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Photonic schemes are very important in quantum information processing because of their superior-
ity on the speed'. However, it is not easily to realize deterministic all-optical quantum gates based on
single photons. The difficulty to achieve photon-photon interactions as a major challenge also exists in
experimental quantum networks, which are connected by material quantum nodes interconnected by
photonic channels**. One primitive element in these architectures is the efficient switching and routing
of photons>®. The photonic switching may be actuated by optically induced refractive index changes, and
the switching speed is limited by the free carrier generation”®. Other approaches employ silicon-organic
hybrid waveguides for very fast signal processing’ or slow light in coupled photonic crystal waveguides
for all-optical switching.

Recently strong quantum light-matter couplings in photonic nanostructures can produce effective
interactions between photons, which have leaded some remarkable phenomena such as the photon block-
ade!™'2, optical transistors'®!*, and photonic quantum gates'®. By carefully tailoring the local optical mode
density, coherent and incoherent non-classical light can be distributed on a chip into a quantum photonic
circuit!®. Accordingly, considerable efforts have been made in recent decades towards photon-photon
interactions using the mediation of material systems. The pioneered efforts may be the strong coupling
between single atoms and optical microresonators by the cavity quantum electrodynamics (cQED)'7~1.
Based on the scheme?, a series of works have been made to achieve the nondestructive measurement of
an optical photon?'-%, single photon phase switching®, and the realizations of a quantum gate between
flying photons and a single atom?, all of which may be applied to photon switching?-*.

In comparison to these results using one degree of freedom (DOF)!-3, an extensive amount of
researches have focused on generating entanglement in one degree of freedom (DOF), such as the quad-
rature®, polarization®* or spatial field variables®”*%. With these states even the generations of multi-
mode entangled beams are possible, which may potentially simplify quantum communication systems,
especially if multiple modes are contained within a single beam®. Manipulating the quantum mechanical
properties of more than one DOF has already been demonstrated as hybrid- and hyper-entanglement**-*
have been thoroughly investigated. In order to take the next step towards scalable quantum networks,
there is a need for phonon switching schemes because multiple degrees of freedoms are compatible with
photonic circuits simultaneously*¢-8.
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Figure 1. Schematic controlled 2 X 2 quantum switch. Two CNOT gates and one Toffoli gate are used. a
and b are input qubits of one switch while ¢ is the controlling qubit. The switching operation is implemented
if ¢ is in the state |1).

In this paper, we consider phononic switching schemes of two DOFs of photon states using the opti-
cal circular birefringence of a one-sided QD-cavity system. Most previous results?*->* are related to the
switching on one DOF of quantum systems, such as the polarization DOF of photon systems. Generally,
one DOF (spatial-mode DOF) may assist quantum logic gates performed on the other DOF (polariza-
tion DOF)*-%%, We investigate the possibility of parallel quantum transmissions of two DOFs of photon
systems. All switching schemes may be controlled by photon or stationary electron spins in quantum
dots*-%. For simplification of the implementations, the deterministic hyper controlled-NOT gates and
auxiliary DOF of the controlling photon are used to realize deterministic switches of the spatial-mode
and the polarization DOFs of a two-photon system. These results are beyond the switching gates on the
same DOF of two-photon state?*-** and realization of the Toffoli gate>. The primitive schemes are also
adapted to multiport switching with an improved quantum routing. Our theoretical results show that
two DOFs of photon systems can be used as independent qubits in quantum network communication.

Results

Controlled quantum switch. The primitive block of the proposed reconfigurable quantum switch is
the controlled 2 x 2 quantum swapping gate®?%-3* for three qubit states a, b and ¢, shown in Fig. 1(b).
The input qubits a and b may be swapped if the qubit ¢ is |1). Otherwise, a and b are unchanged. The
hyper-photons a and b with the polarization and spatial-mode DOFs are considered in this paper. Our
motivation is to manipulate them simultaneously. Thus these DOFs may be applied as independent
qubits in quantum information processing. Different from the detailed decomposition of the Toffoli gate
with six CNOT gates™, it may be greatly simplified with one auxiliary DOF of the controlling photon
and auxiliary spins. Since each DOF of the photon may play different roles in a quantum switching, four
different quantum switchings are considered, i.e., two circuits for switching the same DOF of two pho-
tons while two circuits for switching different DOF of two photons®-. None of them requires changing
photon DOFs during transmissions. From these primitive quantum switchings, general multiport quan-
tum switchings may be easily constructed for photon systems. It means that each DOF of photon systems
can be viewed as an independent qubit in quantum network communications.

Quantum dot system. To complete controlled quantum switches of hyper photons, the following
optical property and quantum dot system (QD) are used for our schemes***>**-%_ The QD-cavity system
is constructed by a singely charged QD [a self-assembled In(Ga)As QD or a GaAs interface QD] located
in the center of a one-sided optical resonant cavity, as shown in Fig. 2. For the excess electron-spin state
[1) (1)), a negatively charged exciton |Tf) (|| T1)) with two antiparallel electron spins® is generated by
resonantly absorbing |L) (|R) ). From the Heisenberg equations® of the cavity field operator and dipole
operator, the QD likes a beam splitter with the reflection coefficient

iAw +k, — K18

r =
() iAw K+ E+E (1)

if the dipole stays in the ground state at most of the time*»**- [the signs of x, and  should be changed®,
ie,(oc,) = —1. Here, g = g%/ (iAw,+¢), Aw,=w,— wand Aw,=w, — w. w, w, and w are the frequen-
cies of the cavity mode, the input probe light, and the dipole transition, respectively. g is the coupling
strength between the cavity and dipole. ¢, «, and &, are the decay rates of the dipole, the cavity field, and
the cavity side leakage mode, respectively. The reflection coeflicient in equation (1) becomes
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Figure 2. Schematic dipole spin-dependent transitions with circularly polarized photons. (a) A charged
QD inside a one-side micropillar microcavity interacting with circularly polarized photons. d;, and d,,, are
the input and output field operators of the waveguide, respectively. (b) dipole spin-dependent optical
transition rules due to the Pauli exclusion principle. |L) and |R) represent the left and right circularly
polarized photon respectively. |1) and || ) represent the spins of the excess electron. |{}) and ||}) describe the
heavy-hole spin states |+§> and |—;> respectively.
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CiAw ARtk (2)

if the QD is uncoupled from the cavity (g= 0)**!. Thus by adjusting w and w,, the reflection coefficients
can satisfy |7, (w)| &~ 1 and |ry(w)| &~ 1 when the cavity side leakage is negligible. If one photon in the
state a; |R) 4+, | L) enters into a one-sided QD system with the spin state |[+) = (|1)4]/))/~/2, the joint
system of the photon and spin after reflection is

1) (cue™|R)+se™| L))+ 1) (e ™R} +ze™[L) ) (3)

where 0, = arg[ry(w)] and 0, = arg[r,(w)]. By adjusting w and w,, one can get fy=m and 6,=0. It
follows an optical selection rule*->*

R)[T) = AR 1), [R) )= [R) [L), (L) [T)= L)), (L) [1) == [L}[1)- (4)

Based on these optical selection rules, the following CNOT gates* may be implemented on two pho-
tons x and y with two DOFs

R)(R[, @ (IR)(R[+|L) (L)), +[L) (L], @ ([R) (L|+[L)(R]),,

RIEL @ () () () +HEV L © ()l +ba) ()

) (4l @ (IR)(R[+-IL) (L)), +x2) (lex (IR) (L[ +|L) (R])
b i, @ () ) () +ad ol @ () (a4 ) () (5)

where {|R), |L)} is the basis of the polarization DOF while {|x,), |x,)} and {|y ), [y,)} are the bases of
the spatial mode DOF of the photons x and y respectively.

Controlled photon switch. Using the CNOT gates in the equation (5) [on the two DOFs of two
photons*] and the switch circuit in the Fig. 1, two photons’ switch may be controlled, as shown in Fig. 3.
Assume that the photons a and b in the states

|¢1) Wl)u (oq|R)+a,|L) )a ® (mila)+72laz)),
10,)[¥2), (BiR)+B,|L) ), @ (81]by)+0,]b,)). (6)

The input states in Fig. 3(a) are the polarization qubits of two photons a and b while the spatial mode
DOFs of two photons a and b are presented in Fig. 3(b). In order to simplify the implementation of the
double controlled NOT gate, the controlling photons ¢ and dare also photons in the state (1, |R) +7,|L) ) |¢;)
and (1,|R)+n,|L))|d,) for generality. Here, 1, * and n, % denote the switching probabilities.

From the Fig. 3(a), after the CNOT gate Cpp(a, b) on the polarization DOF of two photons a and b,
the joint system of the photons a and b becomes

|®;) = (31|RR)+ 3,|RL) 4+, 3)|LL) +, 3,|LR) )ah Wl)u W’b)b (7)
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Figure 3. Controlled photon switch. (a) Controlled switch of two polarization states. H; represents a half-
wave plate to perform the Hadamard operation on the polarization DOF of a photon. ¢BS; represent 50%50
beam splitters to perform the Hadamard operation on the spatial DOF of a photon. cPS; represent circulated
polarization beam splitters to transmit |R) and reflect |L). The CNOT gates Cpp(a, b) and Cpy(b, c) are defined
in the equation (5). This circuit implements the controlled swapping the polarization DOFs of the photons a
and b. The spatial mode of the photon c is an auxiliary qubit. (b) Controlled switch of two spatial mode
DOFs. The CNOT gate Cg(x, y) is defined in the equation (5). X; represent wave plates to perform Pauli flip
X on the polarization DOF of a photon. W represents the Hadamard gate on the spin. This circuit
implements the controlled swapping the spatial modes of the photons a and b. The bold line denotes the
controlling photon. ¢, are auxiliary spins in the state |+).

From Fig. 1, if the polarization DOF of the photon c¢ is in the state |R), the controlled-CNOT gate
(Toffoli gate) does not fire. If the polarization DOF of the photon c is in the state |L), the Toffoli gate fires.
Generally, in order to simplify the Toffoli gate on the polarization DOF of three photons, the auxiliary
spatial mode DOF of the photon ¢ and an auxiliary spin e, in the state |+) are used. After the CNOT
gate Cpg(b, ¢) in equation (5) [on the polarization DOF of the photon b and the spatial mode DOF of the
photon c], the joint system of three photons 4, b, and ¢ is changed into

®,) = (alﬁml\RR)ab |RC1)+0‘1ﬂ2771‘RL)ub \RCz)+azﬂml\LL)a,, IRe,)
+ azﬂznl‘LR)ab ‘Rcl)_l—alﬂlnz‘RR)uh |LC1)+041/62772|RL>ab |LCZ>
+ 0‘251772‘11),1;,‘ch)+azﬂz772|LR)ab|Lcl)) ® [¥1), [¥2), (8)
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And then, let the photon ¢ from the spatial mode ¢, pass through the cPS,, the cavity Cy, [with ¢,],
and cPS, from the path (. The state |®,) and the spin e, are changed into

cPS§,,Cy
@1+, ot (R, [Re) [+, +ann RL),, [Rer) ),

+ B [LL) [Res) [ +), +08mLR),, [Res) ),
+ B, [RR),, [Res) [+, +oym,|RL),, [Res) [},

+ By L), [Les) =), +aafan|R), L) ), ), ), (o)

which may be transformed into

@4) = (o, |RR), [Re) 1), 40180, |RL),, [Res) 1), +ausBm L), [Res) 1),
+ a0, |LR), [Rey) 1), a8, [RR),, [Ley) 1), +ayfm, RLY,, [Les)[1),

+ a,8m,|LL) , |Lc,) |l)el+a2ﬂ2n2‘LR)ab L) IT)EI> ), ), (10)

by performing a Hadamard operation W on the spin e;. Now, the photon a from the spatial mode a,
passes through the H,, cPS;, the cavity Cy,, cPS,, and H, from the path &), while the photon a from the
spatial a, passes through the Hj, cPS;, the cavity Cy,, cPSs, and H, from the path . The the joint system
|®,) is transformed into

|®5) = (alﬂlnl‘RR)ub |Rey) ‘T)el"‘alﬁznl‘RL)ﬂb Re,) |T)el+0‘2ﬂ1771|LL)ub [Re,) \T)el

+ ayBm|LR),, [Rey) 1), +010m,|RR),, [Re))[T), +anfam,|LL) , [Leo) (1),
+ szﬁ1772|RL>ab |Lc,) ‘l>el+0‘2ﬁ2772|LR>ub |Lcy) H>€1) W’l)u W’z)b (11)

Moreover, measures the spin e, under the basis {|£)} and the Pauli phase flip Z is performed on the
photon ¢ from the spatial mode ¢, for the measurement outcome =), Thus |®;) collapses into
1

|Dg) = (04151771|RR),11, Rey) +0‘1ﬁ2771|RL)ab |RC2)+azﬁ1771|LL)ah Re,)
+ a,8,m,|LR) , [Re;)+aq8ym,|RR) , |Ley)+ay Bym,|LL) , |Ley)

+ @, 8m,RL) , [Le,) +a,8,m,|LR) |, [Ley) ) ), [¥2), (12)
Furthermore, after performing the CNOT gate Cpp(a, b) on the polarization DOF of the photons a
and b, |®4) changes into
|®;) = (0‘151771|RR)ab [Rey)+aqBym|RL) , [Rey)+a,8m|LR) | [Re,)
+ a8, |LL) , [Re;)+aqBym,|RR) |, |Ley)+0q3,m,|LR) | |Lc,)
+ a,81m,|RL) , |Ley)+a,8,m,[LL) |, [Ley) ) 1), 12, (13)
Finally, measures the photon ¢ under the basis {|R) (|¢;) + |c,) )/~2, L) (|e)) £ |ey) )/ﬁ} realized

with the cBS,, cPS;, cPSg and four single photon detectors. If the photon ¢ is detected at Dy, or Dy with
the total probability 7)12> then |®,) collapses into

By) = 16) [n), ® [6,), 462), (14)

where one phase flip Z is performed on the polarization DOF of the photon a and b for D,_ . It means
that the photons a and b have not been switched, i.e., the Toffoli gate is not fired. Otherwise, the photon
¢ is detected at D; . or D; . with the total probability n,> and |®;) collapses into

|g) = (B4 R)+05,|L) )a (on|R)+a,|L) );, |1/}1),1 W’z)b (15)

where one phase flip Z is performed on the polarization DOF of the photon a and photon b for D Lo,
The polarization DOF of the photons a and b have been switched, i.e., the Toffoli gate is fired. the con-
trolled quantum switch on the polarization DOF of two photons has been realized up to the specific
assumption of the controlling photon c.

SCIENTIFIC REPORTS | 5:11169 | DOI: 10.1038/srep11169 5



www.nature.com/scientificreports/

Similarly, the Fig. 3(b) presents the controlled quantum switch of spatial mode DOF of two photons
a and b. The CNOT gate Cg(a, b) in the equation (5) [on the spatial mode DOF of two photons a and
b*] is used to change the photons a and b into

) = |¢1)a|¢2)b (7161]arby) +7185]a1b,) 7,01 asb,) +7,0,5|a,b;) ) (16)

If the polarization DOF of the controlling photon d is |L), the Toffoli gate fires. In order to simplify
the Toffoli gate on the polarization DOF of one photon and the spatial DOF of two photons, the auxiliary
spatial mode DOF of the photon d and an auxiliary spin e, in the state |+) are used. In detail, the CNOT
gate Cs5(b, d) is performed on the photons b and d to get

W,) = |¢1)a W’z)h (7151n3|a1b1) |Rd1)+7162173|a2b2) |Rd,)
+ 7201m5]a1b,) [Rd,) +7,0,m,]a,b,) |Rdy) +,60m,|a,b;) |Ld,)
+ 7102m,]a2b5) [Ldo) +7201n,]a,b,) [Ldo) +7,6,m,a5b,) [Ldy) ) (17)

Let the photon d from the spatial mode d, pass through the cPS,, the cavity Cy, [with e,], and cPS,
from the path . |I,) and the spin e, are changed into

W5) = ‘¢1)a‘¢z)b (’7151773‘”151) Rd,) ‘T)ez+’7152773|“2b2) Rd,) \T)ez
+ 7251773|“1b2) [Rd,) |T)ez+7262773|“2h1) Rd) |T)82+'Y1517l4|‘11h1) |Ld,) ‘T)ez

+ M6,m,la5b,) [Ld,) H>e2+7251774|“1b2) Ld,) ‘l>ez+’72527l4|azb1) ILd,) \T)ez) (18)

after a Hadamard operation W performed on the spin e,. Now, the cBS, is used to realize a Hadamard
operation on the spatial mode DOF of the photon a. And then, the photon a from the spatial mode a,
passes through the cPS;, where the reflected part passes through the cavity Cy, from the path 2 while
the transmitted part passes through the X, the cavity Cy,, and X, from the path (3, all of them combined
into one photon from the ¢PS,. Thus |¥) becomes

W) = [6,),16,), (vibmylanbi) IRy} 1), +7i81az6,) IR 1),
+ 7,01m5la1b,) |Rd,) IT)eZ +7,0,m,]a,b,) [Rd,) IT)QZ +76m,lab,) |Ld,) \T)ez

+ Y1051, la:b5) [Ld,) \l)ez+7261n4\a2b2) Ld,) H)ez'f'%‘szmwzbl) |Ld,) \T)ez) (19)

after the output photon a passing through the ¢BS,. The spin e, is disentangled by measuring it under
the basis {|+)}.|®,) collapses into

|Ws) = |¢1)a |¢2)b (7151773“11b1) |Rd1)+71527l3|‘12b2> |Rd,)
+ 72617)3|a1b2) |Rd2)+7262773\a2b1) ‘Rdl)+7161774|a1b1) |Ld,)
+ 182m,]a1by) [Ldy) +7201m,]a5b,) [Ldo) +7,6,m,a5b,) [Ldy) ) (20)

where the Pauli phase flip Z is performed on the photon d from the spatial mode d, for the measurement
outcome \—)e . Moreover, the CNOT gate Cg(a, b) [on the spatial mode DOF of the photons a and b]
2

may change |U;) into
|We) = |¢1)a |¢2)b (7151773‘41b1) |Rd1)+71527l3|a2b1) |Rd,)
+ 7261n3|a1b2) |Rd2)+7262173\a2b2) ‘Rd1)+7151774‘01b1) \Ld,)
+ Y102m,]a1by) [Ldy) +7201m,]a5b1) [Ldo) +7,6,m,)a5b,) [Ldy) ) (21)
Finally, measure the controlling photon dunder thebasis {|R) (|d,) + |d,))/~/2, |L) (|d,) & |d,))/~2

realized as Mpp, in the Fig. 3(a). If the photon d is detected at Dy, or Dy, with the total probability 5.,
[T) collapses into

W) = [6)) [, ® [6,), ), (22)

where the phase operation —1I is performed on the polarization DOF of the photon a from the spatial
mode a, and —I is performed on the polarization DOF of the photon b from the spatial mode b, for
Dpy - It shows that the photons a and b have not been switched, i.., the Tofoli gate is not fired. If the
photon d is detected at D, 4, 0r D4 with the total probability 7 42, ¥¢) may collapse into
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Figure 4. Controlled cross switch of photons. (a) Controlled polarization-spatial DOF switch. This

circuit implements the controlled swapping of the polarization DOF of the hyper photon a and the spatial
mode DOF of the hyper photon b. The CNOT gate Cgp(x, ) is defined in the equation (5) [on the spatial
mode DOF of the photon x and the polarization DOF of the photon y]. The subcircuit S, is defined in

the Fig. 3(a). Mpp denotes the measurement of the photon ¢ defined in the Fig. 3. (b) Controlled spatial-
polarization DOF switch. This circuit implements the controlled swapping of the spatial DOF of the photon
a and the polarization DOF of the photon b. The subcircuit S, is defined in the Fig. 3(b).

W) = |9),19), ® (6a)+b5las)), (1by)+74/2)), (23)

with the similar recovery operations for D, , . Thus, the spatial mode DOF of the photons a and b have
been switched, i.e., the Toffoli gate is fired. Therefore, the controlled quantum switch of the spatial mode
DOF of two photons has been realized up to the general assumption of the controlling photon d.

Controlled cross switch of photons. Derived from the circuit in the Fig. 3, different DOFs of pho-
tons may be switched under the controlling of one photon, shown in Fig. 4. All the input states in Fig. 4
are different DOFs of two photons a and b. The initial states of four photons 4, b, ¢ and d are same to
these defined in the Fig. 3.

From the Fig. 4(a), after the CNOT gate Cps(a, b) on the polarization DOF of the photon a and the
spatial mode DOF of b [shown in the equation (5)], the photons a and b are changed into

@) = [1),|8,), (ubi[R), b)) +028,|L), [b,) +0u6,|R), [bo)+as8,]L), b)) (24)

Now, if the polarization DOF of the photon c is R)_ > the Toffoli gate does not fire while the Toffoli
gate fires for [L) . Similar to the quantum switch in the Fig. 3(a), the auxiliary spatial mode DOF of the
controlling photon ¢ and an auxiliary spin e, in the state |+) are used to simplify the hybrid Toffoli gate
on two polarization qubits and one spatial qubit. In detail, the CNOT gate Cg(b, ¢) on the spatial mode
DOF of two photons b and ¢ [shown in the equation (5)] is used to change three photons a, b, and ¢ into

|275) = |¢1)a‘¢z)b (alél\R)umlbl) |RC1)+Q251771|L>a|bz) Re,)
+ aléz‘R)aUJbz) |R52)+a2‘52771‘L),1 by) ‘R51)+0‘151772‘R)a |by) [Ley)
+ a0y, |L), [b3) [Leay)+ay65m,[R)  [by) [Ley)+azdom,|L), [by) |L61)) (25)

Similar to the Fig. 3(a), by using the auxiliary spin e, in the state |4), from the equations (8-12) the
subcircuit S, has realized the controlled gate

(IRer) (Rel, +|Rey) (Rey|+[Ley) (Lar|) @ (IR} (RI+[L) (L)), +[Ley) {Leal @ (IR)(LI+IL)(R]),  (26)

on the photon ¢ and the polarization DOF of the photon a. Thus after this subcircuit, |®,) is transformed
into

|®'5) = (04151771‘12)“ 1by) |Rcl)"‘0“1“52771|R),Z |b,) |Rcz)+04251771|L)u b} [Rc,)
+ a262n1|L)a by) |RC1)+04151772|R)a |by) ‘LC1)+04152772|L),1 b,)[Ley)

+ 8y R), [bo) [Lea) +azdymy|L), b)) [Lar) ) 1), |9,), (27)
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Moreover, using the CNOT gate Cpg(a, b) on the polarization DOF of the photon a and the spatial
mode DOF of the photon b, |®’;) changes into

@) = (0‘151771‘12),1 by) |R51)+0‘152771|R)a |b,) |RC2)+0‘251771|L),1 by) |Rc,)
+ 0‘252771|L>a |b,) |RC1>+‘1151772|R),1 |by) \Lc1)+a162772|L)u by) |Lcy)
+ a,00m,|R), [b,) [Ley) +ay6,m, L), [b3) [Ley) ) ), |¢2)b (28)

Finally, measure the controlling photon ¢ using Mp, defined in Fig. 3(a). If the photon ¢ is detected
at Dy or Dy with the total probability 1712, @’,) collapses into

1) = 16)) ), © 16,), 14, (29)

where the phase flip Z is performed on the polarization DOF of the photons a and b for D . Two pho-
tons a and b have not been switched. Otherwise, the photon ¢ is detected at D; or D with the total
probability 7722’ and |®',) collapses into

@) = (84 R)+0,|L) )u (|by) +av,|b,) )b W’l)a |¢2)b (30)

with the same recovery operation for D, . Thus, the polarization DOF of the photon a and spatial mode
DOF of the photon b have been switched.

From the Fig. 4(b), the CNOT gate Cp(a, b) on the spatial mode DOF of the photon a and the polar-
ization DOF of the photon b is used to change two photons a and b into

|vy) = |¢1)aw2)b (7151|“1) [R), +7183]a1) [L), +7281az) [L), +725,a,) |R);,> (31)

The followed Toffoli gate is controlled by the photon d. Similar to the quantum switch in the Fig. 3(b),
the auxiliary spatial mode DOF of the controlling photon d and an auxiliary spin e, in the state |+) are
used to simplify the hybrid Toffoli gate on two polarization qubits and one spatial qubit. In detail, the
CNOT gate Cpg(b, d) on the polarization DOF of the photon b and the spatial DOF of the photon d may
change the three photons a, b, and d into

) = |¢1)a|1/’2)b (’7151’73‘“1) ‘R)h|Rd1)+7152773‘“1) ‘L)b‘Rdz)
+ 72ﬂ1773‘a2) ‘L)b ‘Rd2> +72ﬁ2773‘a2) ‘R)b |Rd1)+71ﬂ1774|‘11) |R)b |Ld1>
+ 1B, la) L), |Ldy)+7,8m | as) [L), [Ldy) +7,8,m,]a,) [R), |Ld,) ) (32)

Similar to the Fig. 3(b), by using the auxiliary spin e, in the state |+ ), from the equations (17-20) the
subcircuit S, has realized the controlled gate

(|Rdy) (Rd,|+[Rd,) (Rd,|+|Ld,) (Ld\[) (|a)) (a)| +|as) (a,]) +|Ld,) (Ld,| (|a)) (az|+ay) {ar])  (33)
on the photon d and the spatial mode DOF of the photon a. After this subcircuit, |¥’,) is changed into
W) = [6,)_[wa), (vBm,lay) R), [Rdy)+7185m, ay) |L), |Rd)
+ 72017m5]a) ‘L)b [Rd,)+7,0,15|a,) ‘R)b [Rdy)+7181m,|ay) |R)b \Ld,)
+ 9Ban,fas) |L), [Ld) +728m | ar) L), [Lda)+7205, as) [R), L) (34)

The followed CNOT gate Cp(a, b) [on the spatial mode DOF of the photon a and the polarization
DOF of the photon b shown in the equation (5)] may change |¥’,) into

[W,) = 16,) 1), (viBumslar) [R), IRdy)+185m3)a) 1), Rd)
+ 7201m5]a,) [R), [Rd2)+7,8,m5]a,) L), |Rd,) +7v,8m,[a,) R), [Ld,)
+ 7182m,/a,) |R>h \Ldy)+7,8m,a) ‘L);, |Ld,)+728:m,a5) |L>b |Ld1)> (35)

Finally, measures the photon d using My, defined in Fig. 3(a). If the photon d is detected at Dy, or
Dy, with the total probability 7732, then |¥’,) collapses into

\W's) = |¢1>a|¢1)a ® |¢2>b|¢2>b (36)
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where one phase operation —I is performed on the photon a from the spatial mode a, and the phase flip
Z is performed on the polarization DOF of the photon b for Dy, . Otherwise, the photon d is detected
at Dy, or Dy, with the total probability n,> and [¥,) collapses into

W) = 16) [), ® (Bila+Bslax)), (HR+7IL)), (37)

with the same recovery operations for D, , . Thus, the spatial mode DOF of the photon a and polarization
DOF of the photon b has been switched. Therefore, the different DOFs of two photons may be switched
under the quantum control.

Discussion
With ideal conditions, the cavity side leakage may be neglected, and the reflection coefficients are
[rp(w)| =~ 1 and |ry(w)| ~ 1. The corresponding fidelities of our switch circuit close to 100%.
Unfortunately, the experimental fidelities may decrease because of the ruined transition rules in the
equation (4) from the quantum decoherence and quantum dephasing. The imperfect spin-dependent
transition rule decreases the fidelities by a few percent if the heavy-light hole mixing is considered.
Fortunately, the hole mixing can be reduced by improving the shape, size, and type of QDs??. The neglect
side leakage from the cavity should be considered in the experiment??%%8-61, The electron spin decoher-
ence may be also reduced by extending the electron coherence time to us using spin echo techniques.
The spin states |+) and |—) are generated using nanosecond electron spin resonance microwave pulses
or picosecond optical pulses®, of which the preparation time (ps) is significantly shorter than the spin
coherence time.

In the resonant condition w,=w,=w, if the cavity side leakage is considered, the optical selection
rules in the equation (4) become

R)[N)=rolR)[T)s [RY[L)=ralR) (1), [L) [T)=ra[ L) 1), (L) [L)—=rol2) 1) (38)

2
The general fidelity is defined by F = f ‘ <¢|¢ f> ‘ , where |¢) and |¢ f) are final states under the ideal

condition and experimental situation with side leakage respectively. Based on the optical selection rules
in the equation (38), the fidelities of these four controlled quantum switches are evaluated in Fig. 5. Since
these fidelities depend on the coefficients of the initial photons, they are presented as expectations of the
initial states. From the Fig. 5, these average fidelities are very similar. There are several reasons. The first
one is that all the CNOT gates [Cpp(x, ¥), Cps(x, ¥), Csp(x, ¥), and Cg(x, )] are only performed on the
two-qubit states with different bases*® while other two qubits are unchanged. The second is that from the
same optical rules in equation (38), all the CNOT gates [Cpp(x, ¥),Cps(x, ¥),Csp(x, ¥), and Cgs(x, y)] on
different DOFs of the photons x and y lead to the same transformation on a four-dimensional space
defined by the matrix

1+r, 1-—1, 0 0
2 2
Ton I 0 0
2 2
0 0 Zrh—l—rhz—l—ZrOrh . r02 2ry, — rhz . 2r0rh—|—r02
4 4
0 0 2ry, — rhz — 2r0rh—|—r02 Zrh—l—rhz—l—ZrOrh . 1'02
4 4 (39)

The differences are the spaces defined by the input qubits. The third is that the average fidelities are
evaluated from the expectations of the initial states. Thus, the input qubit of the spatial DOF has no dif-
ference with the qubit of polarization DOF of each photon. The last is that the subcircuits S; and S, have
realized the same double-controlled NOT gate shown in equation (26) and equation (33) respectively
if the third reason is considered, i.e., the differences of two input qubits of the photon a are omitted.
Generally, the high fidelity may be achieved from the strong coupling strength, the low side leakage and
cavity loss rate r/k. The strong coupling strength g/(x +~,) has been raised to 2.4 by improving the
sample designs, growth, and fabrication®%2, When the coupling strength g/(k + k) ~ 2.4 with k/k~0,
the fidelities of hyper photon switches are greater than 97.75%. In experiment, the side leakage and cavity
loss rate have been reduced to k/k~0.7 with g/(k + k) == 1>, Recently, a quantum gate between the
spin state of a single trapped atom and the polarization state of an optical photon contained in a faint
laser pulse has been experimentally achieved®. We believe that their hybrid gate may be extended to our
general hyper photon switches.

In conclusion, we have investigated the possibility of photon switches based on two DOFs of photon
systems. By using several deterministic CNOT gates on the polarization and spatial mode DOF of a
two-photon system and the simplified Toffoli gates on several three-photon systems, we design several
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Figure 5. Average fidelities of the present photon switches. (a) The average fidelity Fpp of the polarization
DOF switch on a two-photon system. (b) The average fidelity Fgs of the spatial DOF switch on a two-photon
system. (c) The average fidelity Fgp of the photon cross switch on a two-photon system. (d) The average

fidelity Fpg of the photon cross switch on a two-photon system. The coupling strength is defined by ¢=0.1x,.
L+ (1 -k / w)
1+ (1+ 5,/ k)
equation (2) and r,=1— [(1+ 3.64¢% (x + £)})?*+ (1 + KKk + 0.364¢%/ (. + £,)*)*) V2 from the equation (1).

The average fidelity is computed as the expectation of input photons. Here, r, = from the

controlled photon switches. Compared with the same DOF of photon switches®*=3, our schemes have

realized all possible switches of two DOFs of photon systems. Moreover, the controlling qubit may be
chosen as a photon with two DOFs based on the hyper CNOT gates based on single-sided QD on a
two-photon system*. Thus, our schemes are very convenience for quantum network communication
based on photons with two DOFs because each DOF of photon may be applied without changing the
DOF during transmissions. Compared with the photon switches?-** with eight photonic CNOT gates
[six for the Toffoli gate®], our circuits have only cost four CNOT gates on the two-photon system with
the help of the auxiliary DOF of the controlling photon. Of course, the photon switches may be affected
by the cavity leakage, and spin coherence in quantum dots or the exciton coherence in experiment.
From experimental QD systems®’~%? and hybrid controlled phase flip®®, our switches are expected to be
realizable for quantum network communication.

Methods

Parallel route-finding. In order to realize general quantum network transmission, the primitive 2 x 2
quantum switch may be extended to multiple inputs. Quantum switching networks are analogs of classical
switching networks in which classical switches are replaced by quantum switches. These networks are used
to switch quantum data among a set of quantum sources and receivers. Similar to classical switch net-
works®”’, it easily defines the quantum Benes network®. A N x N quantum Benes network is defined recur-
sively shown in Fig. 6(a). It consists of 2logN—1 stages of 2 x 2 quantum switches, with each stage having
no more than N/2 2 x 2 switches. Similar to the classical Benes network, the quantum Benes network is
rearrangeable non-blocking, i.e., for any permutation & Sy, there exists a setting of the 2 x 2 switches such
that 7 can be realized by the network. The simplest classical routing algorithm is the looping algorithm®”.
The complexity of this algorithm is O(N log N). However, previous route-finding algorithm has not reduced
the complexity of distinct pathes. With some pre-coding, a modified algorithm is presented. For N input
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Figure 6. The parallel route-finding algorithm with eight inputs. (a) The first-round route with three
colors for the inputs 1, 2 and 4 respectively. (b) The second-round route with three colors for the inputs 3, 7
and 8 respectively. (c) The third-round route with two colors for the inputs 5 and 6 respectively. (d) All the
routes reconstructed in one network. R; denotes the i-th routing path, i=1, 2,---, 8.

photons 1,2,--+, N, there are N possible outputs. The outputs may be described as (1, 2,---, N). Label all
lines using /;; under the matrix order. i denotes the input number while j denotes the number of links from
left to right. For each switch, there are four possible lines. Two lines /;; and [;; for each pair (i, j) denote links
for unchanged transmissions. Lines /;; for each pair (i, j) denote links for crossly transmissions.

Algorithm

(1) The permutation map is given by 7, where each input i is mapped to output 7 (i), i=1, ---, N. Let
Si={m()|7w(i,) < 7(i,) if iy < iy} and S, = §, (the complementary set).

(2) Route all the inputs in S, in parallel (upward if 7(i) > i or downward if 7(i) < i, signal by continuing
straight across the planar network using 7m(1)—1 stitches, and then forward to last stages. Record the
routes by their lines.

(3) Delete the completed paths and associated switches (labeling the remained route in all used switches)
from the network [see Fig. 6(b)].

(4) Move the separated upper right corner triangle down and left to reconstruct the planar topology [see
Fig. 6(b)].

(5) The remained (N — [§;]) x (N — |S;|) planar network can be routed by recursively applying steps
2-4 [see Fig. 6(c)].

(6) Finally, reconstruct all routes with original links, sequentially. For the i-th route, if there are #; asso-
ciated switches used by previous i-1 routes, it should be connected in order with previous i-1 routes
[see Fig. 6(d)].
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This route-finding algorithm takes only three times in comparison to the seven times using the loop-
ing algorithm®’. In the first time, S; = {7 (1), 7(2), m(4)}, three route pathes may be found in parallel.
From the definition of S;, all these routes have no common links. In the second time,
S, ={m(3), (5), m(7),  (8)}. Only three route pathes may be found in parallel because the routes for
the outputs 7(3) and 7(5) have common links (7(3) > 7(5) and 3 < 5). In the third time, S; = {x (5), 7 (6)}.
Two route pathes may be found in parallel. The reconstruction algorithm is same to that the looping
algorithm®’. Generally, this algorithm can reduce at least half time of the looping algorithm®’, see SL

Single-sided QD system in quantum communication based on two DOFs. Previous results
are mainly depended on one DOF, such as the polarization logic gates using the spatial-mode DOF as
the assistant?54%°. With the help of the single-sided QD system, these switches have realized all pos-
sible switches of photons with two DOFs. Thus photonic switches show that the independence of the
polarization and the spatial mode DOF of photon system. Even if two DOFs may be convert into each
other in applications, their conversions may results in failure when they are applied simultaneously. One
typical example is derived from the encoding qubit and the error-correction qubit of various algorithms.
Moreover, when the different DOFs of different photons are used to encode the same type of information,
one should pay attention to their different circuits.
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