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Abstract

By analysing the financial data of firms across Japan, a nonlinear power law with an exponent of 1.3 was observed between
the number of business partners (i.e. the degree of the inter-firm trading network) and sales. In a previous study using
numerical simulations, we found that this scaling can be explained by both the money-transport model, where a firm (i.e.
customer) distributes money to its out-edges (suppliers) in proportion to the in-degree of destinations, and by the
correlations among the Japanese inter-firm trading network. However, in this previous study, we could not specifically
identify what types of structure properties (or correlations) of the network determine the 1.3 exponent. In the present study,
we more clearly elucidate the relationship between this nonlinear scaling and the network structure by applying mean-field
approximation of the diffusion in a complex network to this money-transport model. Using theoretical analysis, we obtained
the mean-field solution of the model and found that, in the case of the Japanese firms, the scaling exponent of 1.3 can be
determined from the power law of the average degree of the nearest neighbours of the network with an exponent of 20.7.
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Introduction

Complex networks have been extensively studied over the last

decade [1–3]. Problems of transport on complex networks, which

are some of the most fundamental problems concerning the

physics of complex networks, have also been intensively studied.

For example, random walks on complex networks have been

investigated from various viewpoints [4–6]. One application of

transport on complex networks is PageRank, which corresponds to

the steady-state density of transport caused by random walks on

the Internet. PageRank is one of the most successful indices

evaluating the importance of web pages and has been utilized by

internet search engines.

Most studies regarding transport on complex networks have

been based on theoretical approaches; however, recently the

problems of actual transport on complex networks have also been

studied by using massive data analysis. Examples of such problems

include, airport traffic on the worldwide airport network [7], the

number of trains on the Indian railway network [8], the flow of

viewers on portal sites [9] and control flows on stock-ownership

networks [10–12].

In a previous study, we analysed the empirical data from an

inter-firm trading network, which consisted of approximately one

million Japanese firms, and the sales of these firms (a sale

corresponds to the total in-flow into a node) to investigate the

actual transport phenomenon in a complex network [13]. This

inter-firm trading network is known to be a typical complex

network with a power law degree distribution [13,14], a negative

degree-degree correlation [13,15], a small world property [14],

community structures [16], power laws of money flows [15,17]

and an asymmetric behaviour of authorities and hubs explained by

a network-evolution model based on the preferential attachment

rule [18,19]. To be more precise, we obtained the following results

from Ref. [13]: (i) we found a non-trivial empirical power law with

an exponent of 1.3 between the number of business partners in a

firm and its sales by analysing the data; (ii) we introduced a simple

money-transport model in which a firm (i.e. a customer) distributes

money to its out-edges (i.e. suppliers) in proportion to the in-

degree of the destinations; (iii) using numerical simulations, we

found that the steady flow of the abovementioned inter-firm

trading network derived from this model can approximately

reproduce a power-law scaling with an exponent of 1.3 between

the number of business partners (i.e. degrees of the network) and

sales. Furthermore, the sales distribution of the actual firms obeys

the power law distribution with an exponent of approximately 1.

Moreover, the sales of individual firms derived from the money-

transport model are shown to be proportional to the real sales on

the average. However, we also showed that the simple random

walk model (i.e., PageRank) in which a firm is assumed to evenly

distribute to all its outgoing neighbours does not reproduce the

empirical scaling with an exponent of 1.3. This result implies that

PageRank does not correspond to the sales. Note that scaling with

an exponent of 1.3 was observed are observed by analysing the

abovementioned Japanese financial data not only between the

sales and degrees but also between other important firm-size

indicators, for instance, between sales and number of employees,

between profits and number of employees, between profits and

degrees, etc. [20].

In the previous study [13], we could not specifically identify

what types of structure properties (or correlations) of the Japanese

inter-firm trading network determine the 1.3 exponent, although
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we found that we need a particular network structure to be

reproduced in our framework using numerical simulations.

Therefore, the current study is devoted to the theoretical study

of the results of Ref. [13]. In particular, we apply a mean-field

approximation to the models to clarify how the exponents of the

power-law relationships, specifically between the degree of the

inter-firm trading network (i.e. the number of business partners)

and sales depend on the network structure.

In this paper, we start in Section 2 by reviewing the models and

the numerical results of the previous study. Next, we introduce the

mean-field approximation for these models and reveal the

relationships between the power-law exponent, models, and

networks in Section 3. Finally, we summarize and present our

conclusions in Section 4.

Power Laws for Diffusion on Inter-Firm Trading
Network

In this section, we review the results of Ref. [13]. To understand

the empirical scaling with exponent 1.3 between degrees and sales,

we introduced the following money-transport models [13].

Model-1 (Equi-partition model):

xm(tz1)~
XN

i~1

Aim

1

k
(out)
i

xi(t), ð1Þ

Model-2 (Weighted partition model):

xm(tz1)~
XN

i~1

Aim

k(in)
m

PN
j~1

Aijk
(in)
j

xi(t), ð2Þ

where xm(t) denotes the sales of node m at time step t, Aij is an

adjacency matrix, k(in)
m is the in-degree of node m, k(out)

m is the out-

degree of node m and N is the number of nodes on the network.

Note that for k
(out)
i ~0 in Eq. (1) or

PN
j~1 Aijk

(in)
j ~0 in Eq. (2), we

omit the contributions of the node i.

In Model-1, a node representing a business firm is assumed to

evenly distribute its total in-flow (i.e. sales) at time t to all its

Table 1. Summary of exponents.

Model Network Exponent b

Equi-partition model Firm network 1.0

Shuffled network 1.0

Weighted partition model Firm network 1.3

Shuffled network 2.0

Sales (empirical data) Firm network 1.3

doi:10.1371/journal.pone.0091704.t001

Figure 1. The cumulative distribution function of degree of the
artificial networks. We confirm that degree obeys the power law
distribution with exponent 21.3, namely, Pk(k)!k{2:3 .
doi:10.1371/journal.pone.0091704.g001

Figure 2. The averages degree of nearest neighbours as a
function of degree of the artificial networks, knn(k). The black
triangles indicate the network for c~{0:7, the red nablas for c~0:0
and the green squares for c~0:7. The black dashed line is proportional
to k{0:7 , the red dash-dotted line is proportional to k0:0 and the green
dash-double-dotted line is proportional to k0:7 .
doi:10.1371/journal.pone.0091704.g002

Figure 3. The mean of sales as a function of degree, x(k), for
Model-1. We plot the scaled values [x’(k)~x(k)=x(1)]. The black
triangles indicate the network for c~{0:7, the red nablas for c~0:0
and the green squares for c~0:7. The mean of sales as a function of
degree, x(k), for Model-1. From this figure, we can confirm that x(k) is
proportional to k regardless of knn(k). These results agree with the
approximation given by Eq. 11, namely, x(k)!k.
doi:10.1371/journal.pone.0091704.g003
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outgoing neighbours in the next time step. This transport is

equivalent to the simple probability diffusion of the PageRank

model in the case of no random spontaneous jumping [4].

However, for Model-2, a node distributes its sales to its outgoing

neighbours in proportion to the destinations’ in-degrees. This

model is one of the so-called biased random walk models [21].

We used two types of networks for numerical experiments to

clarify the dependencies on the firm network [13]. The data set

used in the generation of networks and the data analysis in Refs.

[13,20] was provided by Tokyo Shoko Research, Ltd. and

contains approximately one million firms, which practically covers

all active firms in Japan. For each firm, the data set contains the

annual sales and a list of business partners in 2005, categorized

into suppliers and customers [13,14,20].

The first network is the real firm network whose nodes are firms

and whose edges are defined by the following rule: if firm i

purchases goods and/or services from firm j, or, equivalently, if

money flows from firm i to firm j, we connect node i to node j with

a directed link (there are 961,318 nodes and 3,783,711 edges)

[13,14]. This network was generated by using the business

partners data in the abovementioned data set. The firm network

is a typical complex network whose main properties are as follows:

(i)a power-law degree distribution with exponent 1.3, (ii)a negative

degree-degree correlation and (iii)a small-world property (the

mean distance between nodes is 5.62 and the maximum distance is

21) [13,14,16].

The second network is the shuffled firm network, which is an

almost-uncorrelated network with the same degree distribution as

the firm network generated by the Maslov-Sneppen algorithm

[22,23]. Note that we simulated the time evolution of the models

on the largest strongly connected component (LSCC) for each

network to neglect boundary effects. Then, total money is

conserved,
PN

i~1 xi(t)~
PN

i~1 xi(1) on the LSCCs of both

networks.

For all combinations of models and networks, we obtained by

numerical simulations the following power law for large k(in)

(tww1) [13]:

x(k(in))! k(in)
� �b

: ð3Þ

Here, x(k(in)) is the conditional mean of x for a given k(in) as a

function of k(in) and is defined by

x(k(in))~

P
l[ lDd(i)ƒk

(in)
l

vd(iz1)

n o xl

P
l[ lDd(i)ƒk

(in)
l

vd(iz1)

n o 1
, ð4Þ

where d(i) is the separator of box i, taken evenly in logarithmic

space, e.g. d(i)~2i (i~0,1,2, � � � ), and k(in) on the right-hand

side is represented by the geometric mean
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d(i) : d(iz1)

p
. The

exponent b depends on both the network and model. These

dependencies are summarized in Table 1. Note that Model 2 for

the firm network reproduces the empirical scaling with exponent

1.3.

Mean-Field Approximation for Models

In this section, we apply the mean-field approximation to the

models to understand the relationship between the exponents,

models, and network structures as shown in Table 1. Here we

neglect the directions of the networks for simplicity (scalings nearly

identical to results presented in the previous section can be

obtained by numerical simulation, regardless of whether or not the

edge directions are neglected). By assuming
PN

i~1 xi(1)~1, we

can regard the models as Markov processes with an existing

probability of xM (t),

xM (tz1)~
XN

i~1

QMi
:xi(t), ð5Þ

where QMi(t) is the transition probability from node i to node m
[13]. Note that although we neglect the direction of edges in this

paper, the following discussion can be extended to the case of a

directed network by adding some assumptions and calculations.

In general, one of the mean-field solutions of the Markov

process defined by the transition matrix

QMi~
AiM

:g(kM )PN
r~1 Air

:g(kr)
ð6Þ

is given in Ref. [24] by

R(k)~
kPk(k)g(k)

P
k’ g(k’)Pk’Dk(k’Dk)P

q

P
k’ qPk(q)g(q)g(k’)Pk’Dk(k’Dq)

, ð7Þ

where g(k) is the weight of the transition probability to a node

with the degree k, which is defined as a function of the degree k,

R(k) is the probability that the walker is at any node of degree k in

the steady state, Pk(k) is a probability density function of degree k
and Pk’Dk(k’Dk) is the conditional probability that a node of degree

k is connected to a node of degree k’. To obtain this solution, the

authors of Ref. [24] employed mainly two approximations. First,

they used the annealed network approximation where they

regarded the sets of firms with common degrees in the original

network as nodes of the approximated network, and the weighted

edges of the approximated network are associated with a

Figure 4. The mean of sales as a function of degree, x(k), for
Model-2. We plot the scaled values [x’(k)~x(k)=x(1)]. The black
triangles indicate the network for c~{0:7, the red nablas for c~0:0,
the green squares for c~0:7, the black dashed line is proportional to
k2 ~k1:3, the red dash-dotted line is proportional to k 2:0 and the

. These
results agree with the approximation given by Eq. 13; namely,
x(k)!k2:knn(k). The result for c~{0:7 [i.e. knn(k)!k{0:7] corresponds
to empirical scaling with exponent 1.3.
doi:10.1371/journal.pone.0091704.g004
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probability that two nodes of degrees k and k’ are connected,

A�(k,k’)~
1

NPk(k)

1

NPk(k’)

X
i[k

X
j[k’

Aij , ð8Þ

where i[k is denoted as a sum over the set of nodes of degree k

[24]. Second, they replaced QMi with average probability of an

interaction between nodes of degree k and k’, defined by

Q�(k’,k)~
½NPk(k)�{1P

i[k

P
j[k’ g(kj)Aij

½NPk(k)�{1P
i[k

P
r g(kr)Air

: ð9Þ

Then, we can replaced the Markov process given by Eq. 5 with

R(k; tz1)~R(k; t){
X

q

�QQ(q,k)R(k; t)z
X

q

�QQ(k,q)R(q; t), ð10Þ

where R(k; t) is the probability that the walker is at any node of

degree k at time t. By substituting Eq. 7 into this equation and by

using the degree detailed balance condition,

k’Pk(k’)Pk’Dk(k’Dk)~kPk(k)Pk’Dk(kDk’), we confirm that Eq. 7 is a

steady state of Eq. 10. More details on these approximations are

available in Ref. [24]

Next, we apply Eq. 7 to our models given by Eqs. 1 and 2. In

Model-1, the transition probability is uniform; that is, g(k)~1 in

Eq. 6. Therefore, the conditional mean of sales x(k) for the given

degree k (i.e. R(k) per node), is written as

x(k)~
R(k)

NPk(k)
~

k:1:Pk(k):1P
q q:1:Pk(q):1

: 1

NPk(k)
!k: ð11Þ

This scaling agrees with simulation results for Model-1 for the

firm network and the shuffled network.

Similarly, by applying Eq. 7 to the case that g(k)~k in Eq. 6

(corresponding to Model-2), we obtain

R(k)~
k2Pk(k)knn(k)P
q q2Pk(q)knn(q)

, ð12Þ

where we denote the average degree of nearest neighbours as

knn(k):
P

q qPk’Dk(qDk) [25]. Thus, we find

x(k)~
k2Pk(k)knn(k)P

q q2P(q)knn(q)
: 1

NPk(k)
!k2knn(k): ð13Þ

From Fig. 1(a) in Ref. [13], we see that knn(k)!k{0:7 for a large

degree k in the case of the firm network. We substitute this

empirical result into Eq. 13 to obtain

x(k)!k2knn(k)!k1:3: ð14Þ

This scaling corresponds to the simulation results for Model-2

for the firm network and empirical observation. Note that Eq. 13

implies that the exponents b depend on the average degree of

nearest neighbourhoods, knn(k) for Model-2.

For the shuffled network for Model-2, which is the uncorrelated

network shown in Fig. 1(a) of Ref. [13] (i.e. knn(k)~const:), we

obtain the following from Eq. 13:

x(k)!k2:1~k2: ð15Þ

This equation agrees with the numerical result.

Finally, we numerically check the approximation by using

different artificial networks that have power-law degree distribu-

tions with exponent 1.3 and power-law average degrees of nearest

neighbours like the firm network. The artificial networks satisfy the

following conditions:

N The degree obeys the power law distribution, Pk(k)!k{a{1.

N The average degree of the nearest neighbours is expressed as a

power function of the degree, knn(k)!kc.

To generate networks that satisfy the above conditions, we

modify the configuration model as follows:

1. Assign the degree sequence, fkig, obeying the power law with

exponent {a to nodes fig. For example, ki~floor½(i=M){1=a�
(i~1,2, � � �M ), where M is the number of nodes and floor½x� is
the largest integer not greater than x.

2. Randomly sample a node denoted by the v from the set of

nodes that have the largest fkig.
3. Update kv; kv/kv{1.

4. Randomly sample a node denoted by w from all nodes except

for node v with probability proportional to fqig, where

qi~k
bz1
i .

5. Update kw; kw/kw{1.

6. Connect node v and w with an edge (undirected).

7. Repeat steps 2 through 6 until ki~0 (i~1,2, � � �M).

Figures 1 and 2 show the cumulative distribution the function of

degree, which corresponds to Pk(k) and the average degree of

nearest neighbours as a function of degree knn(k) for the artificial

network with parameter a~1:3 (empirical parameter), c~{0:7
(empirical parameter), 0:0 and 0:7. In addition, Figures 3 and 4

show the mean of the sales as a function of degree x(k), which is

numerically derived from Eqs. 1 and 2 for the corresponding

artificial networks. From these figures, we can confirm that all

scaling exponents obtained numerically accord with the results of

the approximations given by Eq. 11 for Model-1 and by Eq. 13 for

Model-2. Moreover, from Figure 4, we confirm that only the case

c~{0:7, which is the empirical observation of knn(k) for the firm

network, reproduces the empirical scaling 1.3.

Conclusion and Discussion

In this study, by applying the mean-field approximation to the

money-transport models given by Eqs. 1 and 2, we were able to

consistently understand the relationships, between the power-law

exponents, models and network structures summarised in Table 1.

In particular, we presented the connections of the non-trivial

power law scaling with an exponent of 1.3 (in Model-2 for the firm

network) with the average degree of the nearest neighbours knn(k),
which is one of the cardinal features of a network. This result is

one of the explanations for empirical scaling relationships with

exponent 1.3 between the number of business partners and sales.

Moreover, non-trivial empirical scaling with exponent 1.3 between

sales s and number of employees l, s(l)!l1:3, which is observed in

MFA for Biased Diffusion on the Firm Network
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Ref. [20], might be connected to the network structure. Because,

roughly speaking, combining the scaling between sales s and

degrees k, s(k)!k1:3, described in this study, and the trivial

empirical scaling between number of employees l and degrees k,

l(k)!k1:0 reported in Ref. [20], we obtain the scaling between

employees and sales, s(l)!l1:3.

Acknowledgments

The author would like to thank Enago (www.enago.jp) for the English

language review.

Author Contributions

Conceived and designed the experiments: HW. Performed the experi-

ments: HW. Analyzed the data: HW. Contributed reagents/materials/

analysis tools: HW. Wrote the paper: HW.

References

1. Newman M (2003) The structure and function of complex networks. SIAM
review 45: 167–256.

2. Boccaletti S, Latora V, Moreno Y, Chavez M, Hwang D (2006) Complex
networks: Structure and dynamics. Phys Rep 424: 175–308.

3. Albert R, Barabási A (2002) Statistical mechanics of complex networks. Reviews

of modern physics 74: 47.
4. Brin S, Page L (1998) The anatomy of a large-scale hypertextual web search

engine. Computer networks and ISDN systems 30: 107–117.
5. Noh J, Rieger H (2004) Random walks on complex networks. Phys Rev Lett 92:

118701.
6. Litvak N, Scheinhardt W, Volkovich Y, Zwart B (2009) Characterization of tail

dependence for in-degree and pagerank. Algorithms and Models for the Web-

Graph : 90–103.
7. Guimera R, Mossa S, Turtschi A, Amaral L (2005) The worldwide air

transportation network: Anomalous centrality, community structure, and cities’
global roles. Proc Natl Acad Sci USA 102: 7794–7799.

8. Sen P, Dasgupta S, Chatterjee A, Sreeram P, Mukherjee G, et al. (2003) Small-

world properties of the indian railway network. Phys Rev E 67: 036106.
9. Chmiel A, Kowalska K, Hołyst JA (2009) Scaling of human behavior during

portal browsing. Phys Rev E 80: 066122.
10. Glattfelder J, Battiston S (2009) Backbone of complex networks of corporations:

The ow of control. Phys Rev E 80: 036104.
11. Vitali S, Glattfelder J, Battiston S (2011) The network of global corporate

control. PloS one 6: e25995.

12. Vitali S, Battiston S (2011) Geography versus topology in the european
ownership network. New J Phys 13: 063021.

13. Watanabe H, Takayasu H, Takayasu M (2012) Biased diffusion on the japanese
inter-firm trading network: estimation of sales from the network structure.

New J Phys 14: 043034.

14. Ohnishi T, Takayasu H, Takayasu M (2009) Hubs and authorities on Japanese
inter-firm network: Characterization of nodes in very large directed networks.

Prog Theor Phys 179: 157–166.

15. Tamura K, Miura W, Takayasu M, Takayasu H, Kitajima S, et al. (2012)

Estimation of ux be-tween interacting nodes on huge inter-firm networks. In:

International Journal of Modern Physics: Conference Series. World Scientific,

volume 16, 93–104.

16. Iino T, Kamehama K, Iyetomi H, Ikeda Y, Ohnishi T, et al. (2010) Community

structure in a large-scale transaction network and visualization. In: Journal of

Physics: Conference Series. IOP Publishing, volume 221, p. 012012.

17. Tamura K, Miura W, Takayasu M, Takayasu H, Kitajima S, et al. (2012)

Money-transport on a japanese inter-firm networks: Estimating sales from the

adjacency matrix. In: Proceedings of The Asia Pacific Symposium on Intelligent

and Evolutionary Systems Kyoto Japan (ISBN978-4-99066920-1).

18. Miura W, Takayasu H, Takayasu M (2012) Effect of coagulation of nodes in an

evolving complex network. Phys Rev Lett 108: 168701.

19. Miura W, Takayasu H, Takayasu M (2012) The origin of asymmetric behavior

of money ow in the business firm network. The European Physical Journal

Special Topics 212: 65–75.

20. Watanabe H, Takayasu H, Takayasu M (2013) Relations between allometric

scalings and uctuations in complex systems: The case of Japanese firms.

Physica A 392: 741–756.

21. Fronczak A, Fronczak P (2009) Biased random walks in complex networks: The

role of local navigation rules. Phys Rev E 80: 016107.

22. Milo R, Kashtan N, Itzkovitz S, Newman M, Alon U (2003) On the uniform

generation of random graphs with prescribed degree sequences. arXiv preprint

cond-mat/0312028.

23. Maslov S, Sneppen K (2002) Specificity and stability in topology of protein

networks. Science Signalling 296: 910.

24. Baronchelli A, Pastor-Satorras R (2010) Mean-field diffusive dynamics on

weighted networks. Phys Rev E 82: 011111.

25. Costa L, Rodrigues F, Travieso G, Boas P (2007) Characterization of complex

networks: A survey of measurements. Adv Phys 56: 167–242.

MFA for Biased Diffusion on the Firm Network

PLOS ONE | www.plosone.org 5 March 2014 | Volume 9 | Issue 3 | e91704


