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Phenylenes are a class of conjugated hydrocarbons composed of a special arrangement of six- and four-membered 
rings. In this paper, the expected values of the atom-bond connectivity (ABC), geometric-arithmetic (GA), and 
Zagreb indices of this class of conjugated hydrocarbons have been determined. At the end, the comparisons 
with respect to the random phenylene chains among the expected values of these indices, have been determined 
explicitly. The graphical profiles of these indices have been shown in order to support our results.
1. Introduction

There are lot of topological indices in the literature of chemical 
graph theory. The first of it kind is the Wiener index [1]. After that 
most important topological index is a class of the Zagreb indices [2], 
molecular connectivity [3, 4, 5]. The first and second Zagreb indices 
are defined as:

𝑀1(𝐺) =
∑

𝑢𝑣∈𝐸(𝐺)
𝑑𝑢 + 𝑑𝑣 (1)

𝑀2(𝐺) =
∑

𝑢𝑣∈𝐸(𝐺)
𝑑𝑢𝑑𝑣 (2)

A new index named atom-bond connectivity (ABC) index was intro-

duced by Estrada et al. in 1998 and defined as

𝐴𝐵𝐶(𝐺) =
∑

𝑢𝑣∈𝐸(𝐺)

√
𝑑𝑢 + 𝑑𝑣 − 2

𝑑𝑢𝑑𝑣
(3)

In the same paper [6], the authors used this index to model thermo-

dynamic properties of organic chemical compounds. In 2008, Estrada 
[7], proved that ABC-index can be used as a tool to explain the stability 
of branched alkanes. This new idea has attracted many Mathematicians 
which gave lot of mathematical properties of ABC-index.

In 2009, Vukicevic and Furtula [8] introduced a new topological 
index of a graph 𝐺, named the geometric-arithmetic(GA) index and is 
defined as follows:
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𝐺𝐴(𝐺) =
∑

𝑢𝑣∈𝐸(𝐺)

2
√
𝑑𝑢𝑑𝑣

𝑑𝑢 + 𝑑𝑣
(4)

It is proved in [8] that some physico-chemical properties of a com-

pound can be well correlated with GA index and predict more accurate 
that than Randic index. There are lot of research papers related to the 
GA index of a graph 𝐺 which can be found in literature, see for exam-

ple [9, 10, 11]. There are plenty of papers outlined the mathematical 
properties of these four indices, for example one can consults the papers 
[10, 12, 13, 14, 15, 16, 17, 18] and the references therein.

The phenylenes exhibit unique physicochemical properties due to 
their aromatic and antiaromatic rings. The phenylenes composed of a 
special arrangement of six- and four-membered rings. More precisely, 
any two six-membered rings are not adjacent, and every four-membered 
ring is adjacent to a pair of nonadjacent six-membered rings (hexagons).

In general, phenylenes, especially phenylene chains have attracted 
much attention due to excellent properties. For example it was a great 
discovery in the theory of phenylenes that many 𝜋-electron properties 
of a phenylene are closely related to the analogous properties of a ben-

zenoid molecule, called its hexagonal squeeze (HS).

There are unique phenylene chains for 𝑛 = 1 and 𝑛 = 2 as shown 
in Fig. 1. More generally, for 𝑛 ≥ 3, the terminal hexagon can be at-

tached in three different ways, which results in a random phenylene 
chain (𝑛, 𝜌) with probability 𝜌, as shown in Fig. 1. Thus (𝑛, 𝜌)
can be obtained by stepwise addition of terminal hexagons. At each step 
https://doi.org/10.1016/j.heliyon.2020.e04479

Received 19 May 2020; Received in revised form 19 June 2020; Accepted 10 July 2

2405-8440/© 2020 The Author. Published by Elsevier Ltd. This is an open access ar

nc-nd/4.0/).
020

ticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

https://doi.org/10.1016/j.heliyon.2020.e04479
http://www.ScienceDirect.com/
http://www.cell.com/heliyon
http://crossmark.crossref.org/dialog/?doi=10.1016/j.heliyon.2020.e04479&domain=pdf
mailto:zraza@sharjah.ac.ae
https://doi.org/10.1016/j.heliyon.2020.e04479
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Z. Raza Heliyon 6 (2020) e04479

Fig. 1. The three types of local arrangements in phenylene.

Fig. 2. The linear and kicks chains.
𝑘(= 3, 4, … , 𝑛) a random selection is made from one of the three possible 
constructions:

(a) 𝑘−1 →
1
𝑘

with probability 𝜌,

(b) 𝑘−1 →
2
𝑘

with probability 𝜌, or

(c) 𝑘−1 →
3
𝑘

with probability 𝑞 = 1 − 2𝜌, with probability.

If, we consider the probability is invariant to the step parameter 
and constant, then this process is a zeroth-order Markov process. If we 
obtained a random phenylene chains which involved only the first or 
second types of arrangements, then such a chain will be called all-kinks 
chains, denoted by 𝐻𝑛 and if we obtained a chain from only third type 
of arrangements, then such a chain will be called linear and denoted 
by 𝐿𝑛 for example see Fig. 2. There are few papers which focused on 
the random structure of a chemical graphs, see for example [19, 20] 
and references therein. It was discovered that the algebraic structure 
count of a phenylene is equal to the number of Kekule structures of the 
associated hexagonal squeeze [21, 22]. The energy and Estrada index 
of phenylenes has been determined in [23]. A lot of papers have been 
published related to the topological indices of this class of hydrocar-

bons, for example, the total 𝜋-electron energy [22], Narumi-Katayama 
index [24], and PI index [25], Merrifild-Simmons index [26], anti-Kekul 
and antiforceing number [27], Omega index and related polynomials 
[28, 29]. The Wiener index of phenylenes has been calculated in [30].

Peng and Li [31] obtained the Kirchhoff index and the number of 
spanning trees of linear phenylene chains.

Chen and Zhang [32] obtained expected value of Wiener index of a 
random phenylene chain. Very recently, Li, and Shuchao [33] obtained 
the extremal phenylene chains with respect to the coefficients sum of 
the permanently polynomial, the spectral radius, the Hosoya index and 
2

the Merrifield–Simmons index. In [34] the extremal phenylene chains 
with respect to Kirchhoff index and degree based topological indices 
have been characterized. For more details one may see [35, 36, 37, 
38, 39, 40, 41, 42]. In this paper, we extend the study of this class of 
hydrocarbon for four different types of indices namely, ABC, GA and the 
Zagreb indices and give their expected values for the same probability 
and outlines a details comparison between these indices with respect 
to the random phenylene chains. More precisely, we have proved that

ABC index is always less than the GA index and first Zagreb index is less 
than the second Zagreb index for any value of 𝑛 and 𝜌.

2. The ABC and GA indices in random phenylene chains

In this section, the ABC and GA indices in a random polyphenyl 
chain 𝑛 with 𝑛 hexagons will be considered. For that, let 𝑛 be 
the chain obtained from 𝑛−1 as shown in Fig. 1. From the structure 
of the 𝑛 chain, it is easy to see that there exist only three types 
of edge in 𝑛 namely (2, 2), (2, 3), and (3, 3), thus, one can obtain 
following forms of these two indices:

𝐴𝐵𝐶(𝑛) =
1√
2
𝑥22(𝑛)

+ 1√
2
𝑥23(𝑛) +

2
3
𝑥33(𝑛).

(5)

𝐺𝐴(𝑛) =𝑥22(𝑛)

+
2
√
6

5
𝑥23(𝑛) + 𝑥33(𝑛).

(6)

Hence in order to compute ABC and GA indices of 𝑛, one has 
to determine 𝑥22(𝑛), 𝑥23(𝑛) and 𝑥33(𝑛) type of edges and 
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for simplicity, we denote 𝑥𝑖𝑗 (𝑛) just by 𝑥𝑖𝑗 . As due to the local 
arrangements, it is clear (𝑛; 𝜌, 𝜌) is a random phenylene chains. 
So, 𝐴𝐵𝐶((𝑛; 𝜌)) and 𝐺𝐴((𝑛; 𝜌)) are random variables. Let us 
denote by 𝐸𝑛 = 𝐸[𝐴𝐵𝐶((𝑛; 𝜌))] and 𝐸𝑎

𝑛
= 𝐸[𝐺𝐴((𝑛; 𝜌))], the 

expected values of these indices, respectively.

Theorem 1. If 𝑛 ≥ 2 and (𝑛; 𝜌) is a random phenylene chain of length 
𝑛, then

𝐸𝑎
𝑛
=
[
(4 −

8
√
6

5
)𝜌+ 4 +

8
√
6

5
]
𝑛+ (

16
√
6

5
− 8)𝜌+

√
2 −

8
√
6

5
.

Proof. Since 𝐸𝑎
2 = 10 + 8

√
6

5 which is true, thus for 𝑛 ≥ 3, there are three 
possibilities to be considered as shown in Fig. 1.

1. If 𝑛−1 →
1
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (6), we have

𝐺𝐴(
1
𝑛
) =𝐺𝐴(𝑛−1) +

4
√
6

5 + 6.

2. If 𝑛−1 →
2
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (6), we have

𝐺𝐴(
1
𝑛
) =𝐺𝐴(𝑛−1) +

4
√
6

5 + 6.

3. If 𝑛−1 →
3
𝑛

with probability 1 − 2𝜌, then

𝑥22(
3
𝑛
) = 𝑥22(𝑛−1), 𝑥23(

3
𝑛
) = 𝑥23(𝑛−1) + 4 and

𝑥33(
3
𝑛
) = 𝑥33(𝑛−1) + 4 and from (6), we have

𝐺𝐴(
3
𝑛
) =𝐺𝐴(𝑛−1) + 4 + 8

√
6

5 .

Thus, we obtain

𝐸𝑎
𝑛
= 𝜌𝐺𝐴(

1
𝑛
)

+ 𝜌𝐺𝐴(
2
𝑛
) + (1 − 2𝜌)𝐺𝐴(

3
𝑛
)

= 2𝜌[𝐺𝐴(𝑛−1) +
4
√
6

5
+ 6]

+ (1 − 2𝜌)[𝐴𝐵𝐶(𝑛−1) + 4 +
8
√
6

5
]

𝐸𝑎
𝑛
=𝐺𝐴(𝑛−1) + 𝜌[4 −

8
√
6

5
] + [4 +

8
√
6

5
]. (7)

But 𝐸[𝐸𝑛]𝑎 =𝐸𝑎
𝑛
, so apply the operator 𝐸 on (7), we get

𝐸𝑎
𝑛
=𝐸𝑎

𝑛−1 + 𝜌[4 −
8
√
6

5
] + [4 +

8
√
6

5
]. 𝑛 > 2 (8)

and after solving the recurrence relation (8) with initial condition, we 
get

𝐸𝑎
𝑛
=
[
(4 −

8
√
6

5
)𝜌+ 4 +

8
√
6

5
]
𝑛+ (

16
√
6

5
− 8)𝜌+

√
2 −

8
√
6

5
. □

Theorem 2. If 𝑛 ≥ 2 and (𝑛; 𝜌) is a random phenylene chain of length 
𝑛, then

𝐸𝑛 =
[
( 4
3
−
√
2)𝜌+ 2

√
2 + 8

3
]
𝑛+ (2

√
2 − 8

3
)𝜌+

√
2 − 8

3
.

Proof. Since 𝐸2 =
8
3 + 5

√
2 which is true, thus for 𝑛 ≥ 3, there are three 

possibilities to be considered as shown in Fig. 1.

a. If 𝑛−1 →
1
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (5), we have

𝐴𝐵𝐶(
1) =𝐴𝐵𝐶(𝑛−1) +

3
√
2 + 10 .
𝑛 2 3

3

b. If 𝑛−1 →
2
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (5), we have

𝐴𝐵𝐶(
1
𝑛
) =𝐴𝐵𝐶(𝑛−1) +

3
√
2

2 + 10
3 .

c. If 𝑛−1 →
3
𝑛

with probability 1 − 2𝜌, then

𝑥22(
3
𝑛
) = 𝑥22(𝑛−1), 𝑥23(

3
𝑛
) = 𝑥23(𝑛−1) + 4 and

𝑥33(
3
𝑛
) = 𝑥33(𝑛−1) + 4 and from (5), we have

𝐴𝐵𝐶(
3
𝑛
) =𝐴𝐵𝐶(𝑛−1) + 2

√
2 + 8

3 .

Thus, we obtain

𝐸𝑛 = 𝜌𝐴𝐵𝐶(
1
𝑛
)

+ 𝜌𝐴𝐵𝐶(
2
𝑛
) + (1 − 2𝜌)𝐴𝐵𝐶(

3
𝑛
)

= 2𝜌[𝐴𝐵𝐶(𝑛−1) +
3
√
2

2
+ 10

3
]

+ (1 − 2𝜌)[𝐴𝐵𝐶(𝑛−1) + 2
√
2 + 8

3
]

𝐸𝑛 =𝐴𝐵𝐶(𝑛−1) + 𝜌[ 4
3
−
√
2] + [2

√
2 + 8

3
]. (9)

But 𝐸[𝐸𝑛] =𝐸𝑛, so apply the operator 𝐸 on (9), we get

𝐸𝑛 =𝐸𝑛−1 + 𝜌[ 4
3
−
√
2] + [2

√
2 + 8

3
]. 𝑛 > 2 (10)

and after solving the recurrence relation (10) with initial condition, we 
get

𝐸𝑛 =
[
( 4
3
−
√
2)𝜌+ 2

√
2 + 8

3
]
𝑛+ (2

√
2 − 8

3
)𝜌+

√
2 − 8

3
. □

We know that the phenylene linear and all-kinks-chains can be ob-

tained for special value of the probability as 𝐿𝑛 =(𝑛; 12 ) phenylene 
all-kinks-chains 𝐻𝑛 =(𝑛; 0), respectively (see Fig. 2). We can ob-

tain the ABC and GA indices of these special chains from Theorems 2

and 1 as corollary, which were computed in [34] as extremal graphs 
with respect to these two indices.

Corollary 3. For 𝑛 ≥ 2, we have

1. • 𝐴𝐵𝐶(𝐿𝑛) = ( 103 + 3
√
2)𝑛 + 2

√
2 − 4.

• 𝐴𝐵𝐶(𝐻𝑛) = ( 83 + 2
√
2)𝑛 +

√
2 − 8

3 .

2. • 𝐺𝐴(𝐿𝑛) = (6 + 4
√
6

5 )𝑛 − 2.

• 𝐺𝐴(𝐻𝑛) = (4 + 8
√
6

5 )𝑛 + 2 − 8
√
6

5 .

2.1. A comparison between the expected values of ABC and GA indices for 
random phenylene chains

In this subsection, we will give analytic comparison between the 
expected values for the ABC and GA indices for a random phenylene 
chains with same 𝜌 probability. The graphical profile of the comparison 
is given in Fig. 3 which suggests that GA index is always greater than 
the ABC index for any 𝑛.

Theorem 4. If 𝑛 ≥ 2, then

𝐸[𝐺𝐴((𝑛;𝜌))] >𝐸[𝐴𝐵𝐶((𝑛;𝜌))].

Proof. It is easy to see that the statement is true for 𝑛 = 2. Thus, for 
𝑛 > 2, by applying the Theorems 2 and 1, we get

𝐸[𝐺𝐴((𝑛;𝜌))] −𝐸[𝐴𝐵𝐶((𝑛;𝜌))]
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Fig. 3. Comparison between 𝐸[𝐴𝐵𝐶] and 𝐸[𝐺𝐴].

=
{[

(4 −
8
√
6

5
)𝜌+ 4 +

8
√
6

5
]
𝑛

+ (
16
√
6

5
− 8)𝜌+

√
2 −

8
√
6

5

}
−

{[
( 4
3
−
√
2)𝜌+ 2

√
2 + 8

3
]
𝑛

+ (2
√
2 − 8

3
)𝜌+

√
2 − 8

3

}
.

=
[
(4 −

8
√
6

5
− 4

3
+
√
2)𝜌+ 4 +

8
√
6

5
− 2

√
2 − 8

3
]
𝑛

+ (
16
√
6

5
− 8 − 2

√
2 + 8

3
)𝜌+ 2 −

√
2 + 8

3
−

8
√
6

5

where 𝛼 = 4 −
8
√
6

5
− 4

3
+
√
2 > 0

= 𝜌𝛼(𝑛− 2) + (2 −
√
2)(2𝑛+ 1) + 8(𝑛− 1)[

√
6
5

− 1
3
]

> 0 ∵𝑛 > 2 𝑎𝑛𝑑 0 ≤ 𝜌 ≤ 1∕2. □

3. The Zagreb indices in random phenylene chains

This section is devoted to compute the expected values of the first 
and second Zagreb indices for a phenylene chain 𝑛. From equa-

tions (1) and (2) and the structure of the chain 𝑛, we have the 
followings:

𝑀1(𝑛) = 4𝑥22(𝑛) + 5𝑥23(𝑛) + 6𝑥33(𝑛). (11)

𝑀2(𝑛) = 4𝑥22(𝑛) + 6𝑥23(𝑛) + 9𝑥33(𝑛). (12)

Thus, to compute the Zagreb indices of 𝑛, one has to determine 
𝑥22(𝑛), 𝑥23(𝑛) and 𝑥33(𝑛) type of edges and for simplicity 
we denote 𝑥𝑖𝑗 (𝑛) by 𝑥𝑖𝑗 . Due to the local arrangement, it is clear

that (𝑛; 𝜌) is a random phenylene chain. So are 𝑀1((𝑛; 𝜌))
and 𝑀2((𝑛; 𝜌)). Let us denote by 𝐸1

𝑛
=𝐸[𝑀1((𝑛; 𝜌))] and 𝐸2

𝑛
=

𝐸[𝑀2((𝑛; 𝜌))], the expected values of these indices, respectively.

Theorem 5. If 𝑛 ≥ 2 and (𝑛; 𝜌) is a random phenylene chain of length 
𝑛, then

𝐸1
𝑛
= 44𝑛− 20.

Proof. Since 𝐸1
2 = 68 which is true, thus for 𝑛 ≥ 3, there are three pos-

sibilities to be considered as shown in Fig. 1.

1. If 𝑛−1 →
1
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (11), we have

𝑀1(
1) =𝑀1(𝑛−1) + 44.

𝑛
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2. If 𝑛−1 →
2
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (11), we have

𝑀1(
1
𝑛
) =𝑀1(𝑛−1) + 44.

3. If 𝑛−1 →
3
𝑛

with probability 1 − 2𝜌, then

𝑥22(
3
𝑛
) = 𝑥22(𝑛−1), 𝑥23(

3
𝑛
) = 𝑥23(𝑛−1) + 4 and

𝑥33(
3
𝑛
) = 𝑥33(𝑛−1) + 4 and from (11), we have

𝑀1(
1
𝑛
) =𝑀1(𝑛−1) + 44.

Thus, we obtain

𝐸1
𝑛
= 𝜌𝑀1(

1
𝑛
) + 𝜌𝑀1(

2
𝑛
)

+ (1 − 2𝜌)𝑀1(
3
𝑛
)

= 2𝜌[𝑀1(𝑛−1) + 44]

+ (1 − 2𝜌)[𝑀1(𝑛−1) + 44].

𝐸1
𝑛
=𝑀1(𝑛−1) + 44. (13)

But 𝐸[𝐸1
𝑛
] =𝐸1

𝑛
, so apply the operator 𝐸 to (13), we get

𝐸1
𝑛
=𝐸1

𝑛−1 + 44. 𝑛 > 2 (14)

and after solving the recurrence relation (14) with initial condition, we 
get

𝐸1
𝑛
= 44𝑛− 20. □

It is interesting to note that the expected value of first Zagreb index 
does not depend upon the probability 𝜌.

Theorem 6. If 𝑛 ≥ 2 and (𝑛; 𝜌) is a random phenylene chain of length 
𝑛, then

𝐸2
𝑛
= (60 + 2𝜌)𝑛− 4(𝜌+ 9).

Proof. Since 𝐸2
2 = 84 which is true, thus for 𝑛 ≥ 3, there are three pos-

sibilities to be considered as shown in Fig. 1.

1. If 𝑛−1 →
1
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥32(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (12), we have

𝑀2(
1
𝑛
) =𝑀2(𝑛−1) + 61.

2. If 𝑛−1 →
2
𝑛

with probability 𝜌, then

𝑥22(
1
𝑛
) = 𝑥22(𝑛−1) + 1, 𝑥23(

1
𝑛
) = 𝑥23(𝑛−1) + 2 and 

𝑥33(
1
𝑛
) = 𝑥33(𝑛−1) + 5 and from (12), we have

𝑀2(
1
𝑛
) =𝑀2(𝑛−1) + 61.

3. If 𝑛−1 →
3
𝑛

with probability 1 − 2𝜌, then

𝑥22(
3
𝑛
) = 𝑥22(𝑛−1), 𝑥23(

3
𝑛
) = 𝑥23(𝑛−1) + 4 and

𝑥33(
3
𝑛
) = 𝑥33(𝑛−1) + 4 and from (12), we have

𝑀2(
3
𝑛
) =𝑀2(𝑛−1) + 60.

Thus, we get

𝐸2
𝑛
= 𝜌𝑀2(

1
𝑛
)

+ 𝜌𝑀2(
2
𝑛
) + (1 − 2𝜌)𝑀2(

3
𝑛
)

= 2𝜌[𝑀2(𝑛−1) + 61]

+ (1 − 2𝜌)[𝑀2(𝑛−1) + 60]

𝐸2
𝑛
=𝑀2(𝑛−1) + 2𝜌+ 60. (15)

But 𝐸[𝐸𝑛]2 =𝐸2
𝑛
, so apply the operator 𝐸 on (15), we get

𝐸2
𝑛
=𝐸2

𝑛−1 + 2𝜌+ 60. 𝑛 > 2 (16)

and after solving the recurrence relation of (16) with initial condition, 
we get

𝐸2 = (60 + 2𝜌)𝑛− 4(𝜌+ 9). □

𝑛
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Fig. 4. Comparison between 𝐸[𝑀2] and 𝐸[𝑀1].

The phenylene linear chain 𝐿𝑛 = (𝑛; 12 ), phenylene alkicks-

chain 𝐻𝑛 = (𝑛; 0) were characterized as the extremal phenylene 
chains with respect to the Zagreb indices in [34]. It is easy to obtain the 
Zagreb indices of these special chains as corollary of Theorems 5 and 6.

Corollary 7. For 𝑛 ≥ 2, we have

1. • 𝑀1(𝐿𝑛) =𝑀1(𝐻𝑛) = 44𝑛 − 20.

2. • 𝑀2(𝐿𝑛) = 61𝑛 − 38.

• 𝑀2(𝐻𝑛) = 60𝑛 − 36.

3.1. A comparison between the expected values of Zagreb indices for 
random phenylene chains

In this subsection, we will give analytic comparison between the 
expected values of the Zagreb indices for a random phenylene chains. 
The graphical profile of the comparison is given in Fig. 4 which suggests 
that second Zagreb index is always greater than the first Zagreb index 
for any 𝑛.

Theorem 8. If 𝑛 ≥ 2, then

𝐸[𝑀2((𝑛;𝜌))] >𝐸𝑀1((𝑛;𝜌))].

Proof. It is easy to see that the statement is true for 𝑛 = 2. Thus, if 𝑛 > 2, 
then by Theorems 5 and 6, one can have the followings

𝐸[𝑀2((𝑛;𝜌))] −𝐸[𝑀1((𝑛;𝜌))]

= (60 + 2𝜌)𝑛− 4(𝜌+ 9) − 44𝑛+ 20

= 16𝑛+ 2𝑛𝜌− 4𝜌− 16

= 16(𝑛− 1) + 2𝜌(𝑛− 2)

> 0 ∵𝑛 > 2 𝑎𝑛𝑑 0 ≤ 𝜌 ≤ 1∕2. □

Declarations

Author contribution statement

Zahid Raza: Conceived and designed the experiments; Performed the 
experiments; Analyzed and interpreted the data; Contributed reagents, 
materials, analysis tools or data; Wrote the paper.

Funding statement

Zahid Raza was supported by University of Sharjah (1802144068).

Competing interest statement

The authors declare no conflict of interest.
5

Additional information

No additional information is available for this paper.

References

[1] H. Wiener, Structure determination of paraffin boiling points, J. Am. Chem. Soc. 69 
(1947) 17–20.

[2] I. Gutman, K. Das, The first Zagreb index 30 years after, MATCH Commun. Math. 
Comput. Chem. 50 (2004) 83–92.

[3] M. Randic, Characterization of molecular branching, J. Am. Chem. Soc. 97 (1975) 
6609–6615.

[4] D. Bonchev, Information Theoretic Indices for Characterization of Molecular Struc-

ture, Research Studies Press – Wiley, Chichester, 1983.

[5] X. Ke, S. Wei, J. Huang, The atom-bond connectivity and geometric-arithmetic in-

dices in random polyphenyl chains, Polycycl. Aromat. Compd. (2020).

[6] E. Estrada, L. Torres, L. Rodríguez, I. Gutman, An atom-bond connectivity in-

dex: modelling the enthalpy of formation of alkanes, Indian J. Chem. 37A (1998) 
849–855.

[7] E. Estrada, Atom-bond connectivity and the energetic of branched alkanes, Chem. 
Phys. Lett. 463 (2008) 422–425.

[8] D. Vukicevic, B. Furtula, Topological index based on the ratios of geometrical 
and arithmetical means of end-vertex degrees of edges, J. Math. Chem. 46 (2009) 
1369–1376.

[9] K.C. Das, On geometric–arithmetic index of graphs, MATCH Commun. Math. Com-

put. Chem. 64 (3) (2010) 619–630.

[10] K.C. Das Trinajstic, Comparison between first geometric-arithmetic index and atom-

bond connectivity index, Chem. Phys. Lett. 497 (2010) 149–151.

[11] K.C. Das, S. Elumalai, I. Gutman, On ABC index of graphs, MATCH Commun. Math. 
Comput. Chem. 68 (2017) 459–468.

[12] A. Ali, Z. Raza, A.A. Bhatti, Some vertex-degree-based topological indices of cacti, 
Ars Comb. 144 (2019) 195–206.

[13] A. Ali, A.A. Bhatti, Z. Raza, Further inequalities between vertex-degree-based topo-

logical indices, Int. J. Appl. Comput. Math. 3 (3) (2017) 1921–1930.

[14] A. Ali, Z. Raza, A.A. Bhatti, Extremal pentagonal chains with respect to degree-based 
topological indices, Can. J. Chem. 94 (10) (2016) 870–876.

[15] A. Ali, Z. Raza, A.A. Bhatti, Bond incident degree (BID) indices for some nanostruc-

tures, Optoelectron. Adv. Mater., Rapid Commun. 10 (1–2) (2016) 108–112.

[16] A. Ali, Z. Raza, A.A. Bhatti, Bond incident degree (BID) indices of polyomino chains: 
a unified approach, Appl. Math. Comput. 287 (9) (2016) 28–37.

[17] A. Ali, A.A. Bhatti, Z. Raza, Topological study of tree-like polyphenylene systems, 
spiro hexagonal systems and polyphenylene dendrimer nanostars, Quantum Matter 
5 (4) (2016) 534–538.

[18] A. Ali, L. Zhong, I. Gutman, Harmonic index and its generalizations: extremal results 
and bounds, MATCH Commun. Math. Comput. Chem. 81 (2019) 249–311.

[19] S. Wei, X. Ke, G. Hao, Comparing the excepted values of the atom-bond connectivity 
and geometric-arithmetic indices in random spiro chains, J. Inequal. Appl. 2018 
(2018) 45.

[20] Z. Raza, The harmoic and second Zagerb indices of random polyphenyl and spiro 
chains, Polycycl. Aromat. Compd. (2020).

[21] I. Gutman, B. Furtula, A Kekule structure basis for phenylenes, J. Mol. Struct., 
Theochem 770 (2006) 67–71.

[22] I. Gutman, A. Vodopivec, S. Radenkovic, B. Furtula, On 𝜋-electron excess of rings of 
benzenoid molecules, Indian J. Chem. 45A (2006) 347–351.

[23] B. Furtula, I. Gutman, Energy and Estrada index of phenylenes, Indian J. Chem. 47A 
(2008) 220–224.

[24] Z. Tomovic, I. Gutman, Narumi-Katayama index of phenylenes, J. Serb. Chem. Soc. 
66 (4) (2001) 243–247.

[25] H. Deng, S. Chen, J. Zhang, The PI index of phenylenes, J. Math. Chem. 41 (1) 
(2007) 63–69.

[26] A. Chen, Merrifild-Simmons index in random phenylene chains and random hexagon 
chains, Discrete Dyn. Nat. Soc. (2015) 568926.

[27] Q. Zhang, H. Bian, E. Vumar, On the anti-Kekul and antiforcing number of cata-

condensed phenylenes, MATCH Commun. Math. Comput. Chem. 65 (3) (2011) 
799–806.

[28] M. Alaeiyan, R. Mojarad, J. Asadpour, The omega index of polyomino chain, pheny-

lene graphs and carbon nanocones, Fuller. Nanotub. Carbon Nanostructures 22 
(2014) 316–321.

[29] R. Mojarad, B. Daneshian, J. Asadpour, Omega and related polynomials of 
phenylenes and their hexagonal squeezes, J. Optoelectron. Adv. Mater. 10 (1) (2016) 
113–116.

[30] J. Rada, O. Araujo, I. Gutman, Randic index of benzenoid systems and phenylenes, 
Croat. Chem. Acta 74 (2) (2001) 225–235.

[31] Y.J. Peng, S.C. Li, On the Kirchhoff index and the number of spanning trees of linear 
phenylenes, MATCH Commun. Math. Comput. Chem. 77 (3) (2017) 765–780.

[32] A. Chen, F. Zhang, Wiener index and perfect matchings in random phenylene chains, 
MATCH Commun. Math. Comput. Chem. 61 (2009) 623–630.

[33] W. Wei, L. Shuchao, Extremal phenylene chains with respect to the coefficients 
sum of the permanental polynomial, the spectral radius, the Hosoya index and the 
Merrifield–Simmons index, Discrete Appl. Math. 271 (1) (2019) 205–217.

http://refhub.elsevier.com/S2405-8440(20)31323-2/bib61E9C06EA9A85A5088A499DF6458D276s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib61E9C06EA9A85A5088A499DF6458D276s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib56A036735E46821195A55359C5AD144Fs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib56A036735E46821195A55359C5AD144Fs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibE1E1D3D40573127E9EE0480CAF1283D6s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibE1E1D3D40573127E9EE0480CAF1283D6s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib340015FA904ABCE04EC4C7A6DFB6EE47s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib340015FA904ABCE04EC4C7A6DFB6EE47s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibD269B53E3648025A1785A45415C2CAD5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibD269B53E3648025A1785A45415C2CAD5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibD269B53E3648025A1785A45415C2CAD5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib3A3EA00CFC35332CEDF6E5E9A32E94DAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib3A3EA00CFC35332CEDF6E5E9A32E94DAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF7418A2D329FE5B71C39192049094CF9s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF7418A2D329FE5B71C39192049094CF9s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF7418A2D329FE5B71C39192049094CF9s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib88900A8610352129768B48E4A6C3E226s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib88900A8610352129768B48E4A6C3E226s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib684F63E19648FDF7F1803730A5F9D51As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib684F63E19648FDF7F1803730A5F9D51As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF9B60765A20EF747CCB8D3C05050EDBEs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF9B60765A20EF747CCB8D3C05050EDBEs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibEF7D8616AE103E848E35940B6C5A1E0As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibEF7D8616AE103E848E35940B6C5A1E0As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibC0C35EF62FE224361993E465095859A1s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibC0C35EF62FE224361993E465095859A1s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib59B68931C3813FE8C672175850DBCE39s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib59B68931C3813FE8C672175850DBCE39s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib8EE18695E2CFE907830F5430B3377944s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib8EE18695E2CFE907830F5430B3377944s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib8EE18695E2CFE907830F5430B3377944s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib282F74BDBF4C41065A225D61AE55D334s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib282F74BDBF4C41065A225D61AE55D334s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib27D2384E3170AC07933C270802D5C408s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib27D2384E3170AC07933C270802D5C408s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib27D2384E3170AC07933C270802D5C408s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib21C2E59531C8710156D34A3C30AC81D5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib21C2E59531C8710156D34A3C30AC81D5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibC07B0B4D7660314F711A68FC47C4AB38s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibC07B0B4D7660314F711A68FC47C4AB38s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF1BFFED447BBCBCC368AB793D829712As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibF1BFFED447BBCBCC368AB793D829712As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2A5271C118492B7BB2274DD278A033BAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2A5271C118492B7BB2274DD278A033BAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2DE960C6AB3CEF39A9A2298FB58E503Ds1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2DE960C6AB3CEF39A9A2298FB58E503Ds1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibFC90F050BF29703D85BD2E34102C5E83s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibFC90F050BF29703D85BD2E34102C5E83s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib0D61F8370CAD1D412F80B84D143E1257s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib0D61F8370CAD1D412F80B84D143E1257s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib45F5562978B0D28BB1C1109E40FF32C8s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib45F5562978B0D28BB1C1109E40FF32C8s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib45F5562978B0D28BB1C1109E40FF32C8s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib1B91B582340CD6561F626380CE489C76s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib1B91B582340CD6561F626380CE489C76s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib1B91B582340CD6561F626380CE489C76s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib101817E23304D987FAADABA1E5577909s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib101817E23304D987FAADABA1E5577909s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib101817E23304D987FAADABA1E5577909s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibFB6A72BBC33FAF101B251A60EB3EE087s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibFB6A72BBC33FAF101B251A60EB3EE087s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib9B7D173B068DC4D5517BFAE92D676437s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib9B7D173B068DC4D5517BFAE92D676437s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib54DF3BAEF130C81E6AE8432A2567320As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib54DF3BAEF130C81E6AE8432A2567320As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib54DF3BAEF130C81E6AE8432A2567320As1


Z. Raza Heliyon 6 (2020) e04479
[34] Y. Yang, D. Wang, Extremal phenylene chains with respect to the Kirchhoff in-

dex and degree-based topological indices, IAENG Int. J. Appl. Math. 49 (3) (2019) 
274–280.

[35] H. Deng, J. Yang, F. Xia, A general modeling of some vertexdegree based topological 
indices in benzenoid systems and phenylenes, Comput. Math. Appl. 61 (10) (2011) 
3017–3023.

[36] T. Ghosh, S. Mondal, B. Mandal, Matching polynomial coefficients and the Hosoya 
indices of poly(p-phenylene) graphs, Mol. Phys. 116 (2018) 361–377.

[37] S. Markovic, A. Stajkovic, The evaluation of spectral moments for molecular graphs 
of phenylenes, Theor. Chem. Acc. 96 (4) (1997) 256–260.

[38] S. Markovic, Z. Markovic, R.I. Mccrindle, Spectral moments of phenylenes, J. Chem. 
Inf. Comput. Sci. 41 (1) (2001) 112–119.

[39] Z. Raza, The edge version of geometric arithmetic index of polyomino chains of 8-

cycles and arbitrary carbon nanocones, J. Comput. Theor. Nanosci. 13 (1–5) (2016) 
8455–8459.

[40] Z. Raza, A.A. Bhatti, A. Ali, More on comparison between first geometric-arithmetic 
index and atom-bond connectivity index, Miskolc Math. Notes 17 (1) (2016) 
561–570.

[41] R. Wu, H. Deng, The general connectivity indices of benzenoid systems and 
phenylenes, MATCH Commun. Math. Comput. Chem. 64 (2010) 459–470.

[42] T. Wu, Two classes of topological indices of phenylene molecule graphs, Math. 
Probl. Eng. (2016) 42–56.
6

http://refhub.elsevier.com/S2405-8440(20)31323-2/bibB83030F38883E26B9EF52938C69CF6CEs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibB83030F38883E26B9EF52938C69CF6CEs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibB83030F38883E26B9EF52938C69CF6CEs1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib62A1E57C50F987E233259D91D73CC694s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib62A1E57C50F987E233259D91D73CC694s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib62A1E57C50F987E233259D91D73CC694s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib3CF8C4E3001EEDC34409854189A5C929s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib3CF8C4E3001EEDC34409854189A5C929s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib375388B3DAB7C76350CD457AD19388A2s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib375388B3DAB7C76350CD457AD19388A2s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2871A030D5F4D04037A9B6F405E19C5As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2871A030D5F4D04037A9B6F405E19C5As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib2871A030D5F4D04037A9B6F405E19C5As1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib10CABBEDF836057C57D03730B32C6FA5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib10CABBEDF836057C57D03730B32C6FA5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib10CABBEDF836057C57D03730B32C6FA5s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibA8522B770693A6C14A26F3AEEEC134A9s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bibA8522B770693A6C14A26F3AEEEC134A9s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib1E9944DFAC1EAC7A602D65620B492A48s1
http://refhub.elsevier.com/S2405-8440(20)31323-2/bib1E9944DFAC1EAC7A602D65620B492A48s1

	The expected values of arithmetic bond connectivity and geometric indices in random phenylene chains
	1 Introduction
	2 The ABC and GA indices in random phenylene chains
	2.1 A comparison between the expected values of ABC and GA indices for random phenylene chains

	3 The Zagreb indices in random phenylene chains
	3.1 A comparison between the expected values of Zagreb indices for random phenylene chains

	Declarations
	Author contribution statement
	Funding statement
	Competing interest statement
	Additional information

	References


