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A B S T R A C T   

One of the greatest challenges facing the humankind nowadays is to confront that emerging virus, which is the 
Coronavirus (COVID-19), and therefore all organizations have to unite in order to tackle that the transmission 
risk of this virus. From this standpoint, the scientific researchers have to find good mathematical models that do 
describe the transmission of such virus and contribute to reducing it in one way or another, where the study of 
COVID-19 transmission dynamics by mathematical models is very important for analyzing and controlling this 
disease propagation. Thus, in the current work, we present a new fractional-order mathematical model that 
describes the dynamics of COVID-19. In the proposed model, the total population is divided into eight classes, in 
addition to three compartments used to estimate the parameters and initial values. The effective reproduction 
number (R0) is derived by next generation matrix (NGM) method and all possible equilibrium points and their 
stability are investigated in details. We used the reported data (from January 23, 2020, to November 21, 2020) 
from the National Health Commission (NHC) of China to estimate the parameters and initial conditions (ICs) 
which suggested for our model. Simulation outcomes demonstrate that the fractional order model (FOM) rep-
resents behaviors that follow the real data more accurately than the integer-order model. The current work 
enhances the recent reported results of Zu et al. published in THE LANCET (doi:10.2139/ssrn.3539669).   

1. Introduction 

According to what was published in the World Health Organization 
(WHO) [1], Coronavirus disease (COVID-19) is a newly discovered in-
fectious disease and is a new strain that has not been previously specified 
in humans. The COVID-19 virus transmitted through closed contact and 
droplets of saliva or discharge from the nose when an infected person 
coughs or sneezes at close range. The symptoms of this disease appear in 
the form of coughing, sore throat, fever, headache, breathing diffi-
culties, fatigue and diarrhea [2–4]. In critical cases, the infected patient 
has severe pneumonia which leads to death. As a result, the elderly and 
those with a sick history like diabetes, cardiovascular disease, hyper-
tension, cancer and chronic respiratory disease are more likely to reach 

critical cases. Till now there are no specific treatments or clear vaccines 
for COVID-19. However, there are many ongoing clinical trials evalu-
ating potential treatments. 

The outbreak of COVID-19 started since 31 December 2019, as the 
Health Committee of Wuhan Province in China received 27 cases of viral 
pneumonia, including 7 critical cases. After that, the outbreak of this 
disease started in different parts of China and different countries such as 
the United States of America, Singapore, Thailand, South Korea, Mexico 
and some regions in Europe, where the WHO monitored on 23 January 
2020, more than 571 confirmed cases with 17 deaths in China and 
various countries. As of 6 February 2020, around 28276 cases, of which 
3863 are in critical condition, and 565 deaths had been reported. For 
that, COVID-19 has received considerable global attention and the WHO 
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released a wide range of interim guidance for all countries on how they 
can get prepared for coping with this emergency. For more information 
on the precautionary measures and protocols used to confront this global 
epidemic, we recommend viewing the following references [5–9]. The 
fast track in which a virus has spread and the rapid growth in the number 
of infected cases has led to a global alert for governments, local health 
organizations and the WHO to take action to control this disease. Within 
these procedures, a public awareness campaign is being carried out 
using TV stations, posters and newspapers. Sterilize most public and 
vital places by spraying with sterile materials. In addition to quaran-
tining people who have direct or indirect contact with infected cases of 
this virus, either by quarantined in their homes or in quarantined hos-
pitals and strict monitoring of migrants and so on. 

One of the important efforts to face COVID-19 is to found a well- 
mathematical model. Certainly, mathematical models for infectious 
disease can help forecast the probable path of an epidemic, and detect 
the most promising and realistic strategies for containing it [10–14]. 
Moreover, mathematical models can simulate the impacts of diseases by 
different ways such as how the disease influences the interactions be-
tween cells in a single patient (within–host models), how it spreads 
across several geographically separated populations (metapopulation 
models) and how it spreads within and between individuals, such as 
those used to predict the COVID-19 outbreak. There are a few research 
efforts done to construct mathematical models to study COVID-19 in the 
form of a system of ordinary differential equations (ODEs), which relied 
on estimating the initial values and parameters of the model on the data 
reported by global and national public health (see, e.g. [7,15–22] and 
some references therein). Since several decades ago, a new branch of 
mathematics called fractional calculus (FC) appeared which represents a 
generalization of classical integer order for differentiation and integra-
tion. Recently, FC attracted much attention of researchers and became 
an active research field and by using it, many promising ideas were 
modeled and proposed in various scientific fields [23–31]. 

There are several different kinds of definitions for fractional differ-
ential operators (FDOs) in the literature such as Caputo, Rie-
mann–Liouville, Jumarie, Hadamard, Gröunwald-Letnikov, Atangana- 
Baleanu and others (see e.g.[32–36]). In this paper, we have used 
Caputo fractional operator which is the most common one within 
physicists and scientists, it has a key advantage that the fractional de-
rivative of constants are equal to zero. The significance of using the 
FDOs due to is eligible for capturing memory effects because of their non 
local nature. Therefore, FDOs are an appropriate tool to describe bio-
logical and epidemic models to predict the spread of diseases, control-
ling of the transmission of these diseases and so much more [37–42]. 
Since the emergence of COVID-19, many researchers have been dedi-
cated to their efforts to forecasting the inflection point and terminating 
this disease in order to assist policymakers concerning the different 
actions that have been taken by different governments, and among these 
efforts is to provide mathematical models in order to understand the 
nature and transmission of this epidemic and design effective strategies 
to control it. A numerous of fractional-order mathematical models have 
developed and studied by many researchers to analyse the spreading 
outbreak of COVID-19 such as, in [43], proposed a fractional dynamic 
system for the COVID-19 epidemic contain eight population classes, five 
of them describe the infected cases depending on the detection and 
appearance of symptoms. The transmission of COVID-19 in Wuhan 
China modeled by a fractional mathematical model depended on 
Caputo-Fabrizio fractional derivative has been investigated [44], which 
split the population to five classes, susceptible, exposed, infected, 
recovered and concentration of COVID-19 in the surrounding environ-
ment. They used Adamas-Bashforth numerical scheme to solve this 
model and give their numerical simulations. The Caputo fractional-order 
derivative has used in a mathematical model to describe COVID-19 
epidemic in [45], where the individuals are divided into five groups, 
susceptible, exposed, symptomatic infected, asymptomatic infected and 
removed (recovered and death) individuals. Also, they conducted a 

comparison between the results of the fractional-order model and the 
integer-order model with the real data which reported from around the 
world from January 22 to April 11 and from this comparison, they 
concluded that the values derived from the fractional derivative are 
closer to the real data, and have a less relative error. In [46], Sheikh et al. 
have investigated a Bats–Hosts–Reservoir–People transmission 
fractional-order COVID-19 model. The reported real data from India on 
14 March 2000 to 26 March 2020 are presented, also various parameters 
estimated or fitted according to this real data. Other relevant studies for 
the modeling of COVID-19 can be seen in [47–57]. 

Motivated by the investigations mentioned above, specially the work 
of Zu et al. [15], and the current situation of COVID-19, the main 
contribution of the present work is to find a good strategy to trace the 
Pandemic trend and reduce the transmission risk based on the fractional 
mathematical model. First, we have simulated the proposed model with 
it’s fractional order based on the reported parameters in [15], from 
which we conclude the need of using fractional order and re-estimate the 
parameters again. Then, Simulations of the proposed model in it’s 
fractional order with the new estimated parameters are presented 
together with the real data. The organization of this paper as follows. In 
Section 2, we formulate the FOM for COVID-19. In Section 3, we discuss 
the equilibrium points (EPs) and analyzed their stability with the help of 
the effective reproduction number. Section 4 is devoted to give nu-
merical simulations for the proposed model and an adequate explana-
tion of our results with various values of the fractional order and 
comparing it with the real data. Summarizing the results of this paper 
will be provided in Section 5. 

2. Mathematical formulation of the FOM 

The mathematical model considered in [15] describes COVID-19 as a 
system of ODEs. Here, we introduced a more generalized model that is 
governed by a system of fractional differential equations (FDEs) with 
Caputo fractional derivative of order 0 < α⩽1, which is defined as 
[29,34] 

0
CD

α
ξ f (ξ) =

1
Γ(1 − α)

∫

0
ξ(ξ − t)− αf ′(t)dt,

where f is a given function and Γ(.) denotes the gamma function. It is 
known that 0CD

α
ξ f(ξ)⟶f ′(t) as α⟶1. Then, the proposed FOM reads: 

0
CD

α
ξ S(ξ)= −

(1 − ρ)βCrS(ξ)
N

(β1L(ξ)+ I(ξ)) −
(1 − β)ρCrS(ξ)

N
(β1L(ξ)+ I(ξ))

−
ρβCrS(ξ)

N
(β1L(ξ)+ I(ξ)) − kD(ξ)+k1P(ξ)+λSρ(ξ),

(1)  

0
CD

α
ξ Sρ(ξ) =

(1 − β)ρCrS(ξ)
N

(β1L(ξ)+ I(ξ)) − λSρ(ξ), (2)  

0
CD

α
ξ L(ξ) =

(1 − ρ)βCrS(ξ)
N

(β1L(ξ)+ I(ξ)) − (k2 +∊)L(ξ), (3)  

0
CD

α
ξ Lρ(ξ) =

ρβCrS(ξ)
N

(β1L(ξ)+ I(ξ)) − k2Lρ(ξ), (4)  

0
CD

α
ξ I(ξ) = ∊L(ξ) − (k3 + δ)I(ξ), (5)  

0
CD

α
ξ P(ξ) = kD(ξ)+ k2(Lρ(ξ)+ L(ξ)) − (k1 + k4)P(ξ), (6)  

0
CD

α
ξ D(ξ) = k4P(ξ) − (γ + δ)D(ξ)+ k3I(ξ), (7)  

0
CD

α
ξ R(ξ) = γD(ξ), (8)  

0
CD

α
ξ X(ξ) = k3I(ξ)+ k4P(ξ), (9) 
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0
CD

α
ξ Y(ξ) = k2(L(ξ)+ Lρ(ξ))+ kD(ξ), (10)  

0
CD

α
ξ Z(ξ) = δ(I(ξ)+D(ξ)), (11)  

where the total population N is divided into eight components, namely; 
S describes the susceptible individuals in the free environment, L be the 
latent individuals, Lρ be the traced latent individuals, P be the suspected 
individuals, D be the diagnosed individuals, Sρ characterizes the traced 
susceptible individuals who had direct contact with diagnosed or sus-
pected individuals, I be the infectious individuals in the free environ-
ment and R be the recovered individuals. In addition, we took into 
consideration the cumulative number of confirmed cases X, the cumu-
lative number of suspected cases Y and the cumulative number of deaths 
Z. The meaning of the parameters and the ICs for the FOM are given in 
Table 1. 

3. Stability of the EPs 

In this section, we explore the stability for the FOM by considering 
the disease free equilibrium, the effective reproduction number R 0 and 
the endemic equilibrium. 

(i) A disease-free equilibrium (DFE) point: 

We shall use only the Eqs. (1)–(7) of the FOM to find the EPs. The 
model equilibria is obtained here by assuming 
{

0
CD

α
ξ S(ξ) = 0, 0

CD
α
ξ Sρ(ξ) = 0, 0

CD
α
ξ L(ξ) = 0, 0

CD
α
ξ Lρ(ξ) = 0,

0
CD

α
ξ I(ξ) = 0, 0

CD
α
ξ P(ξ) = 0, 0

CD
α
ξ D(ξ) = 0,

(12)  

by solving Eqs. (12), then the DFE for the FOM is 

Ξ0 = (Seq, 0, 0, 0, 0, 0, 0).

Following [60], in order to derive the expression of R 0, the choice of 
the necessary computations of the matrices F and V, which is epidemi-
ologically correct, are given as 

F =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 β1Ϝ1Seq 0 Ϝ1Seq 0 0
0 β1Ϝ2Seq 0 Ϝ2Seq 0 0
0 β1Ϝ3Seq 0 Ϝ3Seq 0 0
0 ∊ 0 0 0 0
0 k2 k2 0 0 k1
0 0 0 k3 k4 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

and 

V =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

λ 0 0 0 0 0
0 k2 + ∊ 0 0 0 0
0 0 k2 0 0 0
0 0 0 k3 + δ 0 0
0 0 0 0 k1 + k4 0
0 0 0 0 0 γ + δ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where 

Ϝ1 =
(1 − β)ρCr

N
,

Ϝ2 =
(1 − ρ)βCr

N
,

Ϝ3 =
ρβCr

N
.

(13) 

Then, the spectral radius of FV− 1 is the required effective reproduc-
tion number of the FOM which is given by 

R 0 =
β1Ϝ2Seq

2(k2 + ∊)
+

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

β1Ϝ2Seq

k2 + ∊

)2

+ 4
Ϝ2∊Seq

(k2 + ∊)(k3 + δ)

√

. (14)  

Theorem 3.1. The equilibrium Ξ0 of the system (1)-(7) is asymptoti-
cally stable if R 0 < 1. Proof. We compute the Jacobian matrix at DFE Ξ0 
as follow: 

JΞ0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

− λ β1Ϝ1Seq 0 Ϝ1Seq 0 0
0 β1Ϝ2Seq − (k2 + ∊) 0 Ϝ2Seq 0 0
0 β1Ϝ3Seq − k2 Ϝ3Seq 0 0
0 ∊ 0 − (k3 + δ) 0 0
0 k2 k2 0 − (k1 + k4) k
0 0 0 k3 k4 − (γ + δ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

By calculating the eigenvalues of JΞ0 , we have 
χ1 = − λ < 0, χ2 = − k2 < 0 and the rest eigenvalues are given as follows: 

χ2 +A1χ +B1 = 0, (15)  

where 

A1 = k1 + k4 + γ + δ; A1isalwayspositive,
B1 = (k1 + k4)(γ + δ) − kk4.

(16) 

The last two eigenvalues are obtained through the following 
quadratic equation: 

χ2 +A2χ +B2 = 0, (17) 

Table 1 
Meaning and values of the parameters in the FOM (1)-(11) as well as the ICs.  

Parameter Description Value Ref. 

ρ  The quarantined rate of close 
contacts 

0.2432  Fitted 

β  The transmission rate 0.0977  Fitted 
β1  The relative transmission strength of 

L(ξ) to I(ξ)
0.1914  Fitted 

Cr  The Contact rate Cr = c1 + c2e− c3ξ  [15] 

ci, i = 1,2,
3  

Positive real constants to compute Cr  0.0393,17.263,
0.118  

Fitted 

k The transfer rate from S(ξ) to P(ξ) 1.7718e-04  Fitted 
k1  The transfer rate from P(ξ) to S(ξ) 0.1286  Fitted 
k2  The transfer rate from L(ξ) to P(ξ) 0.1743  Fitted 
k3  The transfer rate from I(ξ) to D(ξ) 0.1762  Fitted 
k4  The transfer rate from P(ξ) to D(ξ) 0.0560  Fitted 
λ  The release rate from Sρ(ξ) to S(ξ) 1/14  [15,58] 
∊  The transfer rate from L(ξ) to I(ξ) 1/5.2  [15,59] 
δ  The death rate due to infection 0.0021  Fitted 
γ  The recovery rate from D(ξ) to R(ξ) 0.0425  Fitted  

L(0) The initial value of L(ξ) 7.6322e + 03  Fitted 
I(0) The initial value of I(ξ) 1.1143e + 03  Fitted 

Lρ(0) The initial value of Lρ(ξ) 69.3904  Fitted 
S(0) The initial value of S(ξ) 1.3371e + 09  Fitted 
Sρ(0) The initial value of Sρ(ξ) 591.8880  Fitted 
P(0) The initial value of P(ξ) 2.7832e + 03  Fitted  
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where 

A2 = k2 + ∊ − β1Ϝ2Seq + k3 + δ,
B2 = (k2∊ − β1Ϝ2Seq)(k3 + δ) − ∊Ϝ2Seq.

(18) 

From Eq. (16) and Eq. (18), we can observe that.  

• For asymptotically stable, it must be B1 > 0 in Eq. (15), which means 
that (k1 + k4)(γ + δ) > kk4.  

• The coefficients A2,B2 of Eq. (17) have positive signal whenever 
R 0 < 1.  

• The stability of the DFE depends on the signal of B1.  

Remark 3.1. If all coefficients of polynomials (15) and (17) have the 
same signal (positive), then the eigenvalues have negative real part (see, 
e.g. [61]). Consequently, the DFE is asymptotically stable, if B1 > 0 and 
R 0 < 1. □ 

(ii) An endemic equilibrium point: 

We denote the endemic equilibrium point by Ξ*, which is given when 
there is an infection I*. 

Ξ* = (S*, S*
ρ, L*,L*

ρ, I*,P*,D*),

where the values of S*, S*
ρ, L*, L*

ρ,P*,D* are obtained as follows: 

Fig. 1. Influence of the cumulative number of (a) confirmed cases and (b) deaths via time obtained using the parameters tabulated in [15] and estimated base on the 
actual values of blue diamond-shaped while red circle-shaped and green square-shaped are the actual values presented for the sake of checked the simulation of that 
case (motivation of the fractional model). 
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Fig. 2. Influence of number of the (a) existing confirmed cases and (b) cumulative recovered cases along time obtained using the parameters tabulated in [15] and 
estimated base on the actual values of blue diamond-shaped while red circle-shaped and green square-shaped are the actual values presented for the sake of checked 
the simulation of that case (drawback of the old estimated parameters). 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S* =
(k3 + δ)(k2 + ∊)

Ϝ2(β1(k3 + δ) + ∊)
,

S*
ρ =

ρ(1 − β)(k3 + δ)(k2 + ∊)
∊βλ(1 − ρ) I*,

L* =
(k3 + δ)

∊
I*,

L*
ρ =

ρ(k3 + δ)(k2 + ∊)
∊k2(1 − ρ) I*,

P* =
∊kk3(1 − ρ) + (k3 + δ)(γ + δ)(∊ρ + k2)

∊(1 − ρ)[(k1 + k4)(γ + δ) − kk4]
I*,

D* =
1

γ + δ

[

k3 + k4
∊kk3(1 − ρ) + (k3 + δ)(γ + δ)(∊ρ + k2)

∊(1 − ρ)[(k1 + k4)(γ + δ) − kk4

]

I*.

(19)  

Now, we end this section by proving the following theorem of the sta-
bility of Ξ* when the basic reproduction number Eq. (14) is greater than 
one. 

Theorem 3.2. If R 0 > 1, then the unique positive endemic equilib-
rium Ξ* of the system (1)-(7) is marginally stable. Proof. The Jacobian 
matrix at Ξ* is given by  

where Ϝ1, Ϝ2, Ϝ3 are given by Eqs. (13). Then the eigenvalues of JΞ* are 

ϰ1 = 0, ϰ2 = − λ < 0, ϰ3 = − k2 < 0, ϰ4 = −

(
∊(k2+∊)

β1(k3+δ)+∊ + k3 + δ
)

< 0 and 

the eigenvalues ϰ5, ϰ6 are also negative, where these eigenvalues can be 
obtained by solving a quadratic equation w.r.t ϰ, which has the same 
coefficients of Eq. (15). Briefly, we have one of the eigenvalues is zero 
and the others are negative, whenever R 0 > 1, thus the FOM will be 
marginally stable.□ 

4. Simulation of the FOM 

This section is devoted to give a deep understanding of the numerical 
simulations of the considered model together with some interpretation 
of the obtained results. By the end of this section, we have a clear answer 
to the motivation of the use of the fractional model. The FOM (1)-(11) is 
solved numerically together with a set of the ICs and parameters in 
Table 1. Multi step Adams–Bashforth-Moulton is adapted for this pur-
pose. Indeed, this method has been widely used and its accuracy and 
convergence have been studied well in [62–64]. 

In Figs. 1 and 2, we simulate the FOM (1)-(11) using the same 

estimated ICs and parameters reported in [15]. The values of the re-
ported data of group I are shown in blue diamond-shaped and those of 
group II are in red circle-shaped, whereas the green square-shaped 
represents those in group III. The estimated parameters in [15] were 
obtained based on the reported data from the NHC of China for the 
period from 23 rdof January to 13rdof February 2020 (Group I in 
Table 2, Appendix A). In those figures, the new reported data from 
14thof February to 30thof March 2020 (red circle) as well as those from 
31 st of March till 21st of November 2020 (green square-shaped) are 
added for the sake of comparison. Moreover, for the convenient of the 
reader, those data (from the NHC of China) are listed in Table 2, in group 
II and group II, respectively. Different values for the fractional de-
rivatives are simulated in Figs. 1 and 2, from which one could find that 
as the time increases the model should be considered in its fractional 
form. This result make the benefits of considering our proposed model as 
in (1)-(11). Moreover, by examine Fig. 2, we concluded that the reported 
parameters in [15], for the days from 23 rdof January to 13rdof 
February 2020 (Group I in Table 2), have to be re-estimated using more 
real data. Then, data of group I together with those of group II have been 
used in order to re-estimate the new parameters based on the same 
method as in [15]. These new parameters and ICs are reported in 
Table 1, and they are used for the remaining simulations. 

As in Section 3, the R0 of COVID-19 is given by Eq.(14), which is 
approximated to equal 2.252 on January 23, 2020 (t = 0) in case of 
using the new re-estimated parameters from Table 2. The influence of 
this number along time is illustrated in Fig. 3 for both the current results 
and those reported in [15]. From Fig. 3, there is a bit quantitative dif-
ference in the values of the reproduction number obtained from the 
current study and that of [15]. Both of them have the same behavior and 
the main point here is that none of them increases again after dropped 
below 1.0. These results have a direct connection to the stability of the 
model as shown in Section 3. Moreover, after February 6, 2020, the 
reproduction number had dropped below 1.0, which proposed that the 
number of the new infections would gradually decreases from that date. 
The verification of this behavior could be seen also from Fig. 4, where 
the number of infections in the free environment decreases after 
reaching to its high peak for all the chosen values of α. 

Fig. 5 presents the influence of the cumulative number of the 
confirmed cases with various values of α. As mentioned above, the last 
group was used for the purpose of checking the behavior of the proposed 
model with the fitted valued obtained using group I and II. Thus, group 
III was not counted to the estimation process. As seen from Fig. 5, the 
green square-shaped valued are shown in the curve for α ∈ [0.973,
0.983]. Within this interval, we have the best values of α for the 
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Fig. 4. Influence of the infectious individuals in the free environment I along time.  

Fig. 3. Influence of the reproduction number R0 along time for the current result and that obtained by Zu et al. [15].  
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proposed model in order to accurately predict the quantitative behavior 
of the cumulative number of the confirmed cases with time. Moreover, 
simulation for the flow of the existing confirmed cases along time is 
presented in Fig. 6 with various values of α. The number of the existing 
confirmed cases increases till it reaches to the peak after 29 days from 
the starting point in 23 of January, 2020. Then those numbers decrease 
for all the values of αas well as those reported data. The reported data 

are a bit less than those obtained from the simulation of the model. This 
slight difference could be interpreted due to the human effects that are 
not incorporated to our model. After a certain time, people become more 
sensitive to the epidemic of COVID-19 as it becomes a global pandemic 
and therefore they become very keen about the necessary safety pre-
cautions. Also, it should be noted the difference comparing this plot with 
that of Fig. 2(a). 

Fig. 6. Influence of the existing confirmed cases along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for fitting 
the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 

Fig. 5. Influence of the cumulative number of confirmed cases along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values 
used for fitting the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 
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The influence of the existing suspected cases along time for various 
values of α is illustrated in Fig. 7. As time involves, the number of the 
existing suspected cases decreases for all the values of α. It is found that 
when α⩾0.973 (as seen in the second zoom in of the plot), one could gain 
a better prediction of the number of the existing suspected cases along 

time. In addition, simulation of the cumulative suspected cases along 
time is plotted in Fig. 8 for various values of α. From those green values, 
it seems that when time evolves the best value of α, for this case, con-
verges to 1.0. Fig. 9 indicates the influence of the number of the existing 
medical observations; Sρ +Lρ along time. As it can be seen from this plot 

Fig. 8. Influence of the cumulative suspected cases along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for 
fitting the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 

Fig. 7. Influence of the existing suspected cases along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for fitting 
the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 
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the recorded data start increasing till a certain peak then decreases 
again. Later with evolving time it gains a wavy diffusion effect with a 
small amplitude. The obtained results from the model are similar except 
for the last diffusion effect, i.e. it has a damped wave effect. Influence of 
the cumulative number of deaths along time with various values of α is 

given in Fig. 10. The actual data are close to the simulated curve cor-
responding to law values of α, till day 16 April 2020. In the next day, 17 
April 2020, there is a big jump on the actual data corresponding to the 
death of 1290 person, which, from that day and on, coincide with the 
simulation of the model for α = 0.983. This behaviour in the actual data 

Fig. 10. Influence of the cumulative deaths along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for fitting the 
parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 

Fig. 9. Influence of the existing medical observations along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for 
fitting the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 

I.G. Ameen et al.                                                                                                                                                                                                                                



Results in Physics 23 (2021) 103976

11

is going to affect the behaviour of the commutative number of the 
recovered cases shown in Fig. 11. As it can be seen from that figure, there 
is a decay in the commutative actual data corresponding to death 
numbers. Comparing the resulting simulations of Fig. 11 with those of 
Fig. 2(b), the improvement in the results of the current study would be 
very clear. It is found that, if α ∈ [0.973,0.988], a better prediction for R 
could be concluded. Overall, an alternative method based on the frac-
tional order of the model is presented here for a better prediction of the 
behavior of COVID-19, which do affect the propagation of the COVID- 
19. 

5. Conclusion 

In the present work, we managed to propose a COVID-19 model of 
fractional order α (where 0 < α⩽1) in which a possessed memory is 
gained. Within the realistic data, reported in the NHC of China from 
January 23 till March 30, 2020, the estimated parameters of the model 
were introduced. The actual data from 31 of March till 21 November 
were used to check the resulting simulation of the FOM. The effective 
reproduction number R0 has been computed and we showed the stability 
analysis of the disease free equilibria Ξ0 and the endemic equilibrium Ξ* 

of the proposed FOM on the basis of R0. Numerical simulations for the 
components of the proposed model are displayed with various values of 
α and these solutions demonstrated our theoretical analysis for the FOM. 
From the simulations, the main finding is more arising where the FOM 
coincides with the real data that means it more accurate for the pre-
diction of COVID-19 which leads to reduce the transmission risk of 
infection. 
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Appendix A. Appendix A 

Table 2. 

Fig. 11. Influence of the cumulative recovered cases along time with various values of α. Blue diamond-shaped and red circle-shaped are the actual values used for 
fitting the parameters while the green square-shaped are actual data to examine the numerical simulations of the model. 
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Table 2 
Recorded data for COVID-19 in the mainland of China.  

Groups Date X P Z R Sρ + Lρ  Y D 

I 2020/1/23 830 – 25 34 8420 1072 771 
2020/1/24 1287 1965 41 38 13967 2190 1208 
2020/1/25 1975 2684 56 49 21556 3499 1870 
2020/1/26 2744 5794 80 51 30453 7305 2613 
2020/1/27 4515 6973 106 60 44132 9382 4349 
2020/1/28 5974 9239 132 103 59990 12630 5739 
2020/1/29 7711 12167 170 124 81947 16778 7417 
2020/1/30 9692 15238 213 171 102427 21590 9308 
2020/1/31 11791 17988 259 243 118478 26609 11289 
2020/2/1 14380 19544 304 328 137594 31171 13748 
2020/2/2 17205 21558 361 475 152700 36344 16369 
2020/2/3 20438 23214 425 632 171329 41416 1938 
2020/2/4 24324 23260 490 892 185555 45387 22942 
2020/2/5 28018 24702 563 1153 186354 50715 26302 
2020/2/6 31161 26359 636 1540 186045 55548 28985 
2020/2/7 34546 27657 722 2050 189660 59762 31774 
2020/2/8 37198 28942 811 2649 188183 63678 33738 
2020/2/9 40171 23589 908 3281 187518 67686 35982 
2020/2/10 42638 21675 1016 3996 187728 71222 37626 
2020/2/11 44653 16067 1113 4740 185037 74564 38800 
2020/2/12 59804 13435 1367 5911 181386 77371 52526 
2020/2/13 63851 10109 1380 6723 177984 79821 55748  

II 2020/2/14 66492 8969 1523 8096 169039 82098 56873 
2020/2/15 68500 8228 1665 9419 158764 84016 57516 
2020/2/16 70548 7264 1770 10844 150539 85579 57934 
2020/2/17 72436 6242 1868 12552 141552 87011 58016 
2020/2/18 74185 5248 2004 14376 135881 88196 57805 
2020/2/19 74576 4922 2118 16155 126363 89473 56303 
2020/2/20 75465 5206 2236 18264 120302 91087 54965 
2020/2/21 76288 5365 2345 20659 113564 92448 53284 
2020/2/22 76936 4148 2442 22888 106089 93330 51606 
2020/2/23 77150 3434 2592 24734 97481 93950 49824 
2020/2/24 77658 2824 2663 27323 87902 94480 47672 
2020/2/25 78064 2491 2715 29745 79108 94919 45604 
2020/2/26 78497 2358 2744 32495 71572 95427 43258 
2020/2/27 78824 2308 2788 36117 65225 95879 39919 
2020/2/28 79251 1418 2835 39002 85233 96127 37414 
2020/2/29 79824 851 2870 41625 51856 96259 35329 
2020/3/1 80026 715 2912 44462 46219 96400 32652 
2020/3/2 80151 587 2943 47204 40651 96529 30004 
2020/3/3 80270 520 2981 49856 36432 96672 27433 
2020/3/4 80409 522 3012 52045 32870 96815 25352 
2020/3/5 80552 482 3042 53726 29869 96917 23784 
2020/3/6 80651 502 3070 55404 26730 97016 22177 
2020/3/7 80695 458 3097 57065 23074 97100 20533 
2020/3/8 80735 421 3119 58600 20146 97160 19016 
2020/3/9 80754 349 3136 59897 16982 97196 17721  
2020/3/10 80778 285 3158 61475 14607 97227 16145  
2020/3/11 80793 253 3169 62793 13701 97260 14831  
2020/3/12 80813 147 3176 64111 12161 97293 13526  
2020/3/13 80824 115 3189 65541 10879 97310 12094  
2020/3/14 80844 113 3199 66911 10189 97349 10734  
2020/3/15 80860 134 3213 67749 9582 97390 9898  
2020/3/16 80881 128 3226 68679 9351 97435 8976  
2020/3/17 80894 119 3237 69601 9222 97456 8056  
2020/3/18 80928 105 3245 70420 9144 97479 7263  
2020/3/19 80967 104 3248 71150 8989 97510 6569  
2020/3/20 81008 106 3255 71740 9371 97546 6013  
2020/3/21 81054 118 3261 72244 10071 97591 5549  
2020/3/22 81093 136 3270 72703 10701 97638 5120  
2020/3/23 81171 132 3277 73159 12077 97673 4735  
2020/3/24 81218 134 3281 73650 13356 97706 4287  
2020/3/25 81285 159 3287 74051 14714 97764 3947  
2020/3/26 81340 189 3292 74588 16005 97813 3460  
2020/3/27 81394 184 3295 74971 17198 97842 3128  
2020/3/28 81439 174 3300 75448 18581 97870 2691  
2020/3/29 81470 168 3304 75770 19235 97887 2396  
2020/3/30 81518 183 3305 76052 19853 97931 2161  

III 2020/3/31 81554 172 3312 76238 20314 97957 2004 
2020/04/1 81589 153 3318 76408 20072 97977 1863 
2020/04/2 81620 135 3322 76571 19533 97989 1727 
2020/04/3 81639 114 3326 76755 18286 98000 1562 
2020/04/4 81669 107 3329 76964 17436 98011 1376 

(continued on next page) 
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Table 2 (continued ) 

Groups Date X P Z R Sρ + Lρ  Y D 

2020/04/5 81708 88 3331 77078 16154 98021 1299 
2020/04/6 81740 89 3331 77167 14499 98033 1242  
2020/04/7 81802 83 3333 77279 13334 98045 1190  
2020/04/8 81865 73 3335 77370 12510 98062 1160  
2020/04/9 81907 53 3336 77455 11176 98065 1116  
2020/04/10 81953 44 3339 77525 10435 98073 1089  
2020/04/11 82052 82 3339 77575 9722 98122 1138  
2020/04/12 82160 72 3341 77663 9655 98128 1156  
2020/04/13 82249 72 3341 77738 8612 98131 1170  
2020/04/14 82295 73 3342 77816 8309 98142 1137  
2020/04/15 82341 63 3342 77892 8484 98146 1107  
2020/04/16 82367 62 3342 77944 8970 98149 1081  
2020/04/17 82719 63 4632 78029 8893 98154 1058  
2020/04/18 82735 48 4632 77062 8632 98156 1041  
2020/04/19 82747 43 4632 77084 8694 98158 1031  
2020/04/20 82758 37 4632 77123 8791 98161 1003  
2020/04/21 82788 35 4632 77151 8796 98164 1005  
2020/04/22 82798 20 4632 77207 8429 98164 959  
2020/04/23 82804 20 4632 77257 8362 98166 915  
2020/04/24 82816 17 4632 77346 8493 98169 838  
2020/04/25 82827 12 4632 77394 8308 98169 801  
2020/04/26 82830 10 4633 77474 8443 98174 723  
2020/04/27 82836 9 4633 77555 8014 98175 648  
2020/04/28 82858 10 4633 77578 8283 98177 647  
2020/04/29 82862 10 4633 77610 8232 98180 619  
2020/04/30 82874 9 4633 77642 7761 98183 599  
2020/05/1 82875 11 4633 77685 7873 98185 557  
2020/05/2 82877 10 4633 77713 7539 98185 531  
2020/05/3 82880 3 4633 77766 7392 98186 481  
2020/05/4 82881 2 4633 77853 7152 98186 395  
2020/05/5 82883 5 4633 77911 6973 98189 339  
2020/05/6 82885 4 4633 77957 6537 98191 295  
2020/05/7 82886 6 4633 77993 6167 98194 260  
2020/05/8 82887 8 4633 78046 5859 98196 208  
2020/05/9 82901 4 4633 78120 5840 98197 148  
2020/05/10 82918 3 4633 78144 5501 98197 141  
2020/05/11 82919 3 4633 78171 5470 98198 115  
2020/05/12 82926 4 4633 78189 5317 98199 104  
2020/05/13 82929 4 4633 78195 5291 98199 101  
2020/05/14 82933 4 4633 78209 5211 98199 91  
2020/05/15 82941 3 4633 78209 5053 98201 89  
2020/05/16 82947 4 4634 78227 4724 98203 86  
2020/05/17 82954 4 4634 78238 4970 98204 82  
2020/05/18 82960 3 4634 78241 5054 98205 85  
2020/05/19 82965 7 4634 78244 4893 98208 87  
2020/05/20 82967 7 4634 78249 4864 98209 84  
2020/05/21 82971 7 4634 78255 4958 98210 82  
2020/05/22 82971 6 4634 78258 5085 98212 79  
2020/05/23 82974 9 4634 78261 5154 98215 79  
2020/05/24 82985 6 4634 78268 5152 98215 83  
2020/05/25 82992 5 4634 78277 5616 98215 81  
2020/05/26 82993 6 4634 78280 5796 98216 79  
2020/05/27 82995 5 4634 78288 5641 98216 73  
2020/05/28 82995 5 4634 78291 5591 98216 70  
2020/05/29 82999 5 4634 78302 5545 98217 63  
2020/05/30 83001 4 4634 78304 5183 98217 63  
2020/05/31 83017 3 4634 78307 4723 98217 76  
2020/06/1 83022 2 4634 78315 4642 98217 73  
2020/06/2 83022 3 4634 78314 4609 98218 73  
2020/06/3 83022 3 4634 78319 4360 98218 69  
2020/06/4 83027 2 4634 78327 4117 98218 66  
2020/06/5 83030 2 4634 78329 3890 98219 67  
2020/06/6 83036 3 4634 78332 3389 98221 70  
2020/06/7 83040 4 4634 78341 3232 98222 65  
2020/06/8 83043 1 4634 78351 2971 98222 58  
2020/06/9 83046 2 4634 78357 2892 98223 55  
2020/06/10 83057 1 4634 78361 3179 98223 62  
2020/06/11 83064 1 4634 78365 3124 98223 65  
2020/06/12 83075 1 4634 78367 3197 98223 74  
2020/06/13 83132 2 4634 78369 3358 98224 129  
2020/06/14 83181 3 4634 78370 3852 98225 177  
2020/06/15 83221 4 4634 78377 4340 98228 210  
2020/06/16 83265 7 4634 78379 4683 98231 252  
2020/06/17 83293 7 4634 78394 5220 98234 265  
2020/06/18 83325 7 4634 78398 5856 98236 293 

(continued on next page) 
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Table 2 (continued ) 

Groups Date X P Z R Sρ + Lρ  Y D  

2020/06/19 83352 11 4634 78410 6023 98240 308  
2020/06/20 83378 13 4634 78413 6339 98243 331  
2020/06/21 83396 15 4634 78413 7236 98245 349  
2020/06/22 83418 15 4634 78425 7591 98247 359  
2020/06/23 83430 18 4634 78428 7557 98251 368  
2020/06/24 83449 13 4634 78433 8011 98251 382  
2020/06/25 83462 10 4634 78439 8044 98254 389  
2020/06/26 83483 8 4634 78444 7876 98251 405  
2020/06/27 83500 8 4634 78451 7445 98252 415  
2020/06/28 83512 10 4634 78460 7012 98256 418  
2020/06/29 83531 7 4634 78469 6809 98257 428  
2020/06/30 83534 8 4634 78479 6479 98259 421  
2020/07/1 83537 5 4634 78487 5910 98259 416  
2020/07/2 83542 6 4634 78499 5589 98260 419  
2020/07/3 83545 7 4634 78509 4993 98262 402  
2020/07/4 83553 7 4634 78516 4201 98263 403  
2020/07/5 83557 7 4634 78518 3988 98263 405  
2020/07/6 83565 7 4634 78528 3940 98265 403  
2020/07/7 83572 6 4634 78548 4214 98265 390  
2020/07/8 83581 5 4634 78590 3840 98265 357  
2020/07/9 83585 8 4634 78609 3796 98268 342  
2020/07/10 83587 8 4634 78623 3580 98268 330  
2020/07/11 83594 7 4634 78634 3739 98268 326  
2020/07/12 83602 7 4634 78648 3494 98268 320  
2020/07/13 83605 5 4634 78674 3267 98268 297  
2020/07/14 83611 3 4634 78693 3577 98268 284  
2020/07/15 83612 3 4634 78719 3313 98268 259  
2020/07/16 83622 3 4634 78737 3651 98269 251  
2020/07/17 83644 4 4634 78758 4072 98270 252  
2020/07/18 83660 4 4634 78775 6925 98271 251  
2020/07/19 83682 4 4634 78799 7204 98272 249  
2020/07/20 83693 1 4634 78817 7108 98272 242  
2020/07/21 83707 1 4634 78840 6988 98272 233  
2020/07/22 83729 4 4634 78855 7218 98275 240  
2020/07/23 83750 2 4634 78873 7526 98276 243  
2020/07/24 83784 2 4634 78889 11500 98278 261  
2020/07/25 83830 3 4634 78908 11762 98280 288  
2020/07/26 83891 3 4634 78918 13935 98280 339  
2020/07/27 83959 1 4634 78934 14590 98280 391  
2020/07/28 84060 1 4634 78944 15034 98280 482  
2020/07/29 84165 2 4634 78957 18353 98281 574  
2020/07/30 84292 2 4634 78974 18461 98282 684  
2020/07/31 84337 2 4634 78989 20278 98282 714  
2020/08/1 84385 2 4634 79003 21445 98282 748  
2020/08/2 84428 4 4634 79013 21585 98285 781  
2020/08/3 84464 5 4634 79030 21743 98286 800  
2020/08/4 84491 3 4634 79047 23018 98286 810  
2020/08/5 84528 2 4634 79057 23985 98286 837  
2020/08/6 84565 3 4634 79088 26499 98288 843  
2020/08/7 84596 7 4634 79123 27357 98293 839  
2020/08/8 84619 6 4634 79168 25822 98293 817  
2020/08/9 84668 7 4634 79232 24055 98294 802  
2020/08/10 84712 3 4634 79284 23790 98296 794  
2020/08/11 84737 3 4634 79342 23039 98297 761  
2020/08/12 84756 4 4634 79398 22498 98298 724  
2020/08/13 84786 5 4634 79462 21456 98300 690  
2020/08/14 84808 3 4634 79519 20441 98301 655  
2020/08/15 84827 3 4634 79575 19933 98302 618  
2020/08/16 84849 4 4634 79630 19907 98304 612  
2020/08/17 84871 3 4634 79642 18473 98304 595  
2020/08/18 84888 2 4634 79685 17093 98304 569  
2020/08/19 84895 2 4634 79745 16369 98304 516  
2020/08/20 84917 0 4634 79792 14599 98304 491  
2020/08/21 84939 1 4634 79851 14305 98305 454  
2020/08/22 84951 3 4634 79895 13730 98307 422  
2020/08/23 84967 2 4634 79925 13220 98308 408  
2020/08/24 84981 2 4634 79961 12370 98308 386  
2020/08/25 84996 0 4634 80015 11915 98308 347  
2020/08/26 85004 1 4634 80046 11227 98309 324  
2020/08/27 85013 3 4634 80091 10040 98311 288  
2020/08/28 85022 0 4634 80126 9148 98311 262  
2020/08/29 85031 0 4634 80153 7787 98311 244  
2020/08/30 85048 0 4634 80177 7190 98311 237  
2020/08/31 85058 0 4634 80208 7546 98311 216  
2020/09/1 85066 0 4634 80234 7587 98311 198 

(continued on next page) 

I.G. Ameen et al.                                                                                                                                                                                                                                



Results in Physics 23 (2021) 103976

15

Table 2 (continued ) 

Groups Date X P Z R Sρ + Lρ  Y D  

2020/09/2 85077 0 4634 80251 7259 98311 192  
2020/09/3 85102 0 4634 80263 7610 98311 205  
2020/09/4 85112 0 4634 80284 7180 98311 194  
2020/09/5 85122 2 4634 80302 6110 98313 186  
2020/09/6 85134 1 4634 80320 5959 98313 180  
2020/09/7 85144 1 4634 80335 6552 98313 175  
2020/09/8 85146 6 4634 80347 6606 98318 165  
2020/09/9 85153 1 4634 80358 6558 98318 161  
2020/09/10 85168 1 4634 80377 6709 98318 157  
2020/09/11 85174 1 4634 80386 6800 98319 154  
2020/09/12 85184 0 4634 80399 6729 98319 151  
2020/09/13 85194 3 4634 80415 6527 98322 145  
2020/09/14 85202 2 4634 80426 6513 98322 142  
2020/09/15 85214 0 4634 80437 6576 98322 143  
2020/09/16 85223 1 4634 80448 6496 98323 141  
2020/09/17 85255 2 4634 80456 6443 98324 165  
2020/09/18 85269 1 4634 80464 6514 98325 171  
2020/09/19 85279 2 4634 80477 6684 98326 168  
2020/09/20 85291 1 4634 80484 6233 98326 173  
2020/09/21 85297 0 4634 80497 6653 98326 166  
2020/09/22 85307 0 4634 80505 6864 98326 168  
2020/09/23 85314 0 4634 80513 6865 98326 167  
2020/09/24 85322 1 4634 80522 6911 98327 166  
2020/09/25 85337 1 4634 80536 7085 98328 167  
2020/09/26 85351 0 4634 80541 7160 98328 176  
2020/09/27 85372 0 4634 80553 7020 98328 185  
2020/09/28 85384 1 4634 80566 7729 98329 184  
2020/09/29 85403 2 4634 80578 7610 98331 191  
2020/09/30 85414 3 4634 80594 7241 98334 186  
2020/10/1 85424 0 4634 80601 7424 98334 189  
2020/10/2 85434 1 4634 80611 7227 98335 189  
2020/10/3 85450 3 4634 80621 7439 98338 195  
2020/10/4 85470 0 4634 80628 8013 98338 208  
2020/10/5 85482 0 4634 80635 8721 98338 213  
2020/10/6 85489 0 4634 80650 8792 98338 205  
2020/10/7 85500 1 4634 80666 8712 98339 200  
2020/10/8 85521 0 4634 80681 7924 98339 206  
2020/10/9 85536 0 4634 80696 8164 98339 206  
2020/10/10 85557 5 4634 80705 7906 98344 218  
2020/10/11 85578 1 4634 80714 7961 98345 230  
2020/10/12 85591 0 4634 80729 8291 98345 228  
2020/10/13 85611 2 4634 80736 8912 98347 241  
2020/10/14 85622 2 4634 80748 8571 98349 240  
2020/10/15 85646 1 4634 80759 8179 98350 253  
2020/10/16 85659 1 4634 80766 8040 98351 259  
2020/10/17 85672 1 4634 80786 8265 98352 252  
2020/10/18 85685 0 4634 80802 7851 98352 249  
2020/10/19 85704 3 4634 80812 8431 98355 258  
2020/10/20 85715 0 4634 80834 8557 98355 247  
2020/10/21 85729 2 4634 80850 8473 98357 245  
2020/10/22 85747 2 4634 80865 8118 98359 248  
2020/10/23 85775 0 4634 80876 8069 98359 265  
2020/10/24 85790 1 4634 80891 7871 98360 265  
2020/10/25 85810 1 4634 80911 8317 98361 265  
2020/10/26 85826 0 4634 80928 9485 98361 264  
2020/10/27 85868 0 4634 80936 9907 98361 289  
2020/10/28 85915 0 4634 80943 11296 98361 338  
2020/10/29 85940 6 4634 80967 12863 98367 339  
2020/10/30 85973 2 4634 80984 13280 98369 355  
2020/10/31 85997 0 4634 81004 14247 98369 359  
2020/11/1 86021 1 4634 81024 14489 98370 363  
2020/11/2 86070 2 4634 81045 15585 98372 391  
2020/11/3 86087 1 4634 81061 16572 98373 392  
2020/11/4 86115 3 4634 81081 15933 98376 400  
2020/11/5 86151 23 4634 81098 16476 98399 419  
2020/11/6 86184 0 4634 81131 16532 98399 419  
2020/11/7 86212 4 4634 81168 16618 98403 410  
2020/11/8 86245 1 4634 81168 16618 98404 410  
2020/11/9 86267 0 4634 81207 17465 98404 426  
2020/11/10 86284 0 4634 81228 17279 98404 422  
2020/11/11 86299 1 4634 81252 16817 98405 413  
2020/11/12 86307 0 4634 81279 15977 98405 394  
2020/11/13 86325 0 4634 81303 15650 98405 388  
2020/11/14 86338 1 4634 81319 15032 98406 385  
2020/11/15 86346 1 4634 81338 14232 98407 374 

(continued on next page) 
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Table 2 (continued ) 

Groups Date X P Z R Sρ + Lρ  Y D  

2020/11/16 86361 0 4634 81374 13995 98407 353  
2020/11/17 86369 0 4634 81411 13974 98407 324  
2020/11/18 86381 0 4634 81433 13176 98407 314  
2020/11/19 86398 1 4634 81453 12412 98408 311  
2020/11/20 86414 0 4634 81472 11892 98408 308  
2020/11/21 86431 0 4634 81481 11375 98408 316  
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