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An approximate solution of the radial Schrodinger equation is obtained with a generalized group of potentials in
the presence of both magnetic field and potential effect using supersymmetric quantum mechanics and shape
invariance methodology. The energy bandgap of the generalized group of potentials was calculated for s — wave
cases at the ground state. By varying the numerical values of the potential strengths, the energy band gap of
Hellmann's potential and Coulomb-Hulthén potential respectively were obtained. It is noted that the inclusion of
the potential effect greatly affects the accuracy of the results. Our calculated results are in agreement and better

than the existing calculated results. The present results approximately coincide with the standard bandgap of

CupZnSnS4 (CZTS).

1. Introduction

Over the years, petroleum has been the wide source of energy gen-
eration in almost all the countries of the world. The use of petroleum
products however has been reported to be harmful to human health due
to hazardous by-products. Thus, the need for affordable and environ-
mentally friendly sources of energy has greatly increased the interest in
the study of renewable sources of energy. The most available and
abundant source of renewable energy that is less harmful to human
health is solar energy. Solar energy as a source of energy generation is
known to have been using semiconductor materials. The semiconductor
materials suitable for the effective conversion of solar energy have a
minimum band gap of 1.3eV [1, 2, 3]. It has been observed that the
effectiveness of the semiconductor materials can be improved by the
combination of the materials. On this basis, Cadmium telluride (CdTe)
and Copper indium gallium selenide (CIGS) was used as a buffer in
thin-film solar cells with power conversion efficiencies of about 20% [4].
However, these compounds (CdTe and CIGS) are faced with high cost and
unavailability for popular use. Thus, a recent study focuses on the use of
CuyZnSnS, (CZTS) as the thin-film solar cell material. This compound is
known to have direct band gap energy between 1.4eV to 1.6eV [5, 6, 7]
with an optical absorption coefficient of 10~ cm ™, which suggests a
high use of the material for suitable photovoltaic. The use of this
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compound was studied experimentally by Guo et al. [8] and Steinhagen
et al. [9] with a result of 1.5eV and 1.3eV respectively. In Ref. [10, 11,
12], it was calculated using the first principle method. These authors
have result of 0.86eV, 1.06eV and 1.48eV respectively. However, the
experimental results though in fair agreement with the calculated results,
are better than the calculated results so far. Recently, Ejere and Ebom-
wonyi [13], calculated the energy band gap of CuyZnSnS,, using para-
metric Nikiforov-Uvarov method in the presence of amagnetic field with
a Hylleraas type of potential. Though their result agreed with the existing
result, their calculations were faulty. In all the studies, no result is
approximately equal to the maximum band gap of CupZnSnSy,

Thus, further study on the energy band gap for this compound is
required to obtain a result that is approximately equal to the maximum
band gap of 1.6eV. In this study, we intend to calculate the energy band
gap of the same compound under a group of physical potential functions
by solving the radial Schrodinger equation for any £ — state using the
elegant methodology of supersymmetric quantum mechanics. To have a
better result in this study, we intend to include a potential effect in
addition to the magnetic field which no author has studied yet. Our
choice of potential is the interaction of different types of potential models
known as a generalized group of potentials. The generalized group of
potentials is of the form:
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where Hy = 1;(26) ‘e, Hy = 15(26) ‘e and H; (i=1,2,3,4) charac-
terised the strength of the potential, r is the internuclear distance and § is
the screening parameter. The screening parameter can easily change the
form of the potential as it tends to zero. The generalized group of po-
tentials has a different subset. For instance, whens — 0, potential (1)
turns to multiple constant and Coulomb potential of the form:

H —H
V(r)=H, — H; +% 2

By varying the numerical values of the potential strengths, the
following potentials, Coulomb, Yukawa, Hulthén, and Hellmann poten-
tials can be obtained. These potentials however have wide applications in
different areas of physics. The main reason for choosing this potential is
that the energy band gap of other potentials can easily be obtained by
changing the numerical values of the potential strength without under-
going the tedious calculation any more as will be seen in the discussion
section. It also gives wider applications different potentials are its subset.
For instance, Yukawa potential has been used to describe the nuclear
interaction between protons and neutrons due to pion exchange [14, 15,
16, 17, 18, 19]. It was also used to stabilize the local fluid structure that
provides a good expression for the free energy and the pair correlation
function for a system [14]. Similarly, Hulthén potential is an important
molecular potential that has been used extensively to describe the mo-
lecular structure of an atom and nuclear interaction [20, 21]. These po-
tentials are widely used in nuclear and particle physics, atomic physics,
condensed matter physics, chemical, and solid-state physics.

2. Schrodinger equation and the generalized group of potential
models

The Schrodinger equation with spherically symmetric potential and
non-relativistic energy E,, for £ # 0 takes the form [22, 23].

h2
=5V A V() = Eur | W (1,0,0) =0, ®)

where the representation of the Laplacian operator V3 in spherical co-
ordinates is

& (D-1)0 ¢(f+D-2)
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VD_arz r or r? Q)

Setting the wave function yy, ;. ,,(r,0,9) =r~®~YV/2R(r)Y™(0,¢), Eq. (3)
becomes
d*Ry(r) 2m

i +ﬁ Ey—V(r) -

11+ 1)R?
2mr?

Ru(r)=0 (5)

Eq. (5) and Eq. (1) contained a term of centrifugal barrier in each case
which does not admit the solution of # = 0, though, the computation
must be done at the ground state for £ = 0. To address this issue, the
equation is solved for any n and ¢ by considering the potential effect. The
values of n and ¢ respectively are put to zero during numerical compu-
tation. Thus, the presence of the centrifugal term resorts to the use of a
suitable approximation scheme to deal with the centrifugal term. For a
short-range potential, Dong et al. [24, 25, 26], suggested the following as
the suitable approximation scheme to the centrifugal term %for potential
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The main aim of this work is to calculate the energy band gap of CZTS
using the parameters of the semiconductor materials such as the
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cyclotron frequency w. and the potential effect y, on the system.
Substituting Egs. (1) and (6) together with the cyclotron frequency and
the potential effect into Eq. (5), we have

R e e T LU
where

fg= 2 2 (0 ) ®

®, =qBm™! a0

for mathematical simplicity with B as magnetic field and q as particle
charge and y,, is the mean of the potential strengths. In this work, we are
going to solve Eq. (7) using the methodology of supersymmetry quantum
mechanics. Supersymmetric quantum mechanics (SUSY QM) is a
powerful tool for generating new potentials with known spectra
departing from an initial solvable one. In 1983, shape invariant potential
(SIP) was introduced in SUSY QM by Gendenshten [27]. For any shape
invariant potential, the energy bound state spectra could be obtained
algebraically. The formalism of SUSY QM plus shape invariance was
intimately connected to the factorization method [28]. The bound state
solutions, the energy eigenfunctions, and the scattering matrix can easily
be obtained for the generalized operator method for such potentials. This
approach is equivalent to Schrodinger's method of factorization [28, 29].
If the partner potentialV, s(x,a, ) satisfies the condition.

Va(x,a0) = Vj(x,a1) + R(a1), where qay is a set of old parameters, a;
is a function of ap(i.e a1 =f(ap)) and R(ay ), is the remainder which does
not depend on x, the partner potentials V,(x,ao) and Vj(x,a;) are
invariant. From the condition of the shape invariance, and the hierarchy
of the Hamiltonians, it is easy to obtain the energy eigenvalues and the
eigenfunctions of any shape invariant potential. In other to proceed with
this method, we first propose a superpotential function which is the so-
lution of the differential equation of Eq. (7). However, the proposition of
the superpotential function is based on the potential function under
consideration [30]. Considering our generalized group of potential
models in Eq. (1), we propose a superpotential function of the form:

ﬂﬂe—ﬁr

1 —e o

W(r)=i1+ , 1D
where ipand Jp are superpotential constants that will soon be deter-
mined. To fully apply the basic concepts of supersymmetry quantum
mechanics formalism and shape invariance approach [31, 32, 33, 34, 35]
to solve Eq. (7), the ground state function is related to the superpotential
function as

Roo(r) = V0 a2)

The W(r) has been given in Eq. (11) above. The superpotential
function of Eq. (11) relates to a non-linear Riccati equation as

_dw(r) _ Ve o — Who=2r _ 2L Ap(£ 4 1)5Pe 2 4 2utls
dr 1—e9 (1- ef(sf)z

W3(r) +Ey

13)

Substituting Eq. (11) into Eq. (13) and by comparison, the super-
potential parameters of Eq. (11) can be deduced in the following form:

1 =Ey 14
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In terms of the superpotential functionW(r), we can construct the
supersymmetric partner potentials V_.(r) = W2(r) + % as follows:

dw(r) A2 — )™ Ja(dy — 8)e"

— w2 _ 12
Vi =W+ — == h+—F—= e a7
dW(r) /1];(2}./\ — lg)e"” s (/1A + 5)675’—
V_(r)=W(r) - =1 1
(r)=W3(r) o A+ [ —oo (1 — i)’ (18)

Puttingdz = ao, we can easily show that Egs. (17) and (18) satisfied
the shape invariance condition and formalism, thus, the following rela-
tionship can be established

Vo(r,a0)=V_(r,a1) + R(a) )

where a;is a new set of parameter uniquely determine from an old set of
parameter agi.e. a; =f(ap) =4 — 8. The residual term R(a; ) also known
as the remainder, is independent of the variable r. The remainder term
also satisfies the relation

R(a)) = _VT‘ZZ?:‘Z?% _ —Vr—zﬁ—%) (20)
Riano0) = fvffzzij,z';;' - fvazﬁjJi% 23)
Ria) = | " _;(f:‘_zyl ol _:f_z% (24)

Thus, the energy spectra of the negative partner potential V_(r) can
be determined by using the shape invariance approach [36, 37].

n 7VT _ a(z) _ Zm;h 7VT _ aZ _ mel
E,=) R(a)= L Lk 25
= D_Rl@) ” 2 (25)
Vo —q? — A
Ew—=E, +Ey = — % (26)

For the consideration of the negative partner potential, E, = 0, and
thus, the total energy spectra of the system becomes
o’ h’

Enf:ll + 16 7”pe
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On? | o (Had A — Hs — 4y) + 22
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2

(27)

To obtain the wave function, we first define y = e, and then sub-
stitute it into Eq. (7) to have

& 1d a+ps+y
z — 2 "R, =0, 28
dr? " ydr y2(1 —y)2 «0) (28
where

2m(En_g + Hye — Ay — H3) B mw.h mwf

= 42(¢ +1 29
a e s e T (+1), 29
2m(dy +H; —2E, 0 +2u,, — A ") 2
p= ( 2 3 . 2,/ Hy 1) _mo ma)zc7 (30)
& h 5 45
2m(E, + 4 —H. 2
y= m(Ene +tye + 0 —Hy) _mar (3D

o’ T 852
Analysing the asymptotic behaviour of Eq. (28) at origin and at in-
finity, it can be tested that when r — Oand r — oo, Eq. (28) has the so-

lution of the formR, /(y) = y®and R,,(y) = (1 —y)". Now, taking a trial
wave function of the form

Rue(y)=y"(1=3)f(y), (32)

and substitute this into Eq. (28), we have

o)+ (2¢> +1-(Qd+2r+ l)y>f/ 0)— ((as +Y)Y+ a)f(y) _o,

y(1=y) y(1—y)
(33)
where
2m(Hy — Epe — o, —41)  mo? !
= : < 34
( 5’ * 852) ’ 34
1 2mH,\?
r=s+ <1 +162(2 + 1) + (%2) . (35)

Further analyzation/simplification gives a complete wave function as

Roy(0) = Noy? (1 = y) s Fi (= n,n 4+ 20+ 27,20 + 1,y) (36)
3. Numerical computation of results and discussion

In other to obtain the energy band gap, we input the values of the
following parameters, 4; = 1» = Hy = 2.10, H3 = H4+0.96, m =
mg(mlmz)/(ml +mg)mg, m; = 0.185, my = 0.26, B = 10, ¢ = 5.06 and
n = ¢ = 0. These values were inputted into Eq. (27), and run with
MATLAB 7.5.0. The my is the free electronic mass and mis the effective
mass of the compound. The graph of the energy for the ground state and
the first two excited states against the screening parameter is shown in
Figure 1.

Special cases of the generalized potential models.

(i) Hellmann -like potential. This is potential is obtained when we
put H; = Hy = 0in Eq. (1).
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Figure 1. Variation of the energy for the generalized group potential model
with the screening parameter in the presence of the cyclotron frequency and
potential effect.
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The energy Eq. (27) reduces to
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The graph of energy against the screening parameter is shown in
Figure 2.
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Figure 2. Variation of the energy for Hellmann's potential model with the
screening parameter in the presence of the cyclotron frequency and poten-
tial effect.
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(ii) Coulomb-Hulthén potential. When we put H, = H3 = 0, potential
(1) reduces to Coulomb-Hulthén potential of the form

M6 Hze ™
r 1 —eor

V(r)= (39)

The energy equation then becomes

272

w-h
E,=1 £ —
¢ 1+ 16 HPpe
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(40)

(iii) Yukawa-Hulthén Potential. Potential (1) turns to Yukawa-
Hulthén potential when H; = H4 = 0 which is physically given as

Jo6le T Hye

Vir)= —
(r) r 1—e

(41D
The energy is given as

w?h?
E.,= T

52722 2m (7H3 7]'2) +£:(

3h*

C2m 1+ 2n+ T+ 16606 +1)

2
1+2n+/1+162(Z + 1)
2

(42)
(iv) Yukawa potential: Putting H; = H3 = H4 in Eq. (1), we obtain
Yukawa potential of the form:

- Jo6 e

r

V(r)=

The energy equation of Eq. (27) turns to be

(43)

W*h?
En == -
TR
2
ot T 4 e 1+2n++/1+162( +1)
2m |1+42n++/1+16¢(¢ + 1) 2

(44)

The variation of energy in Eq. (44) against the screening parameter is
shown in Figure 3.

(v) Coulomb potential. This potential is obtained from potential (1)
when H, = H3 = H4 = 0. The physical form of the Coulomb
potential is given below

1671

r

V(r)= (45)

Its energy equation obtained from Eq. (27) is

222

w:h
Ey=h +Y*ﬂpe

2
&en’ 2y 1+2n+/1+16(7 + 1)

2m |1+42n++/1+16¢(¢ +1) 2
(46)

The graph of the energy of Coulomb potential against the screening
parameter is shown in Figure 4.
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Figure 3. Variation of the energy for Yukawa potential model with the
screening parameter in the presence of the cyclotron frequency and poten-
tial effect.
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Figure 4. Variation of the energy for the Coulomb potential model with the
screening parameter in the presence of the cyclotron frequency and poten-
tial effect.

(vi) Hulthén potential. Hulthén potential is obtained when H; = H, =
H, =0in Eq. (1)

1_]3 67&

Vir)= — ——
0= -1

(47)

Its energy equation obtained from Eq. (27) is

o h?
E.= 106 — Hpe
2
5n? 2t e 1+2n++/1+164( + 1)
S |14 2T+ 160+ 1) 2

(48)
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Figure 5. Variation of the energy for Hulthén potential model with the
screening parameter in the presence of the cyclotron frequency and poten-
tial effect.

The variation of energy of the Hulthén potential against the screening
parameter is shown in Figure 5. In the Figures, an increase in the
screening parameter decreases the energy. The decrease is more pro-
nounced as the quantum number increases.

In Table 1, we presented a comparison of the present results and the
existing results. It can be seen that the present results for each of the three
potentials are in excellent agreement with the existing results. However,
the present results seem better than the existing results as it is closer to
the maximum band gap of the compound. This is because the potential
effect has been considered in the present study. In Table 2, we presented
the energy band gap of CuyZnSnS, with the presence and absence of a
potential effect. As it can be seen from the Table, the presence of potential
effect decreases the energy band gap. Similarly, an increase in the po-
tential effect results to decrease in the band gap. Table 3 presents the
energy band gap of three different potentials with various quantum and
angular momentum quantum number n and £ for four values of the po-
tential effect. It is seen that the energy band gaps for generalized group
potential are different from that of the Hellmann and Coulomb-Hulthén
potentials. This is because the potential has been reduced and as such the
potential effect has also been reduced. In Figures 1, 2, 3, 4, and 5, we
examined the variation of the energy band gap with the screening
parameter for a generalized group of potential, Hellmann-like potential,
Yukawa-like potential, Coulomb-like potential, and Hulthén-like poten-
tial respectively. In each case, the energy band gap decreases as the
screening parameter increases. This indicates that as the screening
parameter increases, the energy band gap becomes narrower. Thus, at a
very large value of the screening parameter, the energy band gap be-
comes too narrow and hence, reduces its efficiency and its effectiveness.

4. Conclusion

The energy band gap of CupZNsnS, calculated from the solution of the
s — wave Schrodinger equation at the ground state for three different
potentials are in excellent agreement with existing results. The present
results are better to compare to the already existing results since the
present results are closer to the maximum band gap of CuyZnSnS,. It is
noted that the potential effect greatly affects the accuracy of the energy
band gap when combining different potentials. Our results also showed
that the more potential combined, the smaller the value of the potential
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Table 1. Comparison of present results with the existing results for the energy band gap (ineV) of Cuy ZnSnS,.

Present results for three different potentials [8] [91 [10] [11] [12] [13]
u= 234 Generalized group potentials 1.58 15 1.3 1.06 1.48 0.86 15
u = 822 Hellmann potential 1.56

u= 822 Coulomb-Hulthén potential 1.56

Table 2. Energy band gap (ineV) of Cu, ZnSnS, in the presence and absence of a potential effect.

H n 4 Presence of potential field Absence of potential field
Gen. grp. pt. Hellmann Gen. grp. pt. Hellmann

0.5 0 0 3.423794104 9.478031223 3.923794104 9.978031223
0 1 3.254006353 9.250164886 3.754006353 9.750164886
0 2 2.913544902 8.853581280 3.413544902 9.353581280
1 0 2.493259124 9.412124892 2.993259124 9.912124892
1 1 2.314012233 9.080026316 2.814012233 9.580026316
1 2 1.954993406 8.593276364 2.454993406 9.093276364
2 0 1.512495176 9.302281006 2.012495176 9.802281006
2 1 1.323990938 8.865950191 1.823990938 9.365950191
2 2 9467899471 8.289033894 1.446789947 8.789033894

Table 3. Energy bandgap (ineV) of Cuy ZnSnSy for three different potentials studied with various n, £ for four values of the potential effect.

u n 4 Generalized group potential Hellmann potential Coulomb-Hulthen Potential
0.5 0 0 3.423794104 9.478031223 9.478031223
1.0 2.923794104 8.978031223 8.978031223
1.5 2.423794104 8.478031223 8.478031223
2.0 1.923794104 7.978031223 7.978031223
0.5 0 1 3.254006353 9.250164886 9.250164886
1.0 2.754006353 8.750164886 8.750164886
1.5 2.254006353 8.250164886 8.250164886
2.0 1.754006353 7.750164886 7.750164886
0.5 1 1 2.314012233 9.080026316 9.080026316
1.0 1.814012233 8.580026316 8.580026316
1.5 1.314012233 8.080026316 8.080026316
2.0 0.814012234 7.580026316 7.580026316
0.5 1 2 1.954993406 8.593276364 8.593276364
1.0 1.454993406 8.093276364 8.093276364
1.5 0.954993406 7.593276364 7.593276364
2.0 0.454993406 7.093276364 7.093276364

effect that leads to accuracy. Thus, for the first time, a potential effect is

considered in the calculation, a better result is obtained.
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