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The identification of unlabeled neuronal electric signals is one of the most challenging open 
problems in neuroscience, widely known as Spike Sorting. Motivated to solve this problem, 
we propose a model-based approach within the mixture modeling framework for clustering 
oscillatory functional data called MixFMM. The core of the approach is the FMM (Frequency 
Modulated Möbius) waves, which are non-linear parametric time functions, flexible enough to 
describe different oscillatory patterns and simple enough to be estimated efficiently. In particular, 
specific model parameters describe the phase, amplitude and shape of the waveforms. A mixture 
model is defined using FMM waves as basic functions and gaussian errors, and an EM algorithm 
is proposed for estimating the parameters. Spike Sorting (SS) has received considerable attention 
in the literature, and different functional clustering approaches have been considered. We have 
conducted a fair comparative analysis of the MixFMM with three competitors. Two of them are 
traditional methods in functional clustering and widely used in Spike Sorting. The third is an 
approach that has proven superior to many others solving Spike Sorting problems. The datasets 
used for validation include benchmarking simulated and real cases. The internal and external 
validation indexes confirm a better performance of the MixFMM on real data sets against the three 
competitors and an outstanding performance in simulated data against traditional approaches.

1. Introduction

The analysis of the electric activity of the neurons is regarded as one of the most practical and effective approaches to study-

ing the nervous system. The electric signals recorded by electrodes register rapid voltage rises, lasting a few milliseconds, called 
spikes. The voltage returns to the initial baseline level in each spike, describing a single oscillation. The study of spikes is crucial 
in neuroscience, as they serve as the information units between neurons, and their firing rate and shape determine the cell’s mor-

phological, functional, and genetic type. In particular, spikes fired by a particular neuron recorded under similar conditions, such as 
the electrode’s distance and orientation, are assumed to have a specific shape. Spike Sorting (SS) is the collection of techniques to 
identify spikes corresponding to different neurons. The correct identification of spikes is crucial for studying the connectivity patterns 
between close-by neurons, [1], relating the firing of certain neurons to the memory process, [2], the treatment of epileptic patients, 
[3], or the development of high-accuracy brain-machine interfaces, [4], among many other questions. However, SS remains one of 
the most challenging open problems in neuroscience. The main reasons are the low signal-to-noise ratio, the waveform variability 

* Corresponding author at: Department of Statistics and Operations Research, University of Valladolid, 47011 Valladolid, Spain.
Available online 10 October 2023
2405-8440/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

E-mail address: cristina.rueda@uva.es (C. Rueda).

https://doi.org/10.1016/j.heliyon.2023.e20639

Received 7 November 2022; Received in revised form 21 September 2023; Accepted 3 October 2023

http://www.ScienceDirect.com/
http://www.cell.com/heliyon
mailto:cristina.rueda@uva.es
https://doi.org/10.1016/j.heliyon.2023.e20639
https://doi.org/10.1016/j.heliyon.2023.e20639
http://creativecommons.org/licenses/by-nc-nd/4.0/


Heliyon 9 (2023) e20639C. Rueda and A. Rodríguez-Collado

Fig. 1. Overview of SS: stages 0 and 1 (panels A and B), stages 2 and 3 in traditional SS procedures (panel C), and single model-based clustering stage in the MixFMM 
model (panel D).

of a particular neuron’s spikes, the selection of adequate features to characterize the spike shape, or the overlapping of spikes fired 
nearby in time. Algorithms that simultaneously address all of these issues are an ever-increasing necessity, as manual spike curation 
has become unaffordable in light of the increased data availability in the next generation of recording techniques, [2].

The four traditional stages of SS are shown in Fig. 1, top and bottom left. In stage 0, voltage traces are preprocessed, often with 
a basic bandpass filtering. Stage 1 entails the automatic spike detection and the signal segmentation into various sub-signals, each 
containing a single spike. Finally, stages 2 and 3 are devoted to the extraction of discriminant features and clustering, respectively. 
The focus of this paper is on stages 2 and 3, which may be quite different from one approach to another; features are mainly extracted 
using principal component analysis (PCA), wavelet coefficients or direct measures of geometric features, while the most widely used 
clustering algorithms are k-means (KM) and Gaussian mixture models (GMM). However, a complete list of alternative techniques 
used in stages 2 and 3 in SS is large. Some of the most recent proposals are: [5,6,2,7–13], [14,15].

In the vast majority of these papers the authors claim that their method outperforms the others. However, a fair comparison 
of procedures is a difficult task. It greatly depends on the characteristics of the validation databases, such as the noise level and 
structure, whether the recordings are from simulated, real extracellular or real intracellular neurons, the waveforms, or whether 
overlapping spikes are considered, among other aspects. Furthermore, many different clustering approaches have been developed in 
the literature and there is no clear universal winner. The great attention the topic receives indicates that it is a crucial problem in 
neuroscience which is still under debate.

In this paper, an original parametric model-based functional clustering approach is proposed as an alternative to stages 2 and 3 
in traditional SS (Fig. 1, bottom right).

Model-based functional clustering is also an active topic in the literature [16–21] to cite only a few. Different parametric models 
2

have been studied, mainly regression and additive models defined by basic time functions such as splines, Fourier waves, or wavelets. 
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The model choice depends on the available information, in terms of explicative variables, on the nature of the data, and on the 
sources of variation characterizing data, among other issues. For instance, Fourier methods might not be suitable for non-stationary 
signals. Specifically, two main sources of variation are considered in functional analysis, the amplitude variation that measures vertical 
variability, and the phase variation measuring horizontal (lateral) displacements: [22–24]. Depending on the problem at hand, either 
both sources of variation are the focus or one is just nuisance and must be removed. In addition, some methods do not work 
adequately without prior correction for phase differences.

The model-based approach suitable for analyzing oscillatory signals that we present is the FMM mixture (MixFMM). It is defined 
by a mixture of gaussian distributions, where the means are sums of FMM waves or components. FMM waves are non-linear time 
functions that describe a single oscillation with four parameters (𝐴, 𝛼, 𝜔, 𝛽), characterizing the amplitude (𝐴), phase (𝛼), and shape 
(𝛽, 𝜔) of the waveform. In particular, the source of variation in amplitude and phase issues can be easily handled using this model. 
Moreover, the mean cluster waveforms or templates can be compared in a simple way. Models defined with a combination of 
𝑚 FMM waves (FMM𝑚 models) have been successfully used to analyze oscillatory signals arising in different fields, such as ECG 
(electrocardiogram) and gene expression data, as well as neuronal spikes: [25–27]. In all of these works, the method attains highly 
accurate predictions and allows the extraction of interpretable features, among other assets. The number of components is often 
associated with the typical prominent peaks and troughs in the signal, these being five for ECG signals or three for neuronal spikes. 
The first component, also called the dominant component, usually identifies the prominent underlying biological process and, in 
some contexts, explains most of the data variability, as is the case of neuronal spikes. Finally, another remarkable property of FMM 
waves, very useful in functional analysis, is that they are truly dynamic models that can be formulated as an ordinary differential 
equations system. FMM𝑚 are defined as signal plus error models, where the error is assumed to be gaussian. The maximum likelihood 
estimators (MLE) of the parameters are derived using a backfitting algorithm, in which FMM1 models are repeatedly fitted to the 
residue until a stop criterion is attained, [28].

We solve the MixFMM model’s parameter estimation with an expectation-maximization (EM) algorithm designed ad-hoc that 
makes use of the FMM𝑚 estimation algorithm. In addition, we propose a likelihood-based method to select the number of clusters.

The new approach has been validated in 5 benchmarking SS datasets (four simulated and one real) and in an own-created dataset 
representing a variety of spike waveforms, noise levels, and recording conditions. The quality of clusters generated with the MixFMM 
is compared, using external and internal indexes, with three clustering approaches. Two of them are traditional methods in functional 
clustering and widely used in Spike Sorting, which uses PCA to extract the features plus KM or GMM. The third is a recent approach 
that uses shape, phase, and distribution features plus KM, and which has proven to be superior to other competitors for solving Spike 
Sorting problems in different datasets in [7]. A first advantage of the MixFMM against the PCA+KM or the PCA+GMM approaches 
is that the former exploit the underlying oscillatory structure of the signal with specific parameters describing location, amplitude 
and shape, while the latter do not. Hence, the former approach is more suitable when the spikes differ in shape and amplitude, 
which is illustrated in the results section. On the other hand, the FMM approach removes noise in a more reasonable way, because it 
does not remove prominent individual characteristics, while the PCA can do so. If a class that is small in size should contain signals 
with longer oscillations, then this could be a problem in a spike sorting context. Furthermore, the number of components may be 
modified, depending on the level of noise and the complexity of the spike morphology. The MixFMM is superior to its competitors 
in real data sets and achieves outstanding results against traditional approaches in simulated data sets. Furthermore, the proposed 
method estimates the number of clusters as well as other approaches.

The rest of the paper is organized as follows. Section 2 introduces the MixFMM model and the estimation algorithm. Section 3

describes the datasets analyzed, and Section 4 presents the main results. Finally, in Section 5, concluding remarks and future work 
are discussed.

2. Methods

In the following, let us assume that 𝒙𝟏, ..., 𝒙𝒏, 𝒙𝒊 = (𝑥𝑖(𝑡1), ..., 𝑥𝑖(𝑡𝑝))′, ∀𝑖 ∈ {1, ..., 𝑛}, with 𝑡0 ≤ 𝑡1 < 𝑡2 < ... < 𝑡𝑝 ≤ 𝑇 , are observed signals, 
also called curves in the paper. Without loss of generality, we assume that 𝑡 ∈ [0, 2𝜋). Otherwise, consider 𝑡′ = (𝑡−𝑡0)2𝜋

𝑇
.

2.1. FMM background

An FMM wave is defined as follows,

𝑊 (𝑡;𝐴,𝛼, 𝛽,𝜔) =𝐴 cos
(
𝛽 + 2arctan

(
𝜔 tan

(
𝑡− 𝛼

2

)))
.

Specifically, 𝐴 ∈ ℜ+ and 𝛼 ∈ [0, 2𝜋) are measures of the wave amplitude and phase location, respectively, while 𝛽 ∈ [0, 2𝜋) and 
𝜔 ∈ [0, 1] describe the shape. Fig. 2 shows the waveform patterns for different parameter configurations.

The multicomponent FMM model of order 𝑚, FMM𝑚, is a gaussian model in which the mean, 𝜇(𝑡; 𝜽), is defined as a sum of FMM 
waves as follows:

𝜇(𝑡;𝜽) =𝑀 +
𝑚∑

𝐽=1
𝑊 (𝑡;𝐴𝐽 ,𝛼𝐽 , 𝛽𝐽 ,𝜔𝐽 ) (1)

where 𝜽 = (𝑀, 𝐴1, 𝛼1, 𝛽1, 𝜔1, ..., 𝐴𝑚, 𝛼𝑚, 𝛽𝑚, 𝜔𝑚) verifies:
3

1. 𝑀 ∈ℜ; (𝐴𝐽 , 𝛼𝐽 , 𝛽𝐽 , 𝜔𝐽 ) ∈Θ𝐽 =ℜ+ × [0, 2𝜋) × [0, 2𝜋) × [0, 1]; 𝐽 = 1, ..., 𝑚
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Fig. 2. 𝑊 (𝑡;𝐴,𝛼, 𝛽,𝜔) for various (A (panel A), 𝜔 (panel B), 𝛼 (panel C), 𝛽 (panel D))’. Unless stated otherwise, 𝐴 = 1, 𝛼 = 0, 𝛽 = 𝜋,𝜔= 0.2.

2. 𝛼1 ≤ 𝛼2 ≤ ... ≤ 𝛼𝑚−1 ≤ 𝛼𝑚 ≤ 𝛼1.

3. 𝐴1 = max1≤𝐽≤𝑚 𝐴𝐽 .

The restrictions guarantee the identifiability of the model parameters and provide biophysiologically interpretable solutions. For 
instance, the 𝛼 restrictions correspond to the assumption that the atrial depolarization is previous to the ventricle depolarization in 
the analysis of ECG signals, and that the cell membrane repolarization precedes its hyperpolarization in neuronal spikes: [25,28].

2.2. FMM mixture models (MixFMM)

The MixFMM𝑚 is a mixture model with density defined as follows:

𝑓 (𝒙|𝚿) =
𝐾∑

𝑘=1
𝛾𝑘  (𝒙;𝜇(𝑡;𝜽𝒌), 𝜎2

𝑘
𝑰𝒑), (2)

where 𝑰𝒑 is the 𝑝 × 𝑝 identity matrix, 𝚿 = (𝛾1, ..., 𝛾𝐾 , 𝜽𝟏, ..., 𝜽𝑲 , 𝜎1, ..., 𝜎𝐾 ) is the vector of the model’s parameters, and 𝛾1, ..., 𝛾𝐾 with 
𝛾𝑘 > 0 and ∑𝐾

𝑘=1 𝛾𝑘 = 1 are the mixture proportions. In addition, 𝐾 is assumed to be known and corresponds to the number of clusters 
in our application, while 𝜇(𝑡; 𝜽𝟏), ..., 𝜇(𝑡; 𝜽𝑲 ) are combinations of FMM waves defined as in equation (1).

The log-likelihood of (2) for a sample of size 𝑛 is given by:

log𝐿(𝚿) =
𝑛∑

𝑖=1
log

(
𝐾∑

𝑘=1
𝛾𝑘  (𝒙𝒊;𝜇(𝑡;𝜽𝒌), 𝜎2

𝑘
𝑰𝒑)

)
(3)

2.2.1. MLE via EM algorithm

An EM algorithm is designed to find the MLE of the MixFMM model following the methodology in [29,30]. As equation (3) cannot 
be maximized in a closed form, the complete-data log-likelihood is maximized given the observed data, defined as follows:

log𝐿𝑐(𝚿) =
𝑛∑

𝑖=1

𝐾∑
𝑘=1

𝑍𝑖𝑘 log(𝛾𝑘  (𝒙𝒊;𝜇(𝑡;𝜽𝒌), 𝜎2
𝑘
𝑰𝒑))

where 𝑍𝑖𝑘 ∈ {1, ..., 𝐾}, ∀𝑖 ∈ {1, ..., 𝑛} and 1 ≤ 𝑘 ≤ 𝐾 , is an indicator binary variable such that 𝑍𝑖𝑘 = 1 if 𝒙𝒊 has been generated by the 
4

𝑘th FMM model. As described below, the EM starts with an initial solution 𝚿(0) and alternates iteratively two steps, maximization 
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and expectation, until convergence is attained. The E-Step computes the expectation of the complete-data log-likelihood given the 
observed data and the current 𝚿; whereas, in the M-Step, 𝚿 is updated to maximize the expectation of the complete-data log-

likelihood.

E-Step

The expectation of the complete-data log-likelihood, given the observed data and the current parameter vector 𝚿(𝑞) , is defined as:

𝑄(𝚿;𝚿(𝑞)) =𝐸[log𝐿𝑐(𝚿)|𝒙𝟏, ...,𝒙𝒏,𝚿(𝑞)] =
𝑛∑

𝑖=1

𝐾∑
𝑘=1

𝜏
(𝑞)
𝑖𝑘

log(𝛾 (𝑞)
𝑘

 (𝒙𝒊;𝜇(𝑡;𝜽𝒌), 𝜎2
𝑘
𝑰𝒑)) (4)

where 𝜏(𝑞)
𝑖𝑘

is the posterior probability of the curve 𝑖 being generated by the 𝑘th FMM model in the iteration 𝑞, defined as:

𝜏
(𝑞)
𝑖𝑘

= 𝑃 (𝑍𝑖𝑘 = 1|𝒙𝒊;𝚿(𝑞)) =
𝛾
(𝑞)
𝑘

 (𝒙𝒊;𝜇(𝑡;𝜽𝒌), 𝜎2
𝑘
𝑰𝒑)∑𝐾

ℎ=1 𝛾
(𝑞)
ℎ

 (𝒙𝒊;𝜇(𝑡;𝜽𝒉), 𝜎2
ℎ
𝑰𝒑)

, ∀𝑖 ∈ {1, ..., 𝑛}, 1 ≤ 𝑘 ≤𝐾 (5)

M-Step

The values of the parameter vector are updated maximizing equation (4):

𝚿(𝑞+1) = argmax𝚿𝑄(𝚿;𝚿(𝑞)) (6)

The estimators of the FMM parameters that solve equation (6) are updated as follows:

𝜽
(𝒒+𝟏)
𝒌

= argmin𝜽∈Θ
𝑝∑

𝑗=1
(𝑥(𝑞)

𝑘
(𝑡𝑗 ) − 𝜇(𝑡𝑗 ;𝜽))2, 1 ≤ 𝑘 ≤𝐾 (7)

where 𝑥(𝑞)
𝑘
(𝑡𝑗 ) =

∑𝑛
𝑖=1 𝜏

(𝑞)
𝑖𝑘

𝑥𝑖(𝑡𝑗 )∑𝑛
𝑖=1 𝜏

(𝑞)
𝑖𝑘

, ∀𝑗 ∈ {1, ..., 𝑝}, is the mean waveform for cluster 𝑘 in the iteration 𝑞. Equation (7) is solved using the 

standard FMM backfitting algorithm [28].

Then, the estimators of the standard deviation terms are obtained as follows:

𝜎
(𝑞+1)
𝑘

=

√√√√ 1
𝑝
∑𝑛

𝑖=1 𝜏
(𝑞)
𝑖𝑘

𝑛∑
𝑖=1

𝜏
(𝑞)
𝑖𝑘

||𝒙𝒊(𝑡) − 𝜇(𝑡;𝜽(𝒒+𝟏)
𝒌

)||2, 1 ≤ 𝑘 ≤𝐾 (8)

Finally, the cluster proportions are updated as follows:

𝛾
(𝑞+1)
𝑘

=
∑𝑛

𝑖=1 𝜏
(𝑞)
𝑖𝑘

𝑛
, 1 ≤ 𝑘 ≤𝐾

The homoscedasticity restriction 𝜎 = 𝜎1 = ... = 𝜎𝐾 , often assumed in SS problems, reduces equation (8) to a single one.

Our proposal for the initial values is: 𝛾 (0)
𝑘

= 1∕𝑘, 1 ≤ 𝑘 ≤ 𝐾 , and 𝜽(𝟎)𝟏 , ..., 𝜽(𝟎)
𝑲

are the FMM parameters obtained by fitting FMM𝑚

models to the mean waveforms of a random cluster assignation.

Success in terms of convergence to the MLE is not initially guaranteed, although the solution converges to a local minimum. We 
propose several random initializations to avoid local minimums. We have included numeric studies in the paper that show how the 
proposal reaches a good solution in practice.

The predicted label for each curve can be obtained by assigning the curve to the cluster with the highest estimated posterior 
probability. This is denoted as 𝐼𝑖, and defined as follows: 𝐼𝑖 = argmax1≤𝑘≤𝐾 𝜏

(𝑞)
𝑖𝑘

, ∀𝑖 ∈ {1, ..., 𝑛}.

Details concerning the steps of the MixFMM algorithm are given in a flow-chart below.

2.3. Validity indexes

Indexes for cluster validation can be classified as external or internal. The former uses externally known information, mainly the 
class labels; whereas the latter, suitable when the true class labels are unknown, only uses the internal information of the clustering 
process to evaluate its performance. Accuracy is considered here as the most direct measure when ground truth spikes are available 
and is the most commonly used criterion across almost all SS applications. As the internal index, we consider the Davies-Bouldin index 
(), which is often used in SS applications. The definitions of these two indexes are included below to facilitate the interpretation 
of the results.

Let 𝑫 be the 𝑟 × 𝑟 confusion matrix obtained from crossing predicted and real classes, in such a way that the sum of the diagonal 
frequencies is maximum. The accuracy is defined as:

Accuracy =
∑𝑟

𝑘=1 𝑑𝑘𝑘

𝑛

Now, let 𝑛𝑘, 𝒄𝑘 = (𝑐𝑘(𝑡1), ..., 𝑐𝑘(𝑡𝑛))′, where 𝑐𝑘(𝑡𝑗 ) =
1
𝑛𝑘

∑
𝑖∕𝐼𝑖=𝑘 𝑥𝑖(𝑡𝑗 ), 𝑗 ∈ {1, ..., 𝑝}, and 𝛿𝑘 = 1

𝑛𝑘

∑
𝑖∕𝐼𝑖=𝑘 ||𝒙𝑖−𝒄𝑘||2 denote, respectively, 

the number of observations, the barycenter and the dispersion of a cluster 𝑘. The  is the mean of each cluster’s maximum ratio 
5

between the sum of the cluster dispersions and the distances between their barycenters:
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 = 1
𝐾

𝐾∑
𝑘=1

max
𝑘≠𝑘′

(
𝛿𝑘 + 𝛿𝑘′||𝒄𝑘 − 𝒄𝑘′ ||

)
.

The better the cluster partitions, the higher the expected values of Accuracy and the lower the expected values of .

2.4. Alternative procedures

We compare the performance of the novel MixFMM with three procedures.

PCA+KM: PCA for feature selection (dimension 4) and KM for cluster generation.

PCA+GMM: PCA for feature selection (dimension 4) and GMM for cluster generation.

SPDF+KM: a procedure proposed by [7] for feature selection (dimension 24) and KM for cluster generation. The acronym SPDF 
is for Shape, Phase, Distribution and Feature.

PCA+KM and PCA+GMM are likely the most widely used clustering algorithms in functional clustering, with better results in 
SS than wavelets, among other approaches, [5,6,13]. The number of principal components selected ranges from two to four in the 
different SS applications. Here, only the results using four components are shown, as this choice gives better results in these datasets.

SPDF+KM is a recent approach that considers a set of 24 phase, shape, and distribution features and KM to derive clusters. We 
have chosen SPDF+KM for three main reasons; first because we would like to validate the discriminative power of the set of 24 
features in our datasets; second, because it has achieved very good results compared with other methods in [7], and finally, because 
we have checked that it is also superior to those approaches presented in [14] for the simulated data sets common to the latter and 
the present paper, eliminating overlapping spikes, which is the setting in [14]. This latter comment also indicates that it is a very 
difficult competitor to beat and that we are presenting a fair evaluation of our method.

For each of the clustering procedures and datasets, the best model from multiple initializations has been selected.

2.5. Selection of the number of clusters

The optimal number of clusters has been estimated using the slope BIC heuristic for PCA+KM, PCA+GMM and SPDF+KM.

For the MixFMM models, we propose a log-likelihood based approach. Specifically, the number of clusters is determined using a 
slope heuristic approach, similar to those proposed in [31–33]. Specifically, the log-likelihood log𝐿(�̂�) values for different numbers of 
clusters starting from one are calculated and plotted consecutively. An exponential trend is expected at the beginning. The minimum 
value for which the exponential is reduced to a linear trend is considered the optimal number of clusters.

2.6. Programming languages

Data from the Allen Cell Types Database was obtained using Python and the Allen SDK [34]. The rest of the experimentation 
was developed with R, including spike detection, spike segmentation, and functional clustering. The MixFMM approach has been 
implemented using the functions from the FMM package [35]. The PCA and KM implementations used are from the package stats 
[36], whereas the GMM are from mclust [37]. Moreover, the package clusterCrit [38] was used to calculate the internal indexes, 
while ggplot2 [39] and plotly [40] were used to create the visualizations of the manuscript. The mixFMM method takes around 1 sec 
to fit an FMM model, although we are working on reducing this time further. Except for this, which takes around K*I (K=number of 
clusters, I= number of EM iterations) seconds in total for a fixed K, the time spent by the algorithm is similar to that taken by GM 
or KM.

2.7. Flowchart

Fig. 3 presents a diagram showing the sequence of steps of the MixFMM algorithm, which includes the optimal selection of the 
number of classes. It requests three input parameters: the number of FMM components, 𝑚; the maximum number of clusters, 𝑁𝑔; 
and the number of iterations of the EM algorithm, 𝐼 . The input data is a voltage time series, while the output is the optimal number 
of classes and the assignment of each spike to one of those classes.

3. Datasets for evaluation

In this work, six different datasets have been analyzed for which the real class labels (ground truth) are known, encompassing 
a wide variety of real and simulated spike waveforms. The simulated datasets correspond to extracellular recordings provided by 
[41], and have been used by many other authors as benchmarking datasets since then, such as [8,12,4,13] and [14], among others. 
Specifically, we consider four sets of data E11, E21, D11, and D21 with the same noise level equal to 0.1 and three different 
waveforms each. The data have been preprocessed in the same way as in other papers. Specifically, spikes are detected with a 
threshold, 𝑘 = Med(|𝒛|∕0.6745) where 𝒛 is the filtered signal, and the whole voltage traces have been fragmented into signals of 
64 samples, each containing a single spike with its maximum aligned with the point 20. The noise artifacts erroneously detected 
as spikes, less than 4% of the signals, have initially been discarded for the rest of the study. The first real dataset corresponds to 
four temporal lobe neuron types from Epileptic patients (EPT), which is openly available and provided by [42]. Finally, we also 
6

present the analysis of our own created dataset, labeled VGA, with signals from three GABAergic neuron types (Pvalb, Htr3a, and 
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Fig. 3. MixFMM algorithm. 𝑚 is the number of FMM components, 𝑁𝑔 the maximum number of classes and 𝐼 the EM iterations.

Vip positive) of the mouse visual cortex from the [43], a repository of intracellular electrophysiological neuronal recordings. In 
particular, we have selected those generated by the short square stimulus with the lowest stimulus amplitude that elicited a single 
spike for each cell in the database. To facilitate the comparison, the signals have been down-sampled to have 64 samples, as in other 
datasets, aligning with the maximum at data point 20. Even though the mean spike waveforms are highly similar, as can be seen in 
Fig. 5, the distinction of GABAergic neuron spikes is crucial as they are radically different in terms of the physiological function [44].

Table 1 gives information on these datasets. Furthermore, 2D descriptions are shown in Fig. 4 using the first two principal com-

ponents; while the mean spike waveform by class (solid line), along with the global mean (dashed line), are displayed in Fig. 5. The 
plots in Fig. 4 show the ability of the first two principal components for class discrimination. The percentage of variability explained 
7

by the two principal components is low in general, except for the VGA case. The first component is fundamentally associated with 
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Table 1

Datasets description: Label, number of spikes and template similarity level.

Dataset Label N◦ classes N◦ Spikes Templates Similarity

E11 3 n1 = 1123,n2 = 1061,n3 = 1212 Low

E21 3 n1 = 1125,n2 = 1092,n3 = 1172 Low

D11 3 n1 = 1136,n2 = 1126,n3 = 1103 Middle

D21 3 n1 = 1164,n2 = 1119,n3 = 1101 High

EPT 4 n1 = 1050,n2 = 6638,n3 = 1449,n4 = 58 Middle

VGA 3 n1 = 163,n2 = 221,n3 = 123 High

Fig. 4. First two principal components projections of the spikes in the datasets colored by class. Components’ explained variance is shown in the corresponding axis. 
Colors are assigned with the data set class labels as follows: Class1 (red), Class2 (blue), Class3 (green), and Class4 (purple). Panel labels correspond to dataset labels.

the differences in amplitude around the prominent peak, which is more evident in the EPT case. Fig. 5 shows differences between 
the original class templates, which are highest for the E11 or E21 cases, moderate for D11 and EP, and lowest for the D21 or VGA 
sets. The results concerning what was observed in this figure are discussed below.

4. Numerical studies

In this Section, the MixFMM approach, PCA+KM, PCA+GMM and SPDF+KM have been compared in the six datasets described 
8

above; specifically, the MixFMM1 and MixFMM3 homoscedastic models have been considered. A preliminary analysis with het-
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Fig. 5. Templates by class (solid lines) and global mean (dashed) across datasets. Panel labels corresponds to dataset labels. Colors are assigned with the data set class 
labels as follows: Class1 (red), Class2 (blue), Class3 (green), and Class4 (purple).

Table 2

Estimated number of clusters, Accuracy and  values, across datasets and methods.

Number of clusters

E11 E21 D11 D21 EPT VGA

PCA+KM 3 3 3 3 3 3

PCA+GMM 4 4 4 3 4 3

SPDF+KM 3 3 3 3 2 3

MixFMM1 3 3 3 3 2 3

MixFMM3 3 3 3 3 2 3

Accuracy

E11 E21 D11 D21 EPT VGA

PCA+KM 0.992 0.875 0.665 0.720 0.589 0.617

PCA+GMM 0.960 0.851 0.905 0.640 0.680 0.710

SPDF+KM 0.992 0.981 0.981 0.967 0.861 0.720

MixFMM1 0.992 0.936 0.895 0.705 0.874 0.755

MixFMM3 0.994 0.966 0.941 0.743 0.874 0.746



E11 E21 D11 D21 EPT VGA

PCA+KM 0.727 1.455 2.531 2.144 1.601 1.213

PCA+GMM 2.411 2.421 3.149 3.291 2.355 1.580

SPDF+KM 0.788 1.072 1.341 1.700 1.311 1.503

MixFMM1 0.728 1.357 1.785 2.091 0.744 1.144

MixFMM3 0.726 1.341 1.717 2.070 0.742 1.144

eroscedastic models resulted in quite similar variance estimators across the datasets, as well as less accurate and more unstable 
solutions than those of the homoscedastic models.

Table 2 summarizes the main results across different approaches. The procedure to estimate the number of clusters using the 
MixFMM gives better results than PCA+GMM and is comparable to other approaches. In terms of both, accuracy and  values, the 
9

MixFMM approach attains the best result in three out of the six datasets, achieving significant improvements over the PCA-based 
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Fig. 6. VGA dataset analysis. Templates for the original classes (panel A), and their FMM1 and FMM3 predictions (panels B and C). Templates for the predicted classes 
with PCA+GMM (panel D), MixFMM1 (panel E) column) and MixFMM3 (panel F). Original class colors are assigned with the data set class labels as follows: Class1 
(red), Class2 (blue), Class3 (green), and Class4 (purple). Predicted class colors are assigned as follows: Pred1 (jade green), Pred2 (ocher), Pred3 (slate blue). Confusion 
matrices derived from using PCA+GMM (panel G), MixFMM1 (panel H), and MixFMM3 (panel I).

methods in some cases. In particular, MixFMM is the best clustering approach in the real datasets, while the SPDF+KM approach 
gives better results in most of the simulated datasets. Regarding the two FMM approaches, MixFMM3 performs better than MixFMM1
in most cases. However, MixFMM1 could be a suitable alternative in real cases with high noise level data. The index values for 
the clusters obtained using the MixFMM approaches agree with what is shown Fig. 5. However, other methods do not give the 
same expected results. For example, the PCA+KM does not work as well in discriminating the spikes of the sets D11 and EPT as 
for those of D21. The results for the VGA dataset are presented in more detail. Fig. 6 illustrates the difference between templates, 
across the original and predicted classes for the PCA+GMM and MixFMM approaches. The templates for predicted KM classes are 
similar to those derived with the GMM classification, so they are not shown. The first row in Fig. 6 shows the templates for the 
original classes (first column) and their FMM1 (second column) and FMM3 (third column) predictions. The three templates of the 
MixFMM predicted classes resemble those of the original classes. However, the PCA+GMM templates for classes 1 and 3 are not so 
different from each other. In fact, different initializations generate predicted classes in which the original classes 1 and 3 are mixed 
differently. Furthermore, the FMM parameters 𝐴 and 𝜔 discriminate between the three templates. Specifically, using sub-indexes 
with the original class numbers, we have that, 𝐴1 = 47, 𝜔1 = 0.07; 𝐴2 = 45, 𝜔2 = 0.05; and 𝐴3 = 50, 𝜔3 = 0.08. The class 2 template is 
described with the smallest 𝜔 and 𝐴 values. In fact, most class 2 spikes are grouped together in the first iteration of the MixFMM 
algorithm. Class 1 and 3 templates differ on the 𝐴 values and, to a lesser extent, on the 𝜔 values. We need more iterations to 
differentiate the other two classes. The predicted classes after 5 iterations have templates that mimic those of the original class. On 
the other hand, predicted class templates obtained with other approaches do not differ by a clear characteristic and therefore fail to 
represent the original classes 1 and 3.

Note that our results for PCA+GM are better than those given in [13] in the common datasets; this is probably due to the fact 
that we have used R’s mclust instead of Matlab’s gm.

Finally, in order to validate the robustness of the different approaches, the distribution of the accuracy has been studied across a 
hundred repetitions for the methods, with ten initializations in each dataset. Fig. 7 shows the associated boxplots, which illustrate 
that the MixFMM models achieve an accurate solution independently of the initialization in all the scenarios analyzed.

5. Discussion

We present a novel model-based functional data clustering method and prove its potential to solve the SS problem. In particular, 
10

we show that the MixFMM approach achieves better results than PCA-based methodologies often used in SS applications, with 
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Fig. 7. Boxplots of the accuracy across a hundred repetitions for each dataset and the five clustering methods: KM (green), GMM (orange), MiXFMM1 (blue) and 
MixFMM3 (red). Panel labels correspond to dataset labels.

significant improvements in some scenarios, including very noisy cases. Compared with SPDF+KM, our method gives better results 
in the two real data sets and 1 out of 4 simulated datasets.

The approach uses combinations of non-linear parametric functions, the so-called FMM waves, to describe the signals. It has 
important advantages over the alternatives for two powerful reasons: firstly, the accuracy with which these waves describe any type 
of oscillatory morphology, much better than linear functions; and secondly, that the meaning that the parameters accounting for 
phase, amplitude and shape variations have. Furthermore, the interpretation of the FMM parameters allows open problems in spike 
sorting to be addressed. On the one hand, overlapping spikes can be automatically detected by two significant FMM components with 
close 𝛼 values and high 𝐴 values. In addition, positive or negative spikes are recognize with values of 𝛽 far from 0 and 𝜋, respectively. 
On the other hand, the questions of high channel-count analysis and spike shape variation caused by electrode drift can be addressed 
with the aid of recent results in [45,46]. These papers present the adequate multicomponent and multidimensional FMM model 
when sequential events are observed from different locations. It can thus be used to model multi-channel spike data. In addition, the 
said papers extend the role of the parameters beyond their ability to describe morphology. Specifically, it is shown that the 𝜔 and 
𝛼 parameters, common to the signals recorded from different locations, describe the three-dimensional process. Meanwhile, the 𝐴
and 𝛽 parameters describe the relative location from which the data has been recorded. Hence, only these last parameters must be 
analyzed to identify possible electrode drift by comparing the values of these parameters for typical spikes with those of the same 
individual recorded in other experiments. In [45], multi-lead ECG signals are analyzed. That paper shows how the multidimensional 
and multicomponent FMM model can identify spikes common to different channels, even if the amplitude is too small in some of them 
or the waveform is corrupted by noise. The development of multivariate models and strategies to address the questions mentioned 
11

so far, as well as to cluster using multichannel data and real dataset problems, is beyond the scope of this paper, but is part of our 
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future work. We will address the comparison of the FMM classification with others derived using alternative distances, such as [47], 
and, reproducible methods such as [48]. An extensive review of cluster multi-channel spike recordings can be found in [49].

Regarding the analysis of real cases, the results of the MixFMM clustering entails interesting contributions in neuroscience. In 
particular, neuronal signals from the temporal lobe, such as EPT, are related to specific visual stimuli [2]. The function in the 
nervous system of the different kinds of GABAergic neurons is radically different, so the distinction of their signals is crucial. In VGA, 
signals from three types of neurons are differentiated: Pvalb-positive neurons, key in learning and memory process, as detailed in 
[50]; Vip-positive neurons, related to circadian rhythms [51]; and Htr3a-positive neurons, related to bladder dysfunction [52]. The 
reader interested in how the FMM can shed more light on the modeling of neuronal action potential is referred to [27] and [53]. 
Due to the flexibility of the FMM model for discriminating different waveforms, the MixFMM algorithm would also be suitable for 
classifying spikes arising in other cells and experimental conditions, as well as in other contexts, such as those from calcium signals; 
but always after an ad hoc preprocessing to filter and cut the spike segments. Specifically, the FMM approach may be useful to 
classify, in a supervised or unsupervised manner, epileptic and control APs, as the former show an increase in waveform duration, 
a decrease in the waveform amplitude, and an increase in the signal noise. The two first characteristics are just what the 𝜔 and 𝐴
parameters measure. Meanwhile, a noise level measure is given with the proportion of the variation that can be predicted from the 
FMM model.

The motivation of the present paper has been the classification of neuronal signals, but the methodology has a wide range of 
applications. In fact, the MixFMM is a general approach in functional clustering when oscillatory or quasi-oscillatory signals are the 
target. In a field in which the literature is ever-growing, and many excessively specific and complex proposals are arising, the need 
for flexible and robust proposals is vital. The MixFMM brings together all of these characteristics with a simple but rich parametric 
formulation that allows differences in phase and/or amplitude to be taken into account. Oscillatory signals appear in astronomy, 
economy, spectrometry, environmental science, medical imaging, or electrocardiography, among other fields. In addition, from 
a theoretical perspective, many extensions of the basic mixture framework could be explored, such as a regularized estimation 
algorithm or the inclusion of mixed-effects [30].

Finally, two limitations of this study are, on the one hand, that the computational cost is relatively high. However, it could be 
significantly reduced by implementing the parameter search in a more computationally efficient programming language, such as 
C, and using GPU-based computing. On the other hand, validation indexes have not shown a clear winner between MixFMM and 
SPDF+KM. The latter is superior to the former in some simulated cases and the former is better in the real datasets. This may be due 
to the waveforms and the noise structure chosen to generate the simulated datasets, a question that deserves further research.

6. List of acronyms

FMM: Frequency Modulated Möbius.

MixFMM: Mixture Frequency Modulated Möbius.

SS: Spike Sorting.

PCA:Principal Component Analysis.

KM: K-Means.

GMM: Gaussian Mixture Models.

ECG: Electrocardiogram.

MLE: Maximum Likelihood Estimator.

EM: Expectation-maximization.

: Davies-Bouldin index

SPDF: Shape, Phase, and Distribution Feature.

EPT: Epileptic.

VGA: Dataset label.
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