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Abstract

Purpose: To formulate and demonstrate methods for regression modeling of probabilities and
dispersions for individual-patient longitudinal outcomes taking on discrete numeric values.

Methods: Three alternatives for modeling of outcome probabilities are considered. Multinomial
probabilities are based on different intercepts and slopes for probabilities of different outcome
values. Ordinal probabilities are based on different intercepts and the same slope for probabilities
of different outcome values. Censored Poisson probabilities are based on the same intercept

and slope for probabilities of different outcome values. Parameters are estimated with extended
linear mixed modeling maximizing a likelihood-like function based on the multivariate normal
density that accounts for within-patient correlation. Formulas are provided for gradient vectors
and Hessian matrices for estimating model parameters. The likelihood-like function is also used
to compute cross-validation scores for alternative models and to control an adaptive modeling
process for identifying possibly nonlinear functional relationships in predictors for probabilities
and dispersions. Example analyses are provided of daily pain ratings for a cancer patient over a
period of 97 days.

Results: The censored Poisson approach is preferable for modeling these data, and presumably
other data sets of this kind, because it generates a competitive model with fewer parameters in
less time than the other two approaches. The generated probabilities for this model are distinctly
nonlinear in time while the dispersions are distinctly non-constant over time, demonstrating the
need for adaptive modeling of such data. The analyses also address the dependence of these daily
pain ratings on time and the daily numbers of pain flares. Probabilities and dispersions change
differently over time for different numbers of pain flares.

Conclusions: Adaptive modeling of daily pain ratings for individual cancer patients is an
effective way to identify nonlinear relationships in time as well as in other predictors such as the
number of pain flares.
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1. Introduction

Pain ratings are often coded as integer values from 0 — 10 with larger values indicating more
pain [1] [2] [3]. These are collected by health care professionals from all kinds of patients,
but are especially important for cancer patients [4]. Pain ratings collected from individual
patients over multiple time points require modeling methods that account for within-patient
correlation. These methods need to allow for outcomes with an arbitrary finite number of
discrete numeric values since individual-patient responses can often be limited to a subset of
the maximum range of 0 — 10. As an example, Figure 1 provides a plot of daily pain ratings
for Cancer Patient 1. This patient provided pain ratings for 86 different days over a period
of length 97 days (and so with 11 missing daily pain ratings). Observed pain ratings varied
from 1 — 9 with all of these 9 ratings occurring at least one time. The plot suggests that mean
pain ratings tended to increase over time with larger variability early on than later in time.
Estimation of relationships like this requires regression methods for estimating probabilities,
means, variances, and dispersions for observed outcome (dependent, response, )) values as
possibly nonlinear functions of time and of other available predictors.

Generalized estimating equations (GEE) methods [5] are a possible choice for modeling
such correlated pain ratings. Since pain ratings are polytomous outcomes, one could use the
extensions of GEE developed by Lipsitz et al. [6] and Miller et al. [7] to handle categorical
outcomes. However, these extensions involve recoding each pain rating as the vector of
indicator variables for the pain rating taking on its possible values (except for one value
treated as a reference category). In the case of Cancer Patient 1 with 9 possible outcome
values, pain ratings at each time would be recorded as a vector of 8 indicator variables

with its own 8 x 8 correlation matrix. There would be 86-85/2 = 3655 pairs of such vectors
measured at different times, each of whose 8 x 8 correlation matrices would need estimation.
Even for simple correlation structures like exchangeable or autoregressive, there would still
be a large number 8-8 = 64 of correlation parameters. Moreover, one would need to store
the overall correlation matrix of size (8:86)2 = 473,334 entries. Consequently, recoding
correlated polytomous outcomes seems only feasible when the outcome has a small number
of possible values and is measured at a small number of times. An approach is needed that
treats each polytomous outcome measured at one time as univariate so that the size of the
associated correlation matrix depends only on the number of measurement times and not
also on the number of possible outcome values.

Likelihoods for correlated outcomes can be computationally complex except for limited
cases. For this reason, Liang and Zeger [5] formulated GEE methods to avoid having

to compute a likelihood by directly specifying estimating equations for mean parameters.
Variances are treated as functions of the means as in generalized linear modeling [8]

[9] while dispersions are treated as constant. Correlation parameters are estimated using
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residuals. Prentice and Zhao [10] extend the GEE estimating equations for mean parameters
to also include analogous estimating equations for covariance parameters. These GEE
approaches are not based on a likelihood function so that model selection criteria such as
penalized likelihood criteria [11] and likelihood cross-validation scores [12] are not readily
computed

Knafl and Ding [12] define a likelihood-like function L using the multivariate normal
density computed using residuals and covariance matrices for categorical outcomes

and point out that the GEE estimating equations for mean parameters correspond to
differentiating the residual terms of L in the mean parameters while holding the covariances
fixed in those parameters (see also [13]). Similar to Prentice and Zhao [10], they propose

a partial extension of GEE that adds estimating equations for dispersion parameters to the
GEE estimating equations for mean parameters, but they still estimate correlation parameters
from residuals. Knafl and Meghani [14] consider modeling of individual-patient correlated
count outcomes and compare the partial extension of GEE having some estimating
equations based on differentiating L to extended linear mixed modeling (ELMM) based

on maximizing the function L in all parameters including those for the means, dispersions,
and correlations. ELMM generates estimating equations for all parameters as for Prentice
and Zhao [10], but the estimating equations for mean parameters are not the same as for
GEE (except in the special case of continuous outcomes treated as normally distributed).

Knafl and Meghani [14] compare the partial extension of GEE to ELMM for modeling
individual-patient count outcomes and conclude that ELMM is preferable since it generates
competitive models in less time. For that reason, only ELMM is considered here for
modeling correlated discrete outcomes. They consider three correlation structures including
independent correlations all equal to 0, exchangeable correlations all equal to a constant,
and spatial autoregressive order 1 correlations computed as power transforms of a constant
autocorrelation parameter. Exchangeable correlations are not selected in their example
analyses, and so are not considered in what follows. Only spatial autoregressive order 1
(AR1) correlations based on the autocorrelation parameter p are considered in what follows.
Independent correlations correspond to the special case with p =0

Knafl and Ding [12] formulate and demonstrate an adaptive regression modeling process
for identifying nonlinear relationships, controlled by likelihood cross-validation scores
for comparing alternative models. These methods extend readily to modeling of discrete
outcomes and are used in example analyses.

The objective of the paper is to formulate methods for analyzing discrete outcomes collected
longitudinally from individual patients and to demonstrate these methods using analyses

of longitudinal data on the daily pain ratings for a single cancer patient as a function

of time and the number of daily pain flares. This is achieved in two parts. Section 2
addresses such methods including multinomial, ordinal, and censored Poisson probabilities
as well as likelihood-like cross-validation, adaptive regression methods, and the research
study whose data are used in example analyses. Section 3 presents the results of example
adaptive analyses of these data including among other issues which is the preferable type of
probabilities to use, how means and dispersions for the pain ratings change additively with
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the number of pain flares, and how the number of pain flares moderates the effect of time on
means and dispersions.

Methods

Let yy) denote discrete outcomes with a finite number of possible numeric values v, for 0 <
U< Kand observed at AV possibly non-consecutive, integer time points

1) e T = {1i):1 <i < N}

and provided by one individual patient. Let

Pii),u = P01(i) = vu)

denote associated probabilities for 0 < v< Kand #(i) € T. The means of these discrete
outcomes satisfy

K
Hi(i) = Byi(i) = ZM — ol Pt(i)u

and the variances satisfy

K 2 K 2 2 2
Var(n) = Dy = olup@)” - piir.u= ( D= 0 PG~ ity = By~ Hiti

These variances are not a direct function ;) of the means £ as in generalized linear
modeling [8] [9], but they are similar since they can be considered a function V(P ;) of the
(K+ 1)x1 vector Py of probabilities 7 , for the outcome y4;). Define the residuals as

Eyi) = Vi) - My Combine the outcomes yyg;), the means £, and the residuals ey into the &/
x 1 vectorsy, W, and e =y — |, respectively.

Let X ;denote predictor values over times #(i) € T and over predictors indexed by 1 < j < J
for use in modeling probabilities. Combine these into the Jx 1 vectors Xy with transposes
denoted by x,T(,.) for 1(i) € T. As formulated later, these are combined with a column vector

B of coefficient parameters to estimate probabilities. Three alternatives are considered
including multinomial probabilities (Section 2.1), ordinal probabilities (Section 2.2), and
censored Poisson probabilities (Section 2.3). The size of the parameter vector g varies for
these three alternatives.

Let x/), denote predictor values over times #(i) € T and over predictors indexed by

1 < j < J' for predicting dispersions. Combine these into the J’ x 1 vectors x;; for (i) € T.
Let g’ denote the associated J’ x 1 vector of coefficient parameters. Let ¢;; denote
dispersion values over times #(i) € T satisfying
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When x;;) | = 1 for #(i) € T, the first entry p; of g’ is an intercept parameter. The constant
dispersion model corresponds to x;;) = 1 for #(i)) € T with J’ = 1 Define the extended
variances as

ortiy = @i - Var(vi(i)

and the extended standard deviations as

1/2
on(iy = (@n(y - Var(yn))

for 1(i) € T. These generate standardized residuals

stdet(i) = et(,')/at(,')

for #(i) € T. Combine the extended standard deviations and the standardized residuals into
the N/ x 1 vectors o and stde = e/g, respectively.

Let R (p) denote the //x N AR1 correlation matrix for the vector y. The diagonal entries of
R (p)are all equal to 1 while the off-diagonal entries satisfy

rt(i),t(i') = p|t(i) - t(i,)|

where |¢(i) — #(i")| denotes the absolute value of the difference ¢(i) — #(i") for ¢(i), #(i") € T with
1 <i#i" < N.Theentries ry;) ;) are well-defined for -1 < p <1 because /) have been

assumed to be integers. These are spatial AR1 correlations that account for actual distance
between observed times as opposed to non-spatial AR1 correlations with {/) = ifor1 < /<
Nas usually used in GEE implementations. The A/x A/ covariance matrix X for the vector o
satisfies

X = DIAG(o) - R(p) - DIAG(0)

where DIAG(o) denotes the N/ x N diagonal matrix with diagonal entries o;;).

Let

B
=|p
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be the column vector of the probability, dispersion, and correlation parameters. Use the
multivariate normal likelihood to define the likelihood-like function L(7;8) satisfying

A(T;0) = logL(T;0) = —eX .27 1. er2 - (log|2‘)/2 — (N -log(2 - 7))/2

where IZI is the determinant of the covariance matrix . Note that

log

2‘ =log

N N
R(p)| + Zi _ llogq;,(l-) + Zi _ llogVar(yt(i)),
Pu(i) = CXP(xtE) : l”)

and

-1

el .37l o= stdeT-R_l(p)~stde.

This formulation has been restricted to address data for each individual patient taking

a person-centered approach to modeling longitudinal data [15] [16], which is possible
because substantial amounts of outcome measurements are available for each patient.

This formulation readily generalizes to handle the combined longitudinal data for multiple
patients as considered in the GEE context. In that case, as pointed out by Knafl and Ding
[12], the GEE estimating equations can be generated by differentiating the residual terms
of 2(T; 8) while holding the covariance matrix terms fixed. This motivates using the ELMM
approach for estimating @based on estimating equations generated by maximizing #(T'; 6).
Moreover, the likelihood-like function L(T’; 6) can be used to generate model selection
criteria. Pan [17] has formulated the quasi-likelihood information criterion (QIC) for GEE
model selection. However, the QIC score does not fully account for the correlation structure
while model selection criteria based on L(T; 6) fully account for the correlation structure.

The likelihood-like function L(T; 6) can be maximized to generate estimates 8(7) by solving
for a zero gradient, that is,

402)]
&(B)
g(p)

04(T;0)

80)=—5p— = =0

where 0 is the zero vector,

s = 2450

is the partial derivative vector for the probability parameters,

o) = 250
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is the partial derivative vector for the dispersion parameters, and

_ 04(T;0)
glp) = o

is the partial derivative for the correlation parameter. The Hessian matrix H(6) has nine
component submatrices:

H(p) = 5P

for the probability parameters,
H(p) = 55

for the dispersion parameters,
H(p) = 250

for the correlation parameter,

H(p.p) = 51

and its transpose H(p', B) = H' (B, B'),
H(p.p) = 250

op

and its transpose H(p, g) = H'(B. ), and

and its transpose H(p, B') = HT(ﬁ', p). Iteratively solve g(0) = 0 using Newton’s method, that
is, given the current value 8, for 6, the next value is given by

-1
05+ 1=05—H "(65)- 5(6;)

The solution to the estimating equations for observations indexed by 7 is denoted as

B(T)
B(T)
o(T)

o(T) =
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The partial derivative vector g(p) varies with the probability type as do H(B), H(B, #’) and
H(B, p). Formulas are provided for these quantities in Sections 2.1-2.3 for multinomial
probabilities, ordinal probabilities, and censored Poisson probabilities, respectively.
Formulas for partial derivatives common to all three probability types are provided in
what follows. Details on computation of derivatives are not provided for brevity; they are
available on request from the first author.

The partial derivative vector g(p’) has J’ entries satisfying

’ _ N
gj(B) = stdeij -R 1(p) - stde — Zi — 1xt(i),j/2

where stdex; is the /x 1 vector with entries
stdexy(j) i = Xy(j), j - Stdey(j)/2
for 1 < j < J’ and t(i) € T. The derivative g(p) satisfies

-1
_ alT R W) _ dlog| R(p)
g(p) = — stde Er stde/2 p /2

where
-1
BD — &) 252 R
alogg;((p)l =i ace( R1(p)- al;/(;p) .
For spatial AR1 correlations, IR®) s the N/ x N matrix with diagonal entries all equal to 0
p ap

and off-diagonal entries equaling

a R . . .
SHOLD) = iy = (0 - O = 101 1

fori<i#i"<N.
H(p') has entries

Hj j(ﬂ’) = - stdexx}:rl;., . R_l(p) - stde — stdeij . R_l(p) . stdex}-

where stdexx is the Vx 1 vector with entries

SIEXXH(i), j, ' = Xi(i), * ¥t(0), St i)/

for1 < j,j’ < J and (i) € T. H(p) satisfies
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2
2n—1 0“log|R(p)
T-Lz(p)-stde/Z—L/Z

dp dp

H(p) = — stde

where

2.—1

PR (p) _, p—1, OR(p) -1, . OR(p) -1

7 =2-R" () =5 =R (0) =5 =R ()
0l

S DR )
dp

2

P1og|R(p) ~1, . OR() o1 . OR(p)

T=—trace(R (p)~Tp~R (p)~Tp

2
+trace(R_ 1(p) . 6R§p))
ap

Formulas for first and second derivatives of R_l(p) and logl R(p)! are adapted from formulas

2
in [18]. For spatial AR1 correlations, % is the A<V matrix with diagonal entries all
P

equal to 0 and off-diagonal entries

2
a R (i . .
T _ (1) )~ 1)) ) -0 = 1) =2
dp

for1<i#i"<N.H(B,p) has entries

J dp

Hjp,p)= stdex stde

fori<j<J.
The covariance matrix for the estimate 0(7T) satisfies

o) = - H- o).

Square roots of the diagonal entries of X(6(T)) can be used to generate ztests of zero
individual model parameters. These are useful for fixed models of theoretical importance.
However, these tests for parameters of adaptively generated models are usually significant as
a consequence of the model selection process, and so are not reported in example analyses of
Section 3.

The likelihood-like function L(T; 6) can be used to compute likelihood-like cross-validation
(LCV) scores (Section 2.4) for evaluating and comparing alternative models. These scores
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can be used to control the adaptive modeling process (Section 2.5) for identifying power
transforms of the probability predictors and of the dispersion predictors for use in nonlinear
modeling of discrete outcomes.

2.1. Multinomial Probabilities
The probabilities p;;, , are modeled multinomially using generalized logits with the smallest
value 1y as the reference category (but any other value can be used instead), that is,

Pt(i),u
Pt(i),0

h(Pt(i), u) = log = x;lEi) “Bu

for K Jx 1 vectors B, of coefficient parameters g, ;for 1 < u< Kand 1 < j< J Combine the

vectors B, over 1 < v< Kinto the composite (K - J) x 1 vector B. Altogether, there are K-J
coefficient parameters for modeling the probabilities. Setting x;(;y, 1 = 1 for #(i) € T generates

Kintercept parameters. For #(i) € T, the multinomial probabilities satisfy

exp(x;Ei) . ,Bu)

Pr(i),u = X
1+ Zu’ = lexp(x;[(‘i) . ﬂu/)
forl<wv< Kand
Pi(i),0 = !
1(i),0 = .
1+ 25/ = lexp(x;Ei) . ﬁu’)
. . L Oy .
Their partial derivatives 2/:“ satisfy
aﬁw,j
9P(i), u
B, = 105 PiCi. w0 (1= pr(iy, w)w =,
9P(i), u
o MO PO P, wn #u,
and
91(i), 0
Brpj = DI PO, 0PI, e

forl<suy wsKl<j<Jandii)eT.

The derivative vector g(B) has K-Jentries g, (p) for 1 < w< Kand 1 < /< Jsatisfying

_ N
s, j(B) = stdexly ;- R™1p) - stde— D Wi, o, 12
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oVar(yi(p))

bw, j

Wi, w, j = Var(yyp)

Var(yy(p)) )
W,jl = X3, j* Pr(i), w (U%) —Eyiii) = 2 m(iy - (Uw _ /‘t(i)))a
and stdex,;is the A/ x 1 vector with entries

Os(i)
stdexy(j), w, j = ij/"t(i) + stdey(py - Wiy, w, j/2

Our(i)
o = 03Pt w0 (00 = b))

forlsw< K l<j<Jandi()eT.
H(B) has entries

Hyp jur. j(B) = — stdexx,, - R (p) - stde - stdex, ;- R™\(p) - stdexyy j

w, j,w', j
N
- Z,‘ — 1 W), w, j,w', j12

where

02Var(yt(,~)) ()Var(yt(,-)) . 0Var(yt(,~))

Wi Wi w,j _ bw,jObw,j  bw,j 9w, j
ti), w, j,w', j' = A -
PSS 0By Var(y(i) Var(yy(1))

>

2
d Var(yt(i)>
0bu', j OPw, j

= xi(i),j ¥1(0), - Prciy,w - (1= Prcin,w) - (o8 = By = 2 ity - (vuo = b))
o+ X(0),  %(0), ' PRy, w0 (Vi = 0o+ 2+ (2 ety = vuo) - (0w = i) ' = w,

o*Var(yi(i)
aﬁw’, J aﬂw, J

= = X0y, (i), PrGiy w0 PiGiy, '+ (08 = Evigy = 2 iy (w0 = i)+ %10, j
S Xt(i), j (i), w e Pt(i), w' (Ey,z(i) - uﬁ,r +2- (2 " Hi(i) — vw’) : (Uw’ - Mt(i))), w' #w,
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while stdexx,, j ., j is the N'x 1 vector with entries

2
0% H(i)

B, jBw,j Oy Wiw,w',j Wi, w, j
stdexxy( iw. i = — . = + . 2 + stdexy(j) w'. ' ——H———
(i), w, j, w', j o1(i) Bw,j 2 o1 (i), w', j 2

Wi, w, j,w', j
— stdey(j - —

2
0] :
Ty 0 = 10010, Pt (1= 216, 0) (0w = ) 0 =

2
WO B B+ (v 0 = 2 ) ' # 1
0B, j P, j 5 J yJ ) ,

forl <w,w <K,1<j,j <J,and (i) € T. H(B, p’) has entries

Hy, j,j’(ﬁ, p)= - stdexx,;{ g R_l(p) - stde — stdex;g’j . R_l(p) . stdex}/

where stdexx;, ; ; is the N'x 1 vector with entries

stdexxl'(i)’ w,j,j = stdexy (i), w, j - xt’(i)s/,/z

fori<j<J,1<j <J,and i) € T. H(B, p) has entries

-1
Hy, j(ﬁ, p) = stdex;l;,’j . M}ip(p) - stde

forl<sw< Kandl</<J

2.2. Ordinal Probabilities

For (i) € T, define cumulative probabilities

Pr(i) < =Pr(i) < a0 <u <K,

Py, < K =Py S vk) =1

where the values v, are assumed to be in increasing order for 0 < v < K. The link function

is cumulative logits with logits computed for lower sets of values relative to higher sets
of values (but this can be reversed). Formally, for predictor values x;(;) j, 1 << J the

cumulative probabilities p;;) <, for 0 < v< Kand (i) € T are modeled ordinally as
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Pi(i), <u

e eaT
T ny, <a 0 PK

h(p(i), < u) = logit(pu(i), <u) =1

for K'intercept parameters a, and a single Jx 1 vector Bk of slope parameters By ;for 1 < /
< J. Combine the intercept parameters a, over 0 < /< K'into the K'x 1 vector a. Altogether,
there are K+ Jcoefficient parameters for modeling the probabilities, which are combined
over 0 < v< Kand 1 <j< Jinto the (K+ J)x1 vector

(14
k= (/’K)’
A zero-intercept model corresponds to setting ag = 0, but aufor 0 < v< Kare nonzero. The
cumulative probabilities satisfy

exp(au + x;lgi) . ﬂK)
1+ exp(au + x;[(‘l-) . ﬁK)

(@), <u=

for 0 < v< Kand #(i) € T. The cumulative probabilities are differenced to compute
probabilities

Pr(i), u = P(u(i) = vu)

that is, for (i) € T, define p;;) < — 1 =0and then

Pi(i), u = P(i), <u—Pu(i), <u-—1

forO<su< K ForO<u w< K, 1<j<Jand(i) e T, the partial derivatives of p , satisfy

OPi(i), <u
vay =P, <w (1= (), <whw=u
apt(i), <u
W =0,w # u,
OPi(i), <u
TopK; 0., <u (1= pri), <)

The derivative vector g(B) has K+ Jentries gy(p) for 0 < w< Kand gg j(p) for 1< j<J
satisfying
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N
guw(B) = stdex, - R~ 1(p) - stde — X Wi, w2

i=1

T — N
¢k, j(B) = stdex) ;- R™\(p)-stde— Y Wi k. j/2

where

oVar(yi(i)
day,

W), w = 7Var(yt(,')) ,

6Var(yt(,~))

day =PI, < w (1= 2y, <w) (o= vw+1) - (vw+ 0w+ 1= 2 (@),

dVar(yt(i))
9K, j

Wiy, K, j = Var(yyp)

dVar( y;
ﬂ( t(l) Xt(i), j * Z Pt(l) <u (1 = Pi), < u) (vy—vy+1)

(ou+vu 4+ 1-2 (i)))-

while stdex,, and stdex jare the A/x 1 vectors with entries

stdext(i)’ w=

OHy(j)
W/Gt(i) + Stdet(i) . Wt(i), w!2,

e
a;;? =iy, <w (1= Py, < w) (0w =vw + 1)

(i)
stdexy(j), K, j = TK]_/Ut(i) +stder(iy - WiGi), K, j/ 2

O pig(
aﬂ;l = X1(i), j Z Pt(:) <u (U= pui), <) (0w =14 —1)

Open J Stat. Author manuscript; available in PMC 2022 August 25.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Knafl and Meghani
for0<sw< K 1< /< J and 1(i) € T. H (B) has entries

Hy wP = - stdexx;FU’ W' R_l(ﬂ) - stde — stdexg) - R_I(P) - stdexy,y
N
- Z,- = 1 W), w, w2

Hy k,jB)= - stdexxl}’ K,j R_l(p) - stde — stdex;,l;, . R_l(p) - stdexg j

N
- Z,- — 1 Wi, w, K, j/%

HK, j.w/(B) = — stdexx. jow R7Np) - stde — stdexi ;- R™1(p) - stdex,y

N
- Zi — 1 Wii), K, jw'!2

T - T -
HE,j, ()= — stdexxk_j - R \(p)- stde - stdexg_;- R™\(p) - stdexy

N
- Zi — 1 Wi K, j,j12

Where

P Var(ypy)  OVar(y) OVar(yip)

Wiy, w _ day, 0y, oayy dayy,

dayy Var(yt(,')) - Varz(Yt(i))

Wt(i), w,w' =

02Var(y,(l-))
oay,day,

=iy, <w (1= P10y, <w) (w=vw0+ 1) (1-2 prci), < w) (vw+vw+1 -2+ mi(i))
=220, sw (1= 21, ) (o0 = Vw4 D) w' =

2
0~ Var(yy(;

ﬁ = =220, <w (1= 21y, < w) PGy, <w'- (1= PG, <)

(v =vw+ 1) w — v 1) W # w;
62Var(y;(i)) aVar(y,(,-)) . aVar(y,(l-))
Wi, w _ OPK,j9%w  OPK.; dagg
Wi = = - )
R T S B 7 (7 var(yy(p)
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62Var(yt(l-))
9BK, jorw
=Xy, j Pr(i), <w (1= Puiy, <w) Cw=vw+1)- (1 =2+ piciy, < w)

K-1
(P v+ 1 =2 1) =2 Dy o (prtiy, < (1= i, 5u)~(vu—vu+1)));

PVarlyp)  OVarlyn) | OVarlyr)

o o OWi).Kj _ PR 9w IPK,
10, K, j,w' = "5q, 7 T Var(y(7)) 20 ’
Q) Var(yy)
2
7] Var(yt(i))
aawaﬁK,j

=x1(0), j ey, < w' (1= rGi), < w') (= ow +1) - (1 =2+ pr(a), < w')

K-1
(owr + v 1= 2 @) =2 Dy _ o (e, <u (1= prca, Su)'(vu_vu+l)))?

PVar(ypy)  OVarlyg) OVar(yi)

W _Wii.K.j _ 9PK.jIPK.j _ 9PK.j  9PK.
LK i = T8pr + v N 2
K, j ar(yt(l)) Var (yt(,-))
2
O~Var(y(i)
9K, j'OBK, j

K-1
=10, XS Dy 0 P <ut (1= prciy, <) (1=2 pici), <)

a1 (vt o+ 12 i)

K-1 2
=2 X¢(3), j - Xt(i), j (Zu _o (e, <u (1=pr), <) (u=vu+ 1)))

while stdexx,, ., stdexx,, g j, stdexxy ; . and stdexxy_; j are the N/x 1 vectors with
respective entries

P i
Ht(i)
doy oy Oy Wiy, w' Wi, w
Stdexxt(i)’ w,w' = — o) + aaw " o) + stdex,(i)’ w'" 5
Wt(i), w, w'’
- Stdel(i) . -

02/4:(1')

Famraag = P, <w (L= p), <) (1=2- 210y, < w) - (0w = w4+ 1) = w0,
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52ﬂt(i)
Ty O F
2
0N
IPK, jOuy Oy Wii).K.j W), w
stdexxy(j), w, K, j = — o) day, 2 o1 +stdexy(i), K, j* 5
Wiy, w, K, j
- Stdet(i) . fj,

02m(i)

Ko = 105 2y, < w0 (1= prci), <o) (1=2 2y, < o) (o0 = vr0-41)

2
07 ps(i)
daw K, j | i) Wi, w Wii), K, j
stdexx,(i)’ K, jw=— o) + 513[(,1' ‘3 oD + stdext(i)’ w' 5
Wii), K, j, w’
— stdey(jy - —

2
07 py(i)
T O = 0P, < (1= iy, < w) (1 =22y, <) (W’ = 0w 4 1):
2
_ TG
9PK, jOPK,j | Oy Wii)K.j Wii), K, j
stdexxy(p), K, j, j' = — or Yk, 2o T stdexy(i), K, j' " —— 5
W), K, j. J’
- Stdet(i) . f‘”’
02m(i) K-1

Tk oK = 00 0. Do i, <u (1= po, <)
~(1 =2 (i), < u) (v — vy 4 1))§

for0<w,w' <Kand1<,,j <J. H@,B) has entries

Hy j(B.p) = —stdexx,y ;- R \(p)- stde - stdexjy - R™\(p) - stdex s,

, T — T -
HK, j,j(B.B) = — stdexxg ; - R™\(p)- stde - stdexk ;- R™1(s) - stdex;,
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where stdexx;, ; and stdexx;_; ; are the NV/x 1 vectors with respective entries

stdexxyjy 1, i1 = stdexy(i), w - X4(j), 12,

stdexxf(i)’ K, j,j= stdexy(j), K, j - x;(i)’j//Z,

foro<w<K,1<,<J, 1< <J,and (i) e T.H(B, p) has entries

T oR™!

H (B, p) = stdexy, - a 0 stde,

-1
Hg, j(ﬂ, p) = stdex%’j . %p(p) - stde,

forOsws< Kandl<j/<J

2.3. Censored Poisson Probabilities

The censored Poisson probabilities

Pii),u = P(31(i) = vu)

are modeled as follows

M
D o<u<k
u:

Pu(i), u = exp(= (i) -

K
Pu(i), K=1- Zu = oPr(i).u

logAy(j) = x}[) B,

using the natural log link function for modeling ), for #(i) € T. There are Jcoefficient
parameters for modeling the probabilities. Setting x;(;), ; = 1 for #(i) € T generates an
intercept parameter.

In the special case when v, are consecutive integers, that is, v,= ¢+ ufor an integer ¢= 0
and 0 < v< K; truncated Poisson probabilities [19] could be used instead with
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AC‘ 'I)' u
b
Pt(i),u = exp(—/lt(,')) . (H_(uﬁ 0<u<K,

where the normalizing constant S satisfies

K Ac—_{—u
_ 1(i)
S= z (c+u)!”
u=0

These are not considered any further.

: . N e apy(i .
The first partial derivatives 222 and 2104 gatisfy
aﬁj aﬁj
alt(l’

)
ap; Mg A

OPi(i),
6ﬁlj =iy, Py (4= Aip) 0 <u <K,

OPH(i), K _ _ Kil 9P(i), u

9bj o 9

for 1 <j< rand «(i) € T. The associated second partial derivatives satisfy

2
0 /1,«(,‘)
aF;op; = HJ X0, Ay

2
TN

) 2
505 = 0.0 .S P (0= 20) = a0 < u < K.

2 2
O PH(i), K _ ZK_ 107 Pu(i), u
aﬂj/aﬁj u=0 0ﬂj’6ﬂj’

fori1 <j,j/<randti)eT

The derivative vector H (B) has Jentries g (p) for 1 < j< Jsatisfying

_ N
gj(B) = stdex) - R™ () - stde Zi Wi, 2
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where

0Var(y,(i))
()ﬁj

M0 V)

aVary,~) K-1 oDi(i),
%:Zu=0((Uu—UK)-(UM+UK—2.W([.)), a(’;;u,

and stdex;is the A/x 1 vector with entries

(i
stdexy(j), j = Tﬁj/ﬂt(i) + stdey(iy - Wiy, j/2,

o) _ K-1 Op1(iy, u
ap; ~ Zu=0 (0 = vg) - ap;

forl<j<Jand (i) e T.

H (B) has entries

H; #(p) - stdexx ;- R™\(p) - stde — stdex| - R™1(p) - std ~/—ZN Wi, i 12
J, j'(B) = stdexx; ; p) - stde — stdex; p) - stdex; ELLTONN,

where

aZVar(y,(l-)) 6Var(yt(,~)) aVar(y,(,-))

N did U1V L ) N 9%
e @y Var(yy(7)) Var(yp)

2 2
J VaI(Yt(i)) -1 7} Pe(i),u
“gas = D=0 |(u o)t vk =2 o) 5

Omt(i) 6pz(i),u)
Wy k]

While stdexx; ; is the N/x 1 vector with entries

02;4;(1)
9B 0Bj  Om(iy Wi, ) Wi, j Wi, j.J'
Stdexxt(i),j,j/ = — o'l(i) + Bﬂj . 7 o'l(i) + stdext(,-)’jr . ) — stdet(i) . o) 5
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52;4,(,-) _ ZK— 1
(3ﬂj/(3ﬂj u=20

(vy—v ).azpt(i)’“
um K opy oy |

for1<j,j’<Jand ) e T. H(B, B) has entries

, 'T — — /
Hj’ j/(ﬁ, pH= — stdexxj, j R 1(p) - stde — stdex;r -R 1(p) . stdexj«

where stdexx; is the NV x 1 vector with entries

stdexxt'(,-),j’j/ = stdexy(j), j- Xl,(i),j//z

fori<j<J,1<j <J,andti) eT. H(B, p) has entries

-1
oR
H(B. p) = stdex}- 3 )

stde

forl<j<J

2.4. Likelihood-Like Cross-Validation

In k-fold cross-validation [20], observations are partitioned into 4 disjoint subsets called
folds. Parameter estimates computed using the data from the other folds are used to

predict fold observations. In 4-fold likelihood-like cross-validation (LCV), these deleted

fold predictions are scored using the associated likelihood-like function L. The times 1(i) € T
are randomly partitioned into A disjoint folds 7 (#) for 1 < < k. The same initial seed is used
for randomization with all models under consideration to generate compatible LCV scores.
Denote the deleted estimate of @using the data with times in the complement 7\ 7 (/) of the
fold 7(Has @(7T\ T(h). For 1 < f< k, denote the union of all folds T(f")for1 < f' < fas T
*(f. T*(0) is the empty fold satisfying L (7* (0)) = 1. The LCV score is

k
Lev= [J evyy
f=1

where LCVis the conditional likelihood-like term for the data in fold 7 (4 conditioned on
the data in the union 7* (#- 1) of the prior folds using the deleted estimate 8 (7\ 7 (/) of
the parameter vector 6. Formally,

L(TY (0T~ T(f)
LCV = L(T(H | THS = D 0T~ T(f)) = ( )

LT/ = D20~ T())

Larger LCV scores indicate better models.
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2.5. Adaptive ELMM

Knafl and Ding [12] formulate adaptive regression methods for searching through alternative
models for means and dispersions in a variety of contexts. These methods use adaptive
fractional polynomial models [21]. A short overview is provided here (for details, see
Chapter 20, [12]). Adaptive regression methods generalize to ELMM modeling of discrete
outcomes and are used in the example analyses of individual-patient pain ratings (Section
3). Model selection is a two-phase heuristic process. First, the model is expanded (or grown)
by adding power transforms of predictors for means and dispersions. Then, the model is
contracted (or pruned) to a parsimonious set of power transforms by removing transforms
from the current model one at a time and adjusting the powers of the remaining transforms.
LCV scores are used to evaluate and compare alternative models. Tolerance parameters
control the adaptive modeling process. These tolerance parameters indicate how much of a
reduction in the LCV score can be tolerated at given stages of the process. Predictors having
arbitrary values raised to arbitrary powers can generate floating point overflow problems. To
counter this problem, power transformed predictor values are upper bounded to be no larger
than 1012,

The adaptive modeling process can optionally generate geometric combinations, that is,
products of power transforms of multiple predictors generalizing standard interactions,

possibly with the geometric combinations also power transformed, for example, (x{’ . xé’/)p .

This provides for an assessment of nonlinear moderation, generalizing the standard linear
form of moderation [22].

A wide variety of example analyses are provided in [12] demonstrating the usefulness of
adaptive regression methods. However, adaptive modeling of discrete outcomes has not been
previously addressed.

A SAS® (SAS Institute, Inc., Cary, NC) macro has been developed for conducting adaptive
analyses. This macro as well as data and code used to generate the results of the example
analyses along with SAS output for those analyses are available from the first author.

2.6. On-Going Study of Cancer Pain

The data analyzed in the example analyses have been collected as part of an on-going

study of daily pain and opioid usage for cancer patients. This study is collecting a

variety of measures including intensive longitudinal individual-patient data using Ecological
Momentary Assessment (EMA) [23] as implemented in the mEMA app [24]. Each patient
is providing data on numbers of pain flares, that is, sudden increases in pain, and of

opioids taken on each day. Methods for analyzing such individual-patient longitudinal count
outcomes using Poisson regression modeling are addressed in Knafl and Meghani [14].
Each patient is also providing data on ratings of worst pain and least pain on a scale of

0 - 10 for each day (as also used in the Brief Pain Inventory [4]). Methods for analyzing
such individual-patient longitudinal pain rating data using discrete regression modeling

are addressed above. The pain ratings for Cancer Patient 1 plotted in Figure 1 are daily
worst pain ratings and are used in the analyses of Section 3. This on-going study received
Institutional Review Board approval. All participants provided written informed consent.
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3. Results of Example Analyses

Table 1 contains results for adaptive models for probabilities and dispersions of pain ratings
for Cancer Patient 1 over time (as plotted in Figure 1) computed using ELMM and the
spatial AR1 correlation structure. LCV scores are based on k=5 folds with fold sizes
ranging from 13 to 20 measurements. Multinomial and ordinal probabilities are based on a
single power transform of time while censored Poisson probabilities are based on two power
transforms of time. All three probability types have zero intercept terms, meaning that eight
intercepts are zero for the multinomial probabilities, the first intercept is zero for the ordinal
probabilities, and the one intercept is zero for the censored Poisson probabilities. All three
models have dispersions based on a single transform of time with zero intercept terms. The
multinomial model has nine parameters (eight slopes for the probability time transform and
one slope for the dispersion transform), the ordinal model also has nine parameters (seven
intercept parameters for the probabilities, one slope for the probability time transform, and
one slope for the dispersion transform), the censored Poisson model has three parameters
(one slope for each of two probability time transforms and one slope for the dispersion
transform).

The multinomial model has the best (largest) LCV score 0.23083 while the ordinal

model has the worst (smallest) LCV score 0.22635. The censored Poisson model has the
intermediate LCV score 0.22935, but it is not much smaller than the LCV score for the
multinomial model and is based on one-third the number of parameters. Furthermore,

the censored model requires only 5.2 minutes of clock time compared to 25.9 or about

5.0 times more for the ordinal model and 42.7 minutes or about 8.2 times more for the
multinomial model. Consequently, censored Poisson probabilities are preferable to the other
two approaches for modeling the pain ratings of Cancer Patient 1 because they generate a
competitive LCV score, are more parsimonious, and require less time to compute. For this
reason, only censored Poisson probabilities are considered in subsequent analyses of the
pain ratings of Cancer Patient 1.

3.1. Assessment of the Number of Folds

It is possible that a larger number k of folds is more appropriate to use in analyzing the pain
ratings of Cancer Patient 1. However, adaptive models for censored Poisson probabilities
and dispersions using 10 and 15 folds have smaller LCV scores 0.22706 and 0.22378,
respectively. Consequently, only k=5 folds are used to compute LCV scores in subsequent
analyses.

3.2. Independent versus Autoregressive Correlations

The adaptive model for censored Poisson probabilities and dispersions assuming
independent correlations has LCV score 0.22349, smaller than the LCV score for the
associated model of Table 1, indicating that the spatial AR1 correlation structure is the
more appropriate choice. Consequently, only spatial AR1 correlations are considered in
subsequent analyses of the pain ratings of Cancer Patient 1.
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3.3. Assessment of Constant Dispersions

The adaptive model for censored Poisson probabilities using spatial AR1 correlations and
assuming constant dispersions has LCV score 0.19309 smaller than the LCV score for the
associated model of Table 1. Thus, dispersions for the pain ratings of Cancer Patient 1 are
reasonably considered to be non-constant.

3.4. Assessing Linearity in Time

Using censored Poisson probabilities based on untransformed time, that is, linear in time,
with an intercept, the adaptive model in time for the dispersions using spatial AR1
correlations has LCV score 0.20959 smaller than the LCV score for the associated model of
Table 1. Thus, the censored Poisson probabilities for the pain ratings of Cancer Patient 1 are
reasonably treated as nonlinear in time.

3.5. Adaptive Model in Time

Results of the above analyses indicate that the censored Poisson model of Table 1 provides
an appropriate assessment of the dependence on time of the probabilities and dispersions of
the pain ratings of Cancer Patient 1. The probabilities for this model are based on time%-2
and time™~1 without an intercept while the dispersions are based on time’-8 without an
intercept. The estimated autocorrelation is 0.39 so that correlations decrease quickly with
increased days apart, for example, the correlation is less than 0.01 for outcomes 5 or more
days apart. Figure 2 contains the plot of estimated mean pain ratings over time, which
decrease from 7.8 at day 1 quickly to 4.6 by day 6 and then increase to 7.1 by day 97. Figure
3 contains the plot of estimated dispersions for pain ratings over time, which decrease from
1 over days 1 — 15 to 0.19 at day 35, and remain constant after that (due to upper bounding
the dispersion transform).

Estimated probabilities over time for pain ratings 1 — 5 are plotted in Figure 4 and for pain
ratings 6 — 9 in Figure 5. Estimated probabilities for pain ratings 1 — 5 increase quickly early
on and decrease after that. Estimated probabilities for pain ratings 6 — 9 decrease quickly
early on and increase after that with some small decreases late in time for pain ratings 6

— 7. Estimated probabilities are all smaller than 0.25 for pain ratings 1 — 8. The estimated
probability of the highest observed pain rating of 9 is 0.51 on day 1, decreases quickly

to 0.03 by day 6, and then increases to 0.33 by day 97. Estimated probabilities over time

for a high pain rating of 6 or more are plotted in Figure 6. The estimated probability of a
high pain rating of 6 or more starts at 0.89 on day 1, decreases to 0.30 by day 6, and then
increases to 0.78 by day 97.

3.6. Adaptive Additive Model in Time and the Number of Pain Flares

Numbers of pain flares for Cancer Patient 1 vary from 0—4 with none missing for the N/

= 86 time points. By default, the adaptive modeling process generates additive models in
multiple predictors. When applied to the pain ratings as a function of the number x of pain
flares as well as of time, the generated additive model has probabilities based on a zero
intercept, x°8, and time®-2 ; dispersions based on a zero intercept and timel-7 ; estimated
autocorrelation 0.37; and LCV score 0.28173. Since this LCV score is larger than the LCV
score 0.22935 for the model based on only time, the number of pain flares is reasonably
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considered to have an additive effect on the censored Poisson probabilities, but not on the
dispersions.

Estimated means under this additive model are plotted in Figure 7, which increase
nonlinearly over time at higher levels for higher numbers of pain flares. Figure 8 displays
the plot of estimated dispersions for the additive model, which decrease nonlinearly from 1
at day 1 to 0.02 by day 97. Plots for estimated probabilities are not provided because that
requires two plots similar to Figure 4 and Figure 5 for each of the five observed numbers of
pain flares.

3.7. Adaptive Moderation of the Effect to Time by the Number of Pain Flares

Optionally, the adaptive modeling process can generate moderation models allowing for
additive effects of multiple predictors together with geometric combinations based on those
predictors. When applied to the pain ratings as a function of the number x of pain flares as
well as of time, the generated moderation model has probabilities based on a zero intercept,
X217 time9-22 and the four geometric combinations (time* - x0-3)1:5 (x5 . timel-1)0-7 (L4
-time1-1)1-6 and (X8 - time®7)12 ; dispersions based on a zero intercept, time?, and the

one geometric combination (x 25 - time)®-3 : estimated autocorrelation 0.32; and the LCV
score is 0.29730. Since this LCV score is larger than the LCV score 0.28173 for the additive
model, the number of pain flares is reasonably considered to moderate the effect of time on
the censored Poisson probabilities as well as on the dispersions.

Estimated means under this moderation model are plotted in Figure 9. For 0 — 3 pain flares,
estimated means increase nonlinearly over time with some mild decreases late in time in
some cases and follow somewhat different patterns. On the other hand, estimated means

for 4 pain flares decrease nonlinearly over time. Figure 10 displays the plot of estimated
dispersions for the moderation model. Estimated dispersions decrease nonlinearly over time
following somewhat different patterns at increasingly higher levels for 1 — 4 pain flares, but
at the highest level at 0 pain flares. Plots for estimated probabilities are not provided because
that requires two plots similar to Figure 4 and Figure 5 for each the five observed numbers
of pain flares. However, Figure 11 provides the plot for estimated probabilities of a high pain
rating of 6 or more. Similar to the means of Figure 9, estimated probabilities for 0 — 3 pain
flares increase nonlinearly over time with some mild decreases late in time in some cases
and following somewhat different patterns while estimated probabilities for 4 pain flares
decrease nonlinearly over time from a high level at day 1 to essentially zero from around day
40 and later.

4. Summary

Formulations are provided for methods to use in regression modeling of individual-patient
longitudinal discrete outcomes allowing for nonlinearity in predictors for probabilities and
dispersions for such outcomes along with temporal correlation using spatial autoregression
order 1. Three approaches are considered for modeling probabilities of outcome values.
The multinomial approach is based on generalized logits with separate intercept and slope
parameters for modeling probabilities for outcome values. The ordinal approach is based
on cumulative logits with separate intercept parameters and the same slope parameter for
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modeling cumulative probabilities for outcome values. The censored Poisson approach is
based on the log link function with the same intercept and slope parameters for modeling
standard Poisson probabilities for all but the largest outcome value, whose value is set so
that the probabilities sum to one.

Extended linear mixed modeling is used to estimate model parameters for the three
probability types. A likelihood-like function L is defined using the multivariate normal
density evaluated using residuals and covariances for discrete outcomes. The function L is
maximized by solving estimating equations corresponding to setting the gradient vector
equal to zero. Formulations are provided for computing gradient vectors and Hessian
matrices for use in estimating models of each probability type. The function L is used

to compute likelihood-like cross-validation (LCV) scores for comparing alternative models.
These LCV scores are used to control an adaptive modeling process for heuristic search
through power transforms of available predictors of outcome probabilities and dispersions.

These methods are used in example adaptive analyses of the longitudinal individual-patient
cancer pain ratings of Figure 1. Table 1 contains results for generated models of these pain
ratings in time using each of the three probability types. The censored Poisson approach

is preferable over the other two approaches for modeling these data because the associated
model has a competitive LCV score, is more parsimonious based on fewer parameters (three
compared to nine for each of the other two approaches), and is computed in much less
time. This is likely to hold for modeling of other longitudinal discrete outcomes collected
for individual patients, not just discrete outcomes based on pain ratings, and even of
longitudinal discrete outcomes for multiple patients. The censored Poisson model for the
example data has estimated probabilities that are nonlinear in time (Figures 4-6) generating
associated means (Figure 2) and dispersions (Figure 3) that are also nonlinear in time.

Models are also generated assessing the additive effect of the number of pain flares on
means and dispersions (Figure 7 and Figure 8) as well as moderation of the effect of time by
the number of pain flares (Figures 9-11). There is an additive effect compared to the model
based on only time, but a more substantive moderation effect. These models demonstrate
the need to account for nonlinear additive and moderation effects for individual-patient
longitudinal discrete outcomes.

Future research is needed to assess the use of ELMM for modeling correlated discrete
outcomes for multiple patients in combination. Future research is also needed to compare
ELMM to generalized linear mixed modeling.
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Example pain ratings over time for Cancer Patient 1.
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Estimated means of pain ratings over time for Cancer Patient 1.
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Estimated dispersions of pain ratings over time for Cancer Patient 1.
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Estimated probabilities of pain ratings 1 — 5 over time for Cancer Patient 1.
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Estimated probabilities of pain ratings 6 — 9 over time for Cancer Patient 1.
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Estimated probabilities of a high pain rating of 6 or more over time for Cancer Patient 1.
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Estimated dispersions for pain ratings over time under the additive model for Cancer Patient
1.
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Estimated means of pain ratings over time moderated by the number of pain flares for
Cancer Patient 1.
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Figure 10.

Estimated dispersions for pain ratings over time moderated by the number of pain flares for

Cancer Patient 1.
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Figure 11.
Estimated probabilities of a high pain rating of 6 or more over time moderated by the

number of pain flares for Cancer Patient 1.
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Table 1.

Comparison of Probability Types for Analyzing Daily Pain Ratings of Cancer Patient 12

Model Transformsb

Number of Parameters

Clock Time (Minutes)

Probability Type 5-Fold LCV Score
Probabilities  Dispersions
multinomial time1-7999 time2:5009 0.23083
ordinal time?1-3089 time®>! 0.22635
censored Poisson  time%2, time™1 time’-8 0.22935

42.7
259
5.2

LCV—likelihood cross-validation.

a . . . . . . . .
Computed using adaptive extended linear mixed modeling and spatial autoregressive order 1 correlations.

b .
All models have zero intercept terms.
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