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A B S T R A C T   

Homogeneous cavitation models usually use an average radius to predict the dynamics of all bubbles. However, 
bubbles with different sizes may have quite different dynamic characteristics. In this study, the bubbles are 
divided into several groups by size, and the volume-weighted average radius is used to separately calculate the 
dynamics of each group using a modified bubble dynamics equation. In the validation part, the oscillations of 
bubbles with two sizes are simulated by dividing them into 2 groups. Comparing with the predictions by the 
Volume of Fluid (VOF) method, the bubble dynamics of each size are precisely predicted by the proposed model. 
Then coated microbubbles with numerous sizes are divided into several groups in equal quantity, and the in-
fluence of the group number is analyzed. For bubble oscillations at f = 0.1 MHz and 1 MHz without ruptures, the 
oscillation amplitude is obviously under-estimated by the 1-group model, while they are close to each other after 
the group number increases to 9. For bubble ruptures triggered by Gaussian pulses, the predictions are close to 
each other when more than 5 groups are used.   

1. Introduction 

Ultrasonic cavitation can be utilized for ultrasonic imaging [1], stone 
fragmentation [2], drug delivery [3], gene transfection [4], cancer 
treatment [5], ultrasonic cleaning [6], water treatment [7], sonochem-
ical fabrication [8] and so on [9]. Coated microbubbles have been 
widely applied in the biomedical ultrasonic diagnosis and treatment 
[10,11]. To improve the stability, coated microbubbles are made of 
high-molecular-weight inert gases and coated by lipid, protein or poly-
mer shells. The characterization of coated microbubbles has been widely 
investigated by experimental [[12,13] and theoretical means [14,15]. In 
theoretical investigations, the Rayleigh-Plesset equation [16] provides 
the basis for the prediction of bubble dynamics; several models [17–20] 
have been proposed to consider the influence of the bubble shell; be-
sides, the bubble–bubble interaction needs to be considered [21,22]. 

The numerical analysis is also widely used for the investigations of 
cavitation over the last two decades. Interface capturing methods such 
as VOF can precisely predict the bubble dynamics [23,24]. However, 
they are too expensive in the computational cost for the prediction of 
bubble clouds, since the bubbles are large in amount and numerous grids 
are needed to capture each bubble. Moreover, it is complex for interface 

capturing methods to model the bubble shell. Thus homogeneous 
models are usually used for the prediction of bubbly flows [25,26], 
which can greatly reduce the computational cost. Ye et al. [27,28] 
proposed a homogeneous cavitation model based on the bounded 
Rayleigh-Plesset equation, and this dynamic equation was modified in 
their study due to the homogeneous treatment. In this model, the 
compressibility of the liquid was considered while the density of the gas 
was set to constant, since the growth/collapse of bubbles have been 
considered by the add/remove of vapor. For the same reason, there is no 
need to consider the bubble–bubble interaction for the numerical anal-
ysis. This cavitation model can precisely predict the dynamics of the 
equal-sized spherical bubbles in stationary liquid. 

The initial radius (R0) distributes in a wide range for both natural and 
artificial cavitation bubbles. Gorce et al. [29] carried out theoretical 
calculations to investigate the influence of bubble size on the echoge-
nicity of microbubbles. In their calculations, coated microbubbles were 
divided into five groups with equal numbers. It was found that bubbles 
with R0 < 1 μm accounted for 60% of the number but did not contribute 
appreciably to the echogenicity, this is why the bubble volume appears 
to be a much better indicator of echogenicity than the bubble count. 
Haghi et al. [15] also conducted theoretical investigations on the 
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interactions of microbubbles with different sizes. It was found that the 
dynamics of the cluster was dominated by the largest microbubbles, and 
they even in small numbers can force smaller bubbles into period 
doubling and subharmonic oscillations. Thus different bubbles may have 
quite different dynamic characteristics. 

In numerical homogeneous models, an average R0 is usually used, 
which means the differences of the bubble dynamics with different R0 
are neglected and the complex inter-bubble interactions can not be 
predicted. In this study, the microbubbles are divided into several 
groups by R0 in equal quantity, and the bubble dynamics equation is 
modified accordingly; the volume-weighted average R0 is used to 
calculate the bubble dynamics of each group separately. In the valida-
tion part, we firstly exam the ability of the proposed model for the 
prediction of bubble dynamics with several sizes: the oscillations of 
bubbles with two sizes are simulated by dividing them into 2 groups, and 
comparisons with the predictions by the VOF method are made. Then 
coated microbubbles with numerous sizes are divided into groups, and 
the influence of the group number on their oscillations and ruptures are 
analyzed. 

2. Mathematical model 

2.1. Grouping of coated microbubbles 

The average R0 of coated microbubbles is usually around 1 μm. In 
this study, the dimensionless bubble number density distribution is 
described by: 

φ = e− (R0 − 0.4)/0.75
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − e− (R0 − 0.4)/17.5

√
(0.4 μm⩽R0⩽10μm) (1)  

which is fitted from the data for SonoVue® microbubbles in Ref. [29] 
and shown in Fig. 1. This function is replaceable for other microbubbles. 
The microbubbles are divided into i groups in equal quantity, the size 
range of group j can be obtained by solving the integral upper limit of the 
following equation: 
∫ Rj,U

Rj,L

φdR0 =
1
i

∫ 10μm

0.4μm
φdR0 (2)  

where j is from 1 to i-1, the integral lower limit of the first group R1,L =

0.4 μm and Rj+1,L = Rj,U. After obtaining the range of each group, the 
initial volume-weighted average radius of group j can be obtained by: 

Fig. 1. The dimensionless bubble number density distribution fitted from the 
data in Ref. [29]. 

Fig. 2. Computational domain and boundary conditions for the cases of 
microbubbles with two sizes. 

Table 1 
Bubble radii for the validation cases with two bubble sizes. The volume- 
weighted average radius is used for the traditional homogeneous model.  

Case R10/μm R20/μm R/μm  

A 1 2  1.6510 
B 1 4  3.1913 
C 1 8  6.3537  

Fig. 3. Evolutions of Vb of Case A predicted by the VOF method and the homogeneous models with 1 group (traditional model) and 2 groups (proposed model) at (a) 
f = 0.1 MHz, Ap = 0.5 and (b) f = 1 MHz, Ap = 0.01. The surface tension is neglected. 
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Rj0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫ Rj,U
Rj,L

φR3
0dR0

∫ Rj,U
Rj,L

φdR0

3

√
√
√
√ (3) 

And the initial gas volume fraction of group j is obtained as: 

αj0 =
4π
3

n0

i
R3

j0 (4)  

where n0 denotes the initial bubble number density. 

2.2. Homogeneous cavitation model 

Homogeneous cavitation models usually use the average bubble 
radius to predict the dynamics of all bubbles. In this study, the micro-
bubbles are divided into several groups, and the volume-weighted 
average radius is used to predict the bubble dynamics of each group. 
Traditional homogeneous cavitation models usually have 2 phases: the 
liquid phase and the gas phase. This new homogeneous cavitation model 
includes 1 + i phases, with one representing the liquid and the others 
representing each group. The dynamics of 3D bubbles are calculated by 
the Ye’s equal-sized cavitation model [27] with several modifications. 

Since the bubbles are divided into i groups, the bubble radius of group j 
is modified to: 

Rj =

̅̅̅̅̅̅̅̅̅̅̅̅
3i

4πn
αj

3

√

(5)  

where n is the bubble number density. In Ye’s model [27], the local 
pressure p was supposed to be equal to the pressure at the boundary of 
the region occupied by the bubble, and the equivalent radius of this 
region was denoted by Re. For the bubbles with different sizes, we 
suppose that the region occupied by a bubble is proportional to the 
volume of this bubble, then Rej is modified to: 

4π
3

n
i
R3

ej = 1⋅
αj

1 − αL
(6)  

where αL is the liquid volume fraction. Thus the relationship between Rj 
and Rej is modified to: 

R3
j

R3
ej
= 1 − αL (7) 

Then the bubble dynamics equation in Ye’s model [27] is modified 

Fig. 4. Evolutions of Vb of Case B predicted by the VOF method and the homogeneous models with 1 group and 2 groups at (a) f = 0.1 MHz, Ap = 0.5 and (b) f = 1 
MHz, Ap = 0.01. The surface tension is neglected. 

Fig. 5. Evolutions of Vb of Case C predicted by the VOF method and the homogeneous models with 1 group and 2 groups at (a) f = 0.1 MHz, Ap = 0.1 and (b) f = 1 
MHz, Ap = 0.01. The surface tension is neglected. 
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to: 

R̈j =
pbj − p/ρL +

(
0.4(1 − αL)

7/3
− 1.3(1 − αL)

4/3
+ 2.4(1 − αL)

1/3
− 1.5

)
Ṙ2

j
(

1 + 0.2(1 − αL)
4/3

− 1.2(1 − αL)
1/3
)

Rj

(8)  

where pbj is the liquid pressure at the bubble surface of group j and ρL is 
the liquid density. As in Ref. [27], a minimum collapse rate is given, 
below which the collapse rate will not decrease any more. For free 
spherical bubbles without the shell, suppose the gas inside bubbles is a 
uniform (both in content and temperature) perfect gas and no diffusion 
of non-condensable gas in the liquid, pbj can be obtained as [30]: 

pbj = pVj +

(

p0 +
2σL

Rj0
− ps

)(
Rj0

Rj

)3γ

−
2σL

Rj
−

4μLṘj

Rj
(9)  

where pVj is the partial pressure of vapor, p0 is the initial pressure outside 
the bubble, σL is the surface tension coefficient, ps is the saturated vapor 
pressure, γ is the polytropic index and μL is the dynamic viscosity of 
liquid. For coated microbubbles, the Marmottant model [19] is used to 

model the shell in this study. Supposing the buckling radius equals to 
Rj0, pbj is obtained as [19]: 

pbj = pVj +

(

p0 +
2σ
(
Rj0
)

Rj0
− ps

)(
Rj0

Rj

)3γ

−
2σ
(
Rj
)

Rj
−

(

μL +
κs

Rj

)
4Ṙj

Rj
(10)  

σ
(
Rj
)
=

⎧
⎪⎪⎨

⎪⎪⎩

χ
(

max
(

Rj

Rj0
, 1
)2

− 1

)

Rj⩽Rruptured

σLRj > Rruptured

(11)  

where the shell viscosity κs = 1.5 × 10-9 kg/s, the elastic modulus χ =
0.5 N/m [31] and the rupture radius Rruptured = 1.5Rj0 [20] in this study. 

n0 is recorded by a transport equation [27]: 

∂(ρLαLn0)

∂t
+∇(ρLαLn0V) = 0 (12) 

Then n can be obtained as: 

n =
n0αL

αL0
(13)  

Fig. 6. Evolutions of relative Vbj (bubble volume of group j) of Case B predicted by the VOF method and the proposed model at (a) f = 0.1 MHz, Ap = 0.5 and (b) f =
1 MHz, Ap = 0.01. 

Fig. 7. Evolutions of Vb of Case A predicted by the homogeneous models with 1 group and 2 groups at (a) f = 0.1 MHz, Ap = 0.5 and (b) f = 1 MHz, Ap = 0.01. The 
shell properties are considered by the Marmottant model [19]. 
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Fig. 8. Evolutions of Vb of Case B predicted by the homogeneous models with 1 group and 2 groups at (a) f = 0.1 MHz, Ap = 0.5 and (b) f = 1 MHz, Ap = 0.01. The 
shell properties are considered by the Marmottant model [19]. 

Fig. 9. Evolutions of Vb of Case C predicted by the homogeneous models with 1 group and 2 groups at (a) f = 0.1 MHz, Ap = 0.1 and (b) f = 1 MHz, Ap = 0.01. The 
shell properties are considered by the Marmottant model [19]. 

Fig. 10. Evolutions of Vb predicted by the homogeneous models with different i at (a) f = 0.1 MHz, Ap = 2 and (b) f = 1 MHz, Ap = 0.5. No bubble rupture occurs.  
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where αL0 is the initial liquid volume fraction. Another i transport 
equations are added to respectively record Ṙj. Finally, the change rate of 
the gas volume fraction of group j can be obtained as: 

dαj

dt
=

4πn
i

R2
j Ṙj (14) 

The compressibility of liquid is modeled by the Tait’s equation of 
state for water [32,33]: 
(

ρL

ρL0

)m

= 1+
m(p − p0)

K0
(15)  

where ρL0 = 1000 kg/m3, m = 7.15 and K0 = 2.2 × 109 Pa. The gas 
density is the same for all groups and set to be constant. 

2.3. Validation 

A sine pressure wave and a Gaussian pulse in the following forms are 
respectively employed: 

p = p0
(
1 − Ap⋅sin(2πft)

)
(16)  

p = p0

(
1 − Ap⋅e− (t/tw − 3)2

)
(17)  

where t denotes time and Ap denotes the amplitude of the pressure 
fluctuation. The sine wave is used to produce the bubble oscillation and 
the Gaussian pulse is used to produce the bubble rupture. The simulation 
time-step sizes are respectively 1/500f and tw/500. Firstly, cases with 
two bubble sizes are simulated in Section 3.1, and comparisons are made 
with those predicted by the VOF method. Then cases with numerous 
coated microbubbles are simulated in Sections 3.2 and 3.3 to analyze the 
influence of the group number. All flows in the validation part are 
considered to be laminar and p0 = 0.1 MPa, μL = 0.001 Pa⋅s. The gravity 
and phase change are neglected. 

3. Results and discussion 

3.1. Microbubbles with two sizes 

The dynamics of two bubbles inside a rectangular tube are simulated 
as shown in Fig. 2. The computational domain is 0.1 mm in height, 0.5 
mm in length and 0.05 mm in width. A sine pressure wave is specified at 
the right face while the other five are symmetry planes. Two bubbles 
with initial radii of R10 and R20 are located at the left corner, one in the 
upper corner and the other in the lower corner, which means only one 
eighth of each bubble is inside the computational domain and the bubble 
distance is 0.1 mm. Firstly, cases as shown in Table 1 are simulated by 
the VOF method and homogeneous models. In order to reduce the de-
viations caused by the estimations of the pressure inside bubbles, the 
flow is assumed to be isothermal (γ = 1) and the phase change is 
neglected (pV = 0). Moreover, the surface tension is neglected (σL = 0) to 
simplify the calculation of the VOF method as in Ref. [27]. After that, the 
shell properties are considered using the Marmottant model [19]. For 
the VOF method, 0.6 million tetrahedral meshes are employed and most 
of them concentrate around bubbles. More grids are needed if the bubble 
distance is increased, thus a small distance (0.1 mm) is used. For the 
homogeneous models, these cases are simplified as a 1D problem and 
300 meshes are employed, and the bubbles distribute uniformly inside 
the region within 0.05 mm from the left boundary. For the proposed 
homogeneous model, the bubbles are divided into two groups whose 
initial radii are respectively R10 and R20, and the initial bubble number 
density of each group is 5 × 1011 m− 3. The traditional homogeneous 
model which has only 1 group is also used for comparison, whose initial 
radius equals to the volume-weight average of R10 and R20, and n0 =

1012 m− 3. 
Figs. 3–5 show the evolutions of the total bubble volume (Vb) pre-

dicted by the VOF method and the homogeneous models with the group 
number i = 1 and 2 at f = 0.1 MHz and 1 MHz. It can be seen that the 

Fig. 11. Root mean square of the relative differences between Vb predicted by 
the i-groups model (Vb,i) and 1-group model (Vb,1) at f = 0.1 MHz and 1 MHz. 

Fig. 12. Evolutions of Vbj predicted by the homogeneous model with 5 groups at (a) f = 0.1 MHz, Ap = 2 and (b) f = 1 MHz, Ap = 0.5.  
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Fig. 13. Evolutions of Vb predicted by the homogeneous models with different i at tw = 1 μs and Ap = (a) 2, (b) 4, (c) 6, (d) 8. Bubble rupture occurs when Ap = 4, 6 
and 8. 

Fig. 14. Evolutions of Vbj predicted by the homogeneous model with 5 groups at tw = 1 μs and Ap = (a) 4, (b) 8.  
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bubble oscillations predicted by the VOF method and the proposed 
model match precisely with each other, while the differences are 
obvious from the predictions by the traditional homogeneous model, 
especially when the difference between R10 and R20 is large. Moreover, 
the oscillations of each bubble are also precisely predicted by the pro-
posed model. Take Case B for example, Fig. 6 shows the evolutions of the 
relative bubble volume of each group (Vbj) at f = 0.1 MHz and 1 MHz, 
the dynamics of each group predicted by the proposed model also match 
well with that by the VOF method. 

Then the shell properties are considered using the Marmottant model 
[19] (γ = 1.07 and σL = 0.072 N/m). Since it is difficult for the VOF 
method to consider the influence of the bubble shell, only the pre-
dictions by the homogeneous models are compared. Figs. 7–9 show the 
evolutions of Vb predicted by the homogeneous models with i = 1 and 2 
corresponding to the calculation conditions of Figs. 3–5. As expected, 
the fluctuation amplitude of Vb decreases after considering the surface 
tension, and the predictions by these two homogeneous models become 
closer to each other. Besides, the compression-only behavior [19] 
appears. 

3.2. Coated microbubbles without rupture 

For numerous coated microbubbles with different sizes, the grouping 
method described in Section 2.1 is used. The computational domain and 
boundary conditions shown in Fig. 2 are still used. Initially, the micro-
bubbles occupy the left half part of the computational domain and n0 =

1012 m− 3. Fig. 10 shows the evolutions of Vb predicted by the homo-
geneous models with different i at f = 0.1 MHz and 1 MHz. At f = 0.1 
MHz and Ap = 2 (further increase of Ap may lead to the bubble rupture), 
the maximum Vb increases obviously when i increases from 1 to 3, and it 
increases slightly when i increases from 13 to 17, while the bubble 
compression is almost independent on i. At f = 1 MHz and Ap = 0.5, the 
predictions of i = 13 and 17 are also close to each other. In order to 
exhibit the differences between these results more visually, Fig. 11 
shows the root mean square (RMS) of the relative differences between Vb 
predicted by the i-groups model (Vb,i) and 1-group model (Vb,1) at each 
time step. It can be seen that the increase of RMS is small when i is larger 
than 9. Fig. 12 shows Vbj predicted by the homogeneous model with i = 5 
corresponding to Fig. 10. At f = 0.1 MHz and Ap = 2, the bubble com-
pressions of all groups are close, but during the bubble growth, the 
bubble volume increased by more than 110% for the largest group while 
it only increased by 17% for the smallest group. The growth of small 
bubbles are also obviously suppressed at f = 1 MHz. As concluded in 
previous researches [15,29,34], the oscillations of small bubbles are 
suppressed by large bubbles. 

3.3. Coated microbubbles with rupture 

The numerical settings are the same as that in Section 3.2 except that 
the sine wave is replaced by the Gaussian pulse to cause the bubble 
rupture, and n0 = 1010 m− 3. Since the Rayleigh-Plesset equation is 
applicable for spherical bubbles, a much smaller n0 is used in this Section 
to prevent bubbles lose spherical shape after being close to each other. 
Fig. 13 shows the evolutions of Vb predicted by the homogeneous models 
with different i under different Ap. At Ap = 2, no bubble rupture occurs, 
and the maximum Vb increases with i as the cases above. At Ap = 4, the 
maximum Vb is under-estimated when i = 1, and it decreases with 
increasing i when i ≥ 3. At Ap = 6 and 8, Vb is obviously over-predicted 
when i = 1, and the predictions are close to each other when i ≥ 5. 
Fig. 14 shows the corresponding Vbj predicted by the homogeneous 
model with i = 5 at Ap = 4 and 8. At Ap = 4, R increases by 10 times for 
the largest group, while it does not reach Rruptured for the other groups 
(Fig. 14 a), thus the bubble rupture only occurs to the largest group, 
which is 20% of the total bubbles. In addition, the bubble rupture occurs 
to one third of bubbles when i = 3 and around 23% of bubbles when i =
9, 13, 17. At Ap = 8, the bubble rupture occurs to the largest 3 groups, 

and the maximum Vbj/Vbj0 decreases with increasing j in these 3 largest 
groups (Fig. 14 b). 

4. Conclusions 

Since the dynamics of bubbles with different initial sizes may be 
quite different, a new homogeneous cavitation model was proposed. In 
this model, bubbles are divided into groups by initial size, and the dy-
namics of each group are separately calculated using a modified bubble 
dynamics equation. According to the comparisons with the predictions 
by the VOF method, the dynamics of spherical bubbles with two sizes 
can be accurately predicted by calculating the bubble dynamics of each 
size separately. We believe that the bubble dynamics can still be well 
predicted by the proposed model when there are dozens of sizes. For 
coated microbubbles with numerous sizes, the influences of the group 
number on the predictions of bubble oscillations and ruptures were 
analyzed. For bubble oscillations at f = 0.1 MHz and 1 MHz, the bubble 
growths are obviously under-estimated when only 1 group is used, while 
they are close to each other after the group number increases to 9, and 
the group number has little influence on the bubble compression. During 
an oscillation, the amplitude of a group is smaller than that of a larger 
group, and the bubble growth of the smallest group is greatly suppressed 
due to the inter-bubble interactions. For bubble ruptures triggered by 
Gaussian pulses, the bubble growth predicted by the 1-group model is 
firstly under-estimated and then over-predicted with the increase of the 
pulse amplitude, and the predictions are close to each other when more 
than 5 groups are used. 
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