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ABSTRACT The role of the Na/Ca exchanger in the control of cellular excitabil-
ity and tension development is a subject of current interest in cardiac physiology.
It has been suggested that this coupled transporter is responsible for rapid
changes in intracellular calcium activity during single beats, generation of plateau
currents, which control action potential duration, and control of intracellular
sodium during Na/K pump suppression, which may occur during terminal states
of ischemia. The actual behavior of this exchanger is likely to be complex for sev-
eral reasons. First, the exchanger transports two ionic species and thus its instanta-
neous flux rate depends on both intracellular sodium and calcium activity. Sec-
ondly, the alteration in intracellular calcium activity, which is caused by a given
transmembrane calcium flux, and which controls the subsequent exchanger rate, is
a complex function of available intracellular calcium buffering. The buffers con-
vert the ongoing transmembrane calcium fluxes into changes in activity that are a
small and variable fraction of the change in total calcium concentration. Using a
number of simple assumptions, we model changes in intracellular calcium and
sodium concentration under the influence of Na/Ca exchange, Na/K ATPase and
Ca-ATPase pumps, and passive sodium and calcium currents during periods of
suppression and reactivation of the Na/K ATPase pump. The goal is to see
whether and to what extent general notions of the role of the Na/Ca exchanger
used in planning and interpreting experimental studies are consistent with its
function as derived from current mechanistic assumptions about the exchanger.
We find, for example, that based on even very high estimates of intracellular cal-
cium buffering, it is unlikely that Na/Ca exchange alone can control intracellular
sodium during prolonged Na/K pump blockade. It is also shown that Na/Ca
exchange can contaminate measurements of Na/K pump currents under a variety
of experimental conditions. The way in which these and other functions are
affected by the dissociation constants and total capacity of the intracellular calcium
buffers are also explored in detail.
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INTRODUCTION

Early attempts to describe the transmembrane movement of ions across the cardiac
sarcolemma examined the rapid ionic currents that occur during voltage-clamp
steps (McAllister et al., 1975) or the slow shifts in cellular ion content measured with
radiolabels or other analytic techniques that monitor total cell ion content with time
(Niedergerke, 1963; Langer, 1964). Subsequently the contribution of electrogenic
transport to the transmembrane potential was pursued (Gadsby and Cranefield,
1979; Falk and Cohen, 1984); at the same time the influence of rapid voltage-acti-
vated current fluxes on the transmembrane ionic balance was considered (Atwell et
al., 1979; Kootsey et al., 1980; Levis et al., 1983). Thus, intracellular sodium and
calcium loading (Eisner et al., 1981a; Cohen et al., 1982; Sheu and Fozzard, 1982;
Fllis, 1985; Boyett et al., 1987) and extracellular potassium accumulation and deple-
tion (Cohen and Kline, 1982; Kline and Kupersmith, 1982) were seen as routine
consequences of repeated activation of transient transmembrane currents. Subse-
quent attempts (Deitmer and Ellis, 1980; Ellis and MacLeod, 1985; Piwnica-Worms
et al., 1985) to include the role of both single ion and coupled transport systems
(electrogenic and nonelectrogenic) analyzed in some detail the interaction of these
multiple active and passive transport systems, showing, for example, that ions could
be effectively coupled by sharing common cotransport partners even when not actu-
ally transported by the same molecular entity ( Jacob et al., 1984).

Furthermore, recent examination of two of the ions (hydrogen and calcium),
frequently studied for their role in carrying charge across the membrane, have
suggested a further complication. These ions are not only transported across the
membrane, but buffered intracellularly as well (DiFrancesco and Noble, 1985). This
buffering by both specific subcellular organelles and diffuse cytoplasmic constitu-
ents has a profound effect in converting a net transmembrane movement of the ion
into an actual change in ionic activity. In many cases the change in ionic activity,
which is critical for regulating transmembrane fluxes at the exchangers (Mullins,
1981), is many orders of magnitude smaller than predicted by net transmembrane
flux alone (Brinley et al., 1978; Baker and Umbach, 1987).

A specific example that we consider here is the influence of intracellular Ca**
buffering on the activity of the Na/Ca exchanger (Bridge, 1986; Chapman, 1986;
Hodgkin et al., 1987). The activity level of intracellular Na* in the cardiac cell is
tour to five orders of magnitude higher than that of calcium. (For reviews of these
measurements, on aNa;, see Walker 1986, and on aCa;, see Blinks, 1986). Thus,
after changes in the transmembrane sodium gradient, the exchanger can be kept at
cquilibrium by a relatively small change in intracellular calcium activity. However, if
the capacity of the intracellular calcium buffering is large, this small change in cal-
cium activity may require millimolar changes in total calcium concentration. How-
ever, Ca** buffering is not infinite, and therefore attributing to the Na/Ca
exchange with a Ca*™* buffer system the ability, for example, to compensate for a
blocked Na/K pump (Deitmer and Ellis, 19784, 5, Mullins, 1981; Eisner et al.,
1983b) may be unwarranted. Here we examine by computer simulation and analytic
approximation the interaction in resting heart between sarcolemmal Na/Ca
exchange, Na influx, and a Na/K ATPase pump in the presence of just one soluble
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intracellular calcium buffer at a constant membrane potential. In some simulations
a Ca-ATPase pump is also present.

The model enables us to examine the effect of buffer K; and total buffering
capacity on the behavior of transmembrane calcium movements. We also examine,
using both the model and analytical approximations, the effects of other parameters
related to Na/Ca exchange, Na/K ATPase and Ca-ATPase pumps and transmem-
brane passive fluxes. Our results suggest that the Na/Ca exchanger cannot substi-
tute for the Na/K pump completely except for very short time periods, unless the
intracellular buffering has an unreasonably high capacity, or unless there is a Ca-
ATPase pump. On the other hand, even for normal estimates of intracellular Ca**
buffering, the Na/Ca exchanger can alter the time course of changes in aNa;
induced by changes in maximal Na/K pump rate or changes in passive flux.

GLOSSARY

aNa; Intracellular sodium activity
aCa; Intracellular calcium activity
[Na], Extracellular sodium concentration
[Na]; Intracellular sodium concentration
[Na], Imitial intracellular sodium concentration
[Ca], Extracellular calcium concentration
[Ca]¢ Intracellular free calcium concentration
[Cal,k Total intracellular calcium
ICS Intracellular space volume
B, Total calcium buffer capacity
K¢ K, of calcium buffer
Kna K, of intracellular sodium-binding site of Na/K ATPase pump
K¢ K, of intracellular calcium-binding site of Ca-ATPase pump
p Maximal velocity of Na/K ATPase pump as change induced in intracellular con-
centration in millimolar sodium/second
M, Velocity of Na/Ca exchanger as change induced in intracellular concentration in
millimolar calcium/second per millivolt exchanger displacement from equilib-
rium
Mc Maximum velocity of Ca-ATPase pump as change induced in intracellular concen-
tration in millimolar calcium/second
J»jo Sodium passive leak rate and leak rate for initial conditions as change induced in
intracellular concentration in millimolar/second
H Apparent sodium leak rate as fraction of j
jca Constant calcium inward current as change induced in intracellular concentration
in millimolar calcium/second
Va Membrane potential in millivolts
V. Equilibrium potential of Na/Ca exchanger
Vna  Sodium equilibrium potential
Vea  Calcium equilibrium potential
RT/F The gas constant (R) and Faraday’s constant (F) have their usual meanings. T is
the temperature in degrees Kelvin.
I, Na/K ATPase pump current
C Vector field of (d[Na],/dt, d{Cal,,/d?)
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METHODS

The model simulates in resting heart the interaction of a passive sodium leak, a sarcolemmal
Na/K ATPase pump, a sarcolemmal Na/Ca exchanger, and a simple saturable intraceliular
calcium buffer. In some simulations a Ca-ATPase pump was added. Each simulation starts in
steady state. The Na/K pump is then eliminated and intracellular sodium rises to some prede-
termined value, at which point the Na/K pump is reactivated. During the interim period the
Na/Ca exchanger extrudes Na* coupled to Ca** influx. The Ca** then interacts with a sim-
ple buffer.

We used several assumptions in developing this model. They are mentioned here and con-
sidered in some detail in the discussion. First, we assume the sodium influx is constant. Some
simulations used an ohmic current, with results showing no fundamental differences.

Second, we assume the rate of the Na/Ca exchanger is a linear function of the driving
force acting on the exchanger (the difference between the membrane potential, V,,, and the
exchanger equilibrium potential V,; see below and Mullins, 1981). Recent direct measure-
ments (Kimura et al.,, 1987) and theoretical studies (e.g., Eq. 26, DiFrancesco and Noble,
1985; Eq. pg. 42, Mullins, 1981) indicate a more complex dependence on the exchange driv-
ing force, but one which is still reasonably linear for driving forces predicted by this model.
Without more detailed knowledge of the exchanger binding properties (Johnson and Koot-
sey, 1985), these more complex equations do not help define the nature of the deviation
from linearity.

Third, we model the Na/K pump rate as a saturating, noncooperative, cubic in [Na];,
(Baumgarten and Desilets, 1987; Cohen et al., 19875). Fourth, we assume the stoichiometries
for the two transport systems are fixed at 3:2 (Na:K) for the Na/K pump and 3:1 (Na:Ca) for
the Na/Ca exchanger. Finally, we use free ion concentrations in all calculations, rather than
activity (Tsien and Rink, 1980). We also assume, for simplicity, that sodium buffering and
sequestration is negligible and that total sodium per liter of intraceltular space is equivalent to
free sodium concentration.

The model is run as follows. The sodium leak rate (j,) at the assumed membrane potential
(V.), the initial intracellular sodium concentration ([Nal,), and the half saturation value for
the Na site of the sodium pump (Ky,) are provided. These parameters are employed to calcu-
late the maximum flux rate of the Na/K pump (M,) required for the initial steady state:

. N s + KNa 3
s

The intracellular free calcium concentration ([Cals) is then calculated by assuming that the
Na/Ca exchanger is in equilibrium, as follows:

Nal,*  [V.F
(Cal; = [Ca]"([[N:]]o) exp (ﬁ) @

[Ca]; is assumed to be stabilized by a buffer with dissociation constant K, and total buffering
capacity, B,, from which the total internal calcium ([Ca],,) is calculated:
[Cals + Keu + B

Ca)y = [Ca)y———F— 3

[ a]( t [ a]f [Ca]f + Kc; ( )
The V,,,, of the exchanger (M,) is provided. The value for the maximum Na/K pump rate is
then reduced to zero. [Na]; starts to increase, displacing the equilibrium potential (V,) of
Na/Ca exchanger from its original value at the clamped membrane potential (V,,). The Na/
Ca exchanger responds by pumping Na* out and Ca** in at a rate proportional to the dis-
placement from its equilibrium.
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The computation then proceeds by a fourth order Runge-Kutta integration of:

d[Na},

dt =j - 3Mx(vm - Vx) (4)

and

d[Ca] .

dt = Mx(Vm - Vx) (5)

under the condition of Eq. 3. From Eq. 2:

V, RTl
=—In
* F

[Ca]; {[Na],\*
=3V — 2V, 6
[Cal, | [Nal, e~ 2V ©)
The computation continues until the internal sodium concentration reaches a preset criti-
cal value, at which point the sodium pump term

[Na]; 3
M (KNa + [Na]i) @)

is returned to the right-hand side of Eq. 4 for calculating the rate of change of internal
sodium. The integration proceeds until 500 points have been calculated at a preset sampling
interval. The decay of [Na]; was fit to one or two exponentials for comparison to values of
these parameters in the literature. Fits were performed using BMDP Statistical Software (Pro-
gram “3R”, Nonlinear Regression; University of California Press, 1985). [Ca(¢)]; is calculated
by solving Eq. 3. We also examine the driving force on the Na/Ca exchanger.

In some simulations, a Ca-ATPase pump was present. It was modeled as a saturating func-
tion of [Ca]; with a dissociation constant (K¢) of 0.3 uM (Caroni and Carafoli, 1981) for all
simulations. The maximum velocity (M,) varied from 2 to 12.5 uM/s, the latter being one half
the influx value assumed for Na* at rest. We added a constant inward calcium leak (j¢,) to
Eq. 5 such that jc, balanced the Ca-ATPase flux for the initial value of [Ca];. For such situa-
tions Eq. 5 becomes:

d[Cajo

SR M,V — Vi) + Jea — Mc( [Cal ) ®)

dt [Ca); + K¢

All fluxes are expressed in units of concentration per unit time. They can be readily con-
verted to units of quantitics per membrane area per unit time by knowing the surface to
volume ratio of the cells and the liters of water per liter of cell volume. If we tentatively
assume that the addition of one mole per liter of cell volume gives a 1 molar change in con-
centration; then as a rule of thumb, for surface-to-volume ratios between 1.0 and 0.1 um™}
each 1.0 pmol/cm?’/s of transmembrane flux gives a rate of intracellular concentration
change of 1.0-10.0 uM/s. For long cylindrical cells, this range of surface to volume ratios
corresponds to radii of 2-20 um.

The computer model of DiFrancesco and Noble (1985) includes all the major passive ion
currents, a Na/K ATPase pump, a Na/Ca exchanger, a small intracellular compartment that
accumulates and releases Ca** (designed to simulate the sarcoplasmic reticulum), but no Ca-
ATPase pump. Some of the simulations presented here should be reproducible using the
software for this model after making appropriate adjustments in their parameter values.
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FIGURE 1. The effect on sodium loading of varying total buffer concentration, B,, and buffer
binding constant, K¢,, are shown in the upper and lower panels, respectively. The upper
panel demonstrates the effect of increasing total buffer (B,) from 3 to 30 to 300 mmol/liter
(left to right, solid lines). Note that B, values larger than any reasonable estimates cannot
prevent the [Na]; rise. We also assumed an ohmic leak, but still were unable to prevent the
[Na}; rise for the case of the two largest total buffer concentrations (30 and 300 mmol/liter,
short-dashed lines). Yet the addition of the Ca-ATPase pump (broken line), even for the smallest
B, value (3 mmol/liter) and constant Na* influx, allows for complete cessation of the Na*
loading. The Ca-ATPase pump has a maximum velocity of 12.5 uM/s and a binding constant
of 0.3 uM. This illustrates the capability of a Ca-ATPase pump with a maximum velocity
greater than one-third the Na* leak to halt sodium influx in concert with a Na/Ca exchanger.
Other model parameters are: V,, = —50 mV; [Na], = 8 mM; Ky, = 12 mM; K, = 0.6 uM;
[Na], = 160 mM; [Ca], = 2 mM; and M, = 1.8 uM/mV per s. The lower panel simulates Na*
loading with K¢,’s of 0.6 (solid line), 6.0 (dashed line) and 0.06 uM (dotted line) for a buffer with
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RESULTS

Buffer Capacity and the Rate of Increase of [Na];

When the Na/K pump is blocked, [Na]; increases. We used the computer model to
examine the extent to which the Na/Ca exchanger maintains sodium homeostasis
during Na/K pump suppression, albeit at an elevated level (Deitmer and Ellis,
19784, b; Mullins, 1981). We found that unrealistically large values of B, (the total
buffer capacity) are required to sustain a nearly flat plateau for 30 min. For values
of total buffer normally associated with reversible cellular buffering, the exchanger
can reduce the rate of net Na* influx, but only for brief periods until the calcium
buffer is saturated. When the buffer is saturated, net Na* influx proceeds at rates
nearly equal to the passive flux.

Fig. 1 (top) shows trajectories for [Na]; vs. time for total buffer capacities of 3, 30,
and 300 mmol/liter intracellular space. The lowest buffer value represents rapidly
reversible buffering seen during physiologically normal circumstances (1-5 mmol/
liter ICS; Langer, 1964, 1974; Bridge, 1986; Fintel and Langer, 1986). The next
largest value represents an average estimate for intact cells during nonphysiologic
experimental interventions, such as high doses of glycosides (Bridge and Bassing-
thwaighte, 1983; Murphy et al., 1983), reduced [Na], (Langer, 1964; Carafoli,
1973; Chapman et al., 1983), or application of permeabilizing agents (Fry et al,,
19844, 1987). This intermediate range of values (6—40 mmol/liter ICS) is primarily
mitochondrial buffering. The largest value represents extrapolation from isolated
mitochondrial experiments under conditions designed to maximize mitochondrial
uptake (Greenwalt et al., 1964; Carafoli, 1973; based on estimate from Carafoli,
1985, that the ratio of cardiac tissue wet weight to weight of mitochondrial protein
is 10:1). The largest value is most likely a substantial overestimate.

To eliminate the possibility that this conclusion about required buffer capacity is
due to underestimating Na/Ca exchanger maximum velocity (M,), we used a value
for M, of 1.8 uM/mV displacement from equilibrium per second. This is a saturat-
ing value in that higher values generated little further change in outcome (as will be
shown in Fig. 2).

To account for a possible reduction in Na* passive influx as [Na]; rises we
repeated the simulations for the two largest buffer capacities for the case of an
ohmic Na* influx (Fig. 1, top, short dashed traces). These two alternatives should cover
the range of reasonable experimental possibilities, since a third alternative, assum-
ing a constant Py, and independence (Eisner et al., 1981a) leads to smaller effects of

B, = 8 mmol/liter. The starting [Ca]; is 0.03 uM, calculated at the exchanger equilibrium for
the parameter values used. Since the exchanger most effectively suppresses the leak for [Ca];
=K,/2 (see Appendix), the suppression of the leak is most effective at the start of the loading
for the smallest K, (0.06 uM). The buffer with intermediate K, (0.6 uM) allows aNa; to rise
more rapidly initially; then the rate of rise is reduced, followed by eventual failure of suppres-
sion as the buffer becomes full. With a K, of 6.0 uM, the buffer-exchanger action has mini-
mal effect on Na* influx initially, and only reaches maximum influx suppression just before
reactivation of the pump. Maximum suppression of Na* influx is indicated by arrows on all
curves.
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changes in [Na]; on Na* influx than the ohmic alternative (Cohen et al., 1987a).
Thus the constant field approximation should give results between those of a con-
stant leak and an ohmic leak. This modification still did not allow for complete sup-
pression of the [Na]; rise.

In all cases, even for assumed total cell calcium buffers (B,) of several hundred
mmol/liter, a [Naj-dependent reduction in Na* passive influx, and very large
exchanger capacities (M,), the continued rise of [Na]; could not be suppressed. The
reason is that exchanger extrusion of Na™ necessarily implies exchanger-mediated
Ca** influx. This would cause V¢, to decrease unless [Ca]; were perfectly buffered.
The driving force on the Na/Ca exchanger (V, — V, =V, — 3Vy, + 2V,) would
then also decrease unless [Na]; continued to rise. However, for any physiologic val-
ues of intracellular calcium buffering there is sufficient slow increase in [Ca}; to
prevent both a constant exchanger driving force and stabilization of [Na];.

If the Na/K pump were blocked, but Ca-ATPase-mediated transport were still
functioning, then a relatively constant [Na]; could readily be sustained providing the
Ca-ATPase flux were sufficiently large to counter the Ca*™ influx due to the Na/Ca
exchanger. To hold [Na]; at a plateau indefinitely, the Ca-ATPase efflux must equal
one-third of the Na™ influx. This would allow for extrusion of all the Ca*™* brought
in by Na/Ca exchange.

The effect of a Ca-ATPase pump with V,,, of 12.5 uM/s (i.e., > j,/3 = 8.334
uM/s) is also illustrated Fig. 1 (top, broken trace), for the smallest buffer capacity
(3 mmol/liter). For all V,,, values of Ca-ATPase >j,/3, stable plateaus in [Na};
occur. Even with only 30 gmolfliter total calcium buffers (not shown), the rate of
sodium rise can be slowed and eventually stopped. In the absence of a Ca-ATPase
pump, and in the presence of a Na/Ca exchanger, 30 umol/liter Ca*™* buffer has
cssentially no effect on the rate of increase of [Na];. Likewise, no matter how large
the Ca-ATPase flux, in the absence of Na/Ca exchange the Ca-ATPase has no effect
on the rate of [Na]; rise after pump blockade.

Effects of Varying Buffer K,

For a given set of initial conditions, the starting value of sodium defines the starting
value of [Ca]; and [Ca],,. In the simulation, the rate of change of [Na]; with time
depends on the value of [Ca]; relative to the K, of the buffer (K¢,). This relation
determines the percent occupancy of the buffer, and the rate of change of [Ca]; and
Vca as a function of the turnover rate of the Na/Ca exchanger. We examined, using
the model and analytical approaches, whether there was a consistent relationship
between [Ca]; and K, at the point where the greatest suppression of sodium flux by
the Na/Ca exchanger occurred. We found that the exchanger has its maximum
influence when [Ca]; is approximately equal to 0.5 K¢, (i.c., the buffer is approxi-
mately one-third occupied; see Appendix). We therefore expect that during Na/K
pump blockade and constant passive influx (jg), the rate of rise of [Na]; will tran-
siently attain a minimum value at a predictable point, as illustrated in the bottom
panel of Fig. 1.

If the initial [Ca]; is much smaller than K,, [Na]; will rise rapidly, then slow, then
rise rapidly again (Fig. 1, dashed and solid traces). If the initial [Ca]; is slightly less than
or equal to 0.5 K¢,, the greatest suppression of [Na]; increase will occur at the start
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of the [Na]; rise immediately after the Na/K pump is blocked (dotted trace). The
buffer will fill sooner than for higher K,; once the buffer is filled, [Na]; will rise
rapidly. If the starting [Ca]; is much larger than K,, the opportunity to suppress the
[Na]; rise is lost and [Na]; rises more rapidly as the buffer continues to fill.

Effects of Altering Exchanger Capacity

Since the absolute magnitudes of the transmembrane fluxes of the exchanger are
not yet well described (Philipson and Ward, 1986), it is worth considering how vari-
ations in the maximum fluxes of the exchanger might influence these results. Fig. 2
shows the effects of varying M, on the [Na]; time plots. Increasing M, to values >1.8
uM/s per mV displacement from exchanger equilibrium does not appreciably alter
the [Na]; and [Ca]; trajectories. Likewise the time plots approach limiting trajecto-
ries for values <0.0018 uM/s per mV displacement from exchanger equilibrium.
Within the range between these values, both the rate of rise of [Na]; upon Na/K
pump blockade, and the time constants of the [Na]; decay after pump reactivation
vary considerably (see Appendix).

Modeling output for [Na];, [Ca];, and exchanger driving force (V- V,) is shown
in Fig. 2. A steady state in [Na]; is established by balancing Na* passive influx with
Na/K pump extrusion, and for [Ca]; by requiring the exchanger to be in equilib-
rium. The Na/K pump is blocked and [Na]; (Fig. 2, top) rises, inducing a rise in [Ca],
(middle).

Initially, the exchanger equilibrium implies that the driving force is zero. As [Na];
accumulates, the driving force on the exchanger becomes progressively more posi-
tive (Fig. 2, bottom) until a maximum value is reached for exchanger-mediated efflux
of Na* and influx of Ca**. Subsequent to this maximum, the driving force slowly
becomes smaller. When the Na/K pump is reactivated, the [Na]; falls and the driving
force becomes large and negative, indicating that Na/Ca exchanger is extruding
Ca**, causing Na* influx. This slows the apparent rate of [Na]; decay.

The maximum reduction of the rate of [Na]; rise saturates at ~50% of the Na*
leak rate for the largest exchanger flux capacities and parameter values used in Fig.
2 (see Appendix); these M, values are associated with only millivolt displacements
from equilibrium. For the low end of exchanger flux capacity, reduction of the rate
of rise of [Na]; of only several percent are associated with displacements from equi-
librium of over 100 mV. Physiologically relevant flux capacities are estimated at 1.0
uM/s per mV based on a recent study (Kimura et al., 1987; see Discussion).

One effect of Na/Ca exchange on the decay of Na after pump reactivation is to
slow the rapid phase normally associated with the Na/K pump. This phase has a time
constant of between 50 and 300 s when measured experimentally (Deitmer and
Ellis, 1978b; Gadsby and Cranefield, 1979; Eisner et al., 1981q, #; Cohen et al,,
1982; January and Fozzard, 1984; Ellis, 1985; Boyett et al., 1987). The model
reproduces these time constants and further demonstrates that the addition of a
Na/Ca exchanger can slow this initial phase and also generate a slow second compo-
nent of sodium decay. This second component of [Na]; decay, when present, has a
time constant up to an order of magnitude larger than the rapid phase.

The [Na}; decay time constant for simulations in Fig. 2 with no exchanger or M,
values below 0.06 uM/s per mV flux capacity was 177 s. This value then increased
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FIGURE 2. Model output is
shown simulating Na-ATPase
pump blockade followed by
pump reactivation. Traces are
the time courses of intracellu-
lar sodium, [Na); (top), intracel-
lular free calcium, [Ca); (mid-
dle), and exchanger driving
torce, V, — V, (boitom). In
traces A through G the values
of the Na/Ca exchanger
maximum velocity, M,, are
0.00018, 0.0018, 0.018, 0.06,
0.18, 1.8, and 6.0 uM Ca™**/s
per mV displacement from
equilibrium, respectively. The
rate of sodium loading is suc-
cessively slowed as M, in-
creases within this range, but
shows no further changes for
values outside the range. Sin-
gle exponentials fit to the
sodium decays yield time con-
stants of 177, 177, 177, 199,
280, 308, and 304 s in the
same order. Double exponen-
tials could only be fit at the
five highest values of M,, giv-
ing values of fast time con-
stant, slow time constant, and
ratio of the amplitudes of the
slow to the fast components as
follows (in the same order):
170 s, 5,000 s, 0.012; 151 s,
1,279 s, 0.10; 125 s, 625 s,
0.486; 73 s, 345 s, 4.5; and 65
s, 326 s, 7.0. Calcium loading
increases while the exchanger
driving force decreases with

higher M, values. B, = 8 mM and K¢, = 0.6 uM. All other model parameters used were the
same as in Fig. 1. The degree of divergence of the falling vs. rising phases of the trajectory
(see text) can be assessed by examining the ratio of their [Ca]; values for [Na]; = 20 mM
where the effect appears greatest. This ratio for traces C, D, and E is 3.4, 6.7, and 7.2, respec-

tively; whereas it is between 1.0 and 1.4 for all other traces.

up to 308 s for increasing flux capacities. For flux capacities from 0.018 to 0.18
pM/s per mV there was also a second slower component with time constants
between 600 and 5,000 s. For the highest exchanger flux capacities, most of the
decay was fit by a time constant of 300-350 s with a much smaller (<20%) rapid

component of time constant <75 s (see Appendix).
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The slowing of the time course of [Na]; decay does not require large accumula-
tions of Na* and Ca*"*. For example, changing the amount of accumulated Na*
from 32 (Fig. 2) to 3.2 mmol/liter (not shown) for the simulation with M, = 1.8
uM/s per mV changed the time constant from 307 to 288 s. This still represents a
62% increase over the value with no exchanger present. Even when the total buffer
capacity was reduced to 3 mmol/liter (M, = 1.0 uM/s per mV; K, = 1.0 uM;
V= —50 mV), a 14 and 26% increase in the single exponential time constant was
seen for Na® accumulations of 3.2 and 32 mmol/liter, respectively.

The effect of the Ca-ATPase pump on the [Na]; rise was described above (Fig. 1).
It is worth mentioning at this point, that over the range of M, values shown in Fig. 2
the Ca-ATPase pump acts to reverse the lengthening of time constants and develop-
ment of slow components of [Na]; decay caused by increasing the Na/Ca exchanger
activity.

We have also taken the data generated in Fig. 2 and made time-independent plots
of [Ca]; vs. [Na]; (not shown). For the largest values of M, the exchanger is nearly at
equilibrium and the plots during the rising and falling values of [Na]; and [Ca]¢
nearly superimpose, as they do (although on a different trajectory) for the smallest
values of M, where the exchanger has no influence. For the intermediate values of
M,, the rising and falling legs do not superimpose (Fig. 2, traces C, D, and E; see
caption). However, the [Ca]; lags the [Na];, suggesting that tension and the transient
inward current (which depend on [Ca];) should be higher for a given [Na]; during
the falling rather than the rising phases of the [Na]; changes. This result goes con-
trary to that required to explain the well known hysteresis of plots of [Na]; vs. ten-
sion (Eisner et al., 1981a) and [Na); vs. transient inward current (Eisner et al.,
1983a), and implies that Ca** buffering cannot account for this effect. If one
assumed a similar hysteresis in pH; vs. [Na]; (perhaps mediated by Na/H exchange),
this could account for the results since reducing pH; suppresses tension (Vaughn-
Jones et al., 1987). However, the complex dependence of tension on parameters
outside the scope of this model allows for many alternative explanations.

DISCUSSION

General Conclusions

We have studied the relationship between [Na];, [Ca);, and [Ca],, in a computer
simulation. During periods of increased net Na* influx due to Na/K pump suppres-
sion, Na/Ca exchange (a coupled transporter with energy derived primarily from
ionic gradients) can, for a period of time, partially substitute for the Na/K pump by
extruding Na* at the cost of cellular Ca** gain. However, the Na/Ca exchanger
cannot reduce net Na* influx totally or continue to counter passive Na* influx for
prolonged periods of time. It can temporarily make a significant contribution pro-
viding there is a large intracellular buffer capacity or an additional transporter that
extrudes Ca™* without coupling to Na* influx (e.g., the Ca-ATPase driven sarcolem-
mal Ca™* pump). The exchanger is most effective in countering Na™ net flux when
the buffer is approximately one-third filled (see Appendix).

When the Na/K pump is reactivated, there is a rapid [Nal; decay similar to that
reported in the experimental literature (Cohen et al., 1982; Ellis, 1985). The time
constant of this phase is dependent on the kinetics of the Na/K pump, but can be
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significantly altered by the Na/Ca exchanger. The variation in this time constant
during interventions that wouldn’t ordinarily be expected to affect the Na/K pump
(Ellis, 1985; Boyett et al., 1987) may be due to modulation of [Na]; decay by the
exchanger. Since both the Na/K pump and the Na/Ca exchanger transport three
Na ions in the direction of one positive charge, it is not unreasonable to expect, as
has been observed, a parallel decay in the rate of [Na]; extrusion- and transport-
related currents (Eisner et al., 1981a) even with both transporters operating.

The initial fall in [Na]; can reverse the driving force on the Na/Ca exchanger so
that it functions in the Ca**-efflux, Na*-influx mode. As the [Na]; falls due to the
activated Na/K pump, the Na/K pump rate falls. At the same time, the driving force
on the Na/Ca exchanger increases. To the extent that the Na* fluxes generated by
the two transport systems balance, the [Na]; decay is slowed. Before the reversal of
the exchanger driving force, there is a brief period during which the exchanger and
the Na/K pump are both extruding Na*. This showed up as a small component of
Na”* decay with a very rapid time course (see caption, Fig. 2).

Simplifying Assumptions about the Buffer

The model includes several simplifying assumptions about the buffer. We assumed a
saturable buffer with a single binding site. There are many intracellular sites of cal-
cium buffering, for example: parvalbumin, calmodulin, myosin, troponin, calseques-
trin, sarcoplasmic reticulum, inner surface of sarcolemma membrane, and mito-
chondria (Robertson et al., 1981; Fabiato, 1983). They vary widely in terms of their
active or passive nature, affinity, time dependence, and total capacity. We decided
to characterize the simplest case first. Ca™ buffers can be cooperative. As the
degree of cooperativity increases, it should be easier to create a plateau, although
the plateau’s duration is still limited.

In our model we ignored the rapid kinetics of buffering that determines the time
dependence of calcium transients during a single twitch (Robertson et al., 1981;
Fischmeister and Horackova, 1983). We also ignored the time dependence of mito-
chondrial transport, as well as other complexities of mitochondrial transport such as
the dependence on intracellular sodium, pH;, and magnesium, and availability of
oxygen and substrates (Fry et al., 19845).

Normally, total cell calcium is one to several mmol/kg wet tissue weight (Langer,
1964, 1974; Bridge, 1986; Fintel and Langer, 1986). However, total cell calcium
may be as large as 6-40 mmol/liter ICS during experimental interventions designed
to load Ca** (Bridge and Bassingthwaighte, 1983; Murphy et al,, 1983; Langer,
1964; Carafoli, 1973; Chapman et al., 1983; Fry et al., 19844, 1987). Most of this
calcium is held in mitochondria which have a substantial reversible buffering capac-
ity (Carafoli, 1973). There is a large irreversible component of mitochondrial Ca**
buffering inherent in the ability to precipitate quantities of calcium phosphate.
Aside from the mitochondria, the remaining intracellular Ca** buffering is on the
order of one to several mmol/liter.

Quantitative Assumptions about Transport Fluxes

Comparative transport rates of the Na/K pump, the Na/Ca exchanger, and the Ca-
ATPase pump are required to establish physiological ranges of these parameters in
the model. We assumed resting Na/K pump fluxes sufficient to balance passive
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influx capable of generating [Na]; changes of 1.5 mM/min (25 uM/s). This is prob-
ably a high estimate since the literature values range from 0.5 to 1.5 mM/min
(8.33-25 uM/s; converted to concentration from activity by assuming 0.74 activity
coefficient). If we assume a surface to volume ratio of 0.4 um~' these values are
consistent with membrane flux estimates of 2-6 pmol/cm® per s (Eisner et al.,
19814, b; Chapman et al., 1983; Glitch and Pusch, 1984; Cohen et al., 19874, b). In
order for the Na/Ca exchanger to substitute for the Na/K pump as a Na* extruder,
we require that it generate comparable Na* efflux, or Ca** influx of one-third of
this magnitude (2.77-8.33 umol/liter per s; exchanger stoichiometry of 3:1
assumed). Comparable Ca** efflux would be required of the Ca-ATPase pump to
keep the buffer from filling.

Estimates of Na/Ca exchanger flux range from a small fraction, to values in
excess of the average Na/K pump flux estimates; however, Na/Ca exchange flux
estimates are often obtained under nonphysiologic conditions designed to maximize
Na/Ca exchanger current (Philipson and Ward, 1986). For example, Philipson and
Ward (1986) show from studies on the Ca**-efflux/Na**-influx exchanger mode in
vesicles that maximum Na/Ca exchange fluxes (25 nmol/mg vesicle protein per s)
are more than those obtained (0.7 nmol/mg vesicle protein per s) when physiologic
values of intracellular magnesium, sodium, and pH are used. The authors convert
their values to induced intracellular concentration changes of 0.8-1.5 umot Ca**/
kg wet tissue weight per s. If we assume ICS water is 60% of wet tissue weight, this
reduces to values of 1.33-2.50 umol Ca** /liter ICS H,O per s.

The maximum Na/Ca exchanger—induced Ca** influx of 25 nmol/mg vesicle
protein per s (or 40-76 umol Ca** /liter ICS per s) is as much as an order of mag-
nitude greater than that required to counter the quiescent Na* influx we assumed.
We are looking at the Ca** influx/Na efflux mode in our model under relatively
physiologic conditions, and we may expect values intermediate between the two esti-
mates for the actual Na/Ca fluxes.

After maximal loading of intracellular Na* with glycosides and divalent free per-
fusate (Chapman et al., 1986), the reintroduction of Ca** to the perfusate at high
concentration generates very large Na/Ca exchanger fluxes. Under these condi-
tions, Bridge and Bassingthwaite (1983) reported that cells load 6.9 mmol Ca** and
extrude 20.6 mmol of Na* per kilogram cell water in 10 min. These flux values
(~11.5 pmol Ca**/liter ICS per s) could totally suppress even the highest estimated
inward passive Na* flux assumed in our model, if [Ca]; were not allowed to change
(i.e., were it perfectly buffered). Chapman et al. (1983) likewise found Na/Ca
exchange fluxes that exceeded by severalfold the passive Na* leak rates.

Philipson and Ward (1986) also measured Ca-ATPase mediated Ca** efflux
capacity (1 nmol/mg vesicle protein per s) to be comparable to the estimated *‘phys-
iologic” Na/Ca exchange flux values above. The calculated Ca-ATPase-induced
Ca** efflux is 1.63-3.33 umol Ca**/liter ICS per s. Using the above assumptions,
we can convert data from other studies (Carafoli, 1985; Sanchez-Armass and Blau-
stein, 1987, in synaptasomes) to the appropriate units and obtain Ca-ATPase fluxes
of 1-4 pmol/liter ICS per s, and higher (Barry et al., 1986). The calculated Ca-
ATPase-induced Ca** efflux of 1-4 umol Ca**/liter ICS per s would allow con-
tinued Na/Ca suppression of 12-144% of quiescent Na* influx without cellular
accumulation of calcium.
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Thus, although various authors have pointed out that maximum Na/Ca
exchanger fluxes are likely to be from 5-60 times larger than those for Ca-ATPase
pumps (Carafoli, 1985; Barry et al., 1986; Sheu and Blaustein, 1986), it may still be
that Ca-ATPase is sufficient to pump out the Ca** brought in by Na/Ca exchange
during reduced Na/K pump activity. This is especially true if passive Na* influx
decreases as [Na); increases. Thus if we assume a Hodgkin-Goldman-Katz Na* chan-
nel, a membrane depolarization from —80 to —35 mV and a Na™ activity increase
to 30 mM, the Na* influx (j) would fall by one half, making it more likely that the
Ca-ATPase could effectively compensate for Na/Ca exchange-mediated Ca**
influx and explaining why V,, depolarization would be protective of cellular ion gra-
dients.

Exchanger Displacement from Equilibrium

Experimental data from which we can estimate exchanger M, is available in Kimura
et al. (1987), which yields a value of 1.18 uM/s per mV displacement from equilib-
rium. The estimate is based on their measurements of exchanger current, combined
with their cell size (20 pl), V,,, and ion concentrations, and can also be derived by
differentiating with respect to voltage their Eq. 3 for V, equal to —50 mV. This M,
value implies that a 7-mV deviation from exchanger equilibrium could provide an
adequate flux to balance the Na* passive influx assumed in this model, although in
larger cells (e.g., cardiac Purkinje myocytes) and with the theoretical exchanger
model of DiFrancesco and Noble (1985; Eq. 26) this balance would require a driv-
ing force of as much as 55 mV. Sustained deviations from equilibrium of half this
latter amount could explain a decrease (from 3.0 to 2.6) in the estimates of the
exchanger stoichiometric ratio based on steady-state ion activity measurements (see
Axelson and Bridge, 1985; Sheu and Fozzard, 1985; Sheu and Blaustein, 1986; for
this calculation we used Eq. 6 and assumed a ratio of [Na], to [Na]; of 15).

We assumed that the Na/Ca exchanger turnover rate is a linear function of the
driving force on the exchanger. Models for the exchanger have been developed with
far greater complexity and have a nonlinear dependence on driving force (Kimura
etal, 1987, Eq. 3; DiFrancesco and Noble, 1985, Eq. 22). However, Kimura et al.’s
experimental description of the driving force dependence of Na/Ca exchanger due
to variations in membrane potential is nearly linear (deviations <20%) for driving
forces up to 25 mV. Our total displacement from equilibrium is <25 mV for values
of M, > 0.18 (which is consistent with both Kimura et al., 1987, and DiFrancesco
and Noble, 1985). Stronger nonlinearity may be encountered when the driving
force is altered by changing the ion activities and hence the equilibrium potential of
the exchanger, rather than by changing the membrane potential. Nevertheless, the
nature and amount of such deviations from linearity are not predictable based on
available experimental evidence, but are unlikely to be so large as to alter the quali-
tative conclusions of our model (see for example Fig. 4.3 of Mullins, 1981).

Magnitude of Electrogenic Na/K Pump Currents

Resting pump current, /, (dihydro-ouabain [DHOJ]), can be measured by applying a
concentration of cardiac glycoside (e.g., DHO) sufficient to block the pump, and
measuring the inward movement of membrane current under voltage clamp. A sec-
ond measure of resting pump current (/;[0K]) can be obtained by exposing a prep-



KLINE ET AL.  Intracellular Ion Buffering and Transmembrane lon Transport 513

aration to K*-free Tyrode for a time, 7, and then returning it to normal Tyrode.
The integral (Q) of the additional pump current is then related to the resting pump
current (Cohen et al., 1987a) by:

I,(OK) = Q/T. 9)

I,(DHO) is an almost instantaneous measure and if Na/Ca exchange is initially at
equilibrium, the resting pump current can be measured before the exchanger is
moved away from this state. However, [,(0K) is not instantaneous and relies on the
assumption that the Na accumulation intracellularly during pump blockade by K*-
free Tyrode increases I, above resting levels and mimics that which would occur
were all other transports to remain unchanged. However, simultaneous with the
increase in aNa; is an increase in Na/Ca exchanger activity, reducing the additional
increase in aNa; by suppressing the Na* influx. Thus, the pumped Na™ efflux (equal
to 3Q) will tend to underestimate the resting Na* influx that would occur with the
Na/Ca exchanger at equilibrium. The net result is that [,(DHO) should exceed
I,(0K). In isolated Purkinje myocytes the ratio of I,(DHO)/I(0K) is 1.76 (Cohen et
al., 1987a), which is in agreement with the prediction, and suggests a role for Na/Ca
exchange in suppressing Na influx during 0 mM K* exposures.

Implications for Cell Survival during Ischemia

The model gives some insights into events during severe ischemia that may deter-
mine cell survival. The Na/K pump can derive significant ATP from glycolysis alone
(Hasin and Barry, 1984; Ellis and Noireaud, 1987), whereas mitochondrial Ca**
sequestration requires Op. Thus anoxia subsequent to ischemia could reduce the
Ca-buffering capacity before a significant reduction in the Na/K pump activity.
Murphy et al. (1983) have shown that during glycoside-induced Na/K pump block-
ade in cell culture without ischemia or anoxia, large amounts of total calcium (10
mM change in [Ca],,,) are reversibly taken up by the cell. The cell appears to recover
completely several hours after the removal of the Na/K pump blockade. These total
calcium levels are comparable to levels seen during severe ischemia where there is
significant cell damage. During pharmacologic pump blockade with no ischemia,
there is no cell damage noted. This difference in response could be due to a reduc-
tion in reversible calcium buffering during ischemia, so that comparable levels of
[Cal,,, mask large inequalities in [Ca]; increase, where [Ca]; increase is the lethal
event (Schanne et al., 1979).

The model shows that without a noncoupled Ca** extruder, Na/Ca exchange,
even with considerable Ca** buffering, cannot limit intracellular Na* and Ca** for
a prolonged period. Once the Ca*™ buffers are filled, because of either increased
net calcium influx or reduction in total buffering, then only a Ca-ATPase pump can
prevent Ca** overload. The suppression of Ca-ATPase has been proposed as a crit-
ical step in ischemic cell death in cortex (Kass and Lipton, 1986).

APPENDIX

Model Parameter Values and the Influence of Na/Ca Exchange

To avoid an overreliance on model-dependent conclusions and particular choices of parame-
ter values, we describe here two analytic treatments of important components of model
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FIGURE 3. (Top) The vector field, C, whose components are the rates of change of intracel-
lular sodium, [Na];, and total calcium, [Ca],, is shown for an array of instantaneous values of
these variables. Each arrow represents the direction of the vector field at the origination
point of the arrow. Its amplitude is indicated by the size of the arrow. The parameters are
identical to trace E, Fig. 2. The dashed line corresponds to the phase of sodium loading
during Na-ATPase pump blockade. It starts, as do all simulations using this model, with the
exchanger at equilibrium. All such equilibrium points are indicated by the solid line. The
exchanger driving force is zero along this contour, which is consistent with the fact that all
vectors originating from this line are horizontally directed. During a simulation, any trajec-
tory is tangential to the arrows. Although the vector field would differ for alterations in
exchanger M,, trajectories for higher M, would converge toward the contour (solid line),
which indicates exchanger equilibrium. Trajectories for lower M, values would diverge even
further from this contour than the trajectory shown. The bottom panel graphs the estimates
of the lower bound of the ratio of the apparent Na* leak rate (d[Na},/d¢, including exchanger
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behavior. The paradigm for exchanger-buffer performance is the ability to suppress changes
in [Na]; during a prolonged period of constant net Na* influx. We define the parameter H as
the net Na* flux remaining with the exchanger operative as a fraction of the net flux without
the exchanger. We examine explicitly the dependence of this suppression on various model
parameters: M,, B,, Kc,, jo» Vi, [Na],, and [Ca],.

We obtain one analytic solution by assuming that the Na/Ca exchanger rate, even if not
proportional to V,, — V,, is great enough so that the exchanger never runs far from its equi-
librium as defined by Eq. 2. This approximation is valid when the exchanger equilibrium
potential for the values of [Na]; and [Ca]; that occur during the Na* influx deviates by only a
few millivolts from the actual value of V,,. This occurs with normal to high physiologic esti-
mates for exchanger flux capacity in our linear model (see above, Fig. 2).

By substituting Eq. 2 into Eq. 3, we derive the equation for [Ca],, as a function of [Na]; at
exchanger equilibrium. Since B, is on the order of magnitude mmol/liter or more, and both
[Ca); and K¢, are order of magnitude uM or less, B, is from 3 to 5 orders of magnitude
greater, and we can readily assume the further approximation that:

B, = B, + [Ca]; + K¢, 10)
Thus:
B
Caly= ———— 11
o[22 o
[Na];

where we define the dimensionless constant:

[Na]o KCa 1/3 VmF
T (2[Ca]°) P _(ﬁ) 12)

Eq. 11 gives all points in the [Ca],,-[Na]; plane where, independent of time, the exchanger is
in equilibrium (see Fig. 3, top, solid trace, which is based on parameter values from Fig. 2).
During the [Na]* loading phase of the model simulation, the trajectory will be arbitrarily
close (by our assumption) to this equilibrium curve, whose slope, d[Cal,,/d[Na};, compares
the rate at which the exchanger brings in calcium to the net rate at which sodium enters the
cell (see Eqgs. 4 and 5). We define this net Na* influx from all sources as j*, where j* =
d[Na],/dt. The difference between j* and j, is the rate at which the exchanger extrudes Na*,
so —('/3) (j* — jo) is equal to d[Ca],,/dt. The slope of the equilibrium curve can then be

fluxes) to the passive Na* leak (j,). It is plotted on the vertical axis (with values between 0 and
1) and is the minimum value of “H,” the fraction of initial Na* influx remaining. On the
horizontal axis is the logarithm of the dimensionless variable “B,” defined as (RT/F) (M, /j,)
(see Eq. 21). Since RT/F is ~25 mV and j, was set to 25 uM/s for the model simulations, B
reduces to the parameter value of M, in units of micromolar per second per millivolt. The
traces, from top to bottom, correspond to plots for the following values of the parameter
“A” (Appendix): 30, 10, 3, 1, 0.3, 0.1, and 0.03. Values of model parameters used in Fig. 2
correspond to a value of A = 1.0. As can be seen in Eq. 12, A varies directly with K¢, but
inversely with B,. The range for log[(RT/F)(M, /j,)] for curves B to F in Fig. 2 is —2.74 to
0.66. The range of values for which there is seen the greatest change in minimum H values is
consistent with the results from the simulations in Fig. 2. Simulation results did not signifi-
cantly change for curves with M, values smaller than curve B or greater than curve F. Fur-
thermore, the calculated values of minimum H from Eq. 20 (plotted in Fig. 3) deviated by
<4% from the values obtained by the simulations displayed in Fig. 2.
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expressed as:

d[Ca] =j0 - j*
d[Na]}; 35%*

(13)

The ratio of j* to j,, or the fraction of j, remaining, is defined as “H,” which can then be
derived as a function of the slope of the equilibrium curve from Eq. 13:

i~ 1
H-L o — (14)
]0 d[ca]mt
1+3
d[Na],

The maximum suppression of j, (i.e., the minimum “H” value) occurs for the maximum
value of d[Cal,,/d[Na];, i.e., when d2[Ca]w,/(d[Na]i)2 = 0. Differentiating Eq. 11 twice with
respect to {Na]; and solving determines a value for [Na]; equal to 2AB,, where A is defined in
Eq. 12. Substituting this value for [Na]; into Eq. 2 above, [Cal; at maximum suppression is
readily shown to be K¢,/2. By substituting K,/2 for [Cal; in Eq. 3, we determine that at
maximal suppression the buffer is one-third filled. (For exchangers with a different stoi-
chiometry, the maximal turnover rate will occur at other buffer occupancy values.) To find
the value of ““H” at maximum suppression, we substitute 2AB, for [Na]; in the expression for
d[Cal,./d[Na]; obtained during the differentiation of Eq. 11. We then substitute this value
(!/3A) into Eq. 14 to yield the minimum value of j* as a fraction of the original leak (j,):

A
H-—
1+A

(15)

This approximation can also be used to examine the effect of the exchanger on the time
constant of the Na* decay tails obtained after an abrupt reduction in stimulus rate or reacti-
vation of the pump. Experiments have shown that these tails are generally approximated by a
single exponential, and in this analysis we assume such simple kinetics for the Na/K pump.
The right side of Eq. 13 now becomes (j, — ([Na];/7) — j*)/3;*, where 7 is the apparent time
constant for the Na/K pump acting alone. j* can then be solved for as above in Eq. 14 to
obtain:

_ Jo — ([Najl/7)
1 + 3(d[Ca] . /d[Na})

J* (16)
The apparent time constant when the exchanger is active is obtained by differentiating j* with
respect to [Na]; in Eq. 16. The maximum increase of 7 due to the exchanger is easily obtained
by setting d2[Ca]m,/(d[Na]i)2 = 0 as above. This simplifies the differentiation and gives an
apparent time constant (from Eq. 16) of r/H.

Thus, if the equilibrium curve of the exchanger-buffer combination is approximately linear
over a small range of [Na]; values or if we are only looking for the maximum effect on the
rate constant of decay, the exchanger alters the apparent tail time constant by a multiplicative
factor of (1 + A)/A (see Eq. 15) compared with the results for the Na/K pump alone (see also
caption of Fig. 2).

Vector Plane Analysis

The second analytic evaluation of H requires that the exchanger rate be proportional to the
deviation of the membrane potential from the exchanger equilibrium potential, but relaxes
the requirement that this deviation be small. One could conceive that the entire [Na)-[Ca],,
plane is covered by a vector field, a set of arrows whose components along the [Na]; and
[Ca] axes at every point are the values of d[Na],/dt and d[Ca],,./d¢ from Eqs. 4 and 5 at that
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point. It is clear from Eqs. 3 and 6 that this vector field will vary as the parameter B,, K¢,, Vi,
[Na],, and [Ca], vary. A trajectory corresponding to an integration of the model would move
from the starting values along a path with direction indicated by the vector field at a rate
determined by its local magnitude (Fig. 3, top). At a point in the trajectory, the greater the
component parallel to the [Ca],, axis, the more rapidly is the Na-Ca exchanger running, and
the greater is the reduction in net Na* influx (i.e., H = j*/j, is smaller).

The trajectory (dashed line) in Fig. 3 (top) is an example derived from time course plots E of
Fig. 2 (top two panels), while the solid line represents an equilibrium curve defined by V, = V,
(see Eq. 6) for the parameter values of the dashed line trajectory. Along all points of the
equilibrium curve (solid line), the exchanger driving force vanishes and all vectors are hori-
zontal. As one increases the value of M,, the trajectory becomes arbitrarily close to the equi-
librium curve.

At any point, the dot product of the vector and its gradient would be a measure of how the
vector field changed as one moved along the trajectory. If this change had the same direction
as the original vector, the implication would be that a trajectory at this point would not
deviate in direction, i.e., it is at a point of inflection. Since there is only one point of inflec-
tion, this point is where the sodium influx rate reaches its minimum. If we call the vector field
C = [jo — 3M(V,, — Vi + M (V,, — V))]j, and think of it as a function of [Na]; and [Ca],,,
then :

Cx {C-grad(C)] = 0 (17

would be an implicit equation in the two variables for the locus of points at which all trajec-
tories on the plane reach their maximal suppression of sodium influx. This equation is just
another way of stating that the components of the increment of the vector C will be propor-
tional to those of C itself at the point.

With a leak that is independent of the intracellular sodium concentration, C is the sum of a
constant vector with magnitude j, in the [Na]; direction and a vector representing the effects
of both the buffer and the Na-Ca exchanger. The latter vector, variable only in amplitude,
has a constant direction pointing upwards and to the left at a slope of —!/5 due to the
exchanger’s stoichiometry. Thus, increments of C must be parallel to this latter component.
They then can never be parallel to C itself, which has everywhere the constant leak vector
added to the exchanger vector. The above equation can then only be satisfied if there is no
increment at all of C along some curve, i.e.:

C-grad(C) = 0. (18)

Using the approximation of Eq. 10, the above equation becomes:

M,[[Naw, + 9[Cal, (B, — [Ca]m)]

0-3-—=
Jo [Ca]tol(Bl - [Ca]!ol)

 |RT, [(B — [Calw)[Caly ( INa),?
F [Ca]tolKCa [Na]o

- Vm] 19)

One can determine the point of minimum sodium influx for ail possible trajectories as the
extremum of d[Cal,,/d¢ along this locus. This is found by solving grad(d{Cal,/dt) x
grad G = 0, where G is the right-hand side of Eq. 19, yielding [Ca],,, = B,/3 as before! The
lower bound on H, the fraction of j, left, can then be obtained as follows. [Na]; can be written
as a function of H by substituting the right-hand side of Eq. 4 for j* in Eq. 14 and defining V,
by Eq. 6. Using this and the value of {Cal,,, above, in Eq. 19, an implicit equation for the



518 THE JOURNAL OF GENERAL PHYSIOLOGY - VOLUME 95 - 1990
minimum of H results:

H=1- ! 20)

1+A 1_H
“P\"op
which reduces to Eq. 15 as M, /j, goes to infinity, and where we define a new dimensionless
variable:

g KM @
Fio

Of course, this great a suppression of sodium influx could only be attained if the starting
initial calcium concentration were sufficiently below that required to fill one-third of the
buffer.

We solve this equation numerically and note that A = 1 for the following physiologically
reasonable estimates used in Fig. 2, i.e., [Na], =~ 160 mM, B, = 8 mM, K, = 0.6 uM, [Ca], = 2
mM, and V,, = —50 mV. Thus for Fig. 2, one would expect H (see Eq. 15) to approach 0.5
for saturating values of M, /j,, and predict that j* = 0.5 j,, and that the time constant of [Na];
decay could double, as borne out by the simulation (see also the legend of Fig. 3). Fig. 3
(bottom) plots H (the net Na* influx as a fraction of j,) vs. log B for values of A equal to 0.03,
0.1, 0.3, 1, 3, 10, and 30. Both A and B are dimensionless. For the value of j, used in Figs. 1
and 2, B = M, expressed in units of micromoles per second per millivolt.
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