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Surface tension of nanoparticle dispersions unravelled by
size-dependent non-occupied sites free energy versus
adsorption kinetics
Hatim Machrafi 1,2,3✉

The surface tension of dispersions presents many types of behaviours. Although some models, based on classical surface
thermodynamics, allow partial interpretation, fundamental understanding is still lacking. This work develops a single analytical
physics-based formulation experimentally validated for the surface tension of various pure nanoparticle dispersions, explaining the
underlying mechanisms. Against common belief, surface tension increase of dispersions appears not to occur at low but rather at
intermediate surface coverage, owed by the relatively large size of nanoparticles with respect to the fluid molecules. Surprisingly,
the closed-form model shows that the main responsible mechanism for the various surface tension behaviours is not the surface
chemical potential of adsorbed nanoparticles, but rather that of non-occupied sites, triggered and delicately controlled by the
nanoparticles ‘at a distance’, introducing the concept of the ‘non-occupancy’ effect. The model finally invites reconsidering
surface thermodynamics of dispersions and provides for criteria that allow in a succinct manner to quantitatively classify the various
surface tension behaviours.
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INTRODUCTION
Fluid dynamics of complex fluids represent a field of study that
concerns a series of energetic, medical and industrial engineering
applications. Since these applications concern, in many cases,
fluids wherein dispersions are used for material printing or
separation processes at the surface level, it is important to control
the behaviour of surface-related mechanisms1. Stability require-
ments during the dispersion processing and the printing process
depend on the physical properties, such as the viscosity, and its
deposition quality depends on controlling the fluid dynamics of
the deposited fluids and the underlying mechanisms2,3. Moreover,
the wettability is a relevant physical property for processes where
droplet impingement, thin film flows, microfluidics, surface
speciation and heat transfer are implied4,5.
In order to focus on surface-related mechanisms of complex

fluid dynamics, microgravity experiments are useful, cancelling
thereby the interference of buoyancy. A sounding rocket
experiment took place under the framework of the Advanced
Research on Liquid Evaporation in Space (ARLES) experiment
supported by the European Space Agency (ESA). ARLES was part
of the payload in a SubOrbital Express rocket (MASER 14) and aims
at studying the evaporation of pure and complex sessile droplets.
It also serves as a preparation of an experiment to be performed in
the near future at the European Drawer Rack 2 on board the
International Space Station. The evaporation of the complex
droplets resulted into pattern depositions of nanoparticles,
interesting for future printing applications. These experiments
allowed studying the depositions, but not how fluid dynamics,
surface effects and particle–fluid interactions controlled those
depositions. Another sounding rocket experiment is planned to be
performed in the near future, where one of the focuses will be to
monitor the fluid dynamics of the complex droplets. In order to
prepare the flight scenario, a numerical model has been

developed. The condition expressing the tangential stress balance,
including surface-tension-induced convection, i.e. Marangoni
convection, at the interface is given by

�ðσg � nÞ þ ðσl � nÞ þ γð∇ � nÞΣn� γT∇ΣT � γφ∇Σφ ¼ 0 (1)

where σg and σl are the stress tensors at the interface on the gas
and liquid sides, respectively, n the normal vector on the interface,
γ the surface tension, (∇∙n)Σ stands for the curvature of the
interface, ∇Σ = ∇ − nn ∙ ∇ for the surface gradient, T and φ stand
for the temperature and nanoparticle volume fraction at the
interface, respectively, whereas γT defines the surface tension
derivative with respect to the temperature and γφ the surface
tension derivative with respect to the volume fraction. Generally,
γT is readily available and reasonably approximated to be
constant. However, the behaviour of γφ is not so clear. Since at
microgravity, convection responsible for fluid patterns is of the
surface-tension type, it is crucial to not only have a physics-based
analytical expression for the surface tension of nanoparticle-laden
fluids but also to understand the underlying mechanisms that
govern the surface tension of such complex fluids.
It appears from several experimental studies that apparently

contradictory tendencies of the surface tension as a function of
nanoparticle content are observed: the surface tension is observed
to increase, decrease or pass through a minimum as a function of
the nanoparticle content in the dispersions6–15. Even for the same
nanoparticle, e.g. SiO2, a constant and increasing trend is
observed9,13, while for Al2O3 both decreasing and increasing
trends, in two separate cases, are observed7. Due to the diversity
of nanodispersions, there is no universal relation yet that could
comprehend and clarify quantitatively such observed trends.
Fitted correlations or empiric relations may give good comparison
to experimental values, but are specific to experiment conditions,
do not explain physically why certain surface tension phenomena
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occur and lack often generality7,10. One may find some explana-
tions, but mostly based on a qualitative assessment of the Gibbs
free energy or on mere intuition. Some works have explained
surface tension behaviour by an energy variation upon nanopar-
ticle transfer to the interface16, attractive van der Waals or
attractive capillary forces6,17 or even by analogy with electrolyte
solutions18. Interestingly, it is just the presence of nanoparticles at
the surface that is given as reason for surface tension increase in
ref. 11, while the nanoparticle adsorption is suggested to cause a
decrease in the surface tension elsewhere17. Others explain
surface tension decrease by a high ionic strength of the base
fluid countering the otherwise repulsive force between the
nanoparticles and the liquid–gas interface18. This, however, does
not explain the decrease of surface tension of nanoparticle-laden
fluids with low ionic strength, such as nanoparticle dispersions in
distilled water19 nor for surface tension minima. The initial
decrease of the surface tension is suggested to be due to the
large spacing between the nanoparticles, favouring electrostatic
forces between the nanoparticles6 or to initial adsorption of
nanoparticles at the liquid–gas interface17.
The apparently contradictory explanations for surface tension

behaviour are often intuitively provided and many existing
models, useful as they might be, only predict part of the
tendencies, which is a consequence of universal underlying
mechanisms still remaining unelucidated. This work develops an
analytical model proposing a new insight in surface thermo-
dynamics, surface energy and, more particularly, in the interac-
tion between the dispersed phase and the liquid–gas interface.
The model mainly aims at elucidating the underlying mechanisms
of the surface tension of nanoparticle dispersions, both correctly
predicting and explaining thereby the different experimentally
observed tendencies. We start by formulating the framework
within which the liquid-gas interface is defined. This will also
allow introducing definitions of nanoparticle (excess) surface
concentrations based on geometrical and size considerations. The
nanoparticles are modelled as being incompressible, non-
stretchable and the only material that can be adsorbed on the
liquid–gas interface. Then, an analytical expression for the surface
tension of nanoparticles will be calculated and compared to
several experimental data of different nanoparticle dispersions.
The model will be used to explain the different observed
phenomena. Finally, it will be shown that two parameters can
predict the type of surface tension behaviour for all the
considered material systems.

METHODS
Representation of an interfacial layer on a dividing surface
The surface energy of a nanoparticle dispersion can commonly
be described by Gibbs adsorption isotherm dγ ¼ �ΓpdηΣp� ΓfdηΣf ,
an exact differential. Here, ηΣp and ηΣf are the surface chemical
potentials induced by nanoparticle and fluid surface coverage,
respectively, whereas Γp and Γf stand, respectively, for the excess
surface concentrations of the nanoparticles and the base fluid.
Choosing the Gibbs dividing surface to be there where the
excess surface concentration of the liquid equals zero, we set Γf ≡
0. This leaves us with dγ ¼ �ΓpdηΣp. We will start discussing the
excess surface concentration first. This inherently entails the
definition of a framework that explains how to deal with the
representation of a three-dimensional interfacial layer, whilst
Gibbs adsorption isotherm imposes to work with a two-
dimensional one, i.e. the Gibbs dividing surface. As excess
surface concentrations of nanoparticles Γp are not widely
documented, such a framework will allow us to propose
analytical expressions for Γp. The excess surface concentration
is composed out of a surface equivalent of the bulk concentra-
tion, discussed later, and an actual surface concentration. Let us

begin with the latter. The surface concentration of the
nanoparticles Γp

Σ is defined by the surface coverage θp times
the maximum surface concentration ΓΣp;max:

ΓΣp ¼ θpΓ
Σ
p;max; (2)

the surface coverage θp stems from principles concerning
thermodynamic equilibrium and adsorption kinetics and it is
more appropriate to discuss it later in a proper context. For now,
we will focus on the framework of the dividing surface and how
the surface concentration is represented within its context.
In Eq. (2), ΓΣp;max is the maximum surface concentration of the

nanoparticles, assumed to be determined by the principle of
maximum stacking via a maximum coverage fraction f∞20–22.
Other geometrical considerations of particle adsorption have been
treated in refs. 21,22, but we only need here their results for
maximum coverage. In the presence of nanoparticles, the
liquid–gas layer can be defined as the layer where the
nanoparticles go gradually from a bulk concentration cp to a
purely surface concentration Γp

Σ. The surface concentration is then
usually obtained by integrating the concentration profile over the
thickness of that layer. It has therefore, generally, a thickness that
is larger than the size of the nanoparticles, a thickness that is
defined by the difference between the dividing surface and an
imaginary parallel surface, beyond which the bulk concentration is
attained. The degree of strength of the interaction energy
between the fluid molecules and the nanoparticles in that layer
will determine the amount of nanoparticles that are ‘trapped’, i.e.
adsorbed, or allowed to disperse in the bulk. Each nanoparticle
that adsorbs will push away fluid molecules. In analogy to the
bulk, according to the lattice model, (where each lattice fits a
liquid molecule), we can define that the surface area that is
occupied by a fluid molecule harbours a possible adsorption site.
As such, the adsorption sites are geometrically equivalent to the
fluid molecules in the interfacial layer. In order to represent this
framework in a manner that fits Gibbs’ isotherm, we have defined
a dividing surface. Speaking of the maximum surface concentra-
tion, this also necessitates to project the real maximum
concentration in the interfacial layer onto the dividing surface
(that has zero thickness). This projection method is depicted in
Fig. 1a, while Fig. 1b focusses on the projection of an adsorbing
nanoparticle with the corresponding parameters that will be used
in the model. Figure 1c shows the surface that is deemed to
participate to the adsorption. In fact, upon adsorption, it can be
imagined that not the whole surface of the nanoparticles
participates in the process. It is quite difficult to assess the portion
of surface that participates to this process and not much is known
about this. In this work, we will heuristically assume that only half
of a nanoparticle’s surface, i.e. the half that faces the dividing
surface, participates in its adsorption. The reason for this will be
discussed later. We will call this the participating surface. Later in
‘Three counter-intuitive effects of Kp on surface tension’, a
verification will be discussed to show that such an assumption
appears to be quite reasonable.
Let us, at maximum coverage, order the nanoparticles into

several layers that are parallel to the dividing surface. As we are
in maximum coverage, each layer contains the same amount of
nanoparticles. Let us then project, in each such layer, the
participating surface of the nanoparticles (as if a nanoparticle
was a balloon that is cut in half, of which one half is spread over
the surface) on the dividing surface (for the first layer at the
dividing surface) and on subsequent imaginary layers parallel to
the dividing surface. This gives in each layer the same maximum
surface concentration per unit surface, so that considering only
the layer adjacent to the dividing surface is sufficient to
determine the maximum surface concentration per unit surface,
as Fig. 1a shows.
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This will result in a molar concentration of nanoparticles per
unit surface on the dividing surface that would be equivalent to
the corresponding real molar concentration in a realistic
adsorption layer, through scaling by a certain defined character-
istic length, so-defined as Lp. As Fig. 1b shows, the projected
maximum surface concentration per unit surface times the
characteristic length gives the same volume as that of the
nanoparticle. It follows then that that characteristic length must
be a volume-to-surface ratio.
We define this volume-to-surface ratio by the total volume

divided by half of the total surface (the participating surface, as is
shown in Fig. 1c). The fluid particles that surround this
participating surface of a nanoparticle in a real interfacial layer
are fully projected on the dividing surface as they represent
geometrically the adsorption sites on that surface (see the
schematic representation in Fig. 1b). The characteristic length of
these fluid particles, or adsorption sites, is calculated by a standard
volume-to-surface ratio.

The projected surfaces depend on the size of the nanoparticles
and the fluid molecules (geometrically equivalent to that of the
adsorption sites). This means that the difference in sizes between
the nanoparticles and the adsorption sites can be expected to
have a great impact on the adsorption process. Each adsorbed
nanoparticle will induce a change in the possible entropic
configurations of a great number of adsorption sites. As these
sites are not occupied, yet have a large influence on the entropy,
they are named as non-occupied sites, because their non-
occupancy matters entropically. We can say that the total area of
these non-occupied sites (denoted by subscript NO) per total
surface area is given by

ςNOm
Σ
NO ¼ ςfm

Σ
f � ςpm

Σ
p (3)

where mΣ
i and ςi are, respectively, the number of particles of a

constituent per unit interface surface and the specific surface
area per particle of that constituent, whilst the superscript Σ
indicates that it concerns a surface property. The specific surface

Fig. 1 The projection of nanoparticles on the dividing surface. a Principle of projecting nanoparticles on dividing surface at maximum
coverage. Note that at a coverage below the maximum one, the principle is the same. b Projection of nanoparticles (with volume VP and
surface AP) on a two-dimensional surface. The projected circles are oval because they are drawn in perspective, but they should be seen as
circular for the spherical and disk nanoparticles, and as a square for the cubic nanoparticles. The fluid molecules (with volume VP and surface
AP) at the surface Σ, on which a nanoparticle adsorbs, also participate to the adsorption and are illustrated as fluid molecules that become
projected (on the dividing surface) as two-dimensional adsorption sites, depicted for simplicity as a flat plane Σ at exactly the dividing surface.
c Illustration of the surfaces that come into play in the volume-to-surface ratio for the spherical, cubical and disk nanoparticles. The images are
not in scale.
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area of a constituent is given by ςi � Mi
ρiLiNA

, with i = NO, f, p,
standing for non-occupied sites, the fluid and nanoparticles,
respectively. Equivalently, the specific surface area of a
constituent may conveniently also be given per mole, i.e.
ςi � Mi

ρiLi
. In that case, mΣ

i would simply be the number of mole
of a constituent per unit surface via scaling by NA and Eq. (3)
remains valid. Expressions for the characteristic length Li will be
developed later (with LNO ¼ Lf as geometrically the adsorption
sites are equivalent to the fluid molecules). It is important to
notice here that ςi introduces a size effect, i.e. the number
densities depend on the size of the nanoparticles and the
surface fluid particles.
We have now defined the framework for calculating the surface

concentrations and may proceed with proposing a formula
that allows calculating these concentrations. The maximum
surface concentration is given by the maximum number of
nanoparticle moles, mp;max

NA
, divided by a unit surface, i.e.

ΓΣp;max ¼ 1
NA

mp;max

At
, where At is a total (arbitrary portion of unit)

surface. This can conveniently be rewritten as
ΓΣp;max ¼ Vp

Ap=2
mp;maxAp=2

At
1

NAVp
, where Ap and Vp are the surface and

volume per nanoparticle, respectively. It can be noted that Vp
Ap=2

is

nothing else than two times the nanoparticle’s volume to surface
ratio, defined as Lp (see Fig. 1). Moreover, 1

NAVp
is the mole of

nanoparticles per unit volume, also given by
ρp
Mp
, where ρp and Mp

are the nanoparticle’s density and molar mass, respectively. Also
mp;maxAp=2

At
is simply the maximum geometric coverage fraction f∞,

being f∞ ≈ 0.547 for spherical non-overlapping hard particles on
a two-dimensional surface21,22. This value is obtained by
considering random packing of spheres after their projection on
the interface. It is therefore not the same as the random packing
of circles as the latter would neglect the purpose of the projection
method, where it is sought to obtain expressions on a 2D surface
whilst preserving the information from realistic 3D interfaces as
Fig. 1 shows. For cubic nanoparticles, it is reasonable to expect
that the maximum coverage will be close to unity, to that we take
f∞ ≈ 1 for cubic nanoparticles21,22. For disk-like nanoparticles, of
which the circular part faces the dividing surface, we take a
maximum coverage that corresponds to maximum standard
hexagonal stacking of circles on a surface, i.e. f1 ¼ π

ffiffi
3

p
6 � 0:907

for disk nanoparticles. This leads to

ΓΣp;max ¼ f1Lp
ρp
Mp

(4)

It should be noted that when nanoparticles are coated or
surface treated, the maximum coverage might be less due to
possible repulsive forces or more if the nanoparticles have a soft
compressible coating with interparticle attractive forces. Note that
similar expressions have been proposed in refs. 20,23. Nanoparticles
may come in various shapes, the main ones kibeing often of
spherical, cubical or disk shape. We will, for the demonstration,
limit ourselves to such undeformable shapes. The volume and

participating surface, i.e. Vp;
Ap
2

� �
, as defined in Fig. 1c, would

then be 4π
3 a3p; 2πa

2
p

� �
, 8a3p; 12a

2
p

� �
and πa2php; πa

2
p þ πaphp

� �
for a spherical, cubical and disk nanoparticle, respectively. The
volume-to-surface ratio Lp can then be calculated. For a spherical
nanoparticle, Lp ¼ 2ap

3 (with radius ap), for a square-like nanopar-

ticle, Lp ¼ 2ap
3 (with 2ap the side of the cube) and for a disk-like

nanoparticle, Lp ¼ aphp
ap þ hp

(with radius ap and thickness hp). Note

that it is not straightforward to define a molar mass of a
nanoparticle, since it is not a molecule nor an atom. We will
approximate the molar mass of a nanoparticle, in analogy with
that of a polymer constituted by many monomers, as an ensemble
of atoms or molecules chemically connected to one another. The
molar mass of a nanoparticle equals then Mp ¼ Mp0 fp

Vp
Vp0
, where fp

represents the maximum stacking factor of spheres in a three-
dimensional setting, assumed here to be fp ¼ π

3
ffiffi
2

p (that of an fcc or

hcp structure), Mp′ the molar mass of one atom or molecule, Vp
the volume of one nanoparticle and Vp0 ¼ 4π

3 ℓ3p the volume of one
atom or molecule, assumed to be of spherical form, with ℓp the

radius of that atom or molecule ℓp ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Mp0
ρpNA

3
4π

3
q

. The effective radius

of a fluid molecule, assuming sphericity, can be calculated in the

same manner as ℓf ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Mf
ρfNA

3
4π

3
q

, where ρf and Mf are the fluid’s

density and molar mass, respectively. With Vf ¼ 4π
3 ℓ3f and

Af ¼ 4πℓ2f , the volume-to-surface ratio for a fluid particle is given
by Lf ¼ ℓf

3 . With these definitions, the geometric definition of the

Fig. 2 Projection of bulk concentration. Analogy of an imaginary projection of the nanoparticles at an imaginary surface at z = zb with
respect to the real projection on the dividing surface at z = 0. The two resulting molar concentrations per unit surface should be equal in the
definition of the surface excess concentration.
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maximum surface concentration Γp
Σ can be calculated from

material properties and size values.
The difference between the excess surface concentration Γp and

the surface concentration Γp
Σ is usually defined as

Γp � ΓΣp � �
Z zb

z0

cpdz ¼ �cpλb (5)

where cp is the nanoparticle concentration in the bulk layer, and
λb = zb − z0, with z0 the position at which Γf = 0 and zb at which
we can consider conceptually to have a bulk concentration. In
order to determine λb, let us make a preliminary remark. The
maximum surface concentration has been obtained by projecting
a layer of adsorbed nanoparticles on a two-dimensional surface at
the dividing surface, which we defined as Γf = 0. When doing this,
it has been explained that the characteristic length of nanoparticle
projection equals Lp. For consistency, we should do the same
here. In the definition of the excess surface concentration,

the term �R zbz0 cpdz
� �

denotes a deduction from the surface

concentration of an imaginary extrapolation of the bulk concen-
tration, integrated over the interfacial thickness λb. So, it should
rather be seen as an imaginary surface-equivalent of the bulk
concentration, Γp;b � R zbz0 cpdz ¼ cpλb, defined at an imaginary
surface at z = zb. This also means that it is analogous to the
projection of the bulk nanoparticle concentration on the dividing
surface, named here Γp*, so that Γp* ≡ Γp,b. It remains to find Γp*.
Imagine at the dividing surface Γf = 0 a slab Vp of thickness Lp, of
which the contents are projected on that surface. If the projected
nanoparticle surface concentration is given by Γp*, then the
corresponding nanoparticle concentration in Vp would be Γp�

Lp
as

defined by the projection procedure in Fig. 1. If the projected
specific surface area per mole of nanoparticles is given by ςp, then
the corresponding volume per mole of nanoparticles in Vp would
be ςpLp. The same could be done for the fluid particles, so that the

volume fraction φ in that slab would be described by φ
1�φ ¼

ςpΓp�
ςfΓf�

.
Within the slab Vp, the projected surface concentration for the
fluid particles Γf* would simply be equal to the bulk concentration
cf times the thickness of Vp, i.e. Γf� ¼ cfLp. We then have
Γp� ¼ cfLp

ςf
ςp

φ
1�φ. Note that cf ¼ 1� φð Þ ρf

Mf
. Filling in the definitions

of ςp and ςf leads to Γp� ¼ ρf
Mf
Lp

Mf
ρfLf

Mp

ρpLp

� ��1
φ ¼ ρp

Mp

L2
p

Lf
φ. Figure 2

illustrates the analogy that we have discussed here.
As cp ¼ φ

ρp
Mp
, it follows that λb ¼ L2

p

Lf
. Filling this in (5) gives, with

Eq. (2), for the excess surface concentration

Γp � θpΓ
Σ
p;max � φΓΣb ¼ θpKΣ � φ

� �
ΓΣb (6)

with

ΓΣb ¼ cp
φ
λb ¼ ρp

Mp

L2
p

Lf
(7)

KΣ ¼
ΓΣp;max

ΓΣb
(8)

where ΓΣp;max is given by Eq. (4) and φΓb
Σ is the surface equivalent

of the bulk concentration and KΣ a constant that measures the
potential of the nanoparticles to rather adsorb at the interface
than stay dispersed in the bulk. As will be seen later, KΣ is a
function of nanoparticle size, maximum packing and fluid
molecule size. The surface coverage θp in Eq. (6) will be treated
in the context of surface kinetics, but we will first deduce the
surface chemical potentials and surface adsorption.

Surface chemical potential
If we have mΣ

f number densities of adsorption sites, containing
mΣ

NO number densities of non-occupied sites and mΣ
p number

densities of adsorbed nanoparticles, the total number of micro-

states would equal W ¼ mΣ
NOþmΣ

pð Þ!
mΣ

p !m
Σ
NO!

. Boltzmann’s equation of

entropy would give Sd ¼ kBln Wð Þ ¼ kBln
mΣ

NOþmΣ
pð Þ!

mΣ
p!m

Σ
NO!

� �
. For a pure

fluid, only one undistinguishable combination exists, i.e. Sf =
kBln(1) = 0. The corresponding surface fraction is given by

yp ¼ mΣ
p

mΣ
NOþmΣ

p
. The surface coverage is defined to be equal to the

surface fraction, θi ≡ yi, so that θp + θNO = 1. Defining the
configurational entropy of dispersing, due to nanoparticle cover-
age and non-occupied sites, as Δsd = SdNA − SfNA, and using
Stirling’s approximation for the logarithm of factorials, gives

ΔsΣd ¼ �kBNA θpln θp
� �þ θNOln θNOð Þ� �

(9)

where kB and NA are, respectively, Boltzmann’s constant and
Avogadro’s number. In dilute conditions, the enthalpy of
dispersing can be neglected. It should be noted that this enthalpy
results from heat liberated or absorbed due to new interactions
that stem from the mixing process, while it is not the same as the
enthalpy of adsorption, which plays a role in the equilibrium
adsorption constant. In such conditions, we deal with an ideal
dispersion, being consistent with the Langmuir’s adsorption
isotherm, of which a detailed deduction is presented in the next
section. The Gibbs surface free energy of dispersing is then given
by ΔgΣd ¼ �TΔsΣd resulting into

ΔgΣd ¼ kBTNA θpln θp
� �þ θNOln θNOð Þ� �

(10)

We define ωp � ςp
ςNO

and ωf � ςf
ςNO

. The chemical potentials of a
component i are defined by

ηΣi ¼ NA
∂

∂mΣ
i

mΣ
NO þmΣ

p

NA
ΔgΣd

 !
T ;p;mΣ

8j≠i

(11)

with i = p, f and j = p, f. The number ωp can also be understood as
the number of adsorption sites per nanoparticle. We then use the

aforementioned definition θi ¼ mΣ
i

mΣ
NOþmΣ

p
, fill this in in Eq. (10), apply

Eq. (11) and rewrite the result back in terms of θi. This finally gives
ηΣf ¼ kBTNAωf ln 1� θp

� �
and

ηΣp ¼ kBTNA ln θp
� �� ωpln 1� θp

� �� �
(12)

where ωp � ςp
ςNO

� ςp
ςf

(as ωf � ςf
ςNO

and ωf ≡ 1 because the
adsorption sites are within the present framework geometrically
equivalent to the projected liquid molecules, see Fig. 1b and
corresponding discussion) is given by

ωp ¼ MpρfLf

ρpMfLp
(13)

Surface adsorption isotherm
Equilibrium of the adsorption process is described by a net
zero change of the total Gibbs free energy of the system:
dΔGa ¼ dΔGΣ

ad þ dΔGb
ad þ dΔGΣ

d þ dΔGb
d � 0, where the subscripts

‘ad’ and ‘d’ denote the adsorption (due to translational or
confinement effects, or effects related to particle surface energies,
dipole-dipole and coulomb interactions24, for instance) and the
dispersion (mixing) free energies, respectively, and ‘Σ’ and ‘b’
the surface and bulk phases, respectively. We focus first on the

dispersing. We can then define ΔGΣ
d ¼ A

mΣ
NOþmΣ

p

NA
ΔgΣd and

ΔGb
d ¼ V

mb
l þmb

p

NA
Δgbd, where mb

l and mb
p are the number of bulk

fluid particles and nanoparticles per unit volume of the dispersion,
whereas A and V are an arbitrary unit surface and volume,

respectively. Note here that
mΣ

NOþmΣ
p

NA
has unit moles per unit surface
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and
mb

l þmb
p

NA
unit moles per unit volume. Note also that we can

define a mole fraction of nanoparticles in the bulk as xp ¼ mb
p

mb
l þmb

p
.

Neglecting the enthalpy of dispersing as mentioned before, an
addition of nanoparticles to the surface would result into a change

dΔGΣ
d mΣ

p;m
Σ
f

� �
, which can mathematically be written as dΔGΣ

d ¼
NA

∂
∂mΣ

p
A

mΣ
NOþmΣ

p

NA
ΔgΣd

� �
T ;p;mΣ

f

dmΣ
p þ NA

∂
∂mΣ

f
A

mΣ
NOþmΣ

p

NA
ΔgΣd

� �
T ;p;mΣ

p

dmΣ
f ¼

A ηΣpdm
Σ
p þ ηΣf dm

Σ
f

� �
. From (3) and the total number density, it can

be derived that dmΣ
f ¼ ωp � 1

� �
dmΣ

p. With the definitions for ηΣp
and ηΣf (see Eq. (12) and text above), this leads with ωf = 1 to

dΔGΣ
d ¼ kBTNAln

θp
1�θp

� �
AdmΣ

p. An equivalent procedure can be

performed for the bulk phase leading, under the approximation
of diluted dispersion, to the relation dΔGb

d ¼ kBTNAln xp
� �

V dmb
p.

Mass conservation stipulates that the net mass change is
zero, i.e. AdmΣ

p þ V dmb
p ¼ 0. This leads to dΔGΣ

d þ dΔGb
d ¼

kBTNAðlnð θp
1�θp

Þ � lnðxpÞÞAdmΣ
p.

A change in the nanoparticles number in both phases upon
adsorption also induces a change in the free energy of the
adsorption, which can be symbolically (as an already existing
thermodynamic relation for the free energy of adsorption will be
used, there is no need to enter into details as we did for the

free energy of dispersion earlier) written as dΔGΣ
ad AmΣ

p

� �
þ

dΔGb
ad V mb

p

� �
¼ ΔgΣadAdm

Σ
p þ ΔgbadV dmb

p. We can use the mass

conservation principle AdmΣ
p þ V dmb

p ¼ 0 and write
dΔGΣ

ad þ dΔGb
ad ¼ ΔgΣad � Δgbad

� �
A dmΣ

p � ΔgadAdmΣ
p, where Δgad

stands for the net difference of the free energy of adsorption per
mole of adsorbed nanoparticles. At equilibrium, Δgad is related to
the thermodynamic equilibrium constant Ke via Van‘t Hoff’s
equation for adsorption Δgad = −RTln(Ke) with Ke the thermo-
dynamic equilibrium constant of adsorption. The total Gibbs free
energy of the system dΔGa becomes finally dΔGa ¼
kBTNAðlnð θp

1�θp
Þ � lnðxpÞÞA dmΣ

p � RTlnðKeÞA dmΣ
p � 0 at equilibrium.

This leads finally to �lnKe þ ln θp
1�θp

� �
� ln xp

� � ¼ 0, which is known

as an adsorption isotherm for ideal dispersions or solutions. The
equilibrium constant Ke is for ideal cases related to the dimensional
Langmuir equilibrium constant Kd

p , which can be traditionally
described by the equilibrium adsorption reaction: cp + [*]⇆ [P− *],
where cp is the nanoparticle molar bulk concentration, [*] the
surface molar concentration of empty adsorption sites and
[P − *] the surface molar concentration of adsorbed nanoparticles,
respectively. If we define ΓΣp;max as the maximum surface
concentration, we can write �½ � þ P � �½ � ¼ ΓΣp;max, which is

equivalent to defining the surface coverage as θp ¼ P��½ �
ΓΣp;max

and

therefore �½ �
ΓΣp;max

� 1� θp. Note that later, we will use the notation Γp
Σ

for [P − *]. Thermodynamically, Kd
p ¼ P��½ �

cp �½ � ¼ θp

cp 1�θpð Þ. As cp has unity
moles per unit volume, Kd

p has unity volume per mole. Furthermore,
as Ke is dimensionless, this means that we can define Ke ¼ ctKd

p ,
where ct must have unity moles per volume. Similar discussions on
the various definitions of Ke and Kd

p have been performed in the
literature, indicating that Ke in Van’t Hoff’s equation is dimensionless
and that Kd

p in the Langmuir’s adsorption equation has a dimension
depending on the concentrations, confirming this analysis25,26. We
can also deduce (in dilute systems, cf ≈ ct, with cf and ct the molar
concentrations of the base fluid and the bulk phase, respectively)
that ct can be represented by the molar concentration of the bulk
phase25,26. Filling this in the adsorption isotherm gives finally

�ln ctKd
p

� �
þ ln θp

1�θp

� �
� ln xp

� � ¼ 0, which (keeping in mind that

xpct= cp) simplifies to θp
1�θp

¼ Kd
p cp, which is the well-known

Langmuir’s adsorption isotherm, subject to further discussion in
the next section. This can be rearranged into

θp ¼ Kd
p cp

1þ Kd
p cp

(14)

The equilibrium adsorption constant Ke could be calculated
thermodynamically via Van’t Hoff’s relation. However, experimental
values for the molar adsorption enthalpies and entropies are not
readily available for the studied nanoparticle dispersions and
especially not for various concentrations. Other expressions and
methods make use of more available surface energies and surface
tensions. However, even if one may perform such measurements,
such a procedure would not allow an analytical physics-based
analysis of the behaviour of the surface tension and would not
offer the understanding of the underlying mechanisms for the
various surface tension behaviours. Therefore, it would not align
with the purposes of this work. In order to obtain theoretical
parameters, independent of the experimental surface tension data,
experimental regression procedures or any fitting methods, one of
the often-used ways is to use a kinetic model. Adsorption and
desorption are often described kinetically. Material properties for
kinetic models are readily available for solid–liquid interfaces and
the methods are widely used and understood. As less data are
available for liquid–fluid interfaces, it is the question whether
similar kinetic models would be applicable. One can argue that the
adsorption of surface-charged nanoparticles (an important method
to obtain stable dispersions) on liquid-fluid interfaces (often
charged with the same sign) can be approximated by adsorption
on solid–liquid interfaces. Although subject to more investigation,
it has already been applied successfully for liquid–fluid interfaces24.
This motivates that within such a reasonable assumption the
equilibrium adsorption constant for the nanoparticle dispersions
can be obtained without fitting. The interpretation of underlying
mechanisms would benefit from such a physics-based approach.

Surface kinetics
It remains to find the equilibrium adsorption constant Kd

p or for
later convenience, a dimensionless version Kp thereof. ‘Surface
adsorption isotherm’ presented the thermodynamic theory behind
the Langmuir adsorption isotherm. It was mentioned that
unavailable experimental data for the nanoparticle dispersions
studied here and the aim to provide for a physics-based model
encourage the use of another way. Commonly, the equilibrium
adsorption constant is determined kinetically, where material
properties necessary for the model are readily available. The
kinetic model is based on an equilibrium between standard
adsorption and desorption kinetics and is treated in details in the
literature27–30. We mention the main points here. Note that
desorption becomes relevant when the energy of particle
trapping is of the order of the thermal energy. Adsorption (with
standard rate ka) depends on the bulk concentration cp and the
available adsorption sites (1 − θp). Desorption (with standard
rate kd) depends on the adsorbed nanoparticles θp per specific
surface area of adsorbed nanoparticles ςp. This writes as

ja ¼ kacp 1� θp
� �

(15)

jd ¼ kdθp
1
ςp

(16)

From kinetic considerations, it can be stated that nanoparticle
accumulation, through a flux balance equation, at the interface is
given by 1

ςp

∂θp
∂t ¼ ja � jd, where we remind that here ςp is the
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specific surface area per mole of nanoparticles. At quasi-
stationarity, i.e. ∂θp

∂t ¼ 0, we have from Eqs. (15) and (16) that

θp ¼ kacp
kd 1

ςp
þ kacp

¼
ka
kd
ςpcp

1þ ka
kd
ςpcp

(17)

Comparison with (14) learns that Kd
p ¼ ka

kd
ςp. As the molar

concentration can also be expressed into the volume fraction φ by
cp � ρp

Mp
φ, we can rewrite (17) as

θp ¼
ka
kd

ρp
Mp

ςpφ

1þ ka
kd

ρp
Mp

ςpφ
(18)

This allows defining a dimensionless Langmuir’s equilibrium
constant Kp � ka

kd

ρp
Mp

ςp ¼ ka
kd

1
Lp
, and relating the surface coverage

with the bulk volume fraction as

θp ¼ Kpφ
1þ Kpφ

(19)

If we assume that particle transport occurs under a quasi-linear
and stationary diffusional regime (this is a valid approximation
because of the very small relaxation time), it has been shown that
general analytical solutions for the adsorption and desorption

constants can be obtained27–30, i.e. kakd ¼ δm
ffiffiffiffiffiffiffi
πkBT
Φmj j

q
e�

Φm
kBT , which finally

leads to

Kp � δm
Lp

ffiffiffiffiffiffiffiffiffiffi
πkBT
Φmj j

s
e�

Φm
kBT (20)

where Φm is the total potential energy, Φt, at a distance z= δm, i.e.
Φm ¼ Φtjz¼δm

. The total potential energy stands here for the
potential energy between a particle and the liquid-air interface,
being composed of many mechanisms. The DLVO theory
mentions that the most important interactions are the electro-

static ΦEDL
p�Σ

� �
and van der Waals ΦvdW

p�Σ

� �
interaction ener-

gies24,31–33. Image charge effects in the form of a repulsive

particle-image ΦEDL
p�p0

� �
potential energy are esteemed to be of

importance, the reason being that in cases of particles being
oppositely charged to the interface, repulsion was still

observed24,34. Non-DLVO interaction energies ΦHy
p�Σ

� �
, suggested

to be of the Lewis acid-base type, also appear to be of great
importance, such as hydrophilic repulsive interactions and
hydrophobic attraction energies35–38. The electrostatic double
layer interaction potential between a nanoparticle and a flat
fluid–air interface is given by32

ΦEDL
p�Σ ¼ 64πεrε0

kBT
ee

� �2

Tanh
ζpee
4kBT

� �
Tanh

ζΣee
4kBT

� �
ap e�

z
λD þ e�

zþ2ap
λD

� ��

þλD �e�
z
λD þ e�

zþ2ap
λD

� �
Þ (21)

where εr, ε0, ee, ζp, ζΣ, and λD, are, respectively, the relative
permittivity, the absolute permittivity, the elementary charge,
the zeta potential of the nanoparticles, the zeta potential of the
liquid–air interface and Debye length. Debye’s length is given by

λD ¼
ffiffiffiffiffiffiffiffiffiffiffi
εrε0kBT
2NAe2e I

q
, where I stands for the ionic strength of the base

fluid. The potential energy between a particle, p, and its image, p′,
in the phase at the other side of the fluid-air interface is given by
refs. 24,34

ΦEDL
p�p0 ¼ 32πεrε0

kBT
ee

� �2

Tanh
ζpee
4kBT

� �
Tanh

ζp0ee
4kBT

� �
ape

�2 z
λD (22)

where ζp′ stands for the zeta potential of the image particle, given
by ζp0 ¼ 2kBT

ee
ArcSinhðεr�εr0

εrþεr0
Sinhðζpee2kBT

ÞÞ33. Here, εr′ is the relative

permittivity of the phase at the opposite side of the interface
opposed to the relative permittivity of the phase where the
nanoparticles are dispersed, εr. The van der Waals potential energy
between the nanoparticle and the interface is given by

ΦvdW
p�Σ ¼ �Ap�Σ

6
ap
z
þ ap
z þ 2ap

þ ln
z

z þ 2ap

� �� �
(23)

where Ap−Σ is the non-retarded Hamaker constant for the
particle–interface interaction, where the particle (p) interaction
with air (a) through the base fluid (f) is assessed. This constant is
derived by the theory of London-dispersion forces and is often
approximated by the combining relation Ap�Σ ¼ Apfa ¼ffiffiffiffiffiffiffi

App
p � ffiffiffiffiffiffi

Aff
p� � ffiffiffiffiffiffiffi

Aaa
p � ffiffiffiffiffiffi

Aff
p� �

39,40. Non-DLVO interaction energies
may be considered as one potential energy, being either repulsive
or attractive depending on the solid–water contact angle36. In
another work, a Hydra parameter, depending on the hydropho-
bicity of the surface, was introduced in one expression, being
either negative or positive, defining, respectively, a hydrophilic
repulsive or hydrophobic attractive potential energy. The Hydra
potential energy is given by refs. 36,37,41,42

ΦHy
p�Σ ¼ �2πapλ0γ0 1� Cos ϑð Þð Þe

z0�z
λ0 (24)

where λ0 is a decay length, ϑ the radial liquid–solid static contact
angle and z0 a constant of the value of 0.16 nm41,42. The total
potential energy is given by Φt ¼ ΦEDL

p�Σ þ ΦEDL
p�p0 þ ΦvdW

p�Σ þ ΦHy
p�Σ.

Material properties
Table 1 shows the material properties of the used nanodispersions
at ambient temperature. Effect of temperature on solid properties
is neglected. For the base fluids, only the densities are adapted for
temperatures different than ambient. Since these values are well

Table 1. Material properties and physical constants.

Componenta Density [kgm�3] Molar mass [kgmol�1]

Al2O3 3950 0:102

Al 2700 0:027

B 2370 0:011

MgO 3580 0:040

SiO2 2650 0:060

Ag 10490 0:108

Laponite 2530 2:287

ZnO 5610 0:0814

Dodecanethiol-ligated Aub 4720 0:198

Water (W) 997 0:018

n-decane (D) 730 0:142

Ethanol 789 0:046

Ethylene glycol (EG) 1110 0:062

Tri-ethylene glycol (TEG) 1120 0:150

n-dodecane (DD) 750 0:170

n-hexadecane (HD) 773 0:226

aFirst nine rows concern the nanoparticle densities ρp and molar masses
Mp'. The tenth to sixteenth-row concern the base fluid densities ρf and
molar mases Mf.
bVolume-averaged and mole-averaged values are given for the density and
molecular weight, respectively, based on the dimensions of the core gold
nanoparticle and the dodecanethiol ligand shell. Note that the molar mass
Mp' given here is the one of an atom or molecule. To obtain the molar mass of
a nanoparticle, one must make the conversion Mp ¼ Mp0 fp

Vp
Vp0

¼ 4π2

9
ffiffi
2

p a3pρpNA .
The values of the used physical constants are NA = 6.02 * 1023 [mol−1], Rg =
8.3145 [J mol−1 K−1], ε0= 8.854*10−12 [C V−1 m−1], ee = 1.602 * 10−19 [C] and
kB = 1.38 * 10−23 [J K−1].
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tabulated, not more attention is given. Some data are reported in
the literature as a function of the mass fraction. If ξ is the
nanoparticle mass fraction, ρp the nanoparticle density and ρf
the fluid density, then the nanoparticle volume fraction φ can be

calculated as φ ¼ ξ
ρp

ξ
ρp
þ 1�ξ

ρf

� ��1
. Table 1 also shows general

physical constants used in the model.
Equations (20)–(24) allow calculating the equilibrium constant

Kp. Several data are needed for this calculation. These data are
collected from the literature and tabulated in Table 2. A summary
of the variables and their meaning is given in Table 3.

It should be noted that it is difficult to obtain precise values for
the parameters ϑ, δm, ζint, I, λ0, and ζp, which need some
discussion. Reasonable values can be obtained from experimental
data for ϑ, δm, ζint, I. The minimum thickness between the
nanoparticle and the interface at adsorption, δm, is often assumed
to be of the order of δm= 0.5 nm27,43. For the interface zeta
potential, ζint, the approximated mean value of ζint = −40 mV is
taken for water44,45. For ethanol, tri-ethylene glycol, ethylene
glycol and glycerol the same value is assumed, while n-decane,
n-dodecane and n-hexadecane are considered to be an oily liquid
as hexane and a value of ζint=−10 mV is taken44. The ionic

Table 2. Data needed for calculation of equilibrium constant Kp.

NP-L App [10−20 J] Aff [10−20 J] εr [−] ϑ [°] λ0 [nm] −ζp [mV] T [K] 2ap [nm] Ref.

Al2O3-W 15a 3.7b 80c 35d 0.72 64 300 50w 6

Al2O3-D 15a 5.45b 2e 26f 1.16 55 300 50w 6

Al-D 15g 5.45b 2e 33h 0.87 57 300 18 6

B-D 6.23i 5.45b 2e 33h 0.35 55 300 46x 6

Al2O3-E 15a 4.2b 25.3i 23j 1.83 38 300 50w 6

Al-E 15g 4.2b 25.3i 36k 0.98 61 300 18 6

B-E 6.23l 4.2b 25.3i 36k 0.71 63 300 46x 6

Al2O3-TEG 15a 5.8b 23.3m 30n 0.8 59 298 20 10

MgO-TEG 12.1o 5.8b 23.3m 30n 0.67 46 298 20 10

SiO2-W 6.5a 3.7b 80c 20.7p 0.8 50 298 30 9

Ag-W 50g 3.7b 80c 40q 0.78 45 298 100 9

Lap-W 1.06r 3.7b 80c 24s 0.57 49 300 25 (1.5)y 19

ZnO-EG 9.2a 5.6b 40t 36.4u 0.57 60 300 67 11

(dl)Au-D 28v 5.45b 2e 30.5v 1.95 30 303 5 (1.7)z 38,47

(dl)Au-DD 28v 5.8b 2e 33v 1.71 35 303 5 (1.7)z 38,47

(dl)Au-HD 28v 5.2b 2e 36v 1.5 70 303 5 (1.7)z 38,47

Al2O3-Ws 15a 3.7b 80c 35d 0.72 75 300 40 48

The base fluids W, D, DD, HD E, TEG, and EG stand for water, n-decane, n-dodecane, n-hexadecane, ethanol, tri-ethylene glycol, and ethylene glycol,
respectively. Ws stands for fully stabilised water dispersion48. The temperatures for which the experimental data are obtained from the literature are indicated
in the table. If in the literature it is mentioned that the experimental data are obtained at ambient temperature, the value of 300 K is used.
aref. 52.
bref. 53, the value of TEG is approximated as that of di-ethylene glycol.
cref. 54.
dref. 55.
eref. 56, same value assumed for n-dodecane and n-hexadecane.
fref. 57.
gref. 58.
href. 59, the value of B is approximated as that of Al.
iref. 60.
jrefs. 60–63, interpolative estimation.
kref. 64, the value of B is approximated as that of Al.
lref. 65.
mref. 66.
nref. 67, assumed from values of EG on mixed ceramic substrates.
oref. 68.
pref. 69.
qrefs. 70,71, averaged value.
rref. 72.
srefs. 73,74, averaged values.
trefs. 75,76, averaged values.
uref. 77, approximated.
vref. 38.
wTEM images in ref. 6 show agglomeration so that the size of the nanoparticles is ~2 times that of the initial one (25 nm).
xSEM images in ref. 6 show cubic-like particles with an averaged size of 80 nm so that, taking this size between opposite corners of a cube, one cube side
would be 80/√3≈46 nm.
yThe value between the brackets is the thickness of the nanodisks.
zThe core diameter of Au is 5 nm andthe ligand shell thickness is 1.7 nm withan overall reported diameter of 2ap= 8.4 nm38,47. The B nanoparticles were
approximated as cubic particles, evidenced from SEM images in ref. 6 and the Laponite nanoparticles are nanodisks of a flat (the thickness is much smaller than
the radius) cylindrical shape19, while the rest are spherical nanoparticles6,7,9–11,38,47,48.
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strength of a fluid is somewhat an unknown. However, works
have indicated that for deionized water, typical ionic strength
values are measured of the order of I= 1 mol/m346. This value is
assumed for all the fluids used. The values for λ0 and ζp depend
strongly on the experimental conditions and only ranges can be
indicated. Decay lengths, λ0, of values up to 2.2 nm are reported
for several systems20,37,41. The zeta-potentials ζp of nanodisper-
sions were typically found to be approximately between −75 and
−25 mV20,34,43. Educated guesses, not affecting the analysis in
this work, for these two parameters within these indicated ranges
are implemented in Table 4 for the calculation of the equilibrium
constant. The obtained equilibrium constants for the nanoparticle
dispersions are shown later in Table 5.

Reporting summary
Further information on research design is available in the Nature
Research Reporting Summary linked to this article.

RESULTS AND DISCUSSION
Comparison of model with experimental data
Gibbs adsorption isotherm dγ ¼ �ΓpdηΣp can now be integrated.
We use Eq. (6) for Γp (with (19) for θp) and Eq. (12) for ηΣp. The
surface tension of nanoparticle dispersions is finally given by

γ ¼ γf þ RgTΓ
Σ
b

ωp þ ωpKp φþ KΣð Þ � KpKΣ
1þ Kpφ

φ� ωp þ ωpKpKΣ � 1
Kp

ln 1þ Kpφ
� �� �

(25)

where γf is the surface tension of the base fluid, Rg the universal
gas constant, T the temperature, KΣ given by (8), Kp given by (20),
ωp given by (13) and φ the nanoparticle volume fraction. The
equilibrium constant is a kinetic parameter obtained by models
from the literature, summarised in ‘Surface kinetics’. The other
parameters are developed in this work using geometric principles
and characteristic length scales, which would, for clarity, benefit
from a summary in Table 4.

Table 3. Variables used in the model and their meaning.

Symbol Description Unit

ap Nanoparticle radius [m]

Ap−Σ Non-retarded Hamaker constant [J]

cp Bulk concentration [mol m−3]

Dp Ratio excess surface to surface-equivalent
of bulk concentrations

[−]

ee Elementary charge [C]

f∞ Maximum geometric coverage fraction [−]

hp Disk nanoparticle thickness [m]

HNO Non-occupancy effect [J m−2]

I Ionic strength [mol m−3]

ka Adsorption rate [m s−1]

kB Boltzmann constant [J K−1]

kd Desorption rate [s−1]

Kp Equilibrium adsorption constant [−]

KΣ Ratio surface to bulk preference [−]

ℓf Equivalent size of fluid molecule [m]

ℓp Equivalent size of nanoparticle [m]

Lf Characteristic length of fluid molecule [m]

Lp Characteristic length of nanoparticle [m]

mΣ
f Number of fluid molecules per unit surface [particles m−2]

mΣ
NO Number of non-occupied sites per unit

surface
[particles m−2]

mΣ
p Number of nanoparticles per unit surface [particles m−2]

Mf Molar mass fluid molecule [kg mol−1]

Mp Molar mass nanoparticle molecule unit [kg mol−1]

Mp' Molar mass nanoparticle [kg mol−1]

n Normal vector [−]

NA Avogadro’s number [particles mol−1]

Rg Universal gas constant [J mol−1 K−1]

T Temperature [K]

Greek symbol

γ Surface tension [Nm−1]

γf Surface tension of fluid [Nm−1]

γT Temperature derivative of the surface
tension

[Nm−1 K−1]

γφ Volume-fraction derivative of the surface
tension

[Nm−1]

Γf Excess surface concentration of fluid [mol m−2]

Γp Excess surface concentration of
nanoparticles

[mol m−2]

Γp
Σ Surface concentration of nanoparticles [mol m−2]

Γb
Σ Surface-equivalent of bulk concentration [mol m−2]

ΓΣp;max Maximum surface concentration [mol m−2]

δm First minimum of potential well [m]

ε0 Absolute electric permittivity [C V−1 m−1]

εr Relative electric permittivity [−]

ζint Zeta-potential interface [V]

ζp Zeta-potential nanoparticles [V]

ηΣf Surface chemical potential fluid [J mol−1]

ηΣp Surface chemical potential nanoparticles [J mol−1]

θNO Non-occupied site coverage [−]

θp Nanoparticle coverage [−]

ϑ Contact angle [°]

λ0 Decay length in hydra potential [m]

Table 3 continued

Symbol Description Unit

λD Debye’s length [m]

ρf Density of fluid [kg m−3]

ρp Density of nanoparticles [kg m−3]

σg Stress tensor gas-side of interface [N m−2]

σl Stress tensor liquid-side of interface [N m−2]

ςf Specific surface area of fluid molecule [m2 per particle]

ςNO Specific surface area of non-occupied site [m2 per particle]

ςp Specific surface area of nanoparticle [m2 per particle]

φ Volume fraction [−]

Φm Total potential energy at first minimum [J]

ΦEDL
p�p0 Repulsive particle-image potential energy [J]

ΦEDL
p�Σ Electrostatic particle-interface

potential energy
[J]

ΦHy
p�Σ Hydra potential energy [J]

ΦvdW
p�Σ Van der Waals potential energy [J]

Φt Total potential energy [J]

ωp Number of adsorption sites for one
nanoparticle

[−]

Subscript

p Nanoparticle

NO Non-occupied site

f Fluid
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Table 5 shows the nanoparticle dispersions that we consider in
this work. For completeness, the calculated numerical parameters
that are necessary for determining the surface tension as a
function of the volume fraction, i.e. γf, KΣ, ωp and ΓΣb, are given in
Table 5 for these nanoparticle dispersions.
Different kinds of behaviours for the surface tension of

nanoparticle dispersions are represented by several experimen-
tal case studies, representing different materials (for both the
nanoparticles and liquids) with different sizes6,9–11,19,38,47,48.
The surface tension is calculated from Eq. (25) for these
nanoparticle dispersions and compared to the experimental
data in Fig. 3a–f. The experimental data in Fig. 3 show different
types of behaviours and the present model has an overall good
agreement with those data. This motivates to use the model to
explain these observations.

Non-occupancy contribution
We can divide the surface chemical potential, ηΣp � ηp þ ηNO, in
a part that stands for the contribution by non-occupied sites
ηNO ≡ −ωpRgTln(1 − θp) and a part that represents the
contribution of the adsorbed nanoparticles ηp ≡ RgTln(θp). We
can also split the surface tension change into two parts as

γ − γf = Δγp + ΔγNO, where

Δγp ¼ �
Z φ

0
Γp

∂ηp
∂φ

dφ ¼
Z φ

0
�ΓΣb

∂ηp
∂φ

� �
Γp

ΓΣb

� �
dφ (26)

ΔγNO ¼ �
Z φ

0
Γp

∂ηNO
∂φ

dφ ¼
Z φ

0
�ΓΣb

∂ηNO
∂φ

� �
Γp

ΓΣb

� �
dφ (27)

Equations (26) and (27) show the multiplication of two terms in
the integral. The term ð�ΓΣb

∂ηNO
∂φ Þ in Eq. (27) stands physically for

the change in the surface chemical potential of non-occupied
adsorption sites per unit surface upon a change in the nanoparticle
bulk concentration. It is worthy to note that this emphasises
the influence that non-adsorbed bulk nanoparticles have on the
surface chemical potential of non-occupied sites, called here the
non-occupancy effect. For later use, we assign for this term
the following symbol

HNO ¼ �ΓΣb
∂ηNO
∂φ

(28)

A larger absolute value of HNO means a greater non-occupancy
effect, i.e. one bulk nanoparticle will have more impact on the
surface energy (and thus the surface chemical potential) of
the non-occupied sites. Note that an equivalent analysis can be
made for the adsorbed nanoparticles contribution (see Eq. (26))

through the term ð�ΓΣb
∂ηp
∂φ Þ ¼ Hp, called the occupancy effect. The

term ðΓp
ΓΣb
Þ stands for the excess surface concentration normalised

by the surface-equivalent of the bulk concentration. We will assign
the following symbol to it

Dp ¼ Γp

ΓΣb
(29)

A positive value of Dp means a high degree of adsorption of
nanoparticles (decreasing the surface energy), while a negative
value indicates a preference of nanoparticles to remain dispersed
in the bulk. In summary, the sign of Dp indicates whether the
surface tension will increase or decrease and the value of HNO
with what amplitude. As both depend on φ, it is easy to
understand that the magnitude and variation of the surface
tension might be different as a function of φ, generating the
different observed trends. More interestingly, Table 5 shows that
the several nanoparticle dispersions considered here have quite
different values for the nanoparticle equilibrium adsorption
constant Kp. This implies that this property plays an important
role in determining the behaviour of the surface tension. Note
that the parameters Dp and HNO also depend on the surface
coverage θp, which is linked to φ through Kp. This encourages to
consider φ and the property Kp as suitable parameters for the
present analysis.
We should define a certain reference system that represents a

nanoparticle dispersion of which we can change freely the
parameters φ and Kp and monitor their influence on the behaviour
of HNO and Dp and therefore on that of the surface tension. To
perform numeric demonstrations, allowing the quantification of our
analysis, we may choose data from any dispersion. Only because
the B-D system is an example of an interesting decrease-increase
behaviour, its data are used for the present demonstration. As
the discussion should be followed in a general sense, and we only
use the physical properties of this dispersion but changing freely Kp,
it is appropriate to name it differently: the reference system R1.
Figure 4a shows the surface tension of the R1 system as a

function of φ for various imposed Kp values and two different
nanoparticle sizes.
Note that for small Kp values, the surface tension remains

significantly constant. As this is counter intuitive (usually
non-adsorption should lead to an increase in the surface tension

Table 4. Definitions, necessary for the calculation of the surface
tension.

Symbol Definitiona,b

Lp
2ap
3

2ap
3

aphp
apþhp

−

f∞ 0.547 1 0.907 −

Lf − − − ℓf
3

Mp
4π2

9
ffiffi
2

p a3pρpNA

ΓΣp;max f1Lp
ρp
Mp

Γb
Σ ρp

Mp

L2
p

Lf

ωp
MpρfLf

ρpMfLp

KΣ ΓΣp;max

ΓΣb

Kp δm
Lp

ffiffiffiffiffiffiffi
πkBT
Φmj j

q
e�

Φm
kBT

aFor the first two rows, the first column stands for spherical nanoparticles,
the second column for cubical nanoparticles and the third column for disk-
like nanoparticles, while for the third row only the fourth column is used,
standing for the fluid molecules.
bFor the fourth to ninth rows, the definitions are general for all
nanoparticle shapes and fluid molecules. The symbol ap stands either for
the radius of a spherical nanoparticle, half of the side of a cubical
nanoparticle or the radius of a disk nanoparticle, the latter of which has
thickness hp. Further, ℓf is the equivalent radius of a sphere corresponding
to the volume of a fluid molecule, while ρp, ρf, Mp, and Mf stand for the
nanoparticle and fluid densities and the nanoparticle and fluid molar
masses, respectively. It is worthy to note that it is not necessary to know
the molar mass and density of the nanoparticles to calculate the
definitions in this Table and that it is mainly a question of size.
Nevertheless, the values of ρp and Mp' (from which Mp is obtained) are
still given in Table 1 should one need to know the values of ΓΣp;max and Γb

Σ

in terms of unit mass per unit surface. The values of f∞ have been adapted
for the (dl)Au nanoparticles due to the presence of ligands at the gold
surface inducing possible repulsion or blocking mechanisms. In ref. 47, it
has been established that the (dl)Au nanoparticles occupy 0.2, 0.34, and
0.72 of the theoretical maximum coverage when dispersed in D, DD, and
HD, respectively. Therefore, for the (dl)Au-D, (dl)Au-DD and (dl)Au-HD
systems, f∞ has been multiplied by 0.2, 0.34, and 0.72, respectively. It is
recalled that δm and Φm represent the primary minimum of the total
potential energy and Φm its value, whereas kB and T are Boltzmann’s
constant and the temperature.
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as this entails that Γp < 0), special attention will be given to the
small Kp-case later. Figure 4a shows that, as Kp increases, γ(φ), for a
given φ, first increases and then starts to decrease for small φ,
followed by an overall decrease in the depicted φ -range. This first
increase is also counter intuitive (usually more adsorption should
lead to a decrease of the surface tension), a second point given
special attention later. As Kp continues to increase, even a
minimum in γ(φ) as a function of φ is observed, a third point
discussed later as well. For even higher Kp, the surface tension
shows a decreasing trend, which is what one would expect. Figure
4a also shows that a smaller nanoparticle size tends to favour a
decrease in the surface tension. The latter effect can be understood
by noticing that smaller nanoparticles will increase, for the same φ,
the number of nanoparticles and therefore also the number of
adsorbed nanoparticles, which leads eventually (for sufficiently
small nanoparticles) to a decrease in the surface tension.
Let us, before entering into such an analysis, first determine

what contribution to the surface tension is more important, Δγp or
ΔγNO. Figure 4b shows, through Δγi (i = p,NO) scaled by RgT, that
the contribution of the non-occupied sites (i = NO, the solid lines)
is the main one, especially at larger Kp-values. The main reason for
this is size-related. The nanoparticles are much larger than the
fluid molecules, which constitute the adsorption sites. This means
that the number of fluid molecules involved in the adsorption of a
nanoparticle is quite large, expressed in large ωp-values, i.e. ωp ≫
1, as Table 5 shows. So, it is now evident that the non-occupied
site contribution of the surface chemical potential will be a key
part in the following discussions.

Three counter-intuitive effects of Kp on surface tension
Figure 4c shows ΔγNO and Γp for two volume fractions for the
R1 system as a function of Kp. To facilitate the discussion three
markers have been introduced for ΔγNO: one corresponding to
the Kp from Table 5 for the B-D system (≡Kp*), a smaller Kp�

1000 one
and a larger 100Kp* one. Figure 4d represents ΔγNO and Γp for two
volume fractions as a function of Kp for a so-called R2 system,
where we use the data from the Ag-W system, merely to illustrate

that Kp has the same type of effect on the surface tension for
whatever nanoparticle dispersion’s physical properties. Figure 4e
shows HNO, Dp and DpHNO (combined contribution of the latter
two) versus φ for three Kp values for the R1 system.
For small Kpð¼ Kp�

1000Þ, Fig. 4e shows that Dp is significantly
negative over the whole volume fraction range. Figure 4e shows
that at small Kp there is a negligible contribution of the absolute
value (being, by the way, always negative) of HNO (dotted blue
line), it is significantly constant over the φ range. Although Dp is
clearly negative (dotted red line in Fig. 4e), which stands for a
negative surface excess concentration and would conventionally
imply an increase in the surface tension, the resulting surface
tension remains significantly constant as shown by Fig. 4a
(straight solid lines). To understand why this is, we take the limit
of Eq. (25) for Kp → 0, which gives

γKp!0 ¼ lim
Kp!0

γ ¼ γf þ RgTΓ
Σ
bφ (30)

Filling in Eq. (30) the data for the R1 system reveals that
γKp!0 � γf ¼ Oð10�5 � 10�4Þφ. This explains the seemingly (in
reality, very weakly increasing) constant value of the surface
tension. The reason behind the seemingly constant value of the
surface tension at Kp → 0 lies in the value of ΓbΣ. From Table 4
one may easily deduce that ΓΣb / 1

apℓf
. Nanoparticles have generally

a larger size than fluid molecules and apparently large enough for
Γb

Σ to be sufficiently small and hence a seemingly constant
behaviour of the surface tension can be predicted. This explains
the first counter-intuitive observation.
At Kp = Kp*, Fig. 4e shows that for a small range of φ we have

Dp > 0 (equivalent to Γp > 0, let us recall), while HNOj j becomes
bigger than for the previous case (see solid line in Fig. 4e as
opposed to the dotted line). As HNO<0 (always), this leads to
DpHNO < 0 (solid line in Fig. 4f). As we increase φ, Fig. 4e shows
that Dp changes sign, i.e. Dp < 0, with HNOj j still being significantly
larger than zero, resulting into DpHNO > 0. As the surface tension
depends on the integration of DpHNO from 0 to φ, the surface
tension will decrease as long as DpHNO < 0 and increases as long

Table 5. Calculated parameters used in Eq. (25) for the nanoparticle dispersions.

NP-L γf [mNm−1] KΣ [10−3] Kp [102] ωp [103] Γb
Σ [nmol m−2] T [K]

Al2O3-W 72.3 2.11 0.0562 6.23 148 300

Al2O3-D 23.8 4.66 11.5 1.28 67.1 300

Al-D 23.8 12.9 3.19 0.165 186 300

B-D 23.8 9.22 4.16 2.08 38.0 300

Al2O3-E 22.4 3.12 0.294 2.85 100 300

Al-E 22.4 8.66 0.103 0.369 279 300

B-E 22.4 6.17 0.0988 4.65 56.8 300

Al2O3-TEG 44.45 10.3 10.3 0.262 190 298

MgO-TEG 44.25 10.3 4.34 0.262 190 298

SiO2-W 72.5 3.51 O (0) 2.24 247 298

Ag-W 68.0 1.05 0.209 24.9 74.1 298

Lap-W 73.6 43.5 193 0.872 85.1 300

ZnO-EG 47.3 2.29 0.0964 5.27 75.9 300

(dl)Au-D 22.96 27.7 8726 0.036 399 303

(dl)Au-DD 24.75 29.2 8.55 * 104 0.033 380 303

(dl)Au-HD 26.96 31.8 2.23*106 0.027 349 303

Al2O3-Ws 72.3 2.64 O (0) 3.99 185 300

The symbols W, Ws, D, DD, HD, E, TEG, EG and G stand for the base fluids water, extra stabilised dispersion, n-decane, n-dodecane, n-hexadecane, ethanol, tri-
ethylene glycol, ethylene glycol, and glycerol, respectively. Lap stands for laponite and (dl)Au for dodecanethiol-ligated gold. Note that Kp values that are
orders of magnitude smaller than unity have been considered here as being virtually zero, O(0), i.e. negligibly small.
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as DpHNO > 0, passing thus through a minimum. This analysis
implies that the sign of the integrated surface of DpHNO as a
function of φ will determine the existence and positioning of a
surface tension minimum. It is then logical to elaborate further on
the dependence of HNO and Dp on φ. From Eqs. (6) and (19), we
have that

Dp ¼ Kpφ
1þ Kpφ

KΣ � φ (31)

and from Eqs. (19) and (28) that

HNO / �ΓΣb
Kpωp

1þ Kpφ
(32)

The analysis of Eqs. (31) and (32) needs some mathematical
considerations. From Eq. (31), we can easily deduce that Dp ¼ 0

when φ ¼ KpKΣ�1
Kp

or φ = 0, but the latter is a trivial solution not

considered further. The sign of Dp depends on the values of Kp
and KΣ. With respect to this, two cases can be considered: Kp � 1

KΣ
and Kp> 1

KΣ
. These cases will depend on the parameter KΣ. From

Table 4, we can deduce that KΣ / f1 ℓf
ap
. The values of parameter

f∞ (see Table 4) are constant for a certain shape and KΣ will
depend on the ratio ℓf

ap
much more than on f∞. Therefore, for the

discussion of Eq. (31) we will only take into consideration KΣ / ℓf
ap

We treat the case Kp � 1
KΣ
. When Kp � 1

KΣ
, we have KpKΣ�1

Kp
� 0 and

it can be verified that this means that for all φ > 0 we have Dp < 0.
As HNO is always negative, the result is a strictly increasing surface
tension. Depending on the amplitude of HNOj j, this increase will
be significantly measurable or not. Focussing mainly on the value
of Kp (the value of which may vary orders of magnitude more than

Fig. 3 Modelled surface tension as a function of the volume fraction of nanoparticle dispersions, compared to experimental

data6,9–11,19,38,47,48. a Al2O3-W ( , ), Al2O3-Ws ( , ), Laponite-W ( , ) and ZnO-EG ( , ), b Al2O3-D ( , ), Al-D ( ,

) and B-D ( , ), c Al2O3-E ( , ), Al-E ( , ) and B-E ( , ), d Al2O3-TEG ( ,*) and MgO-TEG ( , ), e SiO2-W ( , ), Ag-

W ( , ), (dl)Au-D ( , ), (dl)Au-DD ( , ) and (dl)Au-HD ( , ), the inset being a zoom of the (dl)Au-D system concentrating at

the region of smaller φ-values, f a magnification of the systems (dl)Au-D ( , ), (dl)Au-DD ( , ) and (dl)Au-HD ( , ). The studied

systems are indicated in the form “nanoparticle-fluid”. The model values are indicated by lines, while the experimental data are given by
markers in the form (line,marker).
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ωp and Γb
Σ, see Table 5), two cases are thus possible: vanishing

Kp values (Kp → 0) and non-vanishing Kp values (Oð0Þ 	 Kp � 1
KΣ
,

where O(0) stands for a value that is so low that considering it zero
would reflect a measured reality).

o Kp ! 0

Equation (32) shows that for small Kp (e.g. Kp → 0), we have
HNOj j ! 0, so that the surface tension increase is not noticeable.
This has been discussed previously around Eq. (30) for small Kp
values and a real example for this is the SiO2-W system (see Fig. 3e
Table 5 where indeed Kp 	 1

KΣ
).

o Oð0Þ 	 Kp � 1
KΣ

When Kp is significantly non-zero but not too large, i.e. Oð0Þ 	
Kp � 1

KΣ
(defined as the lower-intermediary region), so that it can

be verified that HNOj j has a significant value, the increase of the
surface tension will be measurable. A real example for this is the
Ag-W system, where Table 5 shows that Kp ≫ O(0) and Kp< 1

KΣ
.

Moreover, Fig. 4f illustrates this as well by a continuously
increasing DpHNO (brown dot-dashed line). Departing from a
fully desorbed case (Kp → 0), we can say that upon enhancement
(Kp ≫ O(0)) of the surface adsorption kinetics (up to the limit
Kp � 1

KΣ
), the surface tension behaviour becomes a strictly

increasing one due to the combination of Dp<0 and a significant
value of HNOj j. So, initially, a higher adsorption appears not to lead
to a lower but rather to a higher surface tension. As 1

KΣ
/ ap

ℓf
,

nanoparticles (having much higher size than the fluid molecules)
allow for a much larger limit for Kp for which Dp remains negative.
So, within this limit, upon increasing Kp, the strength of the non-
occupancy effect HNOj j becomes significant, whilst the excess
surface concentration remains Dp<0, resulting into a surface

  

   

 

  

46

5

46

5

Fig. 4 Analysis of surface tension behaviour. a γ of the R1 system vs φ for theoretically imposed Kp values ( =~0, = 10, =

102, = 103, = 5*103 for 2ap = 46 and 5 nm. b Δγi
RgT

with i = p,NO vs φ of the R1 system, where thin and thick lines stand for Kp = 10 and
5 * 103, respectively, and dashed and solid lines stand for i = p and i = NO, respectively, for 2ap = 46 and 5 nm. Note that all the dashed lines
are significantly horizontal. c

Δγp;NO
RgT

of the R1 system vs Kp for φ = 0.001 (dashed line) and φ = 0.025 (solid line) and 2ap= 46 with three specific

values of Kp based on the value from Table 5 (Kp* = 416): Kp�
1000 ( for φ = 0.001 and for φ = 0.025), Kp* ( for φ = 0.001 and for φ = 0.025)

and 100Kp* ( for φ = 0.001 and for φ = 0.025). On the second axis, Γp of the reference system vs Kp for φ = 0.001 (dashed line) and φ =
0.025 (solid line) and 2ap = 46, d Δγp;NO

RgT
of the R2 system vs Kp for φ = 0.001 (dashed line) and φ = 0.025 (solid line) and 2ap = 100. On the

second axis, Γp of the R2 system vs Kp for φ = 0.001 (dashed line) and φ = 0.025 (solid line) and 2ap = 100, e HNO vs φ, and Dp vs φ, for three
specific values of Kp:

Kp�
1000 (dotted line), Kp* (solid line) and 100Kp* (dashed line) for the R1 system, f DpHNO vs φ for three specific values

of Kp:
Kp�
1000 (dotted line), Kp* (solid line) and 100Kp* (dashed line) for the reference system and DpHNO for Kp = Kp* (dotdashed line) for the

Ag-W system.
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tension increase and not decrease. This explains the second
counter-intuitive observation.
We treat the case Kp> 1

KΣ
. When Kp> 1

KΣ
, we have a particular

situation where Dp>0 (and therefore a decreasing surface tension)
for 0<φ< KpKΣ�1

Kp
and Dp < 0 (increasing surface tension) for

φ> KpKΣ�1
Kp

, where we limit φ to a certain maximum value φmax,

considered reasonable for typical nanoparticle dispersions (as
discussed later). It can be verified that the surface tension is strictly
decreasing if KpKΣ�1

Kp

 1, which means for KΣ 
 1þ 1

Kp
. This gives

two regions, the one given by the latter condition and KΣ<1þ 1
Kp
.

o KΣ < 1þ 1
Kp

The values given in Table 5 show that for nanoparticle
dispersions typically KΣ ≪ 1. This means that Kp ≫ 1. The smaller
KpKΣ�1

Kp
(due to larger nanoparticles as KΣ / ℓf

ap
or due to lower Kp) is,

the closer the value of φ for which Dp changes sign will be to zero.
As a consequence, this fits within the typical operating φ-ranges
(φ < φmax), resulting into an observable minimum for the surface
tension. This is the case for e.g. the B-D, Al-D, Al2O3-D systems (see
Fig. 3b and Table 5 for the values). As, however, KpKΣ�1

Kp
becomes

somewhat larger (smaller nanoparticles or higher Kp) the φ for
which Dp changes sign will increase and may fall out of the
aforementioned typical operating φ-ranges (φ > φmax). This results
into a minimum that is no longer observed (mathematically still
present, but experimentally not observed within typical φ-ranges)
and the surface tension is virtually decreasing. This can also be
numerically verified in Table 5 and visually in Fig. 3a for e.g. the
Lap-W system. For systems with even higher Kp, Eq. (32) shows
that HNOj j as well as the negative part of DpHNO become more
important, confirmed by the 100Kp* case for the R1 system in
Fig. 4(e) and (f) (dashed lines). The (dl)Au dispersions (see again
Table 5 and also Fig. 3(e) and (f)) illustrate this situation by
presenting surface tensions that decrease quickly for very low
volume fractions. In summary, this means that an observable
surface tension minimum is the result of a delicate balance
between a sufficiently large, but not too small, nanoparticle
(through KΣ / ℓf

ap
) and a sufficient amount of adsorption (through

Kp> 1
KΣ
). This effect is therefore not an external one but stems from

the same parameters that cause strictly increasing or decreasing
behaviours, merely because the conditions are right. This explains
the third counter-intuitive observation.

o KΣ 
 1þ 1
Kp

Mathematically speaking, a strict decrease (over the whole
range 0 < φ < 1) in the surface tension would occur if, next to
Kp> 1

KΣ
, we have KΣ 
 1þ 1

Kp
. We have mentioned earlier that

typically Kp ≫ 1. This means that, as approximation, we are
practically dealing here with the condition KΣ ≥ 1, which entails
that ap � OðℓfÞ. This would besides possibly quantum dots or
surfactants, be rather untypical for nanoparticle dispersions.
Therefore, this case can be disregarded as well for nanoparticle
dispersions in general.

Trends and comments
In fine, it seems that the right combination between adsorption
strength (Kp) and nanoparticle size (ap of which the main effect is
represented by the parameter KΣ) is responsible for the different
behaviours. Table 6 shows a summary of the different surface
tension behaviours as a function of the parameters Kp and KΣ, in
the form of the product KpKΣ.

Table 6 shows that as one goes from left to right, the value of
KpKΣ increases by several orders of magnitude. This is by either
increasing Kp, KΣ or both. Table 5 shows that KΣ for all the
nanoparticle dispersions is of the order of 10−2−10−3. This means
that when KpKΣ increases several orders of magnitude, this is
mainly due to Kp. Nevertheless, for quantitative assessments, it is
more convenient to mention KpKΣ.
In order to put the results in perspective, some additional

comments are in place here. In the case Kp > 1
KΣ
and KΣ < 1þ 1

Kp
, we

have made a distinction for the surface tension behaviour
between three ranges of orders of magnitude for KpKΣ. Mathema-
tically, these three cases represent all a minimum in the surface
tension somewhere in the range 0 < φ < 1. The reason for making
the three distinctions is on a conceptual level, involving measured
data and a defined framework. As Fig. 3 shows, most of
nanoparticle dispersions that are used for engineering purposes
(one might also think of medical ones as well, for that matter)
present operating conditions that involve φ values that are often
limited by a value φmax that is of the order of φmax ≈O(10−2) or
slightly higher, but still φmax < O(10−1). In Table 6, φmax is
schematically indicated for the case Kp > 1

KΣ
and KΣ<1þ 1

Kp
by blue

vertical dotted lines, set to a same hypothetical value for the three
images in question. It shows that as KpKΣ increases the minimum
of the surface tension becomes less pronounced and shifts
towards higher φ values (not on scale), falling out of the range
limited by φmax. At φ values beyond φmax it is the question
whether we can still speak of dispersions and we then might have
to deal with another type of “fluid” with additional phenomena at
the surface. When working with nanoparticle dispersions, we
have limited the analysis within the range 0 < φ < φmax (named
the “operating range”). As such, depending on the value of KpKΣ,
the mathematical minimum of the surface tension may well be out
of that range and therefore not observed nor experimentally
measured. Then, it is justified to indicate conditions (that is, within
the range 0 < φ < φmax), where we can observe a minimum in the
surface tension (for KpKΣ ≈ O(100−101)) and where we observe a
virtual decrease. Even for the virtual decrease of the surface
tension, we have made a distinction between a “soft” decrease
(KpKΣ ≈ O(102−103)) and a “steep” decrease (KpKΣ ≈ O(104−106),
the upper limit 106 being indicative with respect to the observed
experiments, but may conceptually be even higher). The soft
decrease is defined as the surface tension having a steady
decrease over the whole operating range, such as the Lap-W case.
The steep decrease is characterised by a strong decrease of the
surface tension for φ≪O(φmax) with a seemingly constant value
afterwards, such as the dl(Au) dispersions.
For the parameter KΣ, we have mentioned that for nanopar-

ticles we have KΣ / ℓf
ap
, not considering f∞ in the discussions.

There are, however, cases where this parameter may play a role.
When strong repulsive forces are present or when the
nanoparticle surfaces (because of their nature or their functio-
nalization) are such that we cannot consider them as hard
spheres, the maximum coverage may, respectively, decrease or
increase, whereas the shape may also be altered by the
stretching or compressing of the adsorbed nanoparticles. In
such cases, additional considerations should be made in order
to include these forces between nanoparticles49. One may say
that these forces will be effective there where the nanoparticles
are present at the interface, so that the surface tension of
particle-laden interfaces is argued to be an effective magni-
tude49. In some cases, the nanoparticles are grafted with
polymers, which may cause additional effects on the surface
tension due to the dangling chains of the polymers50. When ions
are present (one may think of electrolytes or charged organic
molecules) strong coulomb interactions may also influence the
maximum coverage.
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The effect of the nanoparticle size has been mainly expressed
through the parameter KΣ. It should be recalled that the
nanoparticle size also figures in the parameter ωp. The parameter
ωp (standing for the number of adsorption sites) can also
quantitatively interfere with the magnitude of the surface
tension change through its linear relation with the non-
occupancy effect Eq. (32). Moreover, the parameter ωp, when
much larger than unity, is responsible for the non-occupancy
effect to outnumber the occupancy effect through the surface
chemical potential (see Eq. (12)). Should it be around unity, the
free energy contribution of the adsorbed nanoparticles would
also be important for the chemical potential and our discussion
would be different. Nevertheless, once it is established that for
nanoparticles generally ωp ≫ 1, and that the variation of Kp is, as
mentioned earlier, of far more importance for the non-
occupancy effect, the variation of the parameter ωp is not given
more attention in our analysis.
The size of the nanoparticles also matters from another point

of view. The projection method necessitates that the radius of
curvature (reciprocal of the curvature) should be much larger
than the nanoparticle radius. In other words, the interface should
be “flat” with respect to the size of the nanoparticles. If the
pressure difference over the interface is negligible, Young’s
equation (where the pressure difference is related to the surface
tension and the interface curvature) predicts that such an
assumption would be realistic.
In ‘Representation of an interfacial layer on a dividing surface’,

we mentioned that we used half the surface to calculate the
volume-to-surface ratio. A heuristic reason was employed for
this, assuming that only half the surface facing the dividing
surface would matter in the adsorption process for particles that
are much larger than the fluid molecules that constitute the
adsorption sites. As a verification, we performed surface tension
calculations using cases with a fourth, a sixth and the whole
particle’s surface to calculate the volume-to-surface ratio. It
appeared that the heuristic choice we have made for the
calculation of the volume-to-surface ratio, i.e. using half the
nanoparticle’s surface, was the most appropriate one with
respect to the experimental data. It would be interesting to
investigate the degree of this participating surface experimen-
tally. However, for this work, the heuristic choice we have made
appeared to be sufficient.
It should be noted that the way Kp has been calculated assumes

that it is enough to take into account the wettability of the
nanoparticles in the potential energy. The DLVO theory is known
to be used for adsorption on solid-liquid interfaces. In refs. 24,51 as
well as in the present work, it is assumed that the DLVO theory,
albeit extended, is applicable for liquid-fluid interfaces as well.
Although already used by others24,51, such a kinetic model should

be studied in more details. In addition, it would be encouraged to
provide benchmark studies with experimental data on the
adsorption coefficients of various nanoparticle adsorption on
liquid–air (fluid) interfaces.
Finally, the present model considers the adsorption of

nanoparticles alone in order to focus on this phenomenon. It
would be interesting to generalise or adapt Eq. (3) for the
inclusion of the adsorption of molecular species, which could
generalise the model for the application of studying the surface
tension of solutions containing surfactants or other (in)organic
molecules. Should multiple adsorption occur, the thermodynamic
model presented in this work lends itself to be extended starting,
most importantly, from an adaptation of Eq. (3).

Mapping of the surface tension behaviour
The previous analysis has shown a general dependence of the
surface tension behaviour on KpKΣ, where KΣ and Kp stand for the
effect of nanoparticle size and adsorption strength, respectively. In
order to quantify this dependence and map these behaviours, we
choose four representative systems, having, respectively, see-
mingly constant, strictly increasing, minimum containing and
virtually decreasing behaviours for the surface tension. Figure 5a
shows the values of Dp, HNOj j and DpHNO for these four
nanoparticle dispersions, at two volume fractions, that have
distinct behaviours with low to high KpKΣ in the following order:
SiO2-W < Al2O3-W < B-D < Lap-W. Figure 5a shows that, although
SiO2-W and Al2O3-W have comparable negative Dp values, DpHNO

is only significant for Al2O3-W due to a much higher HNOj j,
confirming the analysis in the previous section, which means a
non-measurable increasing surface tension for SiO2-W and a
measurable one for Al2O3-W. As KpKΣ increases, i.e. for B-D, we can
see a positive Dp for φ = 0.005 and a negative one for φ = 0.01. As
the value HNOj j is significant enough, this results into a visibly
negative DpHNO for φ = 0.005 and a positive one for φ = 0.01,
meaning first a decrease and then an increase in the surface
tension. For even larger KpKΣ, i.e. for Lap-W, we can see a positive
Dp for both φ’s. With a large HNOj j, DpHNO is considerably
negative for both φ’s, corresponding to a virtually decreasing
surface tension behaviour that was observed for Lap-W.
In the present study, we aimed at proposing a framework,

model and explanation dealing with the different behaviours of
the surface tension of nanoparticle dispersions. We have seen that
the adsorption strength (KpKΣ) and the nanoparticle size (through
KΣ) collaborate or compete in determining these different
tendencies. It is then interesting to map the surface tension
behaviours of all the nanoparticle dispersions that were presented
in Fig. 3 as a function of Kp and KΣ. Such a mapping is presented in
Fig. 5b and gives the opportunity to tailor nanoparticle

Table 6. Surface tension behaviours as function of Kp (adsorption) and KΣ (size).
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dispersions, e.g. through size (affecting KΣ) and surface properties
(affecting Kp, since the surface of the nanoparticles have a direct
influence on their adsorption strengths), for the envisioned effect
of the surface tension.
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