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GRAPHICAL ABSTRACT

A new general Integral Transform

T{F();s) = F(s) = p(s) fo £(£) e~ 1%t

ABSTRACT

Introduction: Integral transforms are important to solve real problems. Appropriate choice of integral
transforms helps to convert differential equations as well as integral equations into terms of an algebraic
equation that can be solved easily.

During last two decades many integral transforms in the class of Laplace transform are introduced such
as Sumudu, Elzaki, Natural, Aboodh, Pourreza, Mohand, G_transform, Sawi and Kamal transforms.
Objectives: In this paper, we introduce a general integral transform in the class of Laplace transform. We
study the properties of this transform. Then we compare it with few exiting integral transforms in the
Laplace family such as Laplace, Sumudu, Elzaki and G\_transforms, Pourreza, Aboodh and etc.

Methods: A new integral transform is introduced. Then some properties of this integral transform are dis-
cussed. This integral transform is used to solve this new transform is used for solving higher order initial
value problems, integral equations and fractional order integral equation.

Results: It is proved that those new transforms in the class of Laplace transform which are introduced
during last few decades are a special case of this general transform. It is shown that there is no advantage
between theses transforms unless for special problems.
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Conclusion: It has shown that this new integral transform covers those exiting transforms such as
Laplace, Elzaki and Sumudu transforms for different value of p(s) and q(s). We used this new transform
for solving ODE, integral equations and fractional integral equations. Also, we can introduce new integral
transforms by using this new general integral transform.

© 2021 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article

under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Introduction

Integral transforms are precious for the simplification that they
bring about, most often in dealing with differential equations
subject to specific boundary conditions. Appropriate choice of inte-
gral transforms helps to convert differential equations and integral
equations into terms of an algebraic equation that can be solved
easily. The solution achieved is, of course, the transform of the
solution of the original differential equation, and it is necessary
to invert this transform to complete the operation
[13,23,30,37,38]. Tables are available for the common transforma-
tions, those list many functions and their transforms.

During last two decades many integral transforms in the class of
Laplace transform are introduced such as Sumudu, Elzaki, Natural,
Aboodh, Pourreza, Mohand, G_transform, Sawi and Kamal trans-
forms [1,3,6,7,14,15,18-21,34,36]. In Table 1, we listed few of them
with their definitions.

These transforms have been used for solving different type of
integral equations, ordinary differential equations (ODEs), partial
differential equations (PDEs) and fractional differential equations
(FDEs) as well as [5,8,10-12,16,23-25,27,32,33,38,40]. Also the
combination of these type transforms with other methods such
as the Adomian decomposition and the homtopy perturbation
methods has been used to solve various type of ODEs, PDEs and
FDEs [2,4,17,22,28,31,39,35].

In this work, a new integral transform is introduced and is used
to obtain analytical solution of higher order ODES with constant
and variable coefficient and integral equations. The paper is
arranged as follows.

In Section ‘A new integral transform’, we introduce a general
integral transform in the class of Laplace transform. In Sec-
tion ‘Relation between the new transform and other transforms’,
we compare the given integral transform with those existing inte-
gral transform in the class of Laplace transform. Then this integral
transform is applied to ODEs and integral equations in Sec-
tion ‘Solving IVP and Integral equations by new transform’. Finally,
some conclusions are summarized in Section ‘Conclusion’.

Table 1

Definition of some integral transforms
Laplace Transform L{f(t)} = [o° f(t)esdt
Sumudu transform [36] S{f(0)} =1 5 f(t)edt
Elzaki transform [15] E{f(t)} =s [ f(t)esdt
Natural transform [21] N{f(t)} =R(s ) = sfo estdt
Aboodh transform [1] A{f(O)} =K(s) = Jo f(t)e” S[dt
o-Integral Laplace Transform [27] L{f(t)} = fo t)e’&[dt o€ RS
Pourreza transform [3,5] HI{f(t)} = sfff(t)e*sz‘dt

Mohand transform [6] M{f(t)} =R(s) = s2 Jo f(t)e=stdt

Sawi transform [7] Sa{f(t)} = sz [0 t)eidt

Kamal transform [18] K{f(t)} = fn f@® e*idt

G_transform [19,20] G{f(t)} = F( s) =s* [ f(t)esdt, «
is integer
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A new integral transform

In this section, we present a general integral transform which is
cover most or even all type of integral transforms in the family of
Laplace transform.

Definition 1. Let f(t) be a integrable function defined for
t > 0,p(s) # 0 and q(s) are positive real functions, we define the
general integral transform 7 (s) of f(t) by the formula

T{f(t);s} =7 (s /f t)e 90t dt,

provided the integral exists for some q(s).

Thus, we can obtain the integral transform of any general func-
tion. In Table 2, we provided new integral transform of some basic
functions. It must be mentioned that the new integral transform
(1) for those f(t) are not continuously differentiable contains terms
with negative or fractional powers of q(s).

Let for all t > O, the function f(t) is piecewise continuous and

satisfies |f(t)| < Me", then 7 (s) exists for all q(s) > k. Since

(1)

IT{f (03 = IpGs) fo f(t)e q“)‘dtl (5) Jo. f(t)]eardt
) [ Me’“e awrdr < P

the statement is valid.

Theorem 1. Let f(t) is differentiable and p(s) and q(s) are positive
real functions, then

) T{f (0):5} = a(9)T(5) = P(S)F(0),
() T{f"(t):s} = @2($)T{F(0):5} — AP (0) ~ p(S)f (0),
() T{f"(t): s} = " (T (05} — p(S)Tiq™ ()™ (0).

Proof. (I). In view of (1) we have

Table 2
Table of new integral transform.

Function New integral transform
f(ty =T YT (s)} =T{f(t);s}
1 p(s)

q(s)
t Ps).

)’
t* [[o+1]p(s) >0

()"

sint p(s)

qs)’+1
sin(at) el if a(s) > [3(a)
cost aB)p(s)

q(s)+1
¢ 2 g(s) > 1
tH(t—1) 15 (q(5)+1)p(s)

q(s)’

£ q(s)T(s) — p(s)f (0)
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T{f'(t);s} = p(s) [ xf/( Je 19tde
=p(s)[e 1 f(t)lg +q(s) [ f(t)e 9 d]
= q(s)T{f(t);s} — p(s)f(0).

To proof (1), we assume h(t) = f'(t) so f"(t) = h'(t) now

T{N'(t);s} = p(s) [y I (t)e"9)1dt = q(s)T{h(t);s} — p(s)h(0)
:q(S)T{ / S} p ( ) (3)
=q(s)[q(s)T{f(t);s} - P(S)f(o)] p(s)f'(0)
= @()T{f(t);s} — q(s)p(s)f (0) — p(s)f (0).

By induction we can prove (IlI). O

Theorem 2. (Convolution) Let f,(t) and f,(t) have new integral
transform F1(s) and F,(s). Then the new integral transform of the
Convolution of f, and f, is

fiofy= / TROf(t - t)dt = S5 F16) ) (@)
Proof.
T{f, *fz}:p(S)joe as /()fl () f,(t —T)dt

=p(s)[o F1(T)dT [ e dOf, (t — T)dt
=p(s) [o e 10 (T)dT [y et o (6)dt = 55 Fi (s) - Fa(s).

O

Relation between the new transform and other transforms

In this section, we discuss about relation of the new integral
transform (1) with the Laplace, «-Laplace, Sawi, Elzaki, Sumudu,
Natural, Aboodh, Pourreza, Mohand, G_transform and Kamal trans-
forms[15,21,36].

In view of (1) and definition of the above transforms which are
listed in the Table 1, we have:

(i) If p(s) =1 and q(s) = s then this new transform gives the
Laplace transform.
(i) If p(s) = 1 and q(s) = s* then this new transform gives the «-
Laplace transform.
(iii) If p(s) =1 and q(s) =
Sumudu transform.
(iv) If p(s) =1 and q(s) =1 then this new transform gives
Aboodh transform.
(v) If p(s) = s and q(s) = s? then this new transform gives
Pourreza transform.
(vi) If p(s) =s and q(s) =
Elzaki transform.
(vii) If p(s) =u and q(s) =% then this new transform gives
Natural transform.
(viii) If p(s) = s? and q(s) = s then this new transform gives
Mohand transform.
(ix) If p(s) =% and q(s) =
Sawi transform.
(x) If p(s) =1 and q(s)
Kamal transform.
(xi) If p(s) =s* and q(s)
G_transform.

1 then this new transform gives the
the
the
1 then this new transform gives the
the
the
1 then this new transform gives the
the

=1 then this new transform gives

=1 then this new transform gives the
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It is easy to show that all of those integral transforms are a spe-
cial cases of Eq. (1). In the next section, we can compare these
transforms with classical Laplace transform. Also we get idea, that
how can we choose one of these transforms and how can we define
a suitable functions for p(s) and ¢(s) in the equation (1).

Solving IVP and Integral equations by new transform

In this section, we apply this new integral transform for solving
high order IVP with constant coefficient and variable coefficient as
well as. Also we apply it to obtain exact solution of few type of
integral equations and FDE.

Solving IVP with constant coefficient

Consider the following IVP:

(5)
(6)

+ @y(t) = 8x),
’ y(Tl*l)(O) =Yn1-

YO ) +a ym () 4
¥(0) =y0,¥'(0) =yy,---

Now we apply new integral transform to both side of equation (5).
In view of Theorem 1, we have

T{y™ ~+ay(t)} =T{gkx)},
T{y®™ )} 4+ T{any(0)} = T{g(0)}.

q(s)7(s) (0) +a1q" ' (s)T(s)

)+ a1y D(t) +-
(O} +a T{y" (e
- p(s) f gk (s)y®

k=0
p(s) kz g"24(s)y® (0)

o+ anT(s) = G(s).

By substituting the initial conditions in the equation (7) we have

h(s)T(s) = G(s) + ¥(s), (8)
where h(s) = (q"(s) + a1q"'(s) + -+ + an), G(s) = T{g(x)} and
W(s) = p(s) (Siod™ KW+ @ i@ 2 KW+ yp) - FrOM
(8), we find 7 (s) as

_G(s) | ¥(s)
N TCRRTEN ®

Finally, by apply the inverse transform T~' on both sides of the

above equation, we obtain the exact solution:

_ 1 JG(s) 1 [P(s)
vo =T {zgt+m {5 1o
Example 1. Consider the following third-order ODE
y'+y"—6y=0, (11)
¥(0)=1,y(0)=0,y"(0) = 5.
By applying T on both side of (11) we have
H{y"(t) +y"(t) — 6y(t)} = T{0}, (12)
Ty" (D) + T{J’” Q} 6T{y(t)} =0,
( )T (s) - ()0 + (51 + )
()T ( )* ($)(q(s)yo +y1) — 67(s) =0,

by replacing the initial conditions in above equation we have
(@(s) +q*(s) — 6q(s)) T (s) = p(s)g*(s) — P(s) +q(s)P(s)-
So
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p(s)
6q(s)

P(S)@*(s) — P(s) +4(S)p(s) _
a*(s) + q*(s) — 6q(s)

T(s) = Pe)
(13)

Now in view of Table 1, by applying T~! on both side of (18) we find

the exact solution as
17-1)_pls)
f T )

_17-1)p6) —1 (s)
v =51 {egd a1 o,

(14)
=1ile3tqlex
Example 2. Consider the following third-order ODE
y"(t)+ 2y" + 2y'(t) + 3y(t) = sint + cos t, (15)

¥(0)=y"(0)=0,y(0) =
By applying T on both sides of (15) we have

T{y" (O} +2T{y" ()} + 2T{y'(0)} + 3T{y(t)} = T{sint} + T{cos t},

) (16)
P ()T (s) — p(s)(q*()Yo + q()y1 +¥2)
+ZM() (s) = p(S)(a(s)Yo +¥1)]
+2{q($)T(s) —p(s)yo} +37(s) =

by replacing the initial conditions in above equation, we have
[q°(s) +24°(s) +2q(s) + 3] T (s)

— T T4 P(S() + 200,

by simplification, we get

T(S) e (p()sl 1

46)ps)
2(s)+1°

(17)

Now in view of Table 1, by applying T~! on both sides of (17) we

find the exact solution as

ﬂozrﬂ PGs) }:gm.

q*(s) +1
Remark 1. All the above mentioned integral transforms for ODEs
with constant coefficient give same solution.

(18)

Remark 2. In view of (10), if we choose the Laplace transform for
ODEs with constant coefficient, the volume of calculation be
minimum.

Solving IVP with variable coefficient

Now consider the following type of IVP problems

YOO +ar(O)y" V() + -+ an(t) y() = 8(X), (19)
¥(0) =Y, ¥'(0) = yy,---, " (0) = Y.

where  a;(t) =b;it™,b;e Randm; e N. It is clear that
m;=0,1,2,---,n so we must find the integral transform of
T{a;(t)y®(t)}. According to value of a;(t) and order of derivative
yO(t), 1=0,1,---,n— 1, we have different cases. In follow, we pre-

sent few theorems which are useful to solve these type of IVP.

Theorem 3. Let p(s) and q(s) are differentiable and q'(s) # 0, then

79\’
)

pBs)
qG)

(M T{ef(O)} = -
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pis)

(I T{e2f(t)} = (-1)?

q'(s)
n _(_ p@s) 1 L . 1 76 "y Y
am e @) = 188 (o5 (7 (- (71 (69 )
n—1times n-lames
Proof. (I). From definition we have
7(s) =T{f(t)} = p(s) /0 foeaerde, (20)
from the above equation we have
& — >~ —q(s)t 21
o= | foea 1)

now we take derivative on both sides of Eq. (21) respect to s, it leads

(%) = —q(5)[Ttf(t)e1rdt = —q'(s) T{;(f(t))7 (22)
after simplification we have
p(s) (T(S)>'
T{tf(t)} = — —2). 23
oy =-g (o (23)
(I1). From (I) we have p(s) ;" tf(t)e-4¢"dt = — 2] (W) Now by tak-

ing derivative form both sides of this equation we have
! o0 . _ T(
q(6) Jy7 (e mndr = (i1 (1)) where

T{[ f } so substitute is there leads to
p(s) (1

q(s) <q/(s) (%))/

Following the same procedure we can proof (III).

(s) [ 2 f(t)e 19tdt =

T{Ef(H)} = (-1

O

Theorem 4. Let p(s) and q(s) are differentiable (q'(s) # 0), and

f(t) € C", then
T 0}

T{tf"“(t)} .

Proof. From definition (1), we have

ps) d
q(s) ds

")} = p(s) / CF e e (24)
JO
By derivation of above equation respect to s we have
(n)
d(1 ey [T et ®t e T{tf (t)}
5 G T} ) = a0 [Tt 0 w0t — g1 - .
(25)
Thus
(n) _ps)d/1 (n)
1{tf (t)}——q,(s)aQﬁT{f (t)})-
O

Theorem 5. Let p(s), q(s) and f(t) are differentiable (q'(s) # 0), then
r{es o) =5 & ok (& G

s tlen( Gurlrmo)]
Proof. From Theorem 4, we have

'(s) ds
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p(s) d
q'(s)ds

T{t f“”(r)} =p(s) /O Tty et — — %T{f“”(t)}) ‘

(26)

By derivation of above equation respect to s we have

= s (% Tl o}))| =-a0 [ ermwe ra
T{tzf(”’ (t)}
=46~
Thus
{ermo} =5 &g (@ Gl o}))| 27
O

Theorem 6. Let p(s), q(s) and f(t) are differentiable (q'(s) # 0), then

(m
/ 1 p(s 1 d 1 d ,
eSO} =0 E | g (E--q,(s) (@(#{f O3)-) |-
_'/_/
e o) = 0" &g (g g (6 Griro) |

ntimes

g|1(d 1/0d
ds q ds q ds
—_——

(s)

() 7{ef e = (1) 5

artrap|

ntimes

Proof. It is similar to Theorem 5. O

Remark 3. If q(s) be a constant, then we can not use that integral
transform to solve ODE with variable coefficient.

Example 3. Consider the following second-order ODE with vari-
able coefficient

at?y’"(t) + bty (t) + cy(t) = dt",

¥(0) =y'(0) = 0.

where a, b, ¢ and d are constants. We apply T on both side of the
above equation:

neNn, (27)

aT{tzy”(t)} +bT{ty'} + cT{y(t)} =dT{t"}. (28)
Now in view of Theorems 3 and 4, we have
a2 & 75 (4 G5 T 01))] - b2 & [T )]

+eT{y()} de{t"} 29)
0k & (4 GEPOT6))] b & [596T ()]

+eT(s) = nt d P

In the below, we listed the transformation of Eq. (2
integral transforms:

9) for different
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1. Laplace transform: as?7”(s)+s(4a—b)7'(s)+7(s)(2a—b+c¢)—
=0,

2. Pourreza transform: as>7”(s) +s(5a—2b)T"(s)+7 (s)(3a—2b+
4c)— 44— 0.

3. Elzaki transform: as?7"(s)+s(b—4a)7'(s)+7(s)(6a—2b+c)—
dn!s™1=0.

4. Sawi transform: as?7”(s) +s(2a+b)7'(s)+7 (s)(b+c) —dn!s"!
=0.

5. Sumudu transform: as?7”(s) + bs7’(s) + c7 (s) — dn! s" = 0.

Remark 4. It is clear that we still have another second order ODE.
But for the Laplace, Pourreza and Elzaki transforms, we may have a
simple second order ODE if coefficient of 7'(s) and 7 (s) be zero.

For example, if in Eq. (28), we have a=2,b=5,c=1,d =24
and n = 2, then we can apply the Pourreza transform as a best
choice. It gives 7"(s) = %. It can be easily solved. By solving this
equation, we find y(t) = £t* which is the exact solution.

For another test example, Let a=1,b=4,c=2,d =12 and
n =2 in Eq. (28), So the Elzaki transform is a best choice. It gives
T"(s) = 24s%. By solving this equation, we find y(t) = t* which is
the exact solution [16].

Solving Integral equations

Example 4. Consider the following Volterra integral equation [20]
t
yit)=t+ / y(t)sin(t — 1)dt, (30)
Jo

By applying this new transform on both sides of this equation
and using Convolution Theorem we get

V(s) = T{t} + 55 F(5) - V(§)—V(s) = For + 55 E27V(9),
_ 4*+1 ps) _ ps)as)?® | pls) s 143
yis) = as? g qo? + q(s)* —y(O) =t+gt

Example 5. Consider the following Volterra integral equation [20]

yo=1- [ :a oy, 31)

By applying this new transform on both sides of this equation
and using Convolution Theorem, we have

(8) = T{1} = 55 F(8) - V() —(s) = §§ — 5ty wsz V(6). 52
— 46> pE) _ p()I6)
V(S) = 371 40 = gt V() = cost

Example 6. Consider the following fractional integral equation
y(t) =g(t) + Py(t), (33)
where [” is the well known Riemann-Liouville fractional integral
operator [8,9,25-27,29,32,33,38]. It is defined by I*y(t) = %
fo =1 'y(v)dr.

By substituting ; [y (t — ©)* 'y(t)dt instead of I* in Eq. (33)
and apply Convolution Theorem 2, we have

o€ R,
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V() = T{&(0)} + s 7 (5) - V(5)

p(s)
V($) = G(5) + rafpy gt V0S), (34)
YS) = b THEO)—y(0) = T {5 69)},

where G(s) is T{g(t)}.
Conclusion

In this paper, we introduce a general integral transform. After
that we compare some integral transforms with this new integral
transform. It has shown that the new integral transform cover
those exiting transforms such as Laplace, Elzaki and Sumudu trans-
forms for different value of p(s) and q(s). We used this new trans-
form for solving ODE, integral equations and fractional integral
equations. Few examples have been presented to illustrate the effi-
ciency of this integral transform.
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