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This paper aims to investigate the nonlinear stability and dynamic characteristics of the grid-connected 
hydro-turbine governing system (GCHTGS) considering the parameter-varying model (PVM) of 
penstock and turbine nonlinearity. Considering the inertia of fluid flow and water head loss of the 
penstock, a novel PVM of penstock with higher precision and simpler form is proposed, where the 
parameter determination process is developed to simplify the transcendental function of PVM. The 
accuracy of PVM has been sufficiently validated by numerical simulation. BP neural networks (BPNN) 
are used to establish the nonlinear model of the hydro-turbine. The NN-based differentiation method 
(NND) is adopted to obtain the transfer coefficients of the linear hydro-turbine model under full 
operating conditions (FOC). The nonlinear state space equations of GCHTGS with PVM and variable 
transfer coefficients are established. First, the influence of different penstock models on stability is 
investigated, and the comparison results show that the proposed PVM has a more precise stability 
region. Then the influence laws of operation conditions on the stability of GCHTGS are revealed. 
Finally, based on sensitivity analysis, qualitative and quantitative analyses of the effect of parameters 
on stability and dynamic characteristics are performed. This work establishes a more precise nonlinear 
GCHTGS model and provides a better understanding of the influence of hydro-turbine nonlinearity on 
the stability and parameter sensitivity of GCHTGS.
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List of symbols
Tw	� Flow inertia time constant of penstock, s
Te	� Water elasticity coefficient
f	� Relative deviation of head loss of penstock
KP	� Proportional gain
KI	� Integral gain
KD	� Differential gain
Mt	� Kinetic moment, N · m
Qt	� Discharge in pump-turbine, m3/s
y	� Relative deviation of guide vane opening
xt	� Relative deviation of turbine unit speed
h	� Relative deviation of pump-turbine head
mt	� Relative deviation of kinetic moment
qt	� Relative deviation of discharge in pump-turbine
ex ey eh	� Moment transfer coefficients of turbine
eqy eqx eqh	� Discharge transfer coefficients of turbine
Ta	� Turbine unit inertia time constant, s
Ty	� Time constant of the primary servo-system, s
bp	� Permanent speed droop
mg	� Relative deviation of resisting moment
eg	� Load self-regulation coefficient
Ka	� Equivalent synchronization coefficient
ξ1ξ2	� Intermediate state variables
Da	� Equivalent damping coefficient load self-regulation coefficient
xs	� Relative deviation of grid frequency
Ts	� Equivalent permanent difference coefficient of power grid
B	� Power conversion factor
Ds	� Self-regulating coefficient of equivalent load of power grid
Tg	� Inertia time constant of power grid equivalent unit, s
Rg	� Equivalent permanent difference coefficient of power grid
w	� Angular frequency
σ	� Varying parameter
wT 	� First peak of the frequency response

The importance of the stability of hydropower station
A new round of global energy and technological revolution has evolved in depth, and the vigorous development 
of renewable energy (RE) has become a major strategic direction for the global energy transition and climate 
change1. To combat climate change and curb global warming, China has proposed the goals of “carbon peak” 
and “carbon neutrality”2. However, RE sources such as wind and solar have strong randomness, volatility, and 
uncertainty, and their large-scale grid connection will seriously threaten the safe and stable operation of the 
power grid (PG)3. In the PG, hydropower plays a crucial role in the PG’s power balancing and regulation, 
effectively reducing the effect of intermittent RE4–6. Therefore, the most fundamental and essential task is to 
guarantee that hydropower systems continue to function in a stable manner.

Related work
The hydro-turbine governing system (HTGS) is a complex system consisting of hydraulic, mechanical, and 
electrical components. It functions as the primary control system for hydropower stations7. Each component 
of HTGS affects the stability and dynamic performance of HTGS. The hydro-turbine is the core equipment 
of a hydropower station. It converts the kinetic energy of water flow into mechanical energy, which is then 
transformed into electrical energy through the generator8. The hydro-turbine significantly affects the hydropower 
station’s energy conversion efficiency and operational stability. The hydro-turbine is a highly nonlinear, time-
varying, and non-minimum phase system, with parameters that vary with operating conditions. Due to the 
strong nonlinearity of hydro-turbine, the turbine’s torque and discharge are described as nonlinear functions of 
water head, unit speed and guide vane opening (GVO), which significantly complicate the stability and dynamic 
characteristics of HTGS9. However, for small perturbations around a stable equilibrium operating point, the 
hydro-turbine can be approximated as linear, and a linearized model can be derived10. The linear model of the 
hydro-turbine with fixed transfer coefficients is widely used due to its simplicity11–16.

The design of long or super long water diversion penstock has obvious advantages in terms of efficient use 
of water resources, improved power generation efficiency, and economic benefits, and it has become a standard 
practice in the design of modern hydropower stations17. The penstock system is the core component of HTGS, 
and its accurate modeling is essential for stability analyses. For a long penstock, the transcendental function 
can be used to describe its dynamic characteristics accurately. Nevertheless, the transcendental function is 
impractical for theoretical analyses due to its complexity18. Therefore, the Taylor series is used to expand the 
transcendental model (TM), and lower-order approximation models are commonly employed for stability 
analyses. The approximation models can be classified into the rigid water hammer model (RWHM) and the 
elastic water hammer model (EWHM)19,20. The RWHM neglects the water elasticity and is suitable for short 
penstock. For a long penstock, the EWHM usually is used. However, although low-order approximation models 
are commonly used in theoretical analyses, their accuracy is not guaranteed21.
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The stability of HTGS is strongly influenced by hydro-turbine nonlinearity and water elasticity. However, 
current studies primarily focus on the HTGS’s stability using RWHM and linear hydro-turbine. Guo et al.22 
study the stability of water power-speed control system for hydropower station with air cushion surge chamber. 
The findings indicate that the hydro-turbine negatively affects the system. Nonetheless, Ref.22 adopts the linear 
hydro-turbine model. Guo et al.12,23–28 systematically studied the stability of the HTGS with different ceiling 
tailrace tunnel and surge chamber. However, these studies are limited to the linear hydro-turbine model and 
RWHM. Xu et al.29 study the stability of HTGS considering nonlinear turbine characteristics. The effect of 
turbine linearity on the stability and dynamic response of HTRS is investigated. However, the research is limited 
to a narrow range of full operating conditions (FOC), and the effect of operating conditions variations (GVO 
and water head) on the stability of HTGS has not been studied. And the elastic water hammer is not considered. 
Ling et al.30 conducted the Hopf bifurcation analysis of HTGS with elastic water hammer effect. The study 
indicates that the water hammer elasticity has an unfavorable effect on the system stability, especially for the long 
penstock. However, the reliability of such a model cannot be ensured.31. In Ref.32, a parameter-varying penstock 
model with higher precision and simpler form is proposed for the theoretical analyses. However, the head loss is 
ignored and a linear hydro-turbine model is considered.

Parameter sensitivity analysis comprises local sensitivity analysis and global sensitivity analysis, local 
sensitivity analysis can only reflect the impact of a single parameter change on the system output, while global 
sensitivity analysis can effectively reflect the impact of simultaneous changes in multiple parameters on the 
system output. For an asymmetric HTGS, Lai et al.33 reveal the effect of system parameters and water diversion 
layout on the stability of HTGS based on local sensitivity analysis method. Guo et al.34 employ local sensitivity 
analysis method to study the parameter sensitivity of variable-speed pumped storage power station.

In summary, a great deal of important work has been done to ensure the stability of HTGS. But there’s still a 
lot of space for advancement and improvement. Here are some of the research gaps:

(1) For stability analysis, the majority of the existing literature use a linearized hydro-turbine model on a 
specific operating condition under small disturbances. However, a hydro-turbine’s parameters and operating 
characteristics vary with operating conditions.
Most previous studies are limited to a specific operating condition of HTGS without considering other oper-
ating conditions. The influence of operating conditions on HTGS stability remains unexplored. Therefore, it 
is essential to develop a nonlinear hydro-turbine model under FOC.
(2) In the present study, the RWHM of the penstock system is widely applied in the stability and dynamic 
characteristics analysis of HTGS. The effects of water elasticity and head loss, which have a significant impact 
on the stability of HTGS, are neglected in most papers. Although the universal EWHM considers the elasticity 
of water flow, its modeling accuracy can’t be guaranteed. Hence, the traditional HTGS model used for dynam-
ic and stability analysis has limitations. Developing a more accurate HTGS model with a precise penstock 
model is essential for stability analysis.
(3) Although many research papers have adequately discussed the sensitivity of hydraulic, mechanical, and 
electrical parameters on the stability of HTGS, these studies only focus on the variation of a single parameter 
based on the local sensitivity analysis method, ignoring the interaction between parameters. Moreover, pa-
rameter sensitivity is often analyzed qualitatively, without precise quantitative metrics.

This paper aims to establish a refined model of grid-connected HTGS (GCHTGS) considering hydro-turbine 
nonlinearity and an accuracy penstock model and to study the stability of the system under FOC. Further, 
both local and global sensitivity analysis methods are used to study the parameter sensitivity of GCHTGS. The 
following are the contributions and novelty of this paper:

	(1)	 Considering the hydro-turbine nonlinearity, the BPNN35 is used to describe the complex nonlinearity of a 
hydro-turbine. Then the NND is adopted to obtain the piecewise linearized model under FOC. Hence, the 
impact of operational conditions on the stability and dynamic characteristics of GCHTGS can be elucidat-
ed.

	(2)	 This paper proposes a more precise and simpler PVM for stability analyses that takes head loss and water 
elasticity into account. The experimental results show that the proposed penstock model has higher preci-
sion based on numerical simulation and stability analysis. Therefore, a refined model of GCHTGS can be 
established based on the piecewise linearized hydro-turbine model and the proposed penstock model. More 
accurate stability and dynamic characteristics can be obtained.

	(3)	 Both local and global sensitivity analysis methods are adopted simultaneously to conduct the parameter 
sensitivity analysis of GCHTGS. The sensitivity of a single parameter and the coupling effect between pa-
rameters are accurately quantified and analyzed, which can be applied to direct the GCHTGS’s construction 
and functionality.

Research aims
The research mainly focuses on the following key questions:

	(1)	 How to consider the nonlinearity of the hydro-turbine and study the stability of GCHTGS under FOC?
	(2)	 Which penstock model is best suited for examining the stability of GCHTGS from the perspective of model 

accuracy and complexity?
	(3)	 How to quantify the sensitivity of a single parameter and the coupling effect between parameters on the 

GCHTGS, and guide the high-quality operation of the system.
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This paper is organized as follows: The mathematical model of the GCHTGS system considering hydro-turbine 
nonlinearity and a parameter-varying penstock model, is established in Section "Mathematical of GCHTGS". 
The stability analysis method based on the Hopf bifurcation theory (HBT) is introduced in Section "Stability 
analysis of GCHTGS", the stability region of the system is determined and verified by numerical simulation. 
In addition, the influence mechanisms of different penstock models and operation conditions (GVO and water 
head) on the stability of the system are revealed. In Section "Sensitivity analysis", sensitivity analysis of GCHTGS 
is conducted. In Section "Conclusions and future research directions" conclusions are given.

Mathematical of GCHTGS
In this study, the GCHTGS mainly consists of an upstream reservoir, penstock, governor, hydro-turbine, 
generator, downstream reservoir and PG, as shown in Fig. 1. The basic mathematical equations of all subsystems 
of the GCHTGS coupling system are presented below.

Previous penstock models
Penstock is one of the important components of GCHTGS. The opening or closing of the guide vanes in the 
pressure penstock will result in an abrupt change in flow. Due to the inertia and compressibility of the water 
body, the water head in the penstock will change violently and periodically.

Taking into account the water elasticity and head loss, the transcendental function of the long penstock is as 
follows

	
GP 0(s) = −Tw

Te
tanh (Tes + f)� (1)

From Eq. (1), it can be seen that the mathematical model of the penstock system is a hyperbolic tangent function, 
which is not suitable for theoretical stability analysis. Therefore, Eq. (1) is expanded using the Taylor series:

	
tanh(x) = sh(x)

ch(x) =
x + 1

3! x
3 + · · · · ··

1 + 1
2! x

2 + 1
4! x

4 + · · · · ··
� (2)

Different order transfer function models can be obtained. The first-order RWHM is widely used when the length 
of penstock is short:

	
GP 1(s) = −Tws − Tw

Te
f � (3)

When the GCHTGS has a long penstock, a more accurate model is needed to describe the water hammer process. 
Therefore, the second-order EWHM and fourth-order EWHM are considered as:

	
GP 2(s) = −Tw

Te

f + Tes

1 + fTes + 1
2 T 2

e s2 � (4)

Fig. 1.  Schematic diagram of GCHTGS.
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GP 3(s) = −Tw

Te

f + Tes + 1
2 fT 2

e s2 + 1
6 T 3

e s3

1 + fTes + 1
2 T 2

e s2 + 1
6 fT 3

e s3 + 1
24 T 4

e s4 � (5)

Parameter-varying penstock model
It can be observed that the model accuracy improves with the increase in order, but too high an order will not 
only increase the calculation complexity, but also cause oscillation distortion in the time-domain response36. Liu 
et al.36 proposed a reduced-order EWHM shown in Eq. (1).

	




GP 4(s) = −Tw

Te

( 2fT 2
e

π2 s2 + Tes + f)w2
n

s2 + 2ξwns + w2
n

ξ= ef − e−f

2(ef + e−f )

√
f2 + π2

4

wn = π

2Te

� (6)

Compared with the second-order EWHM, it correctly expresses the frequency domain resonance peak and 
increases the effective approximation region from 1 rad/s to 2 rad/s. At the same time, it avoids the problem of 
time-domain oscillation distortion caused by fourth-order EWHM, thus more reasonably describing the water 
hammer process in pressure pipe. By comparing the frequency-domain characteristics of Eq. (1) and Eq. (6), it 
can be found that the reduced-order EWHM has a higher accuracy when the water elasticity coefficient Te is 
small. However, a large error is unavoidable when the Te is large, as shown in Fig. 2. The error between Eq. (1) 
and Eq. (6) increases with the increase of Te.

Therefore, we propose a PVM as follows:

	
GP 5(s) = −Tw

Te

( 2fT 2
e

π2 s2 + Tes + f)w2
n

σs2 + 2ξwns + w2
n

� (7)

In Ref.36, the parameter σ was set as a constant, which is determined by equating the frequency of the poles of 
the simplified and original models wT (wT = π/2Te). Therefore, the model Eq. (6) has higher accuracy at wT , 
but the maximum response frequency ws is usually less than ωT  when the frequency regulations of GCHTGS are 
under normal operating conditions32. Therefore, the parameter σ determination method needs to be proposed.

The amplitude and frequency characteristics of the transfer functions Eq. (1) and Eq. (7) can be obtained by 
inserting s = jw:

	
GP 0(jw) = −Tw

Te

1 − e−2f e−j2Tew

1 + e−2f e−j2Tew
= −Tw

Te

1 − e−2f cos(2Tew) + je−2f sin(2Tew)
1 + e−2f cos(2Tew) − je−2f sin(2Tew)

� (8)

	
GP 5(jw) = −Tw

Te

(− 2fT 2
e

π2 w2 + jTew + f)w2
n

−σw2 + j2ξwnw + w2
n

� (9)

To obtain a suitable σ, an error function between Eq. (8) and Eq. (9) is defined as follows:

Fig. 2.  Frequency-domain characteristics with different values of Te.
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E =

N∑
k=1

(|GP 0(jwk)| − |GP 5(jwk)|)2� (10)

where wk  is an angular frequency range [0, ws]. The σ can be obtained by minimizing the objective function 
based on the Grey Wolf Optimizer (GWO) algorithm37, the calculation steps are shown in Fig. 3.

Choosing Tw = 2, Te = 1 and f = 0.05, under different values of ws, the values of the parameter σ are calculated 
and shown in Table 1. The errors between Eq. (6) and Eq. (1), Eq. (7) and Eq. (1) are shown in Table 2. From 
Table 1, we can find that the parameter σ varies with ws, so Eq. (7) is called a parameter-varying model (PVM), 
where different hydropower stations have different values of σ . From Table 1, with the increases of ws, the error 

ws/wT 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

σ 0.7551 0.8122 0.8257 0.8359 0.8471 0.8609 0.8785 0.9013 0.9328

Table 1.  Varying parameters of the model.

 

Fig. 3.  Flow chart of the the calculation steps of σ.
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increases. Compared with the reduced-order EWHM, the proposed PVM has smaller errors under different ws. 
Therefore, the proposed PVM has higher accuracy.

Choosing ws/wT = 0.8, the frequency-domain characteristics of the TM defined by Eq.  (1), the first-order 
RWHM, the second-order EWHM, the reduced-order EWHM, the fourth-order EWHM and the PVM is 
shown in Fig. 4. From Fig. 4, it is clearly demonstrated that the frequency characteristic curves of TM, fourth-
order EWHM and the proposed PVM are almost coincident. The results indicate that the fourth-order EWHM 
and PVM have coincident model accuracy. The model accuracy of first-order RWHM, second-order EWHM, 
reduced-order EWHM and fourth-order EWHM increases gradually. Compared with fourth-order EWHM, the 
PVM has a lower model order while ensuring sufficient accuracy. Consequently, the proposed PVM outperforms 
the conventional penstock model.

Governor
The classical PI controller is adopted for GCHTGS in this paper, which is defined as follows:

	
GP I(s) = KP + KI

s
� (11)

Hydro-turbine
NN model of hydro-turbine
An accurate analytical mathematical model of the hydro-turbine has not yet been obtained due to its complex 
characteristics. Its dynamic characteristics are typically expressed as38:

	

{
Mt = Mt(y, xt, H)
Qt = Qt(y, xt, H)

� (12)

The nonlinear hydro-turbine model given in Eq. (12) can be linearized using Taylor series expansion for small 
disturbances near a steady-state operating point. Equation (12) can be rewritten as39:

	

{
mt = eyy + exxt + ehh

qt = eqyy + eqxxt + eqhh
� (13)

where eh = ∂mt/∂h, ex = ∂mt/∂xt, ey = ∂mt/∂y, eqh = ∂qt/∂h, eqx = ∂qt/∂xt, eqy = ∂qt/∂y the 
transfer coefficients of torque and discharge, respectively;

Fig. 4.  Frequency-domain characteristics under different penstock models.

 

Eq\ws/wT 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Equation (6) 0.0576 0.489 2.2642 7.0311 17.2382 36.2739 68.5904 119.4283 190.2848

Equation (7) 0.0083 0.0061 0.0066 0.0144 0.0561 0.2477 1.0545 4.4142 20.095

Table 2.  Overall errors of Eq. (6) and Eq. (7) compared with Eq. (1).
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The six-coefficient model of the hydro-turbine represents a linearized model under specific operating 
conditions (determined by water head and GVO). Experimental results based on the linear model are inaccurate 
and cannot be generalized to other operating conditions. Therefore, the six coefficients under different operating 
conditions must be determined to analyze stability under FOC. A specific actual measured data of the hydro-
turbine is shown in Fig. 5. However, the measured data of the hydro-turbine is incomplete, particularly for small 
openings and low head conditions.

NN possess powerful nonlinear modeling capability and adaptability. They can learn and capture complex 
patterns and correlations in data, demonstrating excellent generalization ability for prediction tasks involving 
unknown scenarios and new samples. Consequently, they have been widely used in various fields. In this paper, 
considering the strong nonlinearity and the missing data of the hydro-turbine, the BPNN is used to fit the torque 
and discharge data. The BPNN training process and hydro-turbine BPNN models are illustrated in Fig. 6 and 
Fig. 7, respectively. Figure 7 shows that the GVO lines are effectively extended and refined.

Transfer coefficients calculation of hydro-turbine
A novel approach based on the NND is proposed by Liu et al.40 to determine the six transfer coefficients of 
hydro-turbines. The steps of the method are as follows.

(1) Discharge and torque can be obtained based on the BPNN models:

	

{
Q = fQ (n11, Y ) D2√

H

Mt = fM (n11, Y ) D3H
� (14)

(2) The Eq. (14) can be rewritten as follows:

Fig. 6.  The training process of BPNN.

 

Fig. 5.  Test data of hydro-turbine.
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{
Q = fq2 (wq2 · fq1 (wq1I + bq1) + bq2) D2√

Hn

Mt = fm2 (wm2 · fm1 (wm1I + bm1) + bm2) D3Hn
� (15)

where, wq1(wm1) and wq2(wm2) represent the weights of the hidden layer and the output layer of the neural 
network, respectively. fq1(fm1) and fq2(fm2) denote the activation functions used in the hidden layer and the 
output layer of the neural network, respectively. bq1(bm1) and bq2(bm2) represent the thresholds of the hidden 
layer and the output layer of the neural network, respectively; I = (n11, Y ) is the input of the neural network.

(3) Taking the partial derivatives of the previous functional relationship, we obtain the general expression for 
the transfer coefficients.

	




eqy = Ym

Qr

∂Q

∂Y
= Ym

Qr
D2√

Hf ′
q2wq2f ′

q1wq1
∂I

∂Y

eqh = Hr

Qr

∂Q

∂H
= Hr

Qr

(
D2

2
√

H
fQ + D2√

Hf ′
q2wq2f ′

q1wq1
∂I

∂H

)

eqx = Xr

Qr

∂Q

∂X
= Xr

Qr
D2√

Hf ′
q2wq2f ′

q1wq1
∂I

∂X

ey = Ym

Mr

∂Mt

∂Y
= Ym

Mr
D3Hf ′

m2wm2f ′
m1wm1

∂I

∂Y

eh = Hr

Mr

∂Mt

∂H
= Hr

Mr

(
D3fM + D3Hf ′

m2wm2f ′
m1wm1

∂I

∂H

)

ex = Xr

Mr

∂Mt

∂X
= Xr

Mr
D3Hf ′

m2wm2f ′
m1wm1

∂I

∂X

� (16)

Generator and Load
For the GCHTGS, the second-order synchronous generator model is adopted, and its differential equations are 
shown41:

	




Ta
dxt

dt
= mt − (egxt + Kaξ1 + Da (xt − xs) + mg)

dξ1

dt
= xt − xs

� (17)

Power grid
To analyze the stability of the GCHTGS system, it is necessary to establish a simple PG mathematical model 
that can reflect the load and frequency characteristics. In this paper, the PG is modeled an equivalent generator 
and its linear model can be obtained. The detailed structure of the simplified PG is shown in Fig. 8. If the load 
disturbance of the PG is ignored, i.e., ∆pg = 0, the basic equation of the power grid is:

Fig. 7.  BPNN models of Hydro-turbine.
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



dxs

dt
= 1

Ts

(
Bpt − Dsxs − 1

TgRg
ξ2

)

dξ2

dt
= xs − 1

Tg
ξ2

� (18)

By combining Eq.  (7), Eq.  (11), Eq.  (13), and Eq.  (17)-(18), the state equation of GCHTGS considering the 
proposed PVM can be obtained as Eq. (19). It should be noted that r1 and r2 are the intermediate state variables. 
Similarly, the state equations of GCHTGS with first-order RWHM, second-order EWHM and fourth-order 
EWHM are reported as Eq. (20)-(22).
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Fig. 8.  Block diagram of the equivalent PG.
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ẋs = 1
Ts

[
DaBxt − (Ds + DaB) xs + KaBξ1 − 1

RgTg
ξ2

]

ξ̇1 = xt − xs

ξ̇2 = xs − 1
Tg

ξ2
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ẋt = 1
Ta

[eyy + (ex − eg − Da)xt + ehh − Kaξ1 + Daxs − mg]
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Verification of model
After being connected to the grid, hydroelectric units can employ wicket gate regulation mode, power regulation 
mode, or frequency regulation mode. The use of frequency regulation mode by hydroelectric units under grid-
connected conditions can not only effectively address grid frequency fluctuations and ensure the safe and stable 
operation of the power system, but also play a key regulatory role in the context of large-scale integration of 
new energy sources. Therefore, frequency regulation mode is also an important regulation mode for units after 
grid connection. This paper merely takes frequency regulation mode as an example to study the impact of 
different pipeline models and operating conditions on the stability of the units. In future research, we will further 
investigate the stability under other regulation modes, such as power regulation mode.

To verify the correctness and effectiveness of the proposed model defined by Eq. (19), the dynamic response 
process (DRP) of the models defined by Eq. (19)-(22) are compared with those of the GCHTGS considering the 
transcendental model of the penstock system. For the GCHTGS system, the load disturbance is chosen as the 
external disturbance. The values of parameters and the simulation block diagram of the GCHTGS system are 
shown in Table 3 and Fig. 9.

HTGS PG

Parameters Values Parameters Values Parameters Values

H0 45.45 eqh 0.5 B 0.1

Q0 97.7 eqx 0 Ds 0.4

Tw 2 eqy 1 Ts 40

Ty 0 eg 0 Rg 0.2

Kd 0 Ta 10 Tg 40

eh 1.5 Ka 2

ex -1 Da 0.073

ey 1 bp 0

Table 3.  Values of parameters of the GCHTGS system.
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The results of DRP of the GCHTGS system considering different penstock models are shown in Fig. 10(a). 
And the error of different penstock models compared with TM is shown in Fig. 10(b). From Fig. 10, the DRP of 
the rotational speed of GCHTGS system considering the fourth-order EWHM, PVM and TM models are almost 
coincident. The results show that the PVM and fourth-order EWHM have greater accuracy. The DRP of second-
order EWHM and the reduced-order EWHM have small deviation from TM, especially in the peaks and troughs 
regions. However, the DRP of first-order RWHM has a large deviation from TM. It is clearly shown that the DRP 
of first-order RWHM has a different oscillation period compared to the second-order EWHM, reduced-order 
EWHM, fourth-order EWHM, PVM and TM. The correctness and effectiveness of the proposed PVM for the 
GCHTGS system are verified.

Fig. 10.  Comparison of different penstock models, (a) Time response, (b) Error.

 

Fig. 9.  Block diagram of the GCHTGS.
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Stability analysis of GCHTGS
Hopf bifurcation theory
The stability of the GCHTGS is investigated in this paper based on the HBT. The GCHTGS system defined by 
Eq. (19) can be expressed by state equations ẋ = f(x, µ), where x is the state vector and µ is the bifurcation 
parameter. The equilibrium point xE  of the state equations can be obtained by setting ẋ = 0. The Jacobian 
matrix of the system at the equilibrium point xE  can be obtained as J(µ) = Dfx(xE , µ), whose characteristic 
equation det(J(µ) − λI) = 0 is:

	 a0(µ)λn + a1(µ)λn−1 + . . . + an−2(µ)λ2 + an−1(µ)λ + an(µ) = 0� (23)

where ai(µ)(i = 1, 2, ..., n) are the coefficients of the characteristic equation and λ are eigenvalues.
The system exists Hopf bifurcation if the following conditions are met27:
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Influence of different penstock models on stability
Stability region analysis
The bifurcation line, which consists of all bifurcation points (Kp, Ki) on the Kp-Ki parameter plane, is used to 
describe the stability of the GCHTGS. The parameter plane, obtained by solving Eq. (24), is divided into three 
regions: a stability region, a critical stability region, and an unstable region. The stability region is determined 
using the transversal coefficient σ′(µc) and bifurcation line. Figure 11 shows the procedure for calculating the 
stability region.

The parameters of the GCHTGS are shown in Table 1, where the load disturbance condition is considered. 
The bifurcation line can be obtained based on the above procedures, as shown in Fig. 12.

Firstly, the stability of the GCHTGS system considering the PVM is analyzed. From Fig. 12 (a), the bifurcation 
line of the PVM initially increases gradually and then decreases rapidly as KP increases. Based on Fig. 12(b) and 
the HBT in Section "Hopf bifurcation theory", the GCHTGS’ Hopf bifurcation is determined to be supercritical. 
Consequently, the stability region is located at the lower side of the bifurcation line, while the unstable region is 
located on the other side.

Then the stability of the GCHTGS system considering different penstock models is investigated. Different 
penstock models exhibit different stability regions, among which the GCHTGS system with first-order RWHM 
has the largest stability region and the GCHTGS system with second-order EWHM has the smallest stability 
region. The stability region of the GCHTGS system with PVM closely matches that of the fourth-order EWHM. 
The results show that the stability region of the GCHTGS system with RWHM is significantly larger than that 
with EWHM. For lower-order EWHM, the stability region of the GCHTGS system is smaller than for higher-
order EWHM. Compared to the stability region of fourth-order EWHM and PVM, we can conclude that the 
proposed PVM has the same stability as the fourth-order EWHM. Additionally, the calculation time of stability 
calculation with different penstock models under a certain operation condition are recorded as 23.91 s, 30.89 s, 
55.74 s and 31.84 s.

To further verify the model accuracy of the proposed PVM, the stability regions of the PVM and the fourth-
order EWHM with different Te are shown in Fig. 13. The PVM and the fourth-order EWHM exhibit consistent 
stability regions under different Te. Therefore, the proposed PVM achieves high accuracy while maintaining low 
computational complexity. The comparison of different models is listed in Table 4

From the experiments above, some important conclusions can be made:

	(1)	 The original transcendental model of penstock is nonlinear, which is not suitable for stability analysis. 
Therefore, some approximation models, such as first-order RWHM, second-order EWHM and fourth-or-
der EWHM are used for theoretical stability analysis.

	(2)	 Among these models, the fourth-order EWHM has the highest model accuracy, as demonstrated by nu-
merical simulation in Sections "Parameter-varying penstock model" and "Verification of model" due to its 
highest model order. However, it leads to higher computational complexity.

	(3)	 The accuracy of traditional first-order RWHM and second-order EWHM can’t be guaranteed , and their 
corresponding stability analyses are less accurate compared with the fourth-order EWHM.

	(4)	 The proposed PVM has higher accuracy than the traditional first-order RWHM and second-order EWHM. 
It achieves the same stability as the fourth-order EWHM while maintaining lower computational complex-
ity.

	(5)	 The proposed PVM is the most suitable model for stability analysis of GCHTGS due to its higher accuracy 
and simpler form, which results in low computational complexity.
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Eigenvalue analysis
In this part, the conventional eigenvalue analysis is conducted to explore the influence of penstock models on 
the stability of GCHTGS. According to classical control theory, a control system is stable if and only if all its 
eigenvalues have negative real parts.

When Ki = 0.45, multiple characteristic roots of the characteristic equation (i.e. Equation (23)) are calculated. 
The trajectories of the eigenvalues as KP increases are shown in Fig.  14. From Fig.  14(a), the eigenvalues of 
GCHTGS with different penstock models consist of two complex conjugate pairs and several real eigenvalues. 

Fig. 12.  Stability region and transversal coefficient σ′(µc) of the GCHTGS.

 

Fig. 11.  The process of calculating the stability region.
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Only one pair of conjugate eigenvalues λ1,2 has a negative real part as the variation of KP, called the dominant 
eigenvalue. Therefore, the change law of the real part of the dominant eigenvalue with the parameters of KP is 
shown in Fig. 14(b). For constant KI, the real part of the dominant pole first decreases and then increases with KP, 
causing the system to transition from stable to unstable and back to stable. When the real parts of the complex 
conjugate eigenvalues are zeros, the system reaches a critical steady state. Figure 14(f) compares the variation 
of the dominant eigenvalue’s real part for GCHTGS with different penstock models. From Fig. 14(f), we can see 
that the stable range of the GCHTGS system considering different penstock models is 0.1789 < Kp < 3.1582
, 0.2259 < Kp < 1.8563, 0.0872 < Kp < 2.2143 and 0..0945 < Kp < 2.2116. The first-order penstock 
model yields the largest stable range, the second-order model the smallest, and the fourth-order model and 
PVM exhibit similar stable ranges, consistent with previous stability analysis.

Numerical simulation and verification of stability
To verify the correctness of the above analysis results and investigate the dynamic characteristics of the GCHTGS 
system under different controller parameter values, seven state points S1, S2, S3, S4, S5, S6 and S7 are chosen in 
Fig. 7(a) as the representatives for numerical simulation.

The Runge–Kutta method embedded in MATLAB is used for numerical simulation, and the DRP and the 
corresponding phase space trajectories are shown in Fig. 15.

From Fig. 15, we can observe the following:

	(1)	 The numerical simulation results agree with the HBT analysis. The DRP and phase space trajectories of 
state variables in the stability region exhibit damped oscillations and eventually converge to the equilibrium 
point. In the critical region, the DRP gradually transitions into a state of sustained oscillation with a consist-
ent amplitude after multiple oscillation cycles, and the phase space trajectory converges to the limit cycle. 
In the unstable region, the DRP exhibits divergent oscillations, and the phase space trajectory gradually 
diverges.

	(2)	 For S1, compared with other models, the divergence speed of DRP of GCHTGS with the second-order 
EWHM is faster. The divergence speed of the GCHTGS system considering the fourth-order EWHM and 
PVM is almost coincident. For S7, the divergence speed of DRP of GCHTGS with the first-order RWHM is 
the fastest, while that with the second-order EWHM is the slowest.

	(3)	 The DRP’s divergence speed increases with distance from the bifurcation line for state points in the unstable 
region. On the other hand, the dynamic response’s convergence speed increases with distance from the 

Model Equations Characteristics

The Transcendental model GP 0(s) = − Tw
Te

tanh (Tes + f) Advantages: High accuracy
Disadvantages: It is not suitable for system stability analysis

The first-order EWHM GP 1(s) = −Tws − Tw
Te

f
Advantages: Simple calculation and reasonable accuracy42

Disadvantages: Modeling inaccuracy when penstock length is above 200 m43

The second-order EWHM GP 2(s) = − Tw
Te

f+Tes

1+fTes+ 1
2 T 2

e s2
Advantages: Second oscillation oscillation modes are captured
Disadvantages: Modeling inaccuracy44

The fourth-order EWHM GP 3(s) = − Tw
Te

f+Tes+ 1
2 fT 2

e s2+ 1
6 T 3

e s3

1+fTes+ 1
2 T 2

e s2+ 1
6 fT 3

e s3+ 1
24 T 4

e s4
Advantages: Higher oscillation modes are captured
Disadvantages: Complex calculations45

The proposed model GP 5(s) = − Tw
Te

(
2fT 2

e
π2 s2+Tes+f)w2

n

σs2+2ξwns+w2
n

Advantages: Higher precision and simpler form

Table 4.  Comparison of different penstock models.

 

Fig. 13.  The stability regions under fourth-order and PVMs with different values of Te.
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bifurcation line for state points inside the stability region. Consequently, the stability in the stability region 
will increase with distance from the bifurcation line, while the stability in the unstable region will decrease.

Stability analysis of GCHTGS under FOC
This section investigates the influence mechanism of the hydro-turbine operating conditions on the stability. 
The operating conditions of the hydro-turbine mainly depend on the GVO and water head. For a specific hydro-
turbine, based on the operational data of the hydropower station, the water head ranges from 155 to 215 m, 

Fig. 14.  Changing tracks of the eigenvalue with the bifurcation parameter Kp in Hopf bifurcation.

 

Scientific Reports |        (2025) 15:14532 16| https://doi.org/10.1038/s41598-025-98226-2

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


and the GVO varies from 30 to 100%. To facilitate research, it is recommended to select a new operating point 
for every 10 m change in water head and every 10% interval in GVO. Under different operating conditions, the 
hydro-turbine has six different transfer coefficients. A total of 64 sets of these six parameters correspond to 64 
operating conditions, as shown in Fig. 16.

The Kp-Ki stability region (Kd = 0) of the GCHTGS under FOC is calculated using HBT, and the corresponding 
stability region area is shown in Table 5 and Fig. 17. Based on different colors, the operating conditions can be 
categorized into four distinct regions. The operating conditions in the first column of the table belong to the first 
region, characterized by the deepest color. The area of the stability region exceeds 9, which is more than twice 
that of other operating conditions, indicating the strongest system stability. The second column of the table 
represents the second region, where the stability region area ranges from 4.2 to 6.9. The intensity of color (i.e., 
stability) lies between the adjacent columns. The blue segments in columns 4 to 7 of the table represent the third 
region, with relatively smaller stability region areas, all below 2, indicating comparatively weaker system stability 
in this region. The remaining operating conditions in the table represent the fourth region, with stability region 
areas ranging from 2 to 3.3.

To further investigate the relationship between system stability, GVO and water head, the variation of the 
stability region area with water head under different GVOs is illustrated in Fig. 18 (a). The bar chart in Fig. 18 
(b) illustrates the stability region area of the system at different water heads when the GVO is 60%. As shown 
in Table 4 and Fig. 18, under different GVOs, the stability region area gradually decreases with increasing water 
head, approximating a linear relationship. Among the same GVOs, the condition with a water head of 155 m 
has the largest stability region. The variation of the stability region area with GVO under different water heads 
is depicted in Fig. 19 (a). The bar chart in Fig. 19 (b) represents the stability region area of the system at a water 
head of 185 m with different GVOs. In contrast to the previous scenario, as the GVO increases, the stability 
region area initially decreases sharply and then slowly increases. The minimum value for the stability region area 
occurs around a GVO of 60%-70%. At a given water head, the GVO of 30% corresponds to the largest stability 
region area.

Figure 14.  (continued)
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The trajectory of the centroid movement of the stability region under FOC is illustrated in Fig. 20. From 
Fig. 20(a), it can be observed that at different water heads, as the GVO increases, the centroid first approaches the 
origin and then gradually moves away, indicating a trend of deteriorating and then improving system stability. 
Additionally, it can be seen from Fig. 20(b) that with an increase in water head, the centroid moves towards the 
origin, leading to a gradual decrease in system stability. Based on the above analysis, it is discovered that the 
interaction between GVO and water head results in changes in the stability region.

Fig. 15.  DRP of characteristic variables xt, y and h under seven state points and corresponding phase space 
trajectory of state variables.
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Sensitivity analysis
This section examines the impact of system parameters on stability and DRP using both local and global parameter 
sensitivity analyses. These analyses are employed to quantify the impact of individual input parameters and the 
interactions between input variables.

Figure 15.  (continued)
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Local sensitivity analysis
This section examines the mechanism by which single parameter variations affects the stability of the system 
and its DRP. For the important system parameters of GCHTGS, namely, Ta, Tw, B, Tg, DS, Rg and TS, these are 
the influence parameters. The load disturbance experiment is carried out while the GCHTGS is under rated 
operating conditions (H = 195  m, Y = 80%). Different values within a reasonable range are adopted for each 
influencing parameter. Then, the corresponding stability region of the GCHTGS is determined based on the 
HBT in Section "Stability analysis of GCHTGS". A particular state point within the stability region is selected 
to calculate the DRP, as shown in Figs. 21, 22, 23, 24, 25, 26, 27, where a state point (1.0, 0.1) is chosen for 
simulation. From Figs. 21, 22, 23, 24, 25, 26, 27, the following conclusions can be drawn:

	(1)	 Both Ta and Tw have a significant impact on the stability and DRP of the system, where Tw has a greater 
degree of influence. However, the influence laws of Ta and Tw are opposite. As Ta gradually increases, the 
stability region of the system also increases, while the oscillation amplitude of the DRP of xt gradually de-
creases and the oscillation period gradually increases. In contrast, as Tw gradually increases, the stability 
region of the system significantly decreases, the oscillation amplitude of the DRP of xt gradually increases, 
and the oscillation period remains unchanged.

	(2)	 B has a slight influence on the stability of the system. As B gradually increases, the Kp coordinate axis con-
tracts to the left, the KI coordinate axis expands upward, and the stable range of the system slightly increas-
es. As shown in Fig. 26(b), B has a significant impact on the DRP of the system. As B gradually increases, 
the oscillation amplitude of the DRP of xt gradually increases.

	(3)	 Tg, DS, Rg and TS have no impact on the stability of the system, but they have a significant influence on 
the DRP of the system. As Tg, DS, Rg and TS gradually increase, the stability region of the system remains 
unchanged. As Tg and Rg gradually increase, the oscillation amplitude of the DRP of xt gradually increases. 
Conversely, as DS and TS gradually increase, the oscillation amplitude of the DRP of xt gradually decreases.

Global sensitivity analysis
Based on the local sensitivity analysis method, a qualitative analysis of the influence of individual parameter 
changes on system stability and DRP has been conducted. To further quantitatively analyze the influence of 
parameter changes on system stability and DRP and explore the coupling effects among parameters, the Sobol 
index method (SIM) is adopted for global sensitivity analysis of system parameters 46. The main effect index 
S1, total effect index ST, and interaction effect index Sinter for the parameters can be obtained based on the SIM.

The S1 denotes the influence of an independent parameter on the system output. A higher value indicates a 
stronger impact of that parameter on the output. The ST considers the main effects of the parameters themselves 
and the interaction effects with other parameters. The Sinter for a certain parameter represents the degree to which 
it affects the model’s output when interacting with other parameters. Specifically, the second-order interaction 
effect index S2 represents the coupling impact of two input variables on the output variable.

(1) Stability analysis

First, the SIM is used for parameter sensitivity analysis on stability under rated operating condition. The obtained 
S1 and ST are shown in Fig. 28. From Fig. 28, the S1 and ST show that both Tw and Ta have a significant impact on 
the stability of the system. Moreover, it can be observed that the independent impact of Tw accounts for 85.5%, 
while the independent impact of Ta accounts for 10.67%. The coupling impact of other parameters only accounts 
for 4%. This experimental result is consistent with the local sensitivity analysis results mentioned in Sect. “Local 
sensitivity analysis”.

Figure 15.  (continued)
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Then, the S1 of Tw and Ta under different operating conditions are shown in Fig. 29. From Fig. 29, it can be 
seen that as the GVO increases under different water heads, the independent impact of Ta on system stability 
gradually increases, while the independent impact of Tw on system stability gradually decreases. Under different 
GVOs, as the water head continues to increase, the independent impact of Ta on system stability shows a 
decreasing trend, while the independent impact of Tw on system stability shows an increasing trend.

The coupling impact index S2 of Tw and Ta on the system’s stability is shown in Fig. 30. It can be observed 
that the coupling impact indicators of Tw and Ta are negative, indicating that Tw and Ta have opposite effects on 

Fig. 16.  Six transfer coefficients of the hydro-turbine under FOC.
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Fig. 18.  Area of stability region under FOC.

 

Fig. 17.  Area of stability region under FOC.

 

Table 5.  Area of stability region under FOC.
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system stability. Tw has a negative impact on the system stability, while Ta has a positive impact. The operating 
conditions have a slight impact on the coupling impact index S2.

(2) Dynamic characteristic analysis

The global parameter sensitivity analysis of the dynamic characteristics of the GCHTGS is carried out in this 
part. The DRP of xt under the ideal hydro-turbine model is considered as the reference output. The root mean 
square error (RMSE) between the DRP under different operating conditions and the reference output is selected 
as the sensitivity output. The influence of the critical parameters of GCHTGS on RMSE is studied based on the 
SIM.

The obtained S1 and ST under rated operating conditions are shown in Fig. 31. The S1 of different system 
parameters are 0.0068, 0.0098, 0.6519, 0.1402, 0.1350,0.0069 and 0.0183. The ST are 0.0259, 0.0062, 0.6466, 
0.1223, 0.1486,0.0007 and 0.0212. The interaction effect index Sinter are 0.01910, 0.0036, -0.0053, -0.0179, 
0.0136, -0.0062 and 0.0029. Based on the above experimental results, it can be concluded that the ranking 
of the main effect indicator S1 for the sensitivity of the system parameters on the DPR of xt is as follows: 
B > Ds > Rg > Tg > Ta > Ts > Tw. The ranking of ST for the sensitivity of the system parameters on the DPR of xt is 
as follows: B > Rg > Ds > Tw > Ta > Tg > Ts. Whether it is the main effect index or the total effect index, B has the 
highest sensitivity to the DPR of xt, and the independent impact of B accounts for 65.19%. From the interaction 
effect index Sinter, it can be seen that the Sinter of Tw, Ta, Rg and Tg are positive, while those of B, Ds and Rg are 

Fig. 20.  Changing law of the centroid of the stability region under FOC.

 

Fig. 19.  Area of stability region under FOC.
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negative values. The Tw has the biggest interaction effect index Sinter, which indicates that the interactive effect 
between this parameter and other parameters has a important impact on the DRP.

The second-order interaction effect index S2 of different parameters is shown in Fig. 32, which representing 
the coupling impact of between two variables on the dynamic characteristics. The results show that the pairs (B, 
Tw) and (Ts, Rg) have higher coupling impact on the dynamic characteristics.

The main effect indicator S1 of different system parameters under different operating conditions is shown in 
Fig. 33. The main effect indicator of each parameter changes with the variation of operating conditions.

Tw, Ta and Tg have similar variation characteristics. As the GVO increases, S1 initially increases and then 
decreases. As the operating head increases continuously, S1 gradually increases. Under high water heads and a 
GVO of 70%, Tw, Ta and Tg have a critical impact on the DRP.

For B, as the GVO increases, S1 first increases and then decreases. When the GVO is 30%, S1 remains 
unchanged under various water heads. However, for GVO ranging from 40 to 100%, S1 decreases slowly with 
an increasing water head. Under GVO of 30% and 100%, B has a greater impact on the dynamic characteristics 
of the system.

For Ds, as the GVO increases, S1 gradually decreases. The water head has a slight impact on the dynamic 
characteristics of the system. Under a GVO of 30%, Ds has an important impact on the DRP.

For Rg, as the GVO increases, S1 gradually increases. As the operating water head increases, S1 gradually 
decreases. Therefore, Rg has an important impact on the DRP under low water heads and large GVO.

For Ts, as the GVO increases, S1 gradually decreases. As the water head increases, S1 gradually increases. 
Therefore, Ts has an important impact on the DRP under high water heads and small GVO.

Fig. 22.  Influence of Tw on stability and DRP.

 

Fig. 21.  Influence of Ta on stability and DRP.
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Conclusions and future research directions
Some conclusions can be drawn as follows:

	(1)	 Considering the head loss and water elasticity, a PVM for the penstock system is proposed. The effect of the 
simplification of different penstock models on system response and stability is analyzed from the hydrau-
lic-mechanical perspective, and the experimental results show that the proposed PVM has higher precision 
and a simpler form than traditional models.

	(2)	 This paper thoroughly examines and analyzes the impact of hydro-turbine nonlinearity on the stability of 
GCHTGS. An accurate nonlinear model of the hydro-turbine is established using the BPNN. Considering 
that the operational point changes frequently, variable transfer coefficients that vary with the GVO and head 
are used to describe the nonlinear properties of the hydro-turbine. The stability variation mechanism of the 
GCHTGS under full operating conditions has been revealed.

	(3)	 The global sensitivity analysis method is adopted to conduct the parameter sensitivity analysis of the 
GCHTGS. The sensitivity of a single parameter and the coupling effect between parameters are accurately 
quantified and analyzed for the first time. The relevant conclusions can be applied to the same type of power 
stations, which are important for optimal unit operation.

The future research directions are discussed here:

Fig. 24.  Influence of Tg on stability and DRP.

 

Fig. 23.  Influence of B on stability and DRP.
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	(1)	 Hydropower plants can effectively balance the variability of intermittent renewable energy sources and en-
hance the regulation quality of the power grid. Due to their unique advantages, hybrid energy systems that 
incorporate hydropower, photovoltaic power, and wind power are gradually gaining widespread attention. 
The introduction of photovoltaic power, wind power, and other power electronic devices has made hybrid 
energy systems more complex. Therefore, the stability of hybrid energy systems and the operational control 
are important research topics for the future.

	(2)	 The hydroelectric unit governor system model established in this paper only considers a single pipeline and 
a single unit model, and does not take into account a complex water conveyance system involving multiple 
units, multiple pipelines, and components such as surge chambers. Additionally, the established model 
omits certain governor parameters such as bp and Ty. Therefore, a more accurate governor model and a 
hydroelectric unit governor system model incorporating a complex water conveyance system should be 
considered, and their stability should be investigated. Furthermore, to simplify the study, this paper only 
conducts stability analysis of the hydroelectric unit under frequency control mode. The stability analysis of 
the hydroelectric unit under power control mode is worthy of further research in the future.

Fig. 26.  Influence of Rg on stability and DRP.

 

Fig. 25.  Influence of DS on stability and DRP.
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Fig. 29.  S1 under FOC.

 

Fig. 28.  Dynamic response S1 under rated operating conditions.

 

Fig. 27.  Influence of TS on stability and DRP.
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Fig. 32.  S2 under rated operating conditions.

 

Fig. 31.  S1 under rated operating conditions.

 

Fig. 30.  S2 under FOC.
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Fig. 33.  S1 under FOC.
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