 nH, we describe the strengthening of the superconducting cluster
after proximization with a temperature-dependent inductance of the high-temperature
superconducting cluster

L1(T) =
1
2

[
L1

(
1 + erf

T − Tc,1√
2 σ1

)
+ L2

(
1− erf

T − Tc,2√
2 σ2

)]
,

where Tc,1 and Tc,2 are the average critical temperatures of the high- and low-temperature
superconducting cluster, respectively, and σ2

1 , σ2
2 are the variances of the corresponding
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distributions (this description was implemented in [26], but the corresponding formula
was inadvertently omitted in the text). We point out that this formula is only meant to
interpolate between L1, for T � Tc,1, and L2, for T � Tc,2, to phenomenologically describe
the strengthening of the superconducting cluster after proximization.
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Figure 2. (a) Imaginary part of the complex conductance of the three-component RIN within the
EMT, −g′′, as a function of the temperature T, for R0 = 600 Ω, L1 = 1 nH, L2 = 0.5 nH, ω = 0.1 MHz.
The Gaussian distribution of the percolating superconducting cluster Ps1(Tc), with mean value
Tc,1 = 0.27 K, variance σ1 = 0.03 K and weight ws1 = 1

2 , is shaded in light blue; the proximized
fraction distribution Ps2(Tc) is shaded in red, its parameters are Tc,2 = 0.07 K, σ2 = 0.02 K and
ws2 = 7

100 . All the three curves are calculated for τ = 1µs while the values of A are indicated in
the legend. For the violet curve we took a temperature dependence A(T) = A0 min[e−(Tc,2−T)/T ; 1],
with A0 = 10−3 Ω, to describe the thermal excitation of vortices, which is exponentially suppressed
at T = 0 K. (b) The blue curve gives the sheet resistance of the system above percolation, where the
effects of ZV are negligible. All the calculations are carried out assuming zero magnetic field.

The superconducting fraction of the k-th cluster at a temperature T is wsk(T) =∫ +∞
T dTc Psk(Tc) and wm(T) = 1−ws1(T)−ws2(T) is the metallic fraction at a temperature

T. The corresponding impedances are now zm = R0 + iωL1, zs1 = iωL1(T), and zs2 = iωL2.
Without loss of generality, we assume that Tc,1 > Tc,2. To describe the enhancement of
the stiffness after proximization, we take L2 < L1. Equation (4) reduces to a third-degree
equation in the variable zem, with complex coefficients, whose solution is discussed in
detail in [26]. Only one of the three solutions has a positive imaginary part, as it is required
for a complex impedance.

The resulting reactive response without dissipative effects is shown in Figure 2,
with the yellow curve labeled by A = 0. Below the percolative transition, the reactive
response of the superconducting cluster stays very small, until the second superconducting
cluster nucleates at T ≈ Tc,2 (the distribution Ps2(Tc) is shaded in red), thereby boosting
the reactive response of the system. Comparison with Figure 1 shows that now there is
a wide temperature gap between the drop of the resistance in the metallic phase above
percolation and the rise of the reactive response below percolation.

We start from Equation (4), where we now take zm = R0 + Zv + iωL1, zs1 = Zv +
iωL1(T), and zs2 = Zv + iωL2. As in the previous case, finite-frequency dissipation
suppresses the reactive response in the superconducting state, as one can see in Figure 2
comparing the yellow curve where no dissipation is present (A = 0) with the green one,
where A = 10−3 Ω and τ = 1µs. If the thermal generation of the dissipative processes
is taken into account (see the violet curve labeled by A(T) in Figure 2a), adopting now
the expression A(T) = A0 min[e−(Tc,2−T)/T ; 1], with A0 = 10−3 Ω, the reactive response
interpolates smoothly between the response with no finite-frequency dissipation, at T =
0 K, and the response with finite-frequency dissipation, near percolation. We point out that,
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despite the apparent resemblance with the physics of the vortex matter [33,34], the curves
in Figure 2a refer to the case where the magnetic field is absent (as it is assumed throughout
our manuscript) and the dissipation in the percolative superconducting state is entirely
due to thermally excited vortices.

4. Conclusions

Along the line of previous works [25,26,28], we proposed a RIN model to investigate
the properties of 2D superconductors with disorder at the nanoscale and discussed the
solutions of the model within the EMT. In the present paper, we focused on finite-frequency
dissipation effects inside the superconducting cluster, due, e.g., to the thermal excitation
of vortices, in the absence of magnetic field. We found that dissipation effects can sig-
nificantly contribute to reduce and reshape the low-frequency reactive response of the
superconducting state that is formed after percolation of the superconducting cluster. We
explored the case of a single superconducting cluster, and the case when, once percolation
of the first cluster has occurred, a second superconducting cluster is formed, e.g., due to
proximization of the metallic background. In the latter case, to keep the analysis as simple
as possible, and focus on the main physical mechanisms ruling the interplay between
nanoscale disorder and finite-frequency dissipation, we assumed that dissipation is the
same in both superconducting clusters. Of course, our RIN model is flexible enough to be
equipped with cluster-dependent phenomenological parameters Aα and τα, α = m, s1, s2.
Moreover, as soon as experiments will investigate the details of low-frequency dissipation
and reactive response in various 2D superconductors with disorder at the nanoscale, like
TMDs or SrTiO3-based oxide interfaces, we might be able to refine our analysis and adapt
it to a given phenomenological scenario.

We remark that the electrodynamic properties of nanopatterned superconductors,
and their exploitation in technological applications and device design, are attracting an ever-
increasing interest (for recent examples, see in [35,36]). We think that a better understanding
of situations in which the nanopatterning may be random (or self-organized), like the
case we are considering, can lead to the manipulation and technological exploitation of
superconductors with disorder at the nanoscale.

To conclude, we point out that, despite its simplicity and crudeness, the EMT is apt
to highlight the main physical mechanisms observed in superconductors with disorder at
the nanoscale, and provide a benchmark for exact solutions of the RIN model obtained,
with much more numerical effort, by the solution of Kirchhoff’s and Ohm’s equations in
the presence of spatial correlations in the system. Despite the preliminary character of
the present work, we have highlighted interesting physical effects associated with finite-
frequency dissipation in 2D superconductors with disorder at the nanoscale, that call for
further theoretical studies, to include the effect of space correlations, and new experimental
investigation of nanopatterned superconductors.

Author Contributions: Conceptualization, S.C., with contributions from G.V., I.M., and M.G.;
methodology, S.C. and M.G., with contributions from G.V. and I.M.; software, S.C.; formal analysis,
S.C., with contributions from G.V., I.M., and M.G.; investigation, G.V., I.M., M.G., and S.C.; writing—
original draft preparation, S.C.; writing—review and editing, G.V., I.M., and M.G.; supervision, S.C.
and M.G. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by Sapienza Università di Roma, through the projects Ate-
neo 2019 (Grant No. RM11916B56802AFE) and Ateneo 2020 (Grant No. RM120172A8CC7CC7),
and by the Italian Ministero dell’Istruzione, dell’Università e della Ricerca, through the Project No.
PRIN 2017Z8TS5B.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on reasonable request
from the corresponding author.



Nanomaterials 2021, 11, 1888 9 of 10

Conflicts of Interest: The authors declare no conflicts of interest. The funder had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript;
or in the decision to publish the results.

Abbreviations
The following abbreviations are used in this manuscript:

2D two-dimensional
TMDs transition metal dichalcogenides
RRN random resistor network
RIN random impedance network
EMT effective medium theory

References
1. Saito, Y.; Nojima, T.; Iwasa, Y. Highly-crystalline two-dimensional superconductors. Nat. Rev. Mater. 2016, 2, 16094. [CrossRef]
2. Gariglio, S.; Gabay, M.; Triscone, J.M. Research Update: Conductivity and beyond at the LaAlO3/SrTiO3 interface. APL Mater.

2016, 4, 060701. [CrossRef]
3. Cao, Y.; Fatemi, V.; Fang, S.; Watanabe, K.; Taniguchi, T.; Kaxiras, E.; Jarillo-Herrero, P. Unconventional superconductivity in

magic-angle graphene superlattices. Nature (London) 2018, 556, 43–50. [CrossRef] [PubMed]
4. Reyren, N.; Thiel, S.; Caviglia, A.D.; Kourkoutis, L.F.; Hammerl, G.; Richter, C.; Schneider, C.W.; Kopp, T.; Rüetschi, A.S.; Jaccard,

D.; et al. Superconducting interfaces between insulating oxides. Science 2007, 317, 1196. [CrossRef] [PubMed]
5. Caviglia, A.D.; Gariglio, S.; Reyren, N.; Jaccard, D.; Schneider, T.; Gabay, M.; Thiel, S.; Hammerl, G.; Mannhart, J.; Triscone, J.M.

Electric field control of the LaAlO3/SrTiO3 interface ground state. Nature 2008, 456, 624. [CrossRef]
6. Biscaras, J.; Bergeal, N.; Kushwaha, A.; Wolf, T.; Rastogi, A.; Budhani, R.C.; Lesueur, J. Two-dimensional superconductivity at a

Mott insulator/band insulator interface LaTiO3/SrTiO3. Nat. Commun. 2010, 1, 89. [CrossRef] [PubMed]
7. Saito, Y.; Kasahara, Y.; Ye, J.; Iwasa, Y.; Nojima, T. Metallic ground state in an ion-gated two-dimensional superconductor. Science

2015, 350, 409. [CrossRef]
8. Ye, J.T.; Zhang, Y.J.; Akashi, R.; Bahramy, M.S.; Arita, R.; Iwasa, Y. Superconducting Dome in a Gate-Tuned Band Insulator. Science

2012, 338, 1193. [CrossRef]
9. Li, L.J.; O’Farrell, E.C.T.; Loh, K.P.; Eda, G.; Özyilmaz, B.; Castro Neto, A.H. Controlling many-body states by the electric-field

effect in a two-dimensional material. Nature 2015, 529, 185. [CrossRef] [PubMed]
10. Christiansen, C.; Hernandez, L.M.; Goldman, A.M. Evidence of Collective Charge Behavior in the Insulating State of Ultrathin

Films of Superconducting Metals. Phys. Rev. Lett. 2002, 88, 037004. [CrossRef]
11. Ephron, D.; Yazdani, A.; Kapitulnik, A.; Beasley, M.R. Observation of Quantum Dissipation in the Vortex State of a Highly

Disordered Superconducting Thin Film. Phys. Rev. Lett. 1996, 76, 1529. [CrossRef]
12. Li, L.; Chen, C.; Watanabe, K.; Taniguchi, T.; Zheng, Y.; Xu, Z.; Pereira, V.M.; Loh, K.P.; Castro Neto, A.H. Anomalous Quantum

Metal in a 2D Crystalline Superconductor with Electronic Phase Nonuniformity. Nano Lett. 2019, 19, 4126. [CrossRef] [PubMed]
13. Qin, Y.; Vicente, C.L.; Yoon, J. Magnetically Induced Metallic Phase in Superconducting Tantalum Films. Phys. Rev. B 2006, 73,

100505. [CrossRef]
14. Steiner, M.A.; Breznay, N.P.; Kapitulnik, A. Approach to a Superconductor-to-Bose-Insulator Transition in Disordered Films. Phys.

Rev. B 2008, 77, 212501. [CrossRef]
15. Tsen, A.W.; Hunt, B.; Kim, Y.D.; Yuan, Z.J.; Jia, S.; Cava, R.J.; Hone, J.; Kim, P.; Dean, C.R.; Pasupathy, A.N. Nature of the Quantum

Metal in a Two-Dimensional Crystalline Superconductor. Nat. Phys. 2016, 12, 208. [CrossRef]
16. Yang, C.; Liu, Y.; Wang, Y.; Feng, L.; He, Q.; Sun, J.; Tang, Y.; Wu, C.; Xiong, J.; Zhang, W.; et al. Intermediate Bosonic Metallic State

in the Superconductor-Insulator Transition. Science 2019, 366, 1505. [CrossRef] [PubMed]
17. Chervenak, J.A.; Valles, J.M. Absence of a Zero-Temperature Vortex Solid Phase in Strongly Disordered Superconducting Bi Films.

Phys. Rev. B 2000, 61, R9245. [CrossRef]
18. Chen, Z.; Swartz, A. G.; Yoon, H.; Inoue, H.; Merz, T. A.; Lu, D.; Xie, Y.; Yuan, H.; Hikita, Y.; Raghu, S.; et al. Carrier Density

and Disorder Tuned Superconductor-Metal Transition in a Two-Dimensional Electron System. Nat. Commun. 2018, 9, 4008.
[CrossRef]

19. Aslamasov, L.G.; Larkin, A.I. The influence of fluctuation pairing of electrons on the conductivity of normal metal. Phys. Lett. A
1968, 26, 238. [CrossRef]

20. Halperin, B.I.; Nelson, D.R. Resistive transition in superconducting films. J. Low Temp. Phys. 1979, 36, 599. [CrossRef]
21. Biscaras, J.; Bergeal, N.; Hurand, S.; Feuillet-Palma, C.; Rastogi, A.; Budhani, R.C.; Grilli, M.; Caprara, S.; Lesueur, J. Multiple

quantum criticality in a two-dimensional superconductor. Nat. Mater. 2013, 12, 542. [CrossRef]
22. Bucheli, D.; Caprara, S.; Castellani, C.; Grilli, M. Metal-superconductor transition in low-dimensional superconducting clusters

embedded in two-dimensional electron systems. New J. Phys. 2013, 15, 023014. [CrossRef]
23. Caprara, S.; Biscaras, J.; Bergeal, N.; Bucheli, D.; Hurand, S.; Feuillet-Palma, C.; Rastogi, A.; Budhani, R. C.; Lesueur, J.; Grilli, M.

Multiband superconductivity and nanoscale inhomogeneity at oxide interfaces. Phys. Rev. B 2013, 88, 020504. [CrossRef]

http://dx.doi.org/10.1038/natrevmats.2016.94
http://dx.doi.org/10.1063/1.4953822
http://dx.doi.org/10.1038/nature26160
http://www.ncbi.nlm.nih.gov/pubmed/29512651
http://dx.doi.org/10.1126/science.1146006
http://www.ncbi.nlm.nih.gov/pubmed/17673621
http://dx.doi.org/10.1038/nature07576
http://dx.doi.org/10.1038/ncomms1084
http://www.ncbi.nlm.nih.gov/pubmed/20981013
http://dx.doi.org/10.1126/science.1259440
http://dx.doi.org/10.1126/science.1228006
http://dx.doi.org/10.1038/nature16175
http://www.ncbi.nlm.nih.gov/pubmed/26700810
http://dx.doi.org/10.1103/PhysRevLett.88.037004
http://dx.doi.org/10.1103/PhysRevLett.76.1529
http://dx.doi.org/10.1021/acs.nanolett.9b01574
http://www.ncbi.nlm.nih.gov/pubmed/31082262
http://dx.doi.org/10.1103/PhysRevB.73.100505
http://dx.doi.org/10.1103/PhysRevB.77.212501
http://dx.doi.org/10.1038/nphys3579
http://dx.doi.org/10.1126/science.aax5798
http://www.ncbi.nlm.nih.gov/pubmed/31727857
http://dx.doi.org/10.1103/PhysRevB.61.R9245
http://dx.doi.org/10.1038/s41467-018-06444-2
http://dx.doi.org/10.1016/0375-9601(68)90623-3
http://dx.doi.org/10.1007/BF00116988
http://dx.doi.org/10.1038/nmat3624
http://dx.doi.org/10.1088/1367-2630/15/2/023014
http://dx.doi.org/10.1103/PhysRevB.88.020504


Nanomaterials 2021, 11, 1888 10 of 10

24. Bucheli, D.; Caprara, S.; Grilli, M. Pseudo-gap as a signature of inhomogeneous superconductivity in oxide interfaces. Supercond.
Sci. Technol. 2015, 28, 045004. [CrossRef]

25. Dezi, G.; Scopigno, N.; Caprara, S.; Grilli, M. Negative electronic compressibility and nanoscale inhomogeneity in ionic-liquid
gated two-dimensional superconductors. Phys. Rev. B 2018, 98, 214507. [CrossRef]

26. Venditti, G.; Maccari, I.; Grilli, M.; Caprara, S. Superfluid Properties of Superconductors with Disorder at the Nanoscale: A
Random Impedance Model. Condens. Matter 2020, 5, 36. [CrossRef]

27. Kirkpatrick, S. Percolation and conduction. Rev. Mod. Phys. 1973, 45, 574. [CrossRef]
28. Caprara, S.; Grilli, M.; Benfatto, L.; Castellani, C. Effective medium theory for superconducting layers: A systematic analysis

including space correlation effects. Phys. Rev. B 2011, 84, 014514. [CrossRef]
29. Fiory, A.T.; Hebard, A.F. Radio-frequency complex-impedance measurements on thin film two-dimensional superconductors. AIP

Conf. Proc. 1980, 58, 293.
30. Maccari, I.; Benfatto, L.; Castellani, C. Broadening of the Berezinskii-Kosterlitz-Thouless transition by correlated disorder. Phys.

Rev. B 2017, 96, 060508. [CrossRef]
31. Maccari, I.; Benfatto, L.; Castellani, C. The BKT Universality Class in the Presence of Correlated Disorder. Condens. Matter 2018, 3, 8.

[CrossRef]
32. Venditti, G.; Biscaras, J.; Hurand, S.; Bergeal, N.; Lesueur, J.; Dogra, A.; Budhani, R.C.; Mondal, M.; Jesudasan, J.; Raychaudhuri, P.;

Caprara, S.; Benfatto, L. Nonlinear characteristics of two-dimensional superconductors: Berezinskii-Kosterlitz-Thouless physics
versus inhomogeneity. Phys. Rev. B 2019, 100, 064506. [CrossRef]

33. Rodriguez, J.P. Degradation of phase coherence by defects in a two-dimensional vortex lattice. Phys. Rev. Lett. 2001, 87, 207001.
[CrossRef]

34. Rodriguez, J.P. Macroscopic phase coherence of defective vortex lattices in two dimensions. Phys. Rev. B 2005, 72, 214503.
[CrossRef]

35. Delfanazari, K.; Klemm, R.A.; Joyce, H.J., Ritchie, D.A.; Kadowaki, K. Integrated, portable, tunable, and coherent Terahertz sources
and sensitive detectors based on layered superconductors. Proc. IEEE 2020, 108, 721. [CrossRef]

36. Costa, A.T.; Gonçalves, P.A.D.; Basov, D.N.; Koppens, F.H.L.; Asger Mortensen, N.; Peres, N.M.R. Harnessing ultraconfined
graphene plasmons to probe the electrodynamics of superconductors. Proc. Natl. Acad. Sci. USA 2021, 118. [CrossRef] [PubMed]

http://dx.doi.org/10.1088/0953-2048/28/4/045004
http://dx.doi.org/10.1103/PhysRevB.98.214507
http://dx.doi.org/10.3390/condmat5020036
http://dx.doi.org/10.1103/RevModPhys.45.574
http://dx.doi.org/10.1103/PhysRevB.84.014514
http://dx.doi.org/10.1103/PhysRevB.96.060508
http://dx.doi.org/10.3390/condmat3010008
http://dx.doi.org/10.1103/PhysRevB.100.064506
http://dx.doi.org/10.1103/PhysRevLett.87.207001
http://dx.doi.org/10.1103/PhysRevB.72.214503
http://dx.doi.org/10.1109/JPROC.2019.2958810
http://dx.doi.org/10.1073/pnas.2012847118
http://www.ncbi.nlm.nih.gov/pubmed/33479179

	Introduction
	A Coarse-Grained Model for Superconductors with Nanoscale Inhomogeneities
	Finite-Frequency Dissipation within an Inhomogeneous Superconductor
	Conclusions
	References

