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ARTICLE INFO ABSTRACT

MSC: The coronavirus disease 2019, started spreading around December 2019, still persists in the
92B05 population all across the globe. Though different countries have been able to cope with the
92D25 disease to some extent and vaccination for the same has been developed, it cannot be ignored
92D40 that the disease is still not on the verge of completely eradicating, which in turn creates a need
Keywords: for having deeper insights of the disease in order to understand it well and hence be able to
CQVID'}Q work towards its eradication. Meanwhile, using mitigation strategies like non-pharmaceutical
Epu.:lemlcs . interventions can help in controlling the disease. In this work, our aim is to study the dynamics
Basic reproduction number . . . . .
Optimality of COVID—l? using compartm.ental approach b}" applying various aI'lalytlcal metho.d.s. We obtz?m
Sensitivity analysis formula for important tools like R, and establish the stability of disease-free equilibrium point
Delay for Ry < 1. Further, based on R),, we discuss the stability and existence of the endemic

equilibrium point. We incorporate various control strategies possible and using optimal control
theory, study their expected positive impacts on the spread of the disease. Later, using a
biologically feasible set of parameters, we numerically analyse the model. We even study the
trend of the outbreak in China, for over 120 days, where the active cases rise up to a peak and
then the curve flattens.

1. Introduction

Over the years, humankind has seen many epidemics. In addition to the loss of priceless lives, the economic, social and
psychological pressure on people (and in general, on the entire world) are some examples of immediate impacts of any epidemic.
History is full of such eras, where an epidemic lead to an economy’s downfall. For instance, the deadly Spanish Flu of 1918, which
lasted for about two years, infected approximately 500 million people on the planet, resulted in around 20-50 million casualties [1]
and led to a GDP loss of 11%, 15% and 17% in USA, Canada and UK, respectively [2]. The epidemic came to an end only because of
the development of a natural herd immunity, however, no proper medication or vaccination could be developed to cope with it. Some
diseases persist in the population for a very long time and cannot be eradicated for decades. For instance, the HIV/AIDS epidemic
started in the year 1981 and the disease is still spreading among people with approximately 37.9 million cases as of 2018 [3]. There
is no cure for the disease till date, however, with treatment an infected person can lead a long-healthy life, but there is no way
to stop this disease from spreading other than taking some preventive measures. With the development of research and medicine,
humankind has also successfully eradicated some epidemics in the past. The most iconic example is that of eradicating the Smallpox
disease, which was said to have lasted for around 3000 years. The epidemic was brought under control by mass vaccination [4].
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One of the current epidemics is Coronavirus Disease 2019 (COVID-19), which is caused by Severe Acute Respiratory Syndrome
Coronavirus 2 (SARS-CoV-2). The infection was first detected in Wuhan, China in December 2019, when it was thought to be an
infectious disease transmitted from animals to humans. But the World Health Organization and Chinese authorities soon announced
in January 2020 that it could spread from person to person. With the first confirmed case in December 2019, as of 14 August
2022, the global number has risen to approximately 595.3 million cases with approximately 6.4 million deaths. Although, as of 14
August 2022, we also have approximately 568.8 million recovered cases, but the number of active cases globally still fall around
20 million [5]. There is no denying with the fact that a major proportion of infected individuals will not get severely infected
and will also recover quickly but considering the massive death tolls, the virus cannot be taken lightly. Even though mankind has
made advances in medicine and treatment, it takes a lot of time to come up with a proper treatment for a newly identified disease.
However, mathematical modelling is data-driven and hence can be used to understand any epidemic. Epidemiologists compile real
perspectives on the disease in a mathematical model and use real data to estimate the extent of transmission as well as various
measures with which the disease can be brought under control in the short and long term. For instance, in [6] Ochoche et al. used a
simple ST R model to understand the spread of Measles. Similarly, in [7] Olivia et al. used an SAI R compartmental model to study
seasonal and HIN1 influenza. Several other models on different diseases such as HIV, Hepatitis B virus, HBV and HCV co-infections
have been formulated by many authors [8-13].

We can also find a lot of literature where models have been formulated and studied for COVID-19 by many authors [14-35].
Pang el al. [17] constructed an SEIHR model to characterize transmission dynamics, which was then used to match published
data on confirmed cases in Wuhan. DDEs (delay differential equations) appear frequently in research and engineering applications.
Introduction of time delays in a model has lead to a better understanding of more complicated structures [36-38]. The model’s
resilience and accuracy are improved by adding a time delay. Though some SEIR and SEIRJ models address latency, the latent E is
supposed to be weakly contagious. As a result, these models are unable to describe the properties of a new coronavirus that can be
transmitted throughout the incubation phase. COVID-19’s transmission dynamics with an incubation delay are investigated by the
authors in [39-44]. Other system delays may need to be addressed in order to properly forecast the outcome of the models. During
the first wave of COVID-19 in the United States, the delay in the effect of restricting community mobility on the spread of the virus
was explored in [45].

In a dynamical system, optimum command of a mathematical model helps in predicting, forecasting, estimating, or identifying
the ideal scenario for eradicating a disease. Vaccination is very useful while attempting to control a disease. Vaccines for COVID-19
have been developed and people are being vaccinated in many countries all over the globe. Bur we also have examples of countries,
like the United Kingdom, United States of America, France, Germany, India, etc., that faced a new wave of COVID-19 even after the
vaccination programme had started. Under such circumstances, control strategies turn out to be useful in controlling the disease.
Right now, precautionary measures, government interventions, improved medical facilities, societal limitation on a huge scale,
tracking of contacts, large-scale testing, identification and treatment of cases, face mask, sanitizer, etc., can be considered as useful
and notable control strategies. Motivated by this some researchers [22,46-58] studied the optimal policies that could be employed
to control COVID-19. Our goal is to study the outcome when we impose some restrictions on the susceptible class and provide
medical help to infectious class. After taking these steps, it can be said that either disease will eliminate or will spread slowly in the
population. Suggestions provided through analysis and simulation done with help of mathematical modelling become a powerful
tool for general well-being.

Several compartmental system for the outbreak of COVID-19 have been constructed since last year. Authors in [17] have
developed SEIHR model where they have not considered asymptomatic and quarantine classes. Authors in [16] consider SIRD
model following law of mass action and their model does not incorporate exposed, asymptomatic class. In [19], [20] authors
consider compartmental model with standard incidence rate without hospitalized and quarantine class respectively. In [59] authors
studied SIHRS model and have not included exposed, asymptomatic class. Authors in [60] do not include asymptomatic and
quarantine classes in their model. In [18] authors, constructed a COVID-19 SEIQR difference-equation model. We have tried to
build a comprehensive model which incorporates seven compartments, symptomatic, exposed, asymptomatic, infected, quarantine,
hospitalized and recovered, time delay which is over and above the incubation period and control strategies as well. Also, our
model incorporates rate of bilinear incidence(fS1) and saturated rate of occurrence (fS1/(1 + al)), which captures the inhibitory
behaviour of susceptible class to infected individuals with symptoms, which as per our knowledge is not considered as yet.

The uniqueness of this paper lies in the complexity of the model. We formulate a compartmental model with 7 compartments,
trying to incorporate all movements possible. Introducing a delay parameter along with the control parameters, adds up to this. Cases
have been recorded where some recovered individuals have been tested positive again in China [61] as well as Hong Kong [62].
Therefore, it is important to consider the possibility of recovery not implying permanent immunity in the recovered individuals,
which is being taken care of in the model. Furthermore, we have done both the analytical as well as the numerical analysis of the
model. Then, we compare our results with the actual numbers from China. The importance of incorporating the delay parameter,
which takes into account the extra days over the incubation period (2-14 days) for the symptoms to be visible, lies with the fact that
this delay makes it very difficult to protect the susceptible class from the infected individuals or provide the necessary treatment
at the initial stages. Although, a lot of researches have been conducted using delay parameters [36,63-66], still the effect of this
parameter on COVID-19 is not explored much. Therefore, we have attempted to study what effects incubation period can have on
the spread of the disease by combining it with several control strategies.

In this study, we formulate a new model equipped with delay and control parameters, which we use to model COVID-19 epidemic.
In Section 1, we give a brief introduction about the model and Section 2 deals with model formulation. We have examined the
dynamics of a non-delayed system in Section 3 wherein we have discussed the existence and stability of the equilibrium points.
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Fig. 1. Flow diagram of the model.

The dynamics of a delayed system is examined in Section 4 wherein the stability of the equilibrium points and the sensitivity of
basic reproduction number have been discussed. In Section 5, we have studied the impact of control strategies. Section 6 includes
numerical analysis of the COVID-19 model and comparing it to real time data of China. We have then concluded the paper in
Section 7, summarizing the results and our findings along with a few strategies, highlighting the importance of non-pharmaceutical
interventions.

2. Model formulation

Now, we begin the formulation of our model. Our aim is to come up with a mathematical model that can capture the real aspect
of the COVID-19 disease, as much as possible. We have based our model on the compartmental modelling approach, where change
in each compartment is denoted by an ordinary differential equation. To begin, we assume that the entire population (N) at any
time can be split into seven compartments as can be seen in Fig. 1. This also means that at any time, the population of all the
seven compartments add up to the total population at that time. Further, the population may decrease when individuals in any
compartment die naturally (at a rate u) or due to COVID-19 (at a rate §) and may increase due to the recruitment of susceptible
individuals (at a rate b). Next, we also assume that initially the entire population is at a risk of getting infected, i.e., everyone is
susceptible to the disease. These susceptible individuals will move to the exposed compartment after they come in contact with an
infected individual.

While modelling transmissible diseases, it is very important to use an appropriate rate of incidence in order to make accurate
predictions. Authors frequently use a bilinear incidence rate fS1, which is based on the law of mass action. ST suggests that the
number of infectives increase linearly without a bound, which seems odd when the symptoms of the disease are well identifiable
(because when symptoms are well identifiable the behaviour of susceptible class changes). In [67], Capasso and Serio used a non-
linear saturated incidence rate %, where f1 is the force of infection and ﬁ measures the inhibition effect due to the change
in behaviour of the susceptible individuals when I is large. Such an incidence rate ensures that % tends to a saturation level of
g, i.e., the increase in the number of infected individuals is not unbounded. In view of the above discussion, we take the incidence

rate as fcS1, + ffj’ , where ¢ is the contact rate and f is the probability of transmission per contact. This is justified because the
asymptomatic individuals do not show any symptoms, therefore, there is no inhibition towards disease transmission. On the other
hand, symptomatic individuals are identifiable, which leads to a behavioural change of susceptible class leading to the inhibition
effect.

After the mean incubation period (¢~!), the E individuals go to infection classes I, I, and I, in proportions p;, p, and ps,
respectively. Individuals having severe symptoms after ¢~ days go in the I class, individuals showing no symptoms after ' days
go to I, class and individuals having very mild symptoms after c~! days home isolate themselves and move to T, 4 class. In general,
quarantined individuals are those people that home isolate themselves as a precautionary measure because they doubt that they
might be infected (probably because they met an infected person recently and are now showing very mild symptoms). Similarly, we
have a movement from ‘Asymptomatic’ compartment to the ‘Quarantined’ compartment in order to acknowledge those asymptomatic
individuals who home isolate themselves as a precautionary measure (because they might have come in contact someone who was
later diagnosed as COVID-positive). Since I, and I, individuals have only mild symptoms or no symptoms at all, we assume that
they naturally recover under home isolation and move directly to the ‘Recovered’ compartment. And lastly, since symptomatic
individuals are adversely affected they move to the ‘Hospitalized’ compartment (i.e., seek treatment), and post recovery move to
‘Recovered’ compartment. We assume that any individual moving to the ‘Hospitalized’ compartment is already diagnosed as positive
for COVID-19.
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Since we are still new to the COVID-19 disease we cannot be completely sure if recovery from the disease provides permanent
immunity. Motivated by this, we incorporate parameter A in the model that denotes the rate at which the recovered individuals
become susceptible again. Consistent with the above description the model has been described with the help of a flow diagram
in Fig. 1. Although, in reality the movement from one stage to another is a much more complex process, we have aimed to keep
the model as realistic as possible, while ensuring it still can be mathematically solved and interpreted. Combining everything that
we have discussed above, we formulate the following system of seven ordinary differential equations that represent our model
mathematically:

ds pecS1

— =b—fcSI, - —uS+ AR
di PeSla=rgp ~HST AR
dE pcS1

£ = ST - E,

dt pe “+1+aI (e +m

dl

T =POE+ L0 = O+ u+ O],
di,

ke P0E —(¢pg + v, + I, — L, (D), 21
dI,

e P30E+ ¢ 1, — I,(v, + 6+ p),
dH

7:911—1‘10’4’5“'#)’

dR

E: H7a+7H—R(A+M)+Iq)/q.

As discussed earlier, it is known that sometimes it can take a few days more than the incubation period of 2-14 days [68-73] for
the COVID-19 symptoms to be visible. Therefore, individuals that were identified as asymptomatic because they did not show any
symptoms after ¢~ days can actually turn out to be symptomatic after a delay and hence there is a movement from ‘Asymptomatic’
compartment to ‘Symptomatic’ compartment. Thus, we incorporate a delay parameter r which takes into account this delay in the
development of symptoms in infected individuals. Thus, the time delayed model is as follows:

ds BeST

L2 —p—BeSI, — —uS+AR
i beSla =y ~HStaR
dE BeSI

88— peSI - E,

dt pe “+1+aI (e +m
%:p16E+¢Ia(t—1)—(9,+;4+5)I,
dI,

L= 0 E = (g 1y + W]y = P10 =) 2.2)
dl,

—L = 0O E L, = Ly + 5+ ),
W or-ng+5+m,

dR

E: H7a+7H—R(A+M)+Iq)/q.

Consider the initial conditions for system (2.2) are of the form:

S = fim, Em) = f,(0, 1) = f3(n), 1,(n) = fan), 1,00) = fs(n), H(n) = fen), R(n) = f7(n); where, f;(n) € C([~7,0], IRD,
which is a Banach space of continuous functions from [—7,0] into 1R1; such that, f;(y) > 0 for y € [-7,0), and f;(0) > 0, V
i=1,2,3,4,5,6,7. Table 1 briefly describes all the parameters of the model.

3. Dynamics of non-delayed system (2.1)
3.1. Positivity and boundedness of solutions
For system (2.1) to be biologically meaningful, it is required that the solutions with positive initial data are positive and bounded

for all 7 > 0, as the state variables in system (2.1) represent populations.
Now, as done by Naresh et al. in [74], using a theorem on differential inequalities [75], it can be easily shown that,

ds Pecl
- > —(fcl, + T+al +u)S,
= S(1) > S0) exp{—(fcl, + ﬂ + it} >0,

1+al
Thus, S(#) > 0 for all 7 > 0. Then on similar line, we can show that E() > 0, I(t) > 0, I,(t) > 0, I,(t) > 0, H(t) > 0 and R(?) > 0.
Further, adding all the equations in (2.1):

dN

— =b—uN-6(I+1,+ H),
o H ( P )

<b—uN.
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Table 1

Description of model parameters.

Parameter Description

b Recruitment of susceptible class

" Natural death rate

8 Disease-induced death rate

P Fraction of individuals that become symptomatic after getting exposed
r Fraction of individuals that become asymptomatic after getting exposed
P Fraction of individuals that get quarantined after getting exposed

a Parameter that captures inhibition of Susceptible individuals

c Contacts per unit time

B Probability of transmission per contact

c Rate at which exposed individuals become infected

0, Rate at which symptomatic individuals get hospitalized

y Rate at which symptomatic individuals recover

Ya Rate at which asymptomatic individuals recover

Ve Rate at which Quarantined individuals recover

¢ Rate at which asymptomatic individuals start showing symptoms

9, Rate of quarantine of asymptomatic individuals

A Rate at which Recovered individuals loose immunity

T Delay parameter measuring delay in development of symptoms in asymptomatic class

Simplifying and solving the above differential equation we get,

N=S+E+I+1,+I,+H+R)< §+ce—w.

Clearly, as t - oo it can be seen that N = (S+ E+ I+ 1, + 1, ,+tH+R) — E Hence, the solution for system (2.1) is bounded.
Therefore, solution space, {(S,E,I,1,,I,,H,R) € lRZr :0<NK< ﬁ} is positively invariant.

In the next sections, we have attempted to interpret the model analytically as well as numerically.

3.2. Basic reproduction number (R;)

In this section, we discuss about important analytical tools required for stability analysis: like the basic reproduction number
(Ry) and disease-free equilibrium points. Disease-free equilibrium point can be thought of as that equilibrium position where there
is no trace of infection in the population, i.e., the point where the disease no longer persists in the population. Proceeding as in
Section 3 of [76], the DFE (E;) of system (2.1) can be easily computed by setting RHS of each equation in (2.1) equal to zero.

E,= <2,0,0,0,0,0,O>. (3.1)
"

Basic reproduction number is an epidemiological term used for the mean number of individuals turning into infectives in a
susceptible population due to one infected individual existing in it. R, has an important role to play in epidemiology, because
it determines important factors, like whether the disease will remain in the population or will it be eliminated. In general, we can
say if Ry < 1 then the disease will be eradicated eventually otherwise it will persist. Although there are a variety of methods that
can be employed to calculate R, in this paper we make use of the next generation matrix method [6,51] to come to a formula
(3.2).

Step 1: To begin, we use the notation " for system (2.1) as follows:

X =(E,I,1,,1,,H,R,S).

Which can be rewritten as,
L'=Yx) - ZE),
=Yx) - [Z~(x) - ZH)],
where, % (x) = [ykl]”” is such that y;; = peSU, + Hﬁ) and every other element in this column vector is zero. Further, each

element of this vector corresponds to a group of terms resulting in new infectious individuals in each of the seven classes; and
E(u+o)

I6;+6+u)—Epio—1I,¢
I,(u++y7,+ ¢, + ¢) — Epyo
Zx)=| I,(ry+u+38)— Epso— 1,0, |, is a collection of left over terms.

Hy+6+u—-10;
RA -1y, —Hy+Ru—1,y,

BeSU, + ﬁ)+5,¢—b—RA
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Step 2: Next step is to find the Jacobian matrices of % (x) and Z(x) at DFE, which are as mentioned below: D% (E,) = [O 0

o o

vV 0
d DZ(E,) = ,
o (Fo) [J 1 12]
where,
0o % oo (6 +p) 0 0 0
Fo0 0 0 o0 | o 0, +5+ ) - 0
o o o of —opy 0 (H+d+7,+d,) 0 |
0 0 0 0 —0p3 0 ¢, (rg +H+9)
0 -0; 0 0 (y+u+9o) 0 0
Jy =10 0 ~Ya —Yq|» o= -y (u+2) 0]
0 pbeu™' pbept 0 0 N
Step 3: Now, we compute next generation matrix which is defined as follows:
Fy-!
Pbco o1 + no + 2 Bbe Pbe ¢ +1) 0
u(o+p) ~Op+uto) ~ (Op+u+o)p+dgtya+u) — (D+d +ya+u) uOr+u+o) @+ tygtu) " (6+01+u)
B 0 0 0 0
0 0 0 0
0 0 0 0
Finally, R, is computed by finding the spectral radius of FV~! and is expressed mathematically as follows:
b Prb(u+d+7,+ )
Ry = P2 L2 I T P2 . (3.2)
o+t \ p+0;+6 O +6+u Yatd+pu+d,

3.3. Local stability of disease free equilibrium point

Here, we discuss the conditions required for local stability of the disease-free equilibrium point based on the basic reproduction
number obtained in the previous subsection and state a theorem for the same.
The characteristic equation corresponding to Disease-Free Equilibrium point is as follows:

~(A+ WO+ A +W)A+y +p+ )y, +pu+6+ (eSS [p1o(d, + 1, +u+ i+ )
+ ¢pr0l+ (O +p+ 6+ Do+ p+ Dby +7,+ 4+ A+ )= fepyoS*]) = 0.

Clearly, the four eigen values corresponding to the first four roots of the above equation are negative. The remaining three eigen
values can be obtained from the following characteristic equation:

—BeS*[p10(dg + 1o+ 1+ A+ D)+ Ppyo]

+ Or+pu+o+ D +pu+ NP, +rv,+u+i+¢)— pep,6S*1=0, 3.3)

which can be rewritten as,

F) = (A +ay 22 + a1 A+ ag) + (22 + ¢ A+¢p) =0, (3.4
where,

a=0;+3u+ ¢, +6+7,+o0,

ay = —PcoS"py = fcoS py + (0 + {0 +2u+ 7y, + 5+ by} + (O + p + 8) g + 1, + 1),

ay = —Peo S (gpy + 1Y + upy) + (O + p + ) {=PcaS™py + 0Py + 1, + ) + u(d, + 7, + W),

¢ =¢,

¢, =¢2u+o+0;+54],

¢ =[od+ pu)Or + 6+ p) — fcaS™(p; + py)]-
Further, a, + ¢y can be simplified as follows:

ay+ o= (00, +op + 06+ pb; + p* + ud) b, + ¢ + v, + w1 — Ry). (3.5)

It can be observed from Egs. (3.4) and (3.5) that, f(0) =a, + ¢y < 0 for Ry > 1 and lim,_, , f(s) = co. This means that Eq. (3.4) has
a positive real root and hence disease-free equilibrium is unstable for R, > 1.
Using Routh-Hurwitz criteria Eq. (3.4) will have roots with negative real part if the following conditions are satisfied:

C1 :(ay+cy) >0, (a; +¢;) >0, (ay + ¢;) >0, and (ay + ¢y)(a; + ¢;) > (ag + ¢p)-
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Using Eq. (3.5), the first condition in (C1) is satisfied if R, < 1. Similarly, it can be shown that second, third and fourth conditions
in (C1) are satisfied if R; < 1. Hence, we have the following theorem.

Theorem 1. The disease-free equilibrium point of system (2.1) is locally asymptotically stable if R, < 1.
3.4. Endemic equilibrium (E,)

In this subsection, we find endemic equilibrium point (E;) for (2.1). Let, E; of our system be as follows:
El = (S**,E**,I**,I:*,I;*,H**,R**). (3-6)

Also let,

I
1+al*’
To find the endemic equilibrium point (S**, E**, I**, e, I;*, H**, R**), set RHS in each equation in (2.1) equal to 0, and solve for
each compartment one by one.

To obtain an expression for $**, set RHS of first equation in (2.1) equal to 0,

A = Bl + pe (3.7)

(+ A™)S*™ = b+ A R™.
Substituting the value of R** from Eq. (3.14) in the above expression, we get,

(u+ 2)s* = py 2OALTST (yaz (AL >

BF D ' CP
b
S** = ,
JA +
where,
AGA vqL y6,G
1=1-522 1+ T2 D), 38

To obtain an expression for E**, set RHS of second equation in (2.1) equal to 0. Solving for E** we get,

where,
A= 1 .
(u+o0)
To obtain an expression for I**, set RHS of third equation in (2.1) equal to 0. Solving for I** we get,
[ pIoE™ + I
Or+u+6)

(3.9

Substituting E** and I;* from (3.9) and (3.11), respectively, in the above expression, we get,

I = cAGL™* S**
BC ’
where,
C=(0;+u+d),
G = Bpy + ¢p;.

To obtain an expression for I*, set RHS of fourth equation in (2.1) equal to 0. Solving for I}* we get,

(3.10)

o pZUE**
PPy
Substituting E** from Eq. (3.9) in the above expression, we get,
I = sz’Aﬂ.**S**
a B ’
where,
B=(p+ds+vat+m. (3.11)
To obtain an expression for I;"*, set RHS of fifth equation in (2.1) equal to 0. Solving for I;‘* we get,
p30E™ + ¢ 17"

1**=
)
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Substituting E** and I* from (3.9) and (3.11), respectively, in the above expression, we get,

o AN S
I = T(Bﬂs + ¢y02),
o — CALATS™
a = BD
where,

D=(,+u+9),
L = (Bps + ¢qp2)

To obtain an expression for H**, set RHS of sixth equation in (2.1) equal to 0. Solving for H**, we get,

eI
+u+6)

ok

Substituting the value of I** from Eq. (3.10) in the above expression, we get,

o — 0,0AGL** S**
BCP ’
where,
P=({y+u+9d).

To obtain an expression for R**, set RHS of last equation in (2.1) equal to 0. Solving for R** we get,

Yol + qu;* +yH*™

(A +u)

R¥ =

(3.12)

(3.13)

Substituting the values of I}}*, l;* and H** from Egs. (3.11), (3.12) and (3.13), respectively, in the above expression, we get,

YaPrOAL*S™ Y, 0 ALA™S™ 40,6 AGA™ S*

R™ = + s
BF DBF BCPF
A;L**S** qu }’GIG
R* = AL O A Al
BF <yap2 + D + CP s
where,
F = (u+ 2).

Now, substituting the values of I** and I from Egs. (3.10) and (3.11) respectively, into Eq. (3.7) we have,

A = Bel™ + fe A
a 1 +al*’
ok Qi BeoaAGA 5™
A = ﬂCPZGA/I' s BC
- B | 4 2oAGAS™ >
BC
1 Pfep,c AS™* fcoAGS™*
B B BC + ac AG1**S*’

B[BC + ac AGA*™ S™] = fcp,0 AS™[BC + ac AGA™ S™ ] + fcc ABGS™,
B2C + ac ABGA**S** = fcp,6 ABCS™ + afcp,c? A2 GA** S**2 + fcc ABGS™.

Substituting the value of S** from Eq. (3.8) in the above expression, we have,

2712 42 ET
2 » b _ PepyobABC  aficpyo b A"GA PcobABG
BC+aaABG/l**(”+J}L**)— W+ Ti + T T T
U u
5 afcp,c’b? A*G . 5
(B“CJ + ac ABGb — WM = fcp,0bABC + fcobABG — uB-C.
4 o

Simplifying further we get,
(B*CJ (4 + JA*) + acbABG(u + J A**)—afcpyo?b* A2G) A
= (u+ JA*)[fep,cbABC + fcobABG — uB>C)

bA
= (u+Ji*uBC [_ﬂcng 4 BeobAG _ 1]
u

uBC
_ ok 2 ﬂCO'bA Q _
= (u+J "B C[(TB >(p2+c> 1]
= (u+ JA*)uB2C [(ﬂ:Z”CA> (Cpy +G) — 1] .

8

(3.14)
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Substituting value of G from Eq. (3.10), in the above expression, we have,

(B*CJ (4 + JA*) + acbABG(u + J A™*) — afcp,c’ b A2G)A**
PcobA
uBC

= (u+ I iuB>C [( > (Bpy +1C + plpy) — 1| .

Substituting value of A, B and C from Eq. (3.9), (3.10) and (3.11) respectively, in the above expression, we have,
(B2CJ (u+Jd A**) + acbABG(u + J A*) — afep,cb? A2G)A™ = (u + J A )uB>C(Ry — 1),

(BXCJ (u+J 2**) + acbABG(u + J A**) — afcp,62b* A2G) =(u+J ARy = ).

A
uB2C

Simplifying the above expression we get,

aoj**Z + b()}'** + ¢ (315)
where,
a = 12, 20bAIG
07 uBC ’
achbAG  aPcc’p,b*A%G
by=J + - —J(Ry— 1),
0 BC uB2G Ro=1)

¢ = —pu(Ry — 1).
It is interesting to observe that, with respect to every positive solution of A** in (3.15) we have a corresponding solution for
E| = (8™, E™, I, I}, I;‘*, H**, R**). Hence, there are as many endemic equilibria of (2.1) as there are positive roots of (3.15).
Looking at Eq. (3.15), we can observe that a, is always greater than 0 whereas ¢ is greater than 0 when R is less than 1 and
¢y is less than 0 when R, is greater than 1. With the help of Descartes’ rule of signs, the below theorem has been obtained for the
existence of E,.

Theorem 2. The system (2.1) has:

1. a unique endemic equilibrium, if ¢, < 0 (i.e. Ry > 1).
2. a unique endemic equilibrium, if by < 0, and ¢, = 0 (i.e. Ry = 1) or by> — 4apcy = 0.
3. exactly two endemic equilibria, if ¢, > 0 (i.e. Ry < 1), by < 0 and by> — 4aycy > 0.

Remark: R, < 1 is not a sufficiency condition to eradicate any disease. Extra efforts are required.
3.5. Local stability of endemic equilibrium point

Here, we talk about the conditions required for the endemic equilibrium point to be locally stable. We have used MATLAB to
obtain the characteristic equation of the Jacobian matrix at Endemic Equilibrium point (E;) which is:

AT+ pg A+ ps A + py At + 323+ pr A2+ pi A+ py + (oA’ + g5 + @At + 3 2 + A% + g1 A+ q91 =0, (3.16)

where, py,...,ps and gy, ..., gq are listed in Appendix.
Using Routh-Hurwitz criterion the roots of Eq. (3.16) have negative real parts if and only if |H)| > 0 for n = 1,...,7, where for
each n, H) is a Hurwitz matrix of order »  n, with general form:

qe + De 1 0 0 0
qatps gs+ps  go+Pe 1 0
H,’, =|g+py a3t+p3 qtpy qs+ps ... 0 , (3.17)
0 0 0 0 0 47-n +p7—n

with p; +¢; =0if j > 6 or j <0.
Thus, we have the following theorem.

Theorem 3. Let E, be an endemic equilibrium point of system (2.1). Then, E, is locally asymptotically stable iff for each of the seven
Hurwitz matrices defined as in Eq. (3.17), |H}| > 0.

4. Dynamics of delayed system (2.2)

The positivity of system (2.2) can be proved on similar line as done in [77] and the boundedness of system (2.2) can be proved
in a similar manner as in Section 3.1.
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4.1. Equilibrium points and its stability

As mentioned by Tipsri and Chinviriyasit [78], the equilibrium solutions are same for the system with and without time delay.
Therefore, to obtain the equilibrium points, we use = = 0. Hence, the Disease-Free and Endemic Equilibrium points of the system
(2.2) are the same as obtained in Sections 3.1 and 3.4 respectively.

4.2. Local stability of disease free equilibrium point

In this subsection we will discuss stability of the system (2.2) around disease free equilibrium point.
When 7 #0
The characteristic equation corresponding to the disease free equilibrium point Ej, is :

—(A+ WO+ A WA +7 + 1+ 8)yy + p+ 6+ A(=PeS*[p10(d, + 7, + 1+ A+ pe7)
+ proe ™+ (O, +u+ 8+ Do+ u+ NPy +v,+u+i+ de™7) = fep,6.5*1) = 0.

Clearly, the four eigen values corresponding to the first four roots of the above equation are negative. The remaining three eigen
values can be obtained from the following characteristic equation:

A=A +a A2 +ad+ap)+ e (A% + ¢ A+¢y) =0, 4.1)

where the coefficient a;s and c[’ s are same as obtained in Section 3.3.

For = > 0, Eq. (4.1) is a transcendental characteristic equation and the roots will be of the form, A = n(z) + 1w(r), where w > 0.
As explained by Mukandavire [79], the roots of a transcendental equation will have positive real parts if and only if it has purely
imaginary roots. We will aim to obtain the conditions for which no such purely imaginary root exists for Eq. (4.1). These conditions
will be then sufficient to conclude that all the roots of Eq. (4.1) for = > 0 have negative real parts.

Consider, 4 =@ (@ > 0) is a purely imaginary root of Eq. (4.1). Then, Eq. (4.1) becomes,

(-1 = a2w2 + ajiw + ag) + [cos(wT) — tsin(wr)](—c2w2 +cjiw+¢y) =0.
Separating real-imaginary parts,

—azw2 + ag + cywsin(wr) — (czw2 —¢p) cos(wt) =0,

—w® + ajw+ (c2w2 — ¢p) sin(@t) + ¢;wcos(wt) = 0.
Squaring both sides of the above two equations and adding we get,
® + (—2a; + a% + c%)co4 + (a% —2apa, + 2cpcy — clz)oo2 + (a(z) - cé) =0.
Taking s = w* we have:
s+ (—2a; + ag + c%)s2 + (a% —2agay +2cycy — Clz)s + (ag - cé) =0. (4.2

If we assume that,

C2 :(-2a; + a5 +c2) > 0, (& — 2aya, + 2cc; — ¢2) > 0, (a3 — ) > 0, and
(—2a; + a% + c%)(a% —2ayay +2cycy — cf) > (ag - cé)
then by Routh-Hurwitz criterion the roots for Eq. (4.2) will have negative real parts. However, there does not exist  such that s = »?
is negative. This poses a contradiction. Hence, whenever the conditions in (C2) are true, there does not exist a purely imaginary
root of the transcendental Eq. (4.1). Hence, we have the following theorem.

Theorem 4. Let, R, < 1 then for = > 0, the disease-free equilibrium point of system (2.2) is locally asymptotically stable if conditions in
(C1) and (C2) are satisfied. Also, the disease-free equilibrium point of system (2.2) is unstable for R, > 1.

Now, we will obtain the condition for stability of the Endemic Equilibrium point.
4.3. Local stability of endemic equilibrium point

When 7 # 0.
The characteristic equation corresponding to endemic equilibrium point (E,) is as follows:

A4 ped® + ps A + pyat + p3 A2+ py A% + p A+ po + e M [ge A’ + g5 A% + qu A + g3 + 47 + g A+ qp] =0, (4.3)

where, p, ..., ps and g, ..., g are listed in Appendix. For = > 0, Eq. (4.3) is a transcendental characteristic equation and the roots
will be of the form, 4 = 5(z) + 1w(r), where w > 0. As done previously for local stability of E;, we will aim to obtain the conditions
for which no purely imaginary root exists for Eq. (4.3). Let if possible, Eq. (4.3) have a purely complex root of the form: 1 = iw.

10
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Then, Eq. (4.3) becomes:
(—ta)7 - p6w6 + 1p5a)5 + p4w4 - zp3a)3 - p2w2 +1py@ + py)
+ [cos(wT) — 1sin(wr)](—q6a)6 + tq5w5 + q4w4 - zq3a)3 - q2w2 +1q,0 + q) =0,
—*x[(—pe,co6 + p4w4 - p2w2 +py) + (-’ + p5w5 - p3a)3 +pw)]
+ [cos(wT) — lsin(co‘r)][(—qﬁw6 + q4w4 - q2m2 +4qp) + z(q5w5 - q3cu3 +q,w)] =0,
= (—pe® + py* — pya” + py) + 1(—” + ps@’ — p30° + p )
+ (—q6w6 + q4a)4 - qza)z + gg) cos(wr) + (q5co5 - q3a)3 + q,0) sin(wr)
+ t[(qsco5 - q3a)3 + q,w) cos(wr) + (q6w6 - q4w4 + q2w2 — qp) sin(zw)] = 0.
Separating real-imaginary parts:
Real : —((16006 - q4(o4 + q2w2 - qo) cos(co‘r)+(q5co5 - q3a13 + q,w) sin(w7)

= (pe® — py* + pra” — py).

5 3 6 4 2 . (4.4
Complex : (q50° — g30° + g ) cos(wT)+(ggw’ — gu0" + gr0” — qq) sin(wt)
= (@ - ps@’ + p30° - pj ).
Squaring both sides of the above two equations and adding we get:
(@60° — 40" + 40" — qp)* + (450° — 30 + gy )’ 4.5)
= (pe®® — ps0* + pro® — po)? + (@' — ps@’ + p30® — pyw).
Using MATLAB to simplify the above equation, we get:
= o™ + 0% + u, 0! + w30 + 1,0° + us0* + ugw? +u; =0, (4.6)

where,
uy = =2ps +pg* —dg°»
Uy = 2p3 = 2psps + ps” + 204ds — ds°»
uy = =2p; +2pypg — 2p3ps + ps” — 24246 + 24305 — 44"
uy = =2pops +2p1Ps — 2p2ps + P3° + 2404 — 24105 + 20204 — 057 (4.7)
us =2pops = 2p1p3 + p2” — 2dods + 24143 — 42"
ug = —2pypy + l7|2 +2q09; — ‘112,
U7 = 1’02 - qoz-
Put, s = ? in Eq. (4.6), then we have:

sT 4+ uy s+ 1y 8% +uys® +uys® +uss? +ugs' +u; = 0. (4.8)

If we assume |H,| > 0 for n=1,...,7, where for each n, H, is a Hurwitz matrix of order n  n, with general form:

W 1 0 0 .. 0
us uy w1 ... 0
H,=|us uy uz u .. Of, (4.9)

0O 0 0 0 0 u

withu; =0if j>7or j <0.

Then by Routh-Hurwitz criterion the roots of Eq. (4.8) will have negative real parts. However, there does not exist @ such
that s = w? is negative. This poses a contradiction. Therefore, the conditions in (4.9) are sufficient to conclude that all the roots
of Eq. (4.3) for = > 0 have negative real parts. Hence, we have the following theorem.

Theorem 5. Let E; be an endemic equilibrium point of system (2.2). Then for = > 0, E, is locally asymptotically stable if for each of the
seven Hurwitz matrices defined as in (4.9), |H,| > 0 and for each of the seven Hurwitz matrices defined as in (3.17), |H ,’l | > 0.

4.3.1. Hopf bifurcation of endemic equilibrium point

In the previous subsection, we listed conditions for local stability of E, for = > 0. However, if these conditions are not satisfied,
then E, looses its stability. In this subsection, we will work to obtain the conditions for local stability of E, based on the delay
parameter and will determine the critical value of = (i.e., 7), post which E, ceases to be locally stable.

11
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Consider that |H,| < 0 for at least one of the seven Hurwitz matrices defined in (4.9). Then, there will be at least one root
of Eq. (4.3), that will not have negative real part. Also, in order for Eq. (4.3) to have a root with positive real part, Eq. (4.3) must
have a purely imaginary root. Further, this is possible only when Eq. (4.8) has a positive real root. Let Eq. (4.8) be rewritten as:

f&)=s"+ uls° + uzs5 + u3s4 + u4s3 + u552 + u6s1 +u; =0.

It can be seen that, f(0) = u; and lim,_, f(s) = oo. Then, f(s) = 0 will have a positive real root only if u; < 0. Now, let
AMr) = n(r) + 1ww(r) with @ > 0 be the root of (4.3) such that for a particular 7, > 0, we have, n(ry) = 0 and w(zy) = @, 50
that, 1 = iw, is a purely imaginary root of (4.3). Then, for = < r, we have 5(r) < 0 and E, is stable; for = > 7, we have #(z) > 0 and
E, is unstable; and for = = 7, we have 5(zy) = 0 and E, undergoes Hopf bifurcation at z,. We can obtain the critical value of = (for
n=0,1,2,...) from Eq. (4.4) by replacing w = w, and solving for the variables sin w,z, and cos w,7,:

(4501(5)—43!1’3*'41 wo)2+(46wg—44w3+qzw5—40)2
7, = + 2
@ @

6 4, 2 5.3 7S 3_ 60 o 40 02—
arcsin <(P6w0 P4 +P20) —po)(qs 0y —430 +41 00)+(0) —p5 0 +p30) —p1 00) (96D, —44 W+ 0] 40)>
2zn

where, 7, = min{zr, : n=0,1,2,...}.

Next, for the existence of the Hopf bifurcation, we prove that the following transversality condition is satisfied:

L (Re(a) >0, (4.10)

=4
= -, (Re(2)

*

=1 A=10)

Differentiating (4.3) with 7, we get:
6 5 4 3 2 di
(TA° + 6pgA° + 5psA™ +4p, A7 +3p3 A~ +2py A+ pl)E
+ e’“(6q6/15 + SqSA4 + 4q4ﬂ3 + 3q3/12 +29,A+ q, )Z—)L
T
+ (geA® + g5 + @At + 3 20 + @ A2 + g A+ gple F (=4 — T%) =0,
(T4 + 6pg > + SpsA* +4py A3 + 3p3 A2 + 2p, A+ py)
| +e (60625 + 5qsA* + gy 2 + 3547 + 2404 + qp) (j—i)

—7e (g5 A% + g5 A% + At + 3 7 + 4% + g1 A+ qp)
= 2e7 (g5 A% + s A0 + @At + 3 + A7+ g4+ qp).

(728 + 6pg A + 5ps A* + 4py A3 + 3p3 42 + 2py A + py)
+e777(6qg A% + 5q5A* + dqu A +3g34% +2¢,4 + q)

dr

(M )—1 —7e 4 (e A + g5 A0 + qu At + @3 A3 + 47 + g1 A+ qp)
A=A (gg A0 + g5 A3 + qu At + @33 + 42 A% + g1 A + qp)

[ (748 + 6pg 4> + 5psA* + dpy 23 +3p3 A2 +2p A+ p)) ]
A4 (gg A0 + g5 A% + qu At + 3 A3 + @ A2 + q A+ qp)

-1
:(ﬂ) _ (6g6 A5 + 5qs A% + 4g, 23 + 3¢ 42 + 2g,4 + )
dz M8 + qs5i5 + gy d* + @343 + @, 4% + g A + qp)

z
L A |

[ (748 4+ 6pg A + 5ps At +4py A3 +3p3 A2 +2p, A+ pp) ]
—AAT + pgAS + ps A5 + py At + p3 A3 + py A2 + pi A+ py)

-1
$<ﬂ) = (6g6 45 + 5q5 A% + 4g, 23 + 3¢ 42 + 2q,4 + q)) )
dz M8 + qs1% + gy d* + @343 + 4, 4% + g A + qp)
_r
L A |

where, we have substituted the relation from Eq. (4.3):
—(/17 +p6/16 +p5/15 +p4/14 + p3/13 +p2/12 +piA+py) = e_“(qﬁl(’ + q5/15 + q4/14 + q3ﬂ3 + qz/lz +qA+ qp).

12
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Now,
4 (Re(a™!
dr A=100)
-1
()
dr A=t

(=T@§ + 16psay, + S5psay + —14ps@) — 3p30] + 12p,0 + py)

—Iwo(—lwg - pﬁwg + lpsa)(s) + p4w8 - 1p3w(3) - pzwé +1p1wy — py)

= Re N (16q6w(5) + quwg - t4q4a)8 - 3q3a)(2) +12g,m0 + q;)

100 (=gl + 195 + queog — 130 — G2 0% + 1g10 + qo)

T

10

(—7w8 + SpSwg - 3p3w% +p)+ t(6p6w(5) - 4p4co(3) + 2p,q)

(—wg + pSw(S) - p3a)(3) + pywy) + 1(p6cog - p4wg + pzwé - Do)

= —Re N (5q5m3 - 3q3m3 +qp)+ 1(6q6a)(5) - 4q4a)3 +2g,0,)

(=450 + G0, — q100) + U—qeS + 440 — g2 0% + gp)

T

Rationalizing the first two terms above, we get the expression:
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(—7(08 + SpSa)g - 3p3a)(2) + P )(—a)g + psa)g - p3wg + pwgy) + (6p6a)(5) - 4p4a)(3) + 2p2a)0)(p6a)g - p4wg + pza)g - Dpp)

(—a)z) + pswg - p3co(3) + prwg)? + (pﬁa)g - p4a)g + p2a% - po)?

N (5q5w3 - 3q3w(2) + ql)(—quS + q3w8 - q ) + (6q6w(5) - 4q4w(3) + 2q2w0)(—q6wg + q4w3 - qzwg +4q9)

(=450 + 4303 — 410 + (—qs®§ + 4} — 42003 + qp)?

Using Eq. (4.5) we know the two denominators are equal to each other. Also cancelling out w, we get:

(=Twf + 5pswy — 3p3 0% + p)(—wf + psw] — p3wl + p)
+(6pw] — 4p4] + 2p)(Pe — @ + Proy — po)
(5450 = 34505 + ) (~450] + 450 — @)
+(6q6a)g - 4q4(0§ + 2612)(“16“’8 + ‘14603 - q2w(2) +4o)

- (—w( + ps@)y = p3; + Py + (P — Py + pro — Po?
Using MATLAB to solve the numerator, we get:
Twy” +6(=2ps + ps” = 46 )y + 5(2p3 = 2pape + Ps” + 24446 — 4570y
+4(=2p; + 226 — 2P3Ps + Pa” — 24246 + 20395 — 420l
+3(=2pops + 2P1Ps — 2paps + 3% + 24046 — 24145 + 20204 — 030
+2(2popy — 2p1P3 + P2* — 24044 + 24193 — 422)0’%
+H(=2popy + P1* + 24002 — 1%)

(—w] + ps®) — P30 + p1)? + (Pl — pacsy + pr % — p)?
Substituting from Eq. (4.7), we get:

760(1)2 + 6ula)(1)0 + 5u2a)g + 4u3a)8 + 3u4cog + 2u5w3 + ug

(—a)g +p5a)(5) —p3a)(3) + piwg)? + (p6w8 - p4a)g + pza)(z) - po)?

Clearly, in the above equation denominator is positive. Also, if u;, u,, ..., u;> 0 then numerator is positive. Hence, %(Re(/l))‘1 o>

0if uy, uy, ..., ug> 0.
We summarize the above discussion in the following theorem.

1)

Theorem 6. Let E, be an endemic equilibrium point of system (2.2) satisfying all the conditions in (3.17).

1. If all the Hurwitz matrices defined in (4.9) are such that |H,| > 0, then E, is locally asymptotically stable for all = > 0.

13
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Parameter

Sensitivity Index

Fig. 2. Sensitivity Index of R, in response to change in different parameters.

2. If at least one of the Hurwitz matrices defined in (4.9) is such that |H,| < 0 and u; < 0, then E, is locally asymptotically stable for
7 € [0,7y) and E, is unstable for > 1.

3. If at least one of the Hurwitz matrices defined in (4.9) is such that |H,| < 0, u; < 0 and the transversality condition in (4.10) holds
true, then the system undergoes a Hopf bifurcation at E, when t = 1.

Remark: Choosing 7 as the hopf bifurcation parameter helps us understand the dependence of epidemic transmission on the
delay (over and above the mean incubation period) in development of symptoms in infected individuals. Theorem 6 suggests that
an infectious disease can be easily controlled and the system is asymptotically stable if z is under a certain critical level, but the
level of infection in the system undergoes fluctuations once the delay reaches the critical level. From a biological point of view these
fluctuations can be viewed as the frequent ups and downs in the cases during an epidemic. For instance, during current COVID-
19 crisis the number of infected individuals kept on fluctuating. There were times when the disease seemed to be under control
but it was followed by a sudden increase of infected individuals. This is an example of hopf bifurcation. Although controlling the
development of symptoms is practically out of our hands, but being aware of the critical value of the delay can help us proactively
deal with the fluctuating stability, for instance, large scale testings can be prioritized in order to identify infected individuals and
provide necessary treatment or isolate them so as to prevent further infection.

In the next subsection, we have discussed sensitivity of R, to various parameters.

4.4. Sensitivity of basic reproduction number(R)

R, is an important tools in epidemiological modelling. In Section 3.2, we have already derived a formula for R, using the next
generation matrix method. In this section, we calculate the sensitivity index of R in response to various parameters of the model.
In plain words, sensitivity index is a measure of how much R, changes with respect to a changing parameter. In order to compute
the sensitivity index of R, in response to a parameter Y, we use the following formula [80]:

or = BT
oY R,

The sensitivity index of R, corresponding to different parameters has been listed in Table 2 and shown graphically in Fig. 2. It
is to be noted that Table 2 lists an index only for those parameters that appear in the formula for R, (see Eq. (3.2)), for all other
parameters there is no direct dependence of R, on them.

The sign of the indices refers to the nature of change (increase/decrease) in R, in response to the changing parameters while the
value of the indices refers to the magnitude of this change. For instance, in the bar graph in Fig. 2, for every parameter having a
bar pointing in the right direction, there will be an increase in R, when the parameter increases while for all those with bars lying
towards the left, R, decreases as these increase. Further, it can be seen from Table 2 that ‘I’Roﬂ = +1.000), meaning that R, will
increase by 1% when g increases by 1%. Similarly, ¢p %1 = —0.7689, means that R, will decrease by 0.7689% when 6; increases by
1%.

It can also be observed that R, has the strongest negative relation with x4 while it has a strongest positive relation with b, # and
c. Further, Figs. 3(a) and 3(b) show contour plots of R as a function of two parameters y, f and f, ¢, respectively. From Fig. 3(a) it
is clear that R, increases with the increasing g and decreasing p. Similarly, Fig. 3(b) shows how R, increases with increase in f and
c. Since, R, has a direct impact on the spread of the disease, it is important to be aware of its dependence on different parameters,
to be able to take appropriate steps to decrease it. For instance, since the COVID-19 pandemic have started, countries all over the

14
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Fig. 3. Contour plot of R, as a function of only two variables.

Table 2
Values of parameters and the sensitivity indices.

Parameter Value Index

b 52,098 1.00000
" 3.63 x 107 —1.0002
8 0.0001 day~! —0.0001
o 0.15 0.5899
P> 0.1 0.4101
P 0.2 NA

a 1 % 1071 NA

c 14.781 1.0000
p 5.62 % 10710 1.0000
c 0.19 day~! 0.0002
0, 0.98 day~! -0.7689
y 0.07 day~* NA

Ya 0.9 day! —-0.2211
2 0.9 day! NA

¢ 0.76 day~* —0.0076
b, 0.009 day~! —0.0022
A 0.00025 NA

world have been focusing on social distancing and imposing lockdown, which now makes sense because this way they have been
able to bring down the parameters like f and ¢ which correspond to the probability of transmission per contact and contact rate,
respectively. However, it is important to note that controlling certain parameters is out of our hands and no meddling can be done
with these to decrease R, but a mere knowledge about the dependence can help us take proactive decisions.

In the next section, we introduce various control strategies and try to look for optimal control, so that suitable policies can be
implemented for controlling the disease.

5. Optimal control problem

In this section, we aim to reduce infection in system using various controllers. Our aim is to see fewer people become sick and
more people recover from infection. In our proposed model we introduce four control variables u,, u,, u u,. The first control variable
u,(¢) is applied on the recruitment of susceptible individuals. It is assumed that the ‘Susceptible’ class has a constant recruitment
rate of (1 —u,(7))bN and individuals self-isolate themselves at a rate of u;(1)b N and move directly to the ‘Recovered/Removed’ class.
The second control variable u,(7), is applied on the contact rate ¢ and refers to the preventive measures (like social distancing, using
mask, sanitizing, etc.) that can be taken by the susceptible class to avoid getting exposed/infected. As assumed in the proposed
model, the symptomatic individuals move to the hospitalized compartment and receive treatment. However, due to several reasons
(like, financial bounds or lack of information or misinformation) a lot of symptomatic individuals resist from getting hospitalized.
Therefore, u;(r) is applied on the ‘Symptomatic’ class and refers to the government initiative of tracking and hospitalizing more
and more individuals showing symptoms. The model proposes that ‘Quarantined’ individuals show mild symptoms and can recover
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naturally while under home isolation. However, certain individuals may exhibit severe symptoms and may require medical help.
Therefore, the fourth control variable u,(z), is applied on the ‘Quarantined’ class and refers to the frequent monitoring of quarantined
individuals by government in order to hospitalize the one’s that need medical care. A real-life application of u;(r) and u,() is how
government kept a data base of all infected individuals and also reached them on regular basis via calls, in order to keep a check
on their condition.

Let, [0,7,,,] be the time interval over which the control strategies are applied in the system. Then relative to the seven state
variables (S(1), E(t), [(t), I,(1), T (O, H®), R(1)), the admissible set of control variables is defined as:

U = {(uy (1), uy (1), u3(1),uy(1)) : 0 <uy(t) <1 is Lebesgue integrable; for i = 1,2,3,4 and t € [0,7,,41}. (5.1)

Introducing the control variables u(¢), u,(1), u3(t), u4(t) in system (2.2), we obtain the control system for the optimal control
problem as follows:

ds Be(l —u,0)ST
— =b(1 - - 1- l,—-———— - R
= b1 =y () = pe(1 = u)S, — uS+ AR,
dE _ Be(l —uy())ST
? = fe(l - Mz(t))SIa + T —(c+ neE,
i]—; =picE+¢l,(t—7)—(O0; +p+06)I —uz()l,

3 dt“ =0 E = (474 + W, — 1t — 7). (5.2)
di,
ke P30E+ 1, — (g + p+ ), —uy(Dl,,
%I =01 - +p+8H +us()I +uy(OI,,
dr _ 1 1 H R+ b
a7 = Valatrdy+y — (& +p)R + buy (1),

with initial conditions,
S(0) = S, EO) = Ey, 1(0) = I, 1,0) = Iy, 1,00) = I,, H(0) = Hy, and R(0) = R,. (5.3)

Before formulating the optimal control problem, it is important to show the existence of solution of control system (5.2).
5.1. Existence of solution of the control system

In order to show the existence of solution of the control system (5.2), we represent the control system (5.2) as follows:

‘”;(’) = AV (1) + F(V (1), V(1) + C(u, V (1)), (5.9)
where,
[S® ] [~y 0 0 0 0 0 A ]
E@) 0 —o—-u 0 0 0
1O 0 p0 —u—6—10; 0 0 0
Viy=[1,0 |.A=| 0 P20 0 —y—Va— M 0 0 o |
1,0 0 P30 0 b, 7, —6—n 0 0
H(1) 0 0 0; 0 0 -y —6—u 0
_R(t) ] i 0 0 0 Ya Yq y — A —u
[ PcST I Peuy,(1)ST 7
—pcS1, — T al b(1 —ul(t))+ﬁcu2(t)Sla+m
PcST Peu, (1)S1
PeSTa+ 0T —ty(peSIy = —
F(V (1), V(1) Lol =) Clu, V(1) (01
N 1) = N . = 5
¥, ¥ Y ! 0
0 —u, (1,
0 uz(H1 + u4(I)Iq
| 0 | buy (1) i

and, V,(t) = V(t — 7). The system (5.4) is a non-linear system with a bounded coefficient. Set,

GV (@), V(1)) = AV (1) + F(V (1), V(1)). (5.5)
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We have,

+ peS,1, +

PesSi I, peSyly |
1+ al, 1+al,

— (ﬂcSl I, +
peS, 1,
Tall + ﬂCSzlaz +
FOV, (), (V) (1) = FVa(0), (V) (1)) = Pap)e = dar)- ,
—@UL), - D15,
0
0

0

BeSyl,

S, +
peSila 1+al,

where, (I,,;), = I,;(t — 7) for i = 1,2.
Now, the second term on the right hand side of Eq. (5.5) satisfies:

[F(V @), (V) (D) = F(V, (1), (V) (D)

BeSi 1, BeSyly | BeSi 1, BeSy1,
= |- S 1 S)1 S 1 S, 1
' <ﬂc Ha + 1+al FheSaln + 1+al, |peSila + 1 +al +heSaln + 1+al,
+ (¢ ,1)r — U ) | + | = (DU ,1), — d50) )],
811y S0,
<2fc| Sy Iy + + 20141 — Ugp)els

T+al, “2%2 T+al,

< 2P| S, 1, (1 + al )1 +aly) + S, 1,1+ aly) — SyIp(1 + al))(1 + aly) — SyIr(1 +al))

+ 201U 1) = (a)e s
=2fc|I,1(S; — S) + Sy — Ip) + aS1 [Ty — Ip) + al 1p(S) — 8y) + alL 1,1 (S, — S,)

+ aS, L, — 1)+ &S I (L — 1)+ &1, L 15 (S — S5) + S,(I| — L) + I,(S| — Sy)
+ al (S, = $)| +2¢0|(,1), — g
<2Bc( L] + gy |+ al L 1 o] + aldy ol + al | Ly | + @11 | 10 DIS) = Sy + 28l Sy 1) = 1|
+ 2Bc(|Sy| + al Sy | + al S| ;] +0’2|S| I LD gy = Lpl + 2] = 7) = 1t = 7)],
SM (IS =Sol+ ) = L + [, — L)+ Myl (t—7) = 1,5t —7)],
< M Vi) = Vo] + M| (V) (1) — (V2) (D],
where, M| and M, are positive constants as defined below and are independent of S, E, I, I, I, » H and R:

2 2
M, =max<2ﬂbc (2+3a£ +a2b—2>; %; 2ﬂi(l +2a2 +a2b—2>>, and
U U U U U 7 U

M, =2¢.

Then, it can be easily shown that: |G(V},V},) — G(V3, Vo )| < L([V( (1) = Vo] + [(V) (1) = () (D)

Here, L = max { M, M,, ||A||} < oo. Thus, it follows that the function G is uniformly Lipschitz continuous. As done by Zaman
et al. [81], using the definition of U and the non-negativity restriction on the state variables, we conclude that a solution of control
system (5.2) exists.

5.2. Formulation of the optimal control problem

Now, we formulate the optimal control problem. The objective functional is,
Tend
J(up,uy, uz,uy) = / (AVE + Ay T + AyT, + equy % + exun? + e3u3” + equy?) dt, (5.6)
0

subject to, the control system (5.2) and initial conditions stated in (5.3).

Our aim is to minimize the cost functional (5.6), which involves minimizing the populations, Exposed (E), Symptomatic (/) and
Asymptomatic (I,,) along with minimizing the socio-economic costs associated with resources required for self isolation given by euf,
social distancing measures, sanitizing methods, using masks, and etc given by eug, tracking and testing of symptomatic individuals
given by eug and tracing Quarantined individuals requiring medical help given by 6”421' Here, A; (fori=1,2,3)and ¢ I (for j =1,2,3,4)
are the weight constants and denotes the relative cost of interventions over [0, 7,,,1. Therefore, we want to find an optimal control
pair (u’l*, u;, u;uZ) such that the objective functional in (5.6) is minimized.

In the two subsections that follow, we show the existence of the optimal control pair followed by finding the Lagrangian and
Hamiltonian of the control problem, and then using the Pontryagin’s Maximum Principle to obtain the optimal control pair.
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5.3. Existence of optimal control pair

Theorem 7. There exists an optimal control pair (u,*,u,*, uz*,u,*) such that
J(uy ™ uy® ug™ uy™) = min{J (uy, uy, u3,uy) @ (uy,up,u3,uy,) €UY

subject to the control system (5.2) and the initial conditions (5.3).

Proof. We prove the existence of the optimal control pair using a result by Lukes [82]. Consider the following properties of the
optimal control problem given by (5.2), (5.3) and (5.6):

1. The control variables u;,u,,u; and u, along with the state variables S(), E®), I(t), 1,(t), I,(t), H(t) and R(r) are nonempty
by definition.

. The admissible set of control variables U, is closed and convex by definition.

. The optimal system is bounded which determines the compactness required for the existence of the optimal control.

. The integrand of the objective functional is convex on the admissible set of control variables U.

. There exists constants w;,®, > 0 and p > 1 such that the integrand of the objective functional (A, E + Ay I + A3I, + eju;® +
6ty + €337 + €4u,2) satisfies,

a b wN

p
AE+ AT + A3l + elulz + €2u22 + 631432 + e4u42 > wy + o, (Juy 12 + |142|2 + |u3|2 + |u4|2)2.

As done by Abta et al. [83], the existence of the optimal control pair can now be proved using the result by Lukes [82]. [
5.4. Characterization of optimal control pair

The Lagrangian of the optimal control problem is:
L(E, I, I, uy,up,uz,uy) = AL E() + Ay (1) + A3 1, (1) + €quy (1) + €31, (1) + €313 (1) + equy (0.
Consider,
X)) = (S0, EM®, 11, 1,0), 1,1, H(), R(t))and
XM=t -1),Et-1),10t-7),1,t-7),1,t-7), Ht — 1), Rt — 7)).
Then, the Hamiltonian H of the control problem is defined as,
H(X, X, uy,uy,us, ty, A;,1)
=L(E, 1,1,,uj,uy,us,uy)
Be(l —uy () S(H)I(1)
1+al(t)
Pe(l —u,(M)SOIM)
1+ al(r)
+ 130 [p1oE@) + PI(t — 1) = (0 + p+ O — us (NI ()]
+ Ay(@) [P0 E@) = (B + 7, + I, (1) = pI,(t = 7)]
+ A5(0) [p30 EQ) + ¢, 1,0 — (v, + 1 + 8)I,(1) — ug (I, (0)]
+ A [0,1() — (r + p+ SYH@) + us (NI (1) + M4(I)Iq(t)]
+ A9 (1) [, 1,0 + Yelqg@ +7yH@®) — (& +)R(@®) + buy (1)]

where, A;(t) for i = 1,2,...,7 are adjoint functions which can be determined suitably.

The well known Pontryagin’s Maximum Principle states that:

“Consider a delayed control problem with state solution X (f) (where X ,(r) = X (t—7)) and control parameter u() then a continuous
function A(7) exists on [0,7,,,], satisfying the three equations given below:
1. State Equation

OH(X, X,,u, A, 1)

+ A1) [b(l —uy (1) = fe(l —uy()S()1,(1) - —uSt+ 2 R(t)]

+ A0 [ﬁC(l —uy(0)SOI, (1) + (o + H)E(f)]

X'(1) = 5.7
® ) (5.7)
2. The optimality condition
OH(X, X, u, At
0= HX Xew d1) .8)
ou
3. The adjoint equation
OH(X, X, u, A1) OH(X, X, u, A1)
A= — T ) — .
® X + At + 1) X (5.9

Now, applying Pontryagin’s Maximum Principle on the Hamiltonian of the optimal control problem given by (5.2), (5.3) and (5.6),
we have the following theorem.
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Theorem 8. Given the optimal control pair u;*(t), i = 1,...,4 and the optimal state solutions S*(¢), E*(t), I*(t), 1,*(t), Iq*(t), H*(t) and
R*(t), for the optimal control problem given by (5.2), (5.3) and (5.6), there exists adjoint variables A @0, =17 satisfying,

dA (1) I* I
dlt =4 () (Be(l —uy (U, + T+ al* ——— )+ u) — OBl —uy (U, + T+a l*)
dA,(1)
T A+ 00 + p) — A3(0)p10 — A4()py0 — As(D)p30,
dAs(t 1 1))S*
% =— Ay + (4 (1) - zz(r»% + 2500 + 1+ 5+ us(0) = A1) + uz(1),
d (1) .
# == A3+ (41(0) — LM)Pe(l = uy(D)S™ + (v, + 1+ @) — As(DP, — 47Dy, (5.10)
+ A4t + T)(Ag(D) — A3(D)) s
dAs(1)
T =As(O)(yy + p+ 06 +uy) — As(Ouy (1) — 4,0y,
dAg(t)
o =4y + p+6) — 41y,
dA;(1)
= A1 (@) A +27(1)(A +p),
with boundary or transversality conditions,
Ailtoa) =0, i=1,...,7. (5.11)
Moreover, the optimal control pair is:
. { { (4 (®) = A ()b } }
u;” =max< 0,min _— s
2¢;
(o) = Ay()PeS* (1) | 1,70 + —2_
) { { 2 ! a 1+ al*(1) } }
uy” =max< 0,min< 1,
(5.12)
. { , { (D) = O I*(0) Ae<z>)1 0 } }
uy* =max< 0,min
) { { (As(t) — Aﬁ<r>>1 (1) } }
uy” =max< 0,min
Proof. Here we use condition 3 (Eq. (5.9)) of the Pontryagin’s Maximum Principle as follows:
dA (@) oH
- —ﬁ—ll(t+‘r) s,
d (1) oH oH
ar o MUtOE:
dA3(1) oH
i _a_I_/l‘%(t-'—T)E’
d (1) oH oH
o ——a—la—/14(f+f)alm, (5.13)
dis() oH oH
i —a—lq—/ls(l‘-f—’[) IqT,
dag(1) oH H
dl —ﬁ—/lﬁ(l"'f)m,
dA;(1) oH
T __6_R_A7(t+1)

‘r

The following are obtained by partially differentiating the Hamiltonian X with respect to the state variables S(r), E(1), I(t), I,(?),
1,(, H(r) and R(t), respectively:

oH _ I* I*

R /11(1)(/36(1 —uy()U,* 1 ol —)+ Il) + A(Mpe(l —uy (1)U, m),

37]-5[ — Ao+ u) + A3(t)p10 + A4(t)pyo + A5(t)ps0,

oM (1 = u,(1))S*

S == (0 - /12(z))ﬁc(l++*)2 — 4300, + 1+ 6+ uz (D) + A0 + us (1),

T Ay = (a0 = Do ODPe(l = iy()S™ = A4y + i+ ) + A5, + 17074, (5.14)

a
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oH
Y As(D(rg + 1+ 6 +ug) + Ag(Duy (@) + A7(D7,,
q
oH
3H == 4O +u+96)+ A4y,
oH
IR =41(1) A =A7()(A +p),
and, the following can be obtained by partially differentiating the Hamiltonian H with respect to I,, = I,(t — 7):
oH
EY; =(43(0) — 440, (5.15)

ar

dA(t
then, we can easily obtain % fori=1,2,.,7 as required in the theorem (in (5.10)), by substituting (5.14) and (5.15) into (5.13).
In the control problem given by (5.2), (5.3) and (5.6) the final state is free as there is no terminal cost. Therefore, as in [84] we
can say that the transversality condition is satisfied and 4,(z,,,;) = 0.

Next, using the second condition (Eq. (5.8)) of the Pontryagin’s Maximum Principle, we have:

% :2elu’f(t) — (4@ — A;()b =0, atu; = u’lk(t),
1
dH ‘ I*
Ty 2650 = Ga(0) = 4y (O)pes” <I: + HT) =0, atu, =ul),
T =2e3u3 (1) — (A3() — Ag() ™ =0, at uz = u;(1),
3

T =2e4u, (1) — (As(t) — /16(1))Iq =0, atug=u@),

Uy

which gives,
(410 = 4(0)b

w0 = 26,
)= H0)eS O 1,70 + H’a—([’)(t)
w20 = %6,
vy =0 —;:3(0)1%)’
oy 0 zziqu g

Using the properties of the admissible set U (defined in (5.1)), 0 < u;(r) < 1 for i = 1,2,3,4. This gives the optimal control pair as
required in the theorem (in (5.12)). [

The formula provided by Eq. (5.12) for wi), i=1,2,3,41is known as the characterization of the optimal control pair. We can
find the optimal control and the state variables by solving the optimal control problem which consists of the control system (5.2),
the adjoint system (5.10), the boundary conditions (5.3) and (5.11), and the characterization of the optimal control pair (5.12).
Also, it is observed that second derivative of the Lagrangian with respect to all the control variables u;(¢), i = 1,2,3,4 is positive
showing that the optimal control problem is minimum at optimal control u;*(¢), i = 1,2,3,4.

6. Numerical analysis

In this section, we focus on the numerical analysis of the model (2.1). It is important for a proposed epidemiological model to
be consistent with the real world, otherwise all the obtained analytical results turn out to be futile. It is needed to be ensured that
if required, after the calibration of the model, the model can be used to forecast the future trends of the disease, so that various
mitigation strategies can be adopted beforehand.

In this section, we work with a biologically feasible set of parameters (refer to Table 2) to use the model formulated in previous
sections for studying the spread of COVID-19 in China. First, we referred to some published works on COVID-19 in China for a few
parameters, like g [59], b (calculated as in [17]), ¢ [52], ¢ [85], u (calculated as in [17]) and y [86], and then the rest parameters
are selected using a heuristic approach such that they fit best with the data of active infected cases in China. In addition, we have
assumed the initial population set to be as follows:

(S.E,I1,1,,1,,H,R)=(1433783673,12,1,0,0,0,0) (6.1)

After fitting the model with the parameters discussed above, R is approximately equal to 3.1 (R, > 1). Literature like [87-
90] are some references that confirmed a similar reproduction number for china. By changing the parameter ¢ from 14.781
to 4.5, we obtain R, to be approximately equal to 0.94 (R, < 1). Now, Fig. 4(a) depicts when R, < 1 the solution of the
system (2.1) converges to DFE, E, = (14 = 10%,0,0,0,0,0,0), which agrees with Theorem 1, suggesting the local asymptotic
stability of the system for R, < 1. While Fig. 4(b) depicts when R, > 1 the solution converges to endemic equilibrium point,
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Fig. 4. Time series solution of system (2.1).

E, = (4.6 % 10,3 % 10°,11567,3474,12917,1.6 * 103,0.9 % 10%), which complies with Theorem 2, proving the existence of a unique
E, for Ry > 1.

In the next few sub-sections, we have investigated the sensitivity of different compartments to various model parameters using
the One-way Sensitivity Approach [52,91], followed by studying the behaviour of the model in the presence of time delay and
control strategies.

6.1. One-way Sensitivity analysis in the absence of control and delay

In this section we have used the One-Way Sensitivity analysis approach to analyse the behaviour of various classes when only a
single parameter changes, and the rest of the parameters are still at their base value.

Such an analysis on an epidemiological model helps in predicting various steps that can be taken instantly to cope with the
spreading disease at the initial stage itself, while proper treatment and medication for the disease are being figured out. We have
worked with factors like 8, ¢, o, ¢ and 6;, because these are some of the parameters that can be controlled in real sense by social
distancing, imposing lockdown, precautionary measures and regular testing being conducted by the government. Fig. 5 depicts how
the seven populations of the model change in response to the change in probability of transmission per contact g. Fig. 5(c) depicts
the trajectories at the base level of f. It can be observed, that with a decrease in f the trajectories shift towards the right (see
Fig. 5(b)), indicating that in the presence of lower levels of , the spread of the infection will be delayed.

While with an increase in g, the trajectories shift towards left (see Fig. 5(d)), indicating that the greater the level of g, the earlier
the spread begins. Further, it can be observed that the height of the curve for Exposed compartment change with the changing g. The
peak is lower when f is decreased while it is higher when f is increased, indicating that the higher the probability of transmission
per contact, more the number of Exposed individuals and hence greater the infection. It can also be noted from Fig. 5 that as f
increases the rate at which the susceptible population decrease in the system keeps on increasing. For instance, when § = 5.62 » 10~10
(in Fig. 5(c)) the susceptible population start falling around the 50th day, whereas, when g is increased to 6 % 10~'° (in Fig. 5(d))
the susceptible population start falling around the 40th day itself. Similarly, Fig. 5(a) depicts that at zero probability of transmission
of disease upon contact within the population, the susceptible population thrives at positive levels and there is no infection in the
system due to which the trajectories of all other compartments rest at zero. While it is difficult to achieve § = 0, it can be brought to
lower levels by taking proper precautionary measures. By the above discussion, it can be understood why wearing masks has been
employed as a mitigation strategy against COVID-19 all across the globe.

Fig. 6 shows how various compartments behave in the presence of changing parameters. Fig. 6(c) shows that with increase in ¢,
exposed individuals are decreased. This is because ¢ is the rate with which asymptomatic people start showing symptoms and shift
to the I class, and hence due to the reduction of asymptomatic individuals there are less accidental cases of a susceptible individual
coming into contact of an infective individual without knowing about it. Further, it can be seen from Fig. 6(b) that higher the rate
with which exposed population become infected, more the level of symptomatic individuals in the system. And Fig. 6(d) depicts how
the number of recovered individuals increase with the increase in 6;, which is the rate of hospitalization of I individuals. Therefore,
there should be more focus on medical facilities. Also, temporary lockdowns can significantly help in reducing the infection as it
leads to a reduced contact rate. It can be observed from Fig. 6(a) that when c¢ is equal to 0, the infected population is at zero levels.
This mean that if the people are not coming in contact with each other at all, the disease will stop spreading due to the lack of new
host bodies for the virus. But, it is next to impossible to achieve ¢ = 0 permanently, because measures like lockdown drastically
affect the economy and this is only a short term solution.
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6.2. Effect of control parameters and delay parameter

This sub-section, discusses the numerical simulations on the controlled dynamics of all state variables based on the set of
parameters provided in the Table 2. We use Euler method to study and compare the controlled and uncontrolled model presented
above graphically. Using MATLAB we have obtained the graphical results with varying conditions with the combination of both
delay parameter ¢ and control parameters u;,u,,u; and u,. We have assigned values to all the parameters, initialized the values of
state variables and the weight constants provided in the objective functional. All the state equations have been solved with the help
of forward Euler method and then the adjoint equations have been solved by backward Euler method. Next we have control updates
for u;,u,,u; and u, using weighted convex combinations. We have done our graphical interpretation for 120 days and analysed the
behaviour of all the state variables.

In Fig. 7 we have discussed the behaviour of different compartments under various combinations of delay and controllers. As
our analytical results suggest implementation of control strategies and a reduction in the delay factor can significantly reduce
the infection in the population, therefore, discussing numerical simulations of model in presence of controllers and delay is very
important. If we compare Fig. 7(a) with Fig. 7(b), and Fig. 7(c) with Fig. 7(d) we can observe the impact of control strategies
very clearly. In the absence of any control strategies (in Figs. 7(a) and 7(c)), we can see that the peaks of infective classes are
considerably high. For instance, in Fig. 7(a) (where we have no control strategies in the system) the number of exposed, symptomatic,
asymptomatic, quarantined and hospitalized individuals have peaked to approximately 4 = 103, 1.5 x 107, 0.5 % 107, 1.8 * 107 and
1.2 % 108, respectively while in Fig. 7(b) (where control strategies have been implemented) the numbers are only 2500, 100, 30, 100
and 700, respectively. A similar positive effect of controllers can be observed in the presence of delay as well, if we do a similar
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Fig. 6. Behaviour of some compartments in response to changing parameters.

comparison of Figs. 7(c) and 7(d). These observations suggest that, control strategies can significantly help to control the spread
of the disease and in their absence this spread can go out of hands. A delay in the development of symptoms in some exposed
individuals (who are currently thought of as asymptomatic) can also speed up the spread of infection. The longer an individual
remains asymptomatic (and hence unrecognizable), the lesser would be the inhibition from susceptible class and more individuals
will keep on getting infected. Comparing Fig. 7(a) with Fig. 7(c) and Fig. 7(b) with Fig. 7(d), we can clearly see how the peaks in
the absence of delay are significantly low and the number of recovered individuals are comparatively higher. Fig. 7 also suggests
that the best strategy is when there are non-zero controllers and an absence of delay (see Fig. 7(b)). Delay can be controlled to
some extent by doing mass testings but it is impossible to achieve a condition where delay is exactly zero. Therefore, the next best
situation, i.e. a combination of non-zero controllers and non-zero delay within certain limits (see Fig. 7(d)), turns out to be the most
sensible strategy to cope with an epidemic. Also, it is worthwhile to note the worst case scenario in Fig. 7(c) where we have zero
controllers and a non-zero delay, which is the case during the initial stage of any epidemic.

Talking about the best and the worst combinations, Fig. 8(a) depicts the behaviour of the susceptible class in the two scenarios.
We can see how in the presence of delay and absence of controllers (green curve in Fig. 8(a)) the susceptible class undergo a steep
fall but in the absence of delay and presence of controllers (yellow curve in Fig. 8(a)) the susceptible population is stable. It is to be
noted that, it may seem as if the susceptible population (the yellow curve in Fig. 8(a)) is constant and do not change at all in the
presence of controllers and absence of delay, but it is misleading as Fig. 8(b) clearly shows a decrease in the susceptible population.
However, this decrease is very small as in this case the infection is very low (refer to Fig. 7(b)) and as a result the susceptible
population is thriving and is not affected much. However, as discussed before this is only an ideal situation and not a realistic one.
In reality, we have seen that it takes a few more days (than the ideal incubation period) to develop symptoms after exposure with
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Fig. 7. Behaviour of E,I,1,,1

A I, H and R population under various combinations of delay and controllers.

a COVID-positive person. China is the only country that could bring the situation under control in a very short period, when the
country suffered at the hands of COVID-19. Therefore, it is worthwhile to study the case of China and talk about the possible reasons
that helped in controlling the disease rapidly.

Fig. 9 discusses the possible control strategies that could be implemented to deal with this pandemic. The figure is basically a
numerical solution of the optimal control pair obtained in Section 5.4 (see Eq. (5.12)) and is a pictorial representation of the time
dependent solution. It tells the levels of control strategies implemented in order to cope with the COVID-19 disease. Fig. 9 depicts
the variation in the effectiveness of control strategies over time. Furthermore, the graph shows which controls may be used and the
amount of intensity that can be applied to the controllers in order to prevent the spread of COVID-19 infection in 120 days. The
fluctuations in the control strategy u, imply that it is of utmost importance to keep track of the new recruited susceptible individuals,
then they will not come in contact with others and will be removed from the stages of infection for the entire period. Similarly, the
fluctuations in u, imply that it is mandatory to adopt preventive measures (such as social distancing, using mask, sanitizing, etc.)
which can be implemented by raising awareness of the issue through advertising that stresses the value of preventative actions in
battling the disease. Therefore, u3(r) is applied on the ‘Symptomatic’ class and refers to the government initiative of tracking and
hospitalizing more and more individuals showing symptoms. Additionally, due to a lack of hospital beds, even those who desired
to be hospitalized were unable to do so. This can also be done by putting up helplines, apps, and other means of helping people
locate hospitals with open beds. In real life government set up helplines, created apps to aid people in getting vacant hospital bed.
This is how u; was realized in real life. Therefore, the fourth control variable u,(z), is applied on the ‘Quarantined’ class and refers
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to the frequent monitoring of quarantined individuals by government, so that they remain in quarantine till they recover and in
case their symptoms deteriorate, provide necessary hospitalization facilities. A real-life application of u,(¢) is how government kept
a data base of all infected individuals and also reached them on a regular basis via calls, in order to keep a check on their condition.

Now, we compare the results of our model with the actual data from China. We use the data of active infected cases from [92]
to numerically simulate our model. Model parameters are same as in Table 2. We have fitted our model with real time data of
active infected count from China’s population and compared the predictions of our model with actual numbers. This analysis has
been done to give a basic yet viable and informative model for the future predictions, and depict the viability of regulatory and
precautionary measures.

In Fig. 10(b) the actual data of active infected individuals in China is represented by the green curve. The red, yellow, blue and
purple curves represent the trajectory of active infected individuals predicted by our model in the presence of controllers and a delay
of t=0,7 =1, 7=2and r = 3, respectively. It can be observed that the numbers predicted by the model are close to the actual
numbers, if we assume that there was a delay of 2 days in the development of symptoms (or identifying asymptomatic individuals)
when the infection spread in China. Fig. 10(a) depicts that in the absence of strict control strategies China could have witnessed
active infected cases as high as 130 million. But as can be seen in Fig. 10(b), the maximum number of active infected cases were
only around 60,000 which implies China had a very thoughtful combination of control strategies and was very quick in imposing
restrictions and doing aggressive mass testing. This mass testing really helped to reduce the delay in identifying asymptomatic
persons and consequently reducing infection. Thus, we have verified the accuracy and effectiveness of our model, equipped with
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control strategies and time delay, which fits best with real data. Therefore, when both time delay and optimal control parameters
are introduced into the model there is a significant reduction in the spread of the infection.

7. Discussion and conclusion

In this study, we looked into the epidemiological model, with the help of an S — E — I — H — R — S compartmental model.
Although the dynamics of many communicable diseases, including influenza, Ebola virus disease, measles, tuberculosis, etc., might
be studied using this model. However, since the entire world is now battling COVID-19, we in our study take this particular scenario
into consideration. We obtained some very important and useful analytical results, for instance the basic reproduction number (R),
the disease-free (E;) and endemic (E,) equilibria. Then we derived the conditions for which E, and E, are stable based on R,,.
We established that R, < 1 would imply local asymptotic stability of E,, as was seen in Fig. 4(a), where the system could be seen
converging to E, when R < 1. For system (2.1), it was seen in Fig. 4(b) that the system converged to E; for R, > 1. We also derived
conditions for Hopf bifurcates at E, for the bifurcation parameter r = z,. We discussed the importance of ¢ as bifurcation parameter
and dependence of the epidemic transmission on length of the delayed period, z. It was proved that if the delay is beyond a certain
critical level, 7,, the endemic equilibrium point looses its stability. The effect of parameters on R, was studied using sensitivity
analysis and it was seen in Fig. 2, how R, is highly sensitive to certain parameters like # and c. For instance, Fig. 5 suggested, with
a decrease in g infection is reduced in the system. Similarly, Fig. 6(a) suggested in case of zero contact rate there is no infection in the
system. Hence, measures like social distancing, lockdowns and using face masks can be employed to bring down the values of these
parameters, hence reducing the spread of the infection. Similarly, Fig. 6(c) suggested, that if testing is being regularly conducted,
more and more asymptomatic individuals can be identified, which can help in reducing cases of new exposed individuals.

Also, we discussed various control measures to cope with the disease. We investigated the following four non-pharmaceutical
precautionary and preventive control strategies for coping with novel coronavirus: (1) Home-isolation of the susceptible individuals;
(2) Taking preventive measures; (3) Government intervention to track and hospitalize symptomatic individuals; and (4) Government
intervention to monitor and hospitalize quarantine individuals, if necessary. Our main focus was to relatively set up an optimal
control problem and find an optimal solution to significantly reduce infection and increase the count of recovered individuals. We
first proved the existence of optimal control pair u, i = 1,2,3,4 and then to achieve our goal, we used the Pontryagin’s maximum
principle to obtain the optimal solution. In addition, the significant numerical findings of time delayed model were mathematically
verified using MATLAB. We compared combination of with and without controls (see Fig. 7) and with and without time lag (see
Fig. 7). It was analysed that a combination of all the controllers (see Fig. 9) can slow down the growth of infected individuals and
prevent any outbreak. We showed through the graphical results that control strategies help in increasing the susceptible individuals
and decreasing the infection. Also, with increasing time delay, infection kept on increasing (see Fig. 10(b)), which was due to the
increased delay in the development of symptoms in some asymptomatic individuals and hence increased chances of contact with
asymptomatic individuals.

Next, we compared the predictions of our model with the real-time data from China. Our estimations fitted well with the real
data (see Fig. 10(b)). It was deduced that with a combination of control strategies for around 120 days in China, the count of infected
individuals decreased. Thus, we can conclude that in order to reduce the spread of infection, imposing strict non-pharmaceutical
measures (like home isolation, social distancing, increased hospitalization facilities and isolation) as control strategies can prove to
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be viable. Since, our model fits well with the COVID-19 data from China, hence our model is realistic. Applying control policies
on epidemiological model provides a great help to the researchers in making necessary future predictions. Therefore, until people
are properly vaccinated all over the globe, control measures will play an important role in dealing with the disease. Although, our
findings suggest that non-pharmaceutical interventions like self-isolation of susceptible individuals, reduced contact with infected
individuals, and government monitoring can help in reducing the rate of transmission and bringing down the disease-induced
mortality rate, but the success of these strategies will only depend upon their proper implementation.
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Appendix

Assuming the following notations in the determinant before Eq. (3.16) :

a;; =—p—Pe <I;”* + I—)

(1 + al)?
. —peST
ayy = —PeS**
a7 =A
-
o= (13 o)
ay =—(0+u)
a3 = —ap3
ayq = —ayy
az = P10
ay3; =—(0; +pu+96) (A1)
azy = pe™**
A4y = P20
gy = (g + 7o+ 1) —pe
asy = p30
as, = ¢,
ass = —(y, + u+96)
ag3 = 0y

age =—(y +u+9)

a74 =7q
a5 =74
a6 =7

a;; = —(& +p)

we have the values for p, ..., ps and qy, ..., g5 as below:
[Po + g0sp1 + q13P2 + 423 D3+ a3 P4 + 443 Ps + 453D + 463 1 =
[a11013a34a42055a66077 — G11a1303204405506677 — 11014433842 055066477
+a11022033044055066a77

— a13031 G344 055066077 t 13071034047 A55066077 — 414021 433042 055066077
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+a17051a37044055063076 + 1702133042054 066075 — A17021a33042055066074

= A17031033044052066075 — A17021034043055063076, A11313032044055066

— 011013034047 055066 T A11014033042055066 — 011022033044 055066 + 413021032044 055066 — 413021 034042055066
+a14071a33043055066 + A11013037044055077 — 411013034047 055077 + 411014033047 A55077 — 411022033044 55077
+a13031a3044055077 — A13071 34047055077 + A14091 33047055077 — 417071 33047054075

+a17021a33045055074 + a17021 33044057075 + 011 A13032044066077

—a11413034042066a77 + Q11014033042 866077 — A11022033044 066477

+a13031a3044066077 — 13021 034842066077 + A14071 33047066077 — 417021 32044063076

+a17071a3304) 066074 + 417021 34042063076 + A11013037055066077 — A11022033055066077

+ 413071 a3,055066077 — 417021 32055063076 + 17021 033057066075 + A11014042055066077

— 011a2044055066a77 t Q14071 42055066077 — A1702] 42054066475

+a17031a42055066074 + 417021 44052066075 — 11033044 055066077 + A13032044055066077 — 413034042 055066477

+ 14033047 055066077 — A22a33044055066077> 411413034042 055 — 1101303044055 — A11014033047055
+a11a27a33044055 — A13021a3)044055

+a13071a34047055 — 4140310330455 — 4110130304466 T 411a13034042066 — 4114144330426

+a11a,a33044066 — A13021 032044066 T 413021 34042066 — 414021 33042066 — 11013032044077 — A11013033055066
+a11a13a3404077 — A1101403304p077 + 411a 033044077 + 1102 A33055066 — 413021 A33044077 — 1301433055066
+a13021a34042077 — Q14091 A33047077 — 417021 433042074 — 411013032055077 — A11014047055066 + A11 A9 A33055077
+ 4118844055066 — A13071A32055077 — 41402 455066 — A17021033052075 — A1101303066077 — A11A14042055077
+ 4118833066077 + A11G 044055077 + 4110330445506 — 013021 43266077 — 414021 A42055077

+a17031a3063076 + A17071 47054075 — G170 AgAs5a74 — 41707 A4405)075 — 1101404266477

— 013032044055066 + 413034042 055066 — A14033042055066 + 11 A A44066a77 + 011 A33044055077 — A1401 042066477
= 17021847 066074 T A2 33044055066 — 413032044 055077 t 13034047055077 — A1403304>055077

+a11a2855066077 + A11a33044G66077 — 417021052 A66075  A22a33044055077 — 413033 044066a77 + A13034042066077 — 1403304266477
+ 4103305506077 + 32033044 066077 — 413032055066077 T 4114405506677 + A22a33055066077

— 014047055066077 T 0244055066077 + A33G44055066077, A11413032044 — 1101303404

+a11a14a3304p — Q11022033044 + Q13091032044 — 13091 A3404p + 140y A33047 + a1101303,055 — 411a 033055
+a13a31a3,055 +a1141303066 + G11014042055

—a11a9033066 — 41102044055 + A13071a3066 + A14031 42055 + a11013a3,077

+a11a14a42066 — A11022033077 — Q11022044066 — G11033044055 + Q13021032077 + 14071 A4 a6

+a11a14a47077 + Q1303044055 — 13034047055

+ 14033047055 — Q1102044077 — G110 055066 — 11033044066 T Q14021 g 077 + 417071 g A74 — A3 A33044055

+ 41303044066 — A13034042 066 + 414033042066 — G11022055077 — 411033044077 — 411033055066

+ 41703185075 — A A33044066 + 013032044077 + Q13037055066 — A13034A40 077 + 414033042077 — 41142066477

— 011433055077 — 411044055066 — (22033044077 — (22033055066 + 13032055077 + Q1404055066 — 1143366077

— Q1144055077 — Apa33055077 — ) A44055066 T A1303) 066077 + 414042055077 — 11044066077 — A22033066477 — 02044055077
— 033044055066 + A14042 066077 — A11055066077 — Q22044066077 — 33044055077 — 055066077 — 433044066077

— 433055066077 — A44055066077, 411022033 — 41141303y — 41302103 — A11A1444 + a11a3044 — G140y G4 + a11023055
+ay1a33a44 — A13035044 + 13034047 — A1403304 + a1 1a2 066 + A1) A33055 + A32a33a44 — A1303,055 + 112477
+a11a33066 + @11 A44a55 + a3 a33055 — A13037066 — Q14042055 + a11a33077 + 11044066 + 2033066

+ Ay 044055 — 13032077 — 414042066 + A11044077 + @11 55066 + A2 A33a77 + A3a44066 + 33044055

— a14A47077 + A1 155077 + Ap Q44077 + A as5a66 + 33044066 + Q1106677 T AxAs5a77 + A33a44a77

+ 33055066 t Q6677 + a33a55G77 + A44055066 + 33066477

+ A44055a77 + A44Q66a77 T A55a66077, A1303) — A11G33 — A11ay — A1 G4 — Axa33 + a14G4 — Q11 ds5

T Q44 — A11A6 — Apass5 — A33044 — Ay 477

— 066 — A33055 — A Q77 — 433066 — Q44055 — 33077 — Q44066 — 44077 — A55066
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