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Diabolical points, which originate from parameter-dependent accidental degeneracies of a system’s energy
levels, have played a fundamental role in the discovery of the Berry phase as well as in photonics (conical
refraction), in chemical dynamics, and more recently in novel materials such as graphene, whose electronic
band structure possess Dirac points. Here we discuss diabolical points in an optomechanical system formed
by multiple scatterers in an optical cavity with periodic boundary conditions. Such configuration is close to
experimental setups using micro-toroidal rings with indentations or near-field scatterers. We find that the
optomechanical coupling is no longer an analytic function near the diabolical point and demonstrate the
topological phase arising through the mechanical motion. Similar to a Fabry-Perot resonator, the
optomechanical coupling can grow with the number of scatterers. We also introduce a minimal quantum
model of a diabolical point, which establishes a connection to the motion of an arbitrary-spin particle in a 2D
parabolic quantum dot with spin-orbit coupling.

least two external parameters™>. Such degeneracies can appear in sets of codimension-2 for d-parameter-

ized Hamiltonians and for d = 2 these sets have measure zero and are isolated points. The intersecting
energy sufaces at these points form a cone and such conical intersections are termed diabolical points (DPs), after
the corresponding shape of the juggler’s diabolo top. Initially discovered within optics by Hamilton in the conical
refraction of light’, DPs were made prominent by Berry*®, who showed that a system acrues a phase when it
evolves adiabatically through a closed path in parameter space enclosing the DP: the Berry phase, or more
precisely, a topological Berry phase®.

Due to such topological phase and their peculiar energy dispersion, DPs have numerous important conse-
quences, for example in molecular reactions’, conical refraction in crystal optics®®, molecular spectra'®'!, neutral
atoms in optical lattices'>", and honeycomb photonic systems'>"'”. When entire electronic bands possess DPs,
such as discovered in graphene and topological insulators, in their vicinity the electrons behave as massless
fermions obeying the Dirac equation'®'?, and the diabolical points are known as Dirac points. This discovery has
generated enormous interest and there are many works generalizing the graphene-type model to other physical
systems and exploring the associated topological properties’*'. For example, the 7 topological phase of such
Dirac fermions affects the quantum interference corrections to the conductivity, as found in experiments on
topological insulators (see Ref. 22, and references therein).

We study here diabolical points in the coordinate space of cooperative many-body optomechanical systems.
The specific realization we focus on is a one-dimensional ring cavity with an embedded Distributed Bragg
Reflector (DBR) formed by moveable individual reflectors. This setup can be treated analytically, and is directly
applicable to an array of membranes in a ring cavity, see Fig. 1(a), or a toroidal cavity with indentations, see
Fig. 1(b). More generally, the DBR could be replaced by any type of composite scattering elements (e.g., collec-
tions of near-field oscillators®, nanoprobes®, or atomic clouds*). Mode interactions in Fabry-Perot cavities
could give rise to DPs by taking into account three-dimensional features, e.g., the tilt-angle of the scattering
elements®’. However, within the 1D model considered here, periodic boundary conditions are a necessary feature
to observe DPs.

Besides their spectroscopic characterization, DPs are most interesting for their consequences on the system’s
dynamics. In particular, we show that a topological Berry phase can be realized by different types of parameterized
cyclic motion of the scatterers. While a geometric phase generally takes arbitrary continuous values, depending on
the detailed local structure of the closed adiabatic path (see Ref. 40 for an example in optomechanics), in the
special case of a DP the associated Berry phase is only a function of the winding number around the DP. For this

ﬁ ccidental degeneracies are a generic phenomenon for quantum mechanical problems depending on at
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Figure 1| (a) Schematics of a ring cavity with embedded DBR. (b) Alternative setup, based on a ring resonator (e.g., Ref. 33). (c) Spectrum of a cavity with
3 scatterers (middle one fixed) as function of the displacements of the two side scatterers (dx; and dx3). Two optical branches show a conical intersection
(diabolical point) in the vicinity of the equilibrium point (dx; = dx; = 0). Panels (d) — (e) are cross-sections along the dashed lines of panel (c),

i.e., for dx; = —dx; (d) and dx; = Ox; (e). The solid lines in (d) and (e) are obtained numerically while the dashed lines are analytical results from Eq. (16).
The parameters assumed in plots (c) — (e) aren =1, { = —0.2, ¢ = 0, and L/d = 19.17.

reason this type of Berry phase is non-local, i.e., any homologically
equivalent path encircling the DP acquires identical discrete phases:
it is a more robust phenomenon denoted as a topological phase and
bears a strict relation with the Aharonov-Bohm or Aharonov-Casher
effect (see, e.g., Ref. 6). The spectrum and topological phase allow to
demonstrate the presence of DPs in experiments and to distinguish
them from exceptional points, a different type of singularity recently
discussed in optomechanical systems>***’.

For mechanical motion at the DP, the transduction of photons
between optical branches becomes possible, controlled by Landau-
Zener physics”. Noticeably, near a DP the standard perturbative deriva-
tion of the optomechanical interaction - where the photon number
couples to the mechanical position (linear or quadratic) - breaks down
and one must resort to a more fundamental description of the opto-
mechanical interaction. For this reason we consider an explicit opto-
mechanical model which allows us to address in more detail the
quantum behavior around a DP. Such model of a DP also establishes
an analogy to parabolic quantum dots in semiconductors with a gen-
eral form of spin-orbit coupling (Rashba plus Dresselhaus®**'). In the
optomechanical system, however, the ‘electron’ spin is allowed to have
an arbitrary value ] = 1/2, determined by the total number of photons.

Results

Occurrence of diabolical points. We consider N identical movable
scattering elements embedded in a ring cavity of refractive index n, as
shown in Fig. 1. If each scatterer is assumed to be symmetric, it can be
characterized by a real polarizability { = r/it and a phase factor ¢ =
(1 — i{)t (where r is the reflectivity and ¢ the transmittivity). In the
equilibrium position, the spacing between the scatterers is d and the
cavity length excluding the DBR is L. We fix the origin of coordinates
in the center of the L section, such that the first scatterer is at x = L/2,
see Fig. 1(b). Under these assumptions, using the transfer matrix for a
single scatterer:

[ (1+i0)e i
Ms—( it (1—ic)ef¢>’ (1)

and for free propagation on a distance Ax:

einkAx 0
Mp = 0 e—inkAx ’ (2)

the following total transfer matrix of the cavity is obtained:

Mo ((1+ix)ei"’ iy > 3)

—iy (1—iy)e ¥

with the effective polarizability y = {Uy—, (a), where a = cos (nkd +
@) — (sin (nkd + ¢), and U, (x) is the m-th Chebyshev polynomial
of the second kind, which satisfies Uy_; (cos ) = sin NA/sin 4. The
effective phase factor is

ei(nkL+¢) [1 _ iCUN—l(a)]

e = (1=i0)Ux_1(a) _ i(nkd +9) Un_—2(a) . (4)

In order to describe the motion of the mechanical elements around
the equilibrium position (while keeping the total length of the cavity
Lt = L + (N — 1)d unchanged) we consider the cavity transfer
matrix M(k,0X) for general coordinates of the scatterers, where 0X is
the N-dimensional displacement vector of the scatterers from their
equilibrium position. The transfer matrix M(k,0X) is derived by
using Eqgs. (1) and (2) and the wavevectors k of the optical modes
satisfy the periodic boundary conditions:

Mv=v, (5)

for at least one amplitude vector v = (A, Ag).

We can now characterize the diabolical points of the periodic
cavity, which occur at certain values of k corresponding to accidental
degeneracies of the optical modes. The clockwise/counterclockwise
waves, v\ = (1,0)/(0, 1) in Eq. (5), are both eigenmodes of the system
at a diabolical point, implying that M = 1 for this k. Clearly, for the
type of one-dimensional model considered here, a degeneracy of the
spectrum is impossible in a Fabry-Perot setup since the left/right-
propogating waves are necessarily coupled by the end mirrors and
anticrossing in the energy spectrum is unavoidable.
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We consider first the equilibrium configuration of equidistant
scatterers, for which the cavity transfer matrix is given by Eq. (3).
Then, the condition M = 1 requires the DBR to be transparent (y =
0) and that the total phase satisfies e” = 1. These two conditions give:

B . (cos0,+iolg\
ndky = 2pm— ¢ —iln (Tlg) =Vmp,o» (6)
and
Lo =Nd + k— (2p'+m), (7)
on

where 0,, = mn/N, g} =1+ (sin® Hm)/cz, o=
integers.

*+,and m, p, p’ are

Motion of scatterers and linearization. If Eqgs. (6) and (7) are
satisfied, the equilibrium position with equidistant scatterers
coincides with the DP. To find the displacement-dependent energy
spectrum around such a DP, one should solve Eq. (5) with the
displacement-dependent transfer matrix M(k,0X). As an example,
the two optical branches for a N = 3 cavity with the middle scatterer
fixed (Jx, = 0) are shown in Fig. 1 in a small region around dx; = dx;
= 0. Here we have chosen parameters such that the equilibrium
position is a diabolical point.

When the scatterers are moved away from the diabolical point,
either parametrically or dynamically, the two-fold degeneracy of the
unperturbed wavevector k, is lifted and the two optical modes have
k4 (0X) =ko+ 0k + (0X). We thus perform a linear expansion of the
cavity transfer matrix:

k6x~1+z 5x, Mék, (8)

which, together with Eq. (5), immediately leads to the following
equation:

N 4 'O 1 4
. N
S
L
.

Figure 2 | Contour plot of dk, for the same setup of Fig. 1(c), but for a
larger displacement range. The black and white dots denotes two different
families of DPs. Each family forms a square lattice with periodicity n/ko,
where the two values of k are slightly different. For the black dots, ky =
32.672, obtained from Eq. (7) with p =5, m = 1, and ¢ = +; for the white
dots, ky = 32.669, obtained from Eq. (7) with p=5,m =2,ando = +. A
different topological Berry phase @ will be obtained by moving the
scatterers along topologically different closed circuits: @ = 0 for Loop A
(green) and ® = 7 for Loop B (red). Following the loop C (yellow) leads to
the swap of * photons.

M\ ' [ M
(ﬁ) < i a—xiéx,)vi——ékivi. (9)

The explicit dependence of 9k 4 (6X) can be found from Eq. (9) after
M 4 oM

2" and 2=

aox; " ok

variation of M(k,0%) can be computed following the method dis-

cussed in Ref. 32:

obtaining suitable expressions for . The coordinate

oM OtjeinkOL ﬁj
= ) S 10
65x,» ﬁ]* d;e_lnkoL ( )
where we have obtained, with H(j) =(2j—1)0p:
9 )
Y ko CZ sin o efmkgL’ (11)
m
in g
_ m () . Sin 9m
Bj= —2kon{(—1) (cos 0,) +iolg snd, | (12)
The wavevector derivative is obtained as:
M <i(u’+}{’+nL) iy ) (13)
ok —iy —i(p + ) +nL)
where
, Oy *Nnd
" Eﬁkik =0 _l)msiHZ ngS’ (14)

and = ¢ — ¢ — nkoL is the phase shift due to the unperturbed DBR,
whose derivative is:

*Nnd
—l)nd—l—finz—nem(l—a(—l)mgs). (15)

Finally, we can plug these expressions into Eq. (9) to obtain the
linearized spectrum at the DP:

\/mko sin 0,,

Ok = (1—mox+ | (guon,)’|. (16)
8 Ltot f=sc
with 77 = Nd/Lo, g2 =g> —(1—1)*, and
0x; =0X8, Ox.=0xcC, (17)

where 3, ¢ are unit vectors with components s;= 1/2/N sin[(2j—1)0,,]
and ¢j=+/2/N cos[(2j—1)0n] (j=1,2,--- ,N). The structure of Eq.
(16) shows that the degeneracy is lifted to linear order in the plane
defined by §, ¢, also called branching plane (or g-h plane)’, while
the orthogonal (N — 2)-subspace is the seam, where the splitting
is quadratic or zero (e.g., if all scatterers have the same displacement
0x; = const. the degeneracy will not be lifted).

In Fig. 1(d) and (e) we show that the linear approximation Eq. (9)
is accurate unless the displacements Jx; are sufficiently large. In fact,
by considering in Fig. 2 a larger range of displacements, we find a
complex energy landscape for k-, with multiple DPs arranged in an
approximately hexagonal pattern. More precisely, an eigenmode
with unchanged frequency k, can be found by displacing any mirror
by n/ko. Therefore, the DPs of Fig. 2 form two square lattices (with
slightly different periods). By changing the integer values m, p, p’, as
well as g, other energy sheets can be addressed. For example, when
0x; = —0x3 = Jx, Egs. (6) and (7) allow us to find that DPs occur at:
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vm,p,(thot —d
(m=42p" )T+ NVppo

(18)

ox=

These conical intersections would be accessible, e.g., in experiments
with ring cavities coupled to nanoprobes, where the ability to control
accurately the scatterer positions has allowed to demonstrate degen-
eracies associated to exceptional points®. A DP can be distinguished
from an exceptional point by the functional dependence of the mode
splitting on displacements of the nanoprobes, as well as by the mark-
edly different character of the optical modes: instead of approaching
a single chiral mode®®*’, two degenerate counter-propagating modes
coexist at the DP degeneracy.

Optomechanical couplings. We now study in more detail the
conical spectrum described by Eq. (16). Probing the DP requires a
two-dimensional motion: as seen from Eq. (16), the change in the
frequency of the optical modes has a non-analytic dependence on dX,
i.e., the conventional way to derive optomechanical coupling via
Taylor expansion fails in general. We will return in the following
sections to such non-perturbative features, including the topological
phase characterizing two-dimensional loops around the DP. On the
other hand, for a mechanical mode involving only one of the
principal directions (e.g., a sinusoidal mode with dXocs), the
regular optomechanical coupling can be characterized by one of
the slopes S. ,, = 0k+/0x, (1 = s, c). These slopes also determine
the anisotropy of the DP spectrum in the branching plane.
For the principal direction s, Eq. (16) simplifies to:

V2Nkj sin 0,,
St

= Nd— L (17 4/14sin? em/@)’

which we find also applies to the even/odd modes of a Fabry-Perot
cavity (we provide in Methods the derivation of this result for a
Fabry-Perot cavity). We find that the result for ok, in Ref. 32 differs
from Eq. (19), due to a missing term in the denominator of Eq. (S.20).
However, this discrepancy is not important in the regime considered
in Ref. 32 (see the Methods section for more details). S, ; increases
monotonically with { and the |{| — +0° limit gives:

ko . (mn) 2
—sin(— )1/ =,
d N/VN
which is smaller than ky/d when N = 2, i.e, the coupling strength
cannot exceed the case of a small cavity constructed by two perfectly
reflective scatterers. Equation (20) shows that a large value of N is
detrimental to the maximum achievable value of 0k, /0x,. The largest
values ~ ko/d are attained for relatively small N, which however also
require a large reflectivity (|(|>1).

For scatterers with finite polarizability, the optomechanical coupling
is maximized for optimal values of N, m, as shown in Fig. 3.
Considering {>>sin 0,,, the slope S,  first increases with N to reach

(19)

Sis< (20)

its maximum value S"f‘;‘ ~kol / v/ Liotd, which agrees very well with
the green (top) solid line in Fig. 3. Hence, as in Ref. 32, the enhancement
of Sy with respect to ko/Liy is {\/Liot/d, ie., reducing the spacing
between the scatterers helps to increase the optomechanical coupling.
Interestingly, we find that the enhancement factor is approximately
independent of m, although the optimal Ny Lig sin%6,, / (ZdCZ)
depends on m explicitly. Therefore, working at m = 1 is convenient
to maximize S, ; with a smaller number of scattering elements.
The slopes S- . along ¢ can also be found easily from Eq. (16):

+ V/2Nkq sin 0,,
\/ L2, (1+sin? 0,, /) — (Lot — Nd)? ’

Sic= (21)

This expression, together with Eq. (19), leads to the following

10 20 30 4050 100 300
N

Figure 3 | Dependence of the enhancement factor |S. | (in units of
ko/ Liot) on the number of scatterers N. The three solid lines correspond to
S+,0 1S+l and IS_ (I (from top to bottom), obtained with sin 0,, = 0.3. As
0,, = mn/N is actually a discrete variable, the blue (small) dots show

the values of S ; with sin 0, closest to 0.3. The dots approaches the green
(top) line as N gets larger and sin 0,, becomes continuous. The gray (large)
dots are the values of S, ; with m = 1. The other parameters are { = 1,
Lioi/d = 300.

inequality (note that S_ ; < 0and S, .= —S_):

|S—,S|S|Si,6|55+,5' (22)
which allows us to apply the upper bound Eq. (20) also to |[S— |, |S=+ |-
We see that the three solid curves of Fig. 3 satisfy this inequality and
that, at fixed 0,,, both |S_ (| and |S. | increase monotonically with N
and reach the same value of S ; when the DBR extends over the
whole cavity. The case when d/L,<1 and the DBR is much shorter
than the cavity is interesting because the mode-volume distribution
can be substantially modified by the DBR, by becoming more spa-
tially localized. In this regime, the conical intersection is highly aniso-
tropic with S; ;>>|S_ |,|S+ ¢|. This feature is already evident in
Fig. 3. In this limit, the DP can be approximated as two planes
intersecting at the dx, = 0 line, thus the usual form of optomecha-
nical coupling is recovered (being dominated by S ;). As S,  coin-
cides with the optomechanical coupling in a Fabry-Perot cavity, this
regime is essentially equivalent to the one described in Refs. 32, 34.
This is not surprising, because the boundary condition has a small
effect when the light intensity is concentrated within the DBR. We
can thus refer to the detailed discussion in Refs. 32, 34 of the effects of
absorption and other small imperfections in the DBR, as well as for
an analysis of the optical finesse.

Notice finally that, although we have focused on S- ,, the actual
value of the optomechanical couplings should also take into into
account the mechanical mode function u(x) entering the dx; . [since
0x; o< u(x;)]. In a ring cavity with sufficiently small indentations™,
u(x) might be approximately independent of the features of the DBR,
but the optomechanical coupling stregnth is still strongly dependent
on the specific mechanical mode. As the effect of u(x) is strictly
related to the implementation details, we considered S+ , = 0k-/
0x, in order to characterize the general scale of optomechanical
couplings.

Topological Berry phase. Besides the conical energy spectrum, DPs
are associated to a topological phase for closed loops around the
singularity. This property is not only of considerable theoretical
interest, but would allow for a definite experimental identification
of the DP. While the degeneracy of the spectrum and the linear
dependence of the splitting cannot be observed too close to the
DP, due to the finite linewidth, the topological phase is a non-local
property which is still valid far from the DP. This is in analogy to the
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original work of Berry and Wilkinson* where numerical spectra
could not allow one to distinguish a degeneracy from a sufficiently
small anticrossing. Nevertheless, DPs could be identified though the
presence of a topological phase.

To show this property in our model, we consider the amplitudes
Ap g of the eigenvector v+ of Eq. (9). We find that ALi / A}%r =i+

where:
2 .ond
mi Z;t=5,6(g/45x#) _’mgs&Cc
s sin 0, ’
0 o
8s x5+61<sin9m + é, ) Xc

This expression only depends on the polar angle ¢,. = arctan (dx,/
0x.). The above form of Eq. (23) shows that, if we now consider aloop
in the x; — x, plane, the numerator has a real part with fixed sign, and
always maps the original loop into a trivial loops which does not
encircle the origin. On the other hand, the denominator deforms the
original loop without changing its topology (i.e., if it encircles the
origin or not). The net effect is that a change of |A¢,| = 27 (ie., a
loop around the DP) results in a corresponding change |Ay.| = 27.
Since the spatial dependence of the optical field is o« cos (k+x + y+/
2), we recover the well-known 7 phase shift characterizing conical
intersections*®.

For a classical periodic trajectory 6X(t) of the scatterer locations, a
phase shift © appears for loop B in Fig. 2. Such type of periodic
motion could be realized by forced out-of-phase oscillations of two
of the scatterers. An even/odd number of periods implies that con-
structive/destructive interference of the cavity optical field with a
reference optical signal could be observed. On the other hand, the
topological Berry phase is absent if 0X(#) does not enclose the dia-
bolical point, as for loop A of Fig. 2, and no topological phase is
introduced once the mirrors return to the initial configuration in this
case. Such topological phase could also be observed through the
quantization of the scatterers motion around the origin, as the DB
would act similarly as an Aharonov-Bohm flux for charged particles.

Besides the presence of a topological phase, the DP has significant
consequences not only for the adiabatic evolution restricted to the *
branch, but also for processes involving transitions between the two
eigenmodes. This is in analogy to the role played by conical inter-
sections in chemical processes, by allowing non-radiative energy
transfer between the molecular energy surfaces. In fact, if we consider
a trajectory which crosses X =0, we see from Eq. (23) that a change
of sign dx,, — —Jx;. is accompanied by a change of branch to
guarantee that the right-hand side does not change discontinuously.
Therefore y . —7 <, which shows that trajectories of type C in Fig. 2
can realize an ideal state transfer between the two optical branches.

et =(-1) (23)

Quantum model. We would like now to discuss some quantum
features of such diabolical points, within a simple optomechanical
model. Quantization of the optomechanical interaction is usually
achieved by linearization of the frequency dependence on
coordinates, (x)a'a~w(xp)a’a+w'(xo)(x—xo)a'a, but this
procedure cannot be applied in a straightforward way at a DP. A
rigorous quantization of the periodic cavity discussed so far could be
accomplished following a similar procedure as Refs. 35, 36. However,
we refrain here from this rather involved task and restrict ourselves to
a minimal quantum model, to illuminate the physics.

As clear from the previous ring resonator analysis, a DP originates
from a scattering mechanism between two degenerate optical modes,
induced by the motion of at least two of the scatterers. This leads us to
consider the following Hamiltonian:

Hopt =QZ alai + [(glxl +g2x2)aia_ +h.c.} , (24)
T

where a. are bosonic operators for the clockwise/counterclockwise
waves and x; , are mechanical degrees of freedom (i.e., the positions

of two of the N scatterers within the DBR). The interaction term in
Eq. (24) describes the scattering processes between the clockwise/
counterclockwise waves when x; , 7 0. This is analogous to the linear
expansion of the transfer matrix M in Eq. (8), where a small reflection
coefficient is induced by finite dx;. The scattering amplitudes g; , of
Eq. (24) are in general complex and we require Im[g;g| #0. In this
case, the polar angle of ¢ of the total scattering amplitude g1x; + gx,
has a non-trivial dependence on the ratio x,/x;:

&it&x0/x
gitgx/x’
where g;=Re[g;] and g, =Im|g;].

For the Hamiltonian in Eq. (24), considering for the moment x; ,

as classical parameters, the relevant optical eigenmodes A are easily
found as:

tanp= (25)

a, +a_e?

A, = , 26
+ \/5 ( )
such that Hyp ="+ Q4 AT, A with
— — 2 = = 2
Q. =0+ \/(glxl +8,%) + (g x1+8,%) (27)

This expression shows that a conical spectrum is obtained in general.
If we compare Eq. (27) to the linearized spectrum of the ring cavity in
Eq. (16), we notice that a term analogous to (1 — 7)dx, is missing
here. Such term could be recovered by including linear shifts of the
unperturbed frequency in Eq. (24), e.g., Q—Q+ ";0;x;. The coeffi-
cients of the quantum model could then be identified with physical
parameters in Eq. (16). In the following we restrict ourselves to Eq.
(24), which already contains the main features of the DP, but our
discussion could also be extended to a more complete model.

The non-analytic feature of the DP is also apparent from Eq. (26).
Considering the mechanical motion around an equilibrium position
Xo= (xi"),xg")), the phase and normal modes in Eq. (26) are well
defined (p~ ¢ and A 4 ~ A(+0)) only for sufficiently small mechanical
displacement around X, #0 (i.e., if X, is away from the DP). On the
other hand, when Xy = 0, ¢ has no definite value no matter how small
the mechanical displacement is. Similar considerations hold for the
Taylor expansion of Eq. (27).

The presence of a topological phase is also easily verified using the
Fock states |n,, n_) constructed through the Al operators. The
geometrical phase for an adiabatic motion encircling the DP is sim-
ply obtained from the integral of the Berry connection:

21 d
d(p<n M ’—
Jo - do

The constant result (independent on the shape of the path) reveals
that the Berry curvature is concentrated at the DP, in analogy to an
infinitesimally thin solenoid threaded by a half-integer number (1.
+ n_)/2 of elementary magnetic fluxes. Notice however that the
phase factor is not (—1) for an arbitrary quantum state, but depends
on the parity of the total number of photons. We can interpret this
result by associating the e™ phase factor with individual photons,
such that the total phase factor is ™"+ *"-) as in Eq. (28). The ©
shift of the optical field inside the cavity, which we discussed earlier
with classical arguments, can be recovered by considering the trans-
formation of a coherent state |o) of one of the eigenmodes (we sup-
pose the * fields to be uncorrelated). It is easily seen that the
transformation |n) — (—1)"|n) on the Fock states of the given mode
corresponds to a 7 phase shift of the coherent state |o) — | — o). More
generally, the effect of the topological phase is to induce the trans-
formation W(x, p) — W(—x, —p) on the Wigner function of the
optical state.

(28)

n+,n,>=(n+ +n_)m.
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The geometrical phase factor can be understood by introducing
the well-known bosonic representation of the angular momentum
(Schwinger’s oscillator model):

Jo=(a\a +a"a,) /2, (29)
]y=—i(a1a_—a[a+)/z, (30)
]Z=(aia+—aT_a_>/2, (31)
which allows us to write Hop as follows:
Q _ _
Hope = 7] +2(§1x1 +§2xz)]x—2(§1x1 +<§2x2)]y’ (32)

with the total angular momentum J = (ny +n_)/2=10,1/2,1,3/2, ...,
a conserved quantity given by the total number of photons. In this
picture, the displacement of the mechanics away from the DP results
in an effective magnetic field coupled to the effective spin J, describ-
ing the optical state. For an adiabatic evolution of x;,, the spin
remains aligned with the effective magnetic field and performs a
27 rotation in the x — y plane. The geometrical phase of the spin
is then 27 (7) for integer (half-integer) spin J, i.e., an even (odd)
number of photons.

The representation of H,p, in Eq. (32) is also of interest if the
quantization of the mechanical motion is considered, assuming a

harmonic unperturbed Hamiltonian H ]i?e) , with angular frequencies

1, (one can always assume the two modes to have the same mass
m). By a canonical transformation

pi=—(mw)X;, xi=(mw;) P, (33)

the Hamiltonian H = H:(Se) o T Hopt can be written as:

QJ P+P: 1 1
H="7 1 2 b 2x2 4 - 22
> + m + > mm X] + 2 mwy X5 (34)

+ (o1 P1Jy — 02PyJy) + (B P — By Pa)y),

where we defined the following spin-orbit couplings:
Bi=2g,(mo;) "

Equation (34) shows that the mechanical motion is equivalent to an
anisotropic 2D oscillator in the presence of a spin-orbit interaction
[second line of Eq. (34)] which is reminiscent of a combination of
Rashba (when o; = o, = «) and Dresselhaus (f; = f, = f5) cou-
plings***". In fact, by applying independent coordinate and spin rota-
tions (i.e., the rotation angles of P; ; and J., will be generally different),
the spin-orbit coupling of Eq. (34) can be transformed to the canonical
form Rashba plus Dresselhaus. For a spin-1/2 particle (the one-photon
states of our model), effects of such spin-orbit interactions were
studied for a long time in the context of semiconductor quantum
dots’**. The Hamiltonian of Eq. (34) represents a significant general-
ization, as any value of the spin is allowed here, depending on the total
number of photons. Notice also that the effective crystal axes (deter-
mined by the spin-orbit coupling terms) do not coincide in general
with the principal axes of the trapping potential, since the coordinate
rotation involves the 2D harmonic confinement as well.

o= 72§i(mcu,»)7l, (35)

For an optomechanical coupling of the form Z,v,jn,jxia;aj, the
harmonic excitation spectrum of independent #w; phonons is not
affected (the optical cavity only introduces a displaced equilibrium
position for oscillator 7). On the other hand, it can be inferred from
numerical studies of quantum dots (see Ref. 39 for a recent invest-
igation) that Eq. (34) results a rich spectrum for the mechanical
system. Similar to Ref. 38, we can study the limit of small spin-orbit
interactions with the following unitary transformation:

gJ—gJ
U=exp izij N
j:l,zhmwf/z

which eliminates the optomechanical coupling to lowest order. The
transformed Hamiltonian Heg= U'HU reads, to second order in g;:
Q  pitp; 1

> P T2

(gi]x _g’i]y) ’ " &ijXiPj
- ——— +Im|g/n | —,
zz': ma; /2 & Z}Z;hmw}/Z

where i, j= 1, 2 and ¢; is the antisymmetric tensor with ¢;,= 1. We
thus see (in this weak-coupling limit) that the presence of a diabolical
point is reflected in the last term of Eq. (37), which entails an inter-
action between the two mechanical modes i, j= 1, 2, mediated by
the cavity through J,. When Im g g;] =0, it is not difficult to check
using Eqs. (25-27) that the more usual optomechanical coupling lin-
ear in x, , is recovered. For example, if for definiteness g, ,=|g1|e",
the coupling has the form (Zi|gi|xi)(A:A+ —At A with
A~ independent of x;, (since p=¢). In this case, the first term
in the second line of Eq. (37) is simply the shift in mechanical
energy due to the displaced equilibrium position, proportional to

. . 2
(A'+A+ fALA_) , while the second term is absent.

A particularly transparent result is obtained for two identical oscil-
lators, i.e., @, , = . In that case, the last term of Eq. (37) is « J,L,,
where the orbital angular momentum L, = x;p, — x,p; is a conserved
quantity in the unperturbed Hamiltonian (due to the circular 2D
confinement). This type of coupling is well known in quantum dots*
where the first term in the second line of Eq. (37) is simply a constant,
since ] = 1/2. In general the effective Hamiltonian of the optical
cavity is given by both terms in the second line of Eq. (37), which
only depend on the mechanical angular momentum L,. Conversely,
we see that inducing a non-zero value of (J,) favors a certain chirality
of the mechanical motion, i.e., a finite value of L, through the {J,)L,
coupling. This picture is particularly intuitive in our setup as () # 0
implies a larger occupation of one of the clockwise/counterclockwise
modes of the toroidal cavity [see Eq. (31)]. This, according to Eq. (37)
allows one to transfer angular momentum to the 2D mechanical
oscillator.

(36)

1
Hefr ~ mwfxf + 3 mngg

(37)

Discussion

We have discussed conical intersections of optical eigenmodes based
on a ring cavity with movable scatterers. Characteristic phenomena
associated with the presence of DPs, such as the topological Berry
phase and adiabatic transduction of photons between optical
branches, can be realized in such an optomechanical setup. The
Berry phase generated through a DP has a topological character,
similar to the Aharonov-Bohm and Aharonov-Casher topological
phases, which is distinct from other realizations of geometrical
phases in optomechanics*. Furthermore, Taylor expansion of the
cavity frequency on the small mechanical displacements breaks
down at the diabolical point due to the non-analytic spectrum and
the dependence of the eigenmodes through ratios of the mechanical
displacements. Besides a classical analysis of the ring cavity with
deformable DBR, we demonstrate the DP features by a minimal
quantum model which, interestingly, provides an optomechanical
simulation of parabolic quantum dots with spin-orbit interaction.
We thus establish a connection with semiconductor physics and
quantum gases, where synthetic generation of spin-orbit interactions
has recently attracted considerable interest*'. Similarly to the latter
case®, the optomechanical model can also extend the well-known
semiconductor Hamiltonian to large-spin particles.
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A full characterization of the quantized dynamics around the DP
seems of particular interest for future investigations. For example, we
expect that a more general class of coherent transformations of the
optical field can be realized by going beyond the adiabatic limit, since
Landau-Zener-type physics becomes relevant slightly away from the
degeneracy point. The creation of entanglement between optical and
mechanical degrees of freedom could be realized in analogy to pro-
posals with interacting ultracold atoms'. However, optomechanical
effects not captured by our Eq. (24) could play an important role.

Corrections to the non-diagonal terms a', a_ which become larger
with the mechanical velocities dx/dt were discussed**® and would
affect the Landau-Zener transition probability. These effects are usu-
ally negligible, due to the large mismatch between optical and mech-
anical frequencies, but should become relevant in the proximity of
the DP. Non-diagonal terms, close to the DP, could also be exploited
for photon transduction through a resonant interaction between the
mechanical motion and the optical cavity®. Finally, the scheme
described here is relevant for a variety of optomechanical systems,
as in particular micro-toroidal rings with indentations® and near-
field scatterers***, but is also applicable to microwave optomecha-
nics* and circuit QED setups***.

Methods

Making use of the formulas for the ring cavity, we revisit here the problem of a Fabry-
Perot cavity with embedded DBR. The transfer matrix M(k,0%) is the same of the ring
cavity, but the boundary condition reads:

M(k,é:?)(_11>=<_aa>,

which, summing the two components and using My, =M;, and M;, =M;,, gives

(38)

Im(My; —M,,) =0. (39)
If we consider that the unperturbed DBR is in the transmissive regime, i.e., ¥ = 0 in
Eq. (3), we obtain from Eq. (39) ¢ = =1, which is related to the parity (even/odd) of
the optical eigenmode. Expansion in the small parameters Jk, 0x gives:

M M

Frm Ox; + P ok. (40)

N
M(ko%)~+1+
i=1

where 0M/00x; has the same form of Eq. (10) but the diagonal elements are given by

,sin(2j—1)6,,

sin 0,, (41)

g™l = F2ikon{

while ; is unchanged. Also dM/0k has some sign variations from the previous
expression Eq. (13):

M _ < +i(W'+y +nL) iy ) )
ok —iy Fi(y +y +nL)
By using Eq. (39), we find:
) _NIm (aje’"kOL 7,3j> ‘
Sky=TF ;moxj, (43)

which happen to coincide with Eq. (19), derived for a periodic cavity. On the other
hand, Eq. (43) differs from the corresponding expression given in Ref. 32, due to the
fact that the u' contribution to the denominator of Eq. (43) was missed in Eq. (S.20) of
Ref. 32. Nevertheless, this x' term has a small effect in certain parameter regimes,
considered by Ref. 32. In fact, by taking 62,<1, (%, we obtain from Eq. (19) that:

2k 20*N3/?
Sk ~ TO M 5%, (44)
tot 1+ KZN3
(mn)thot )

where the only difference of Eq. (44) from the corresponding expression in Ref. 32 is
the presence of L, instead of L, which is not important when L ~L (i.e., the DBR
occupies a negligible portion of the cavity). Since much of the discussion on opto-
mechanical coupling enhancement of Ref. 32 refers to this case, it remains mostly
valid and can be applied to our periodic cavities as well.
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