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Abstract21

The temperature dependence of population fitness (rm) is key to predicting ectotherm responses to climatic22

change. Discrete-time matrix projection models (MPMs) are used to calculate rm because they capture23

variation in its underlying life-history trait values and time delays inherent in those traits. However, MPM24

calculations can be laborious and do not capture time’s continuous nature. More complex approaches for cal-25

culating temperature-dependent rm may be more accurate but they are notoriously difficult to parameterise.26

Ordinary differential equation-based models (ODEMs) offer a relatively tractable alternative of intermediate27

complexity, but it is unknown whether they broadly agree with MPM calculations when environmental vari-28

ation is introduced. Here we investigate differences in the predicted temperature dependence of rm obtained29

from an ODEM with those calculated from MPMs using temperature- and resource dependent life-history30

trait data for the disease vector, Aedes aegypti. We show that the level of agreement between discrete- and31

continuous-time representations of temperature-dependent rm can vary with resource availability and is ex-32

tremely sensitive to juvenile survival characterisations. This finding suggests that ODEMs can only provide33

comparable rm predictions to standard methods when resources are not limiting, questioning the ability of34

existing mathematical models to reliably predict arthropod responses to environmental variation.35
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Introduction36

The distribution and abundance of ectotherm populations is strongly shaped by two key components of their37

ecological niche: environmental temperature and resource availability. Climate change is predicted to have38

severe impacts on ectotherms through changes in both (Høye et al., 2021; Lawlor et al., 2024). In particular,39

how these factors affect arthropod populations, the most abundant group of animals on earth (Bar-On et al.,40

2018), is of significant concern for ecosystem functioning, agriculture, and human health (Costanza et al.,41

1997; Outhwaite et al., 2022; Pecl et al., 2017; Ryan et al., 2021; Sánchez-Bayo and Wyckhuys, 2019;42

Skendžić et al., 2021). For example, recent surges in sustained local dengue transmission across Europe43

have been partially attributed to how ongoing seasonal temperature changes have increased the region’s44

thermal suitability for Aedes mosquitoes (Branda et al., 2023; Nakase et al., 2023; Oliveira et al., 2021).45

To understand how variation in environmental temperature and resource availability can influence arthro-46

pods, we need their thermal performance curves (TPCs) for maximal population growth rate (rm)—a popula-47

tion’s inherent capacity to grow in the absence of density-dependent factors—a fundamental measure of pop-48

ulation fitness (Amarasekare and Savage, 2012; Birch, 1948; Cole, 1954; Huey and Berrigan, 2001; Pawar49

et al., 2024). Previous efforts have used four different approaches for calculating temperature-dependent rm:50

matrix projection models (MPMs; Caswell, 1989), ordinary differential equation based models (ODEMs;51

e.g., Winsor, 1932), delay-differential equation based models (DDEMs; e.g., Amarasekare and Coutinho,52

2013; Brass et al., 2021), and Integral Projection models (IPMs; Ellner and Rees, 2006).53

Among these methods, DDEMs and IPMs may provide more accurate calculations of rm than MPMs54

and ODEMs but they are the most challenging to use—they are notoriously difficult to parameterise and55

solve, with IPMs, in addition, being computationally costly. Here we focus on discrete-time MPMs and56

continuous-time ODEM-based approaches for calculating the TPCs of rm because arthropod data are often57

not at the required resolution for use in these more complex models. For example, IPMs require at least58

one continuous trait measurement such as age or body size. This parameterisation challenge is amplified59

when the goal is to calculate fitness across environmental gradients. In contrast, MPMs and ODEM-based60

approaches can work well with relatively limited data; for example, they can still provide powerful insights61

into population dynamics even if only stage-specific vital rates (e.g., development, survival and fecundity)62

are known (Huxley et al., 2021, 2022; Pawar et al., 2024).63

For these reasons, MPMs and ODEM-based approaches are commonly used to calculate rm in organisms64

with complex life histories, especially when the goal is to incorporate how different life history stages65

respond to environmental factors such as temperature. For example, MPMs have been used recently to show66

that variation in resource availability can have profound effects on the temperature dependence of rm in the67
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mosquito vector, Aedes aegypti (Huxley et al., 2021, 2022).68

MPMs can also capture time-delays in life history cycles. For example, matrix columns can be added to69

incorporate delays introduced by intermittent resource limitation. Despite these strengths, building MPMs70

to calculate rm across environmental gradients can be laborious and, because they operate in discrete time71

steps, they typically do not adequately capture the continuous variation in trait values over time. ODE-72

based models provide a relatively tractable method to calculate rm when life history data are incomplete and73

overcome some of the challenges involved with DDEM and IPM parametrisation. And relative to MPMs,74

they are less laborious to construct relative and do not suffer from the time-discretization issue. However,75

the consistency of rm calculations based on ODEMs across environmental gradients compared to MPMs is76

largely unknown.77

Here, we study the level of agreement between three approaches to calculate the temperature dependence78

of rm under variation in resource availability in the disease vector, Aedes aegypti: an analytic approximation79

to rm derived from an ODE-based model, an explicit MPM simulation, and an analytic approximation to80

the latter. Our main goal is to evaluate the extent to which rm calculated from the continuous time stage-81

structured population model (the analytic rm model; herein the AE-L model) matches that calculated from82

the MPM across environmental gradients.83

We expected any differences in results between these approaches to stem from how differently they84

weigh the contributions of life-history traits. MPMs and its E-L-based rm approximation consider discrete85

stages and time steps, while continuous-time models and their E-L-based rm approximation integrate over86

life stages and time for juvenile mortality and development. For example, Cator et al. (2020) simplified the87

AE-L model by assuming a fixed mortality rate (an exponentially-declining survivorship curve), which can88

be integrated analytically to obtain total cumulative juvenile-stage mortality. In contrast, the MPM and its E-89

L-based rm approximation allow for more varied juvenile survival patterns, which in turn affects predicted90

rm. We hypothesize that the AE-L model’s survivorship assumption is valid unless juvenile mortality is91

high, because, as shown by Cator et al. (2020), rm is less sensitive to mortality than to development time and92

fecundity based on a standard stage-structured ODEM.93

We show that the AE-L rm model consistently yields similar temperature- and resource-dependent rm94

calculations to the discrete-time E-L equation. However, MPM-derived rm calculations can diverge from95

these approaches due to their sensitivity to how juvenile survival trajectories can be shaped by variation in96

resource availability.97

4



Materials and Methods98

We tested our hypothesis by modelling juvenile mortality in the E-L equation and MPM as either a fixed99

reduction per time step (“exponential decay”) or as survival until a cut at the transition point (“transitional100

decay”). The rationale for this approach is based on how the AE-L model effectively assumes that using101

an exponentially-decaying survival function to integrate over time steps is reasonable because, in the end, it102

should still approximate the total proportional mortality at the juvenile-to-adult transition point. In contrast,103

the E-L equation and MPM can have arbitrary patterns allowing for testing of how different characteri-104

sations of juvenile survival may influence rm. However, in spite of such flexibility, juvenile mortality is105

rarely directly measured for many arthropods, which forces practitioners to make strong assumptions (e.g.,106

exponential or transitional decay) about it’s dependence on time and environmental variation.107

Calculating rm using the MPM108

We use the standard stage-structured MPM (Caswell, 1989) for population change over discrete time steps:

Nt+1 = MNt. (1)

Here, Nt is the vector of abundances in the life stage classes (larval, pupal, and adult) at time t and M is the109

transition matrix. The first row of M is populated by stage specific daily fecundity (the number of female110

offspring produced per female at stage/age i). The sub-diagonal of M is populated with the probabilities111

of survival from stage i to stage i+1. Multiplying the transition matrix, M, and stage-structured population112

size vector, Nt, sequentially across time intervals yields the stage-structured population dynamics. Once the113

stable age/stage distribution (SAD) is reached, the dominant eigenvalue of the system is the finite population114

rate of increase (λ ) (Caswell, 1989). A population reaches SAD when the relative proportion of individuals115

in each life stage has stabilised (that is, the proportion of the population in each age-stage class remains116

constant over time), even when the total population size is changing (Caswell, 1989). Then, the intrinsic117

rate of population growth is rm = log(λ ) (i.e., per capita change in the population per unit time).118

Approximating rm from the MPM119

Assuming SAD, the discrete-time Euler-Lotka approximation (Lotka, 1907) of the above MPM (Eqn 1) is,

n

∑
x=1

e−rmxlxbxdx = 1, (2)

Here, lx is age/stage-specific survivorship (probability that an individual survives to age/stage x), and bx is120

stage-specific fecundity (zero for all juvenile stages). This E-L equation describes the expected lifetime121
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reproductive success of a new-born individual in a stage-structured population growing at the rate rm once it122

has reached SAD. To approximate rm in Eqn 2, we obtain its root through numerical solution, which requires123

life tables comprised of lx and bx arranged into rows representing age that, in our case, increases daily.124

Calculating rm from the continuous-time stage-structured population growth125

model126

Analogous to Eqn. 2, under the same assumption of SAD, the E-L equation for the continuous time (ODE-

based) model for a age-structured population change is:

∫ ∞

α

e−rm lxbxdx = 1. (3)

As in Eqn 2, here rm is the maximal growth rate once the population has converged on its SAD. However, the

life-history traits here are defined slightly differently: lx and bx are age- (not stage-) specific survivorship and

fecundity, and we now we have a single parameter α representing the age of first reproduction corresponding

to the development time from egg (or neonate) to reproductive adult. Thus, in this formulation we ignore

the discreteness of life stages, a simplification that allows us to derive a closed-form analytic approximation

for rm (Cator et al., 2020):

rm ≈

(κ + z)
(

log
(

bmax

κ+z

)

−αz J

)

α(κ + z)+1
. (4)

Here, α is egg-to-adult development time (days), bmax is peak reproductive rate (individuals (eggs) × indi-127

viduals (females) × day–1), κ is the fecundity loss schedule (individual–1 day–1), and zJ and z are juvenile128

and adult mortality rates (individual–1 day–1), respectively. Although Eqn 4 is an approximation, it can be129

shown to be sufficiently accurate as long as rm is less than 1 (in units of day–1; Cator et al., 2020), which is130

typically true for insect growth rates (Frazier et al., 2006; Pawar et al., 2024). Equation 4 explicitly incorpo-131

rates the traits underlying rm (through lx and bx in Eqn 3), so it can be used to analytically understand how132

variation in these traits propagates through the system to affect rm (Cator et al., 2020). Note that because133

Eqn 4 is derived from Eqn 3, it is only valid when the population is at SAD, similarly to the MPM and its134

analytic approximation (Eqn 2).135

Data136

To determine the level of agreement between the AE-L model (Eqn 4), the E-L equation and the MPM137

across environmental gradients, we used two datasets that describe how resource availability can affect rm138

in the disease vector, Aedes aegypti. Both datasets are derived from laboratory experiments on this species139
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that were conducted by Huxley et al. (2021; 2022). Huxley et al. (2022) measured the effect of larval140

competition on the temperature dependence of juvenile development time and mortality rate; α and zJ in Eqn141

4, respectively) and adult fitness traits (fecundity rate and mortality rate; bmax and z in Eqn 4, respectively)142

at five constant temperatures (22, 26, 32, 34 and 36◦C) and four resource concentration levels (0.183, 0.367,143

0.550, and 0.733 mg ml–1). Huxley et al. (2021) measured the effect of variable resource supply on the144

temperature dependence of the same fitness traits at three constant temperatures (22, 26, 32◦C) and two145

resource supply levels (0.1 and 1 mg larva–1 day–1).146

Parametrisation of the rm models147

We parameterised the three rm models (Eqns 2, 3, 4) with mean trait responses (development time and adult148

longevity were rounded to zero decimal places) that we calculated using the raw replicate-level data (n=3149

replicates at each treatment level; Tables SI1, SI5) from Huxley et al. (2021; 2022). For both datasets, we150

obtained zJ by dividing the proportion of juveniles that did not survive to adulthood by α . For z, we inverted151

adult longevity (i.e., z = 1/longevity), and, as κ has been shown to only make a very small contribution to152

rm (Cator et al., 2020), we assumed that bmax declined with age at a constant rate of 0.01 individual–1 day–1.153

For both datasets, we calculated rm for every treatment’s replicates by parametrising the rm models with154

the trait values shown in tables SI1 and SI5. To calculate rm with the AE-L model, these values were used155

directly for each experimental temperature. Due to structural differences between discrete- and continuous-156

time models, it was necessary to transform these values to estimate rm using the E-L equation and the MPM.157

Calculating rm using the E-L equation requires life tables comprising of rows populated with lx (the158

probability that an individual survives to stage x) and bx (stage-specific fecundity; set to zero for all juvenile159

stages). The total number of rows in each life table was equal to the sum of development time plus adult160

longevity. At maturity, bx was equal to bmax, which decreased at a rate of κ per time step (bmax − (0.01 ×161

day) until death, i.e., the last row of the life table). When juvenile survival probability (lx) was assumed to162

decrease at a fixed rate per day, this quantity was obtained by subtracting zJ × developmental day from 1.163

When juvenile survival only decreased at the transition point to adulthood, life table rows were populated164

with 1 until this point. At transition, juvenile survival was obtained by subtracting zJ × total development165

time (i.e., α) from 1. Adult survival decreased at a fixed rate per day in all life tables. This quantity was166

obtained by subtracting 1/adult longevity × day from the juvenile survival probability at transition until the167

final adult age class (i.e., row).168

To estimate rm using the MPM, each column in the transition matrix (M in Eqn 1) represented one169

day. The total number of columns in M was equal to the sum of development time plus adult longevity.170
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Reproduction does not occur in the juvenile stages, so the first row of M was populated with zeros until171

maturity. At maturity, the first row of M was populated with bmax which decreased at a rate of κ per time step172

(i.e., bmax−(0.01 × day)) until death. The sub-diagonal of M was populated with the probabilities of survival173

from stage t to stage t+1. As with the life tables for the E-L equation, juvenile survival M was obtained by174

subtracting zJ × day from 1. When juvenile survival decreased at the transition point to adulthood, the sub-175

diagonal was populated with 1 until this point. At transition, juvenile survival was obtained by subtracting176

zJ × total development time (i.e., α) from 1. Adult survival was obtained by subtracting 1/adult longevity ×177

day from the juvenile survival probability at transition until the final adult age class. The projection matrices178

were built and analysed in R (R Core Team, 2023) using the popbio package (Stubben and Milligan, 2007).179

To estimate rm for the E-L equation, we used the uniroot function in base R (R Core Team, 2023).180

Fitting Thermal Performance Curves (TPCs) to the rm calculations181

The temperature at which rm peaks (rm Topt) and the value of rm at its peak (ropt) are important param-182

eters for understanding how arthropod populations will respond to long-term sustained climatic warming183

(Pawar et al., 2024). To predict rm Topt and ropt, we generated continuous rm TPCs using non-linear least184

squares (NLS) in the rTPC pipeline (Padfield et al., 2021). We fitted the Sharpe-Schoolfield TPC model185

(Kontopoulos et al., 2018; Schoolfield et al., 1981; Eqn SI1) to the replicate-level rm calculations for each186

experimental temperature in the larval competition dataset (Huxley et al., 2022). We used this model be-187

cause it has been theoretically and empirically validated. However, as is the case with most TPC models, the188

Sharpe-Schoolfield model (Schoolfield et al., 1981) can only be used to predict non-negative responses, so189

for treatments comprising of both non-negative and negative rm calculations, we fitted a generalised additive190

model (GAM) using the mgcv package (Wood and Wood, 2015; Wood, 2011).191

The resource limitation dataset (Huxley et al., 2021) does not cover a sufficient range of temperatures192

to fit continuous rm TPCs, so we parametrised Eqn 4 with the data for each temperature × resource supply193

treatment in that study.194

Results195

Comparison of the rm calculations using the larval competition dataset196

At all resource levels in the larval competition dataset (Huxley et al., 2022), the AE-L model and the E-L197

equation predicted rm to respond unimodally to temperature — it increased as temperatures increased from198

22 to 32–34◦C before declining rapidly to negative growth (figure 1). For both characterisations of juvenile199
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survival, the rm calculations for the AE-L model and the E-L equation increased from ∼0.1 at 22◦C to ∼0.2200

at 34◦C at resource levels above 0.183 mg ml−1. In contrast, the rm calculations from the AE-L model201

differed from the E-L equation derived rm calculations at 0.183 mg ml−1. The AE-L model predicted rm to202

increase from 0.07 at 22◦C to 0.19 at 34◦C, whereas the E-L equation predicted rm to increase from 0.02 to203

0.13 across these temperatures. Under transitional decay at higher resource levels (>0.183 mg ml−1), the204

MPM-derived rm calculations were generally consistent with the rm calculations from the A-EL model and205

the E-L equation (figure 1e–h), but, at 0.183 mg ml−1, MPM-derived rm was only positive at 34◦C (figure206

1e).207

At all resource levels, the MPM-derived rm calculations differed from the other approaches when ju-208

venile survival decayed exponentially. Under this assumption at 0.183 mg ml−1, MPM-derived rm was209

negative at all temperatures, and, at higher resource levels MPM-derived rm was negative or close to zero at210

temperatures below 26◦C. MPM-derived rm increased above this temperature, but it became negative again211

at 34◦C or peaked at lower value than it did for the AE-L model and the E-L equation (figure 1c & d).212

Except for the MPM TPC at 0.733 mg ml−1 under exponential decay, the TPCs for all three rm models213

predicted rm to peak (T opt) between 31–34◦C, irrespective of juvenile survival assumption or resource level214

(figure 2, table SI4). Optimal thermal fitness (ropt) was, in most cases, consistent across resource levels and215

survival assumptions for all rm models. It was not possible to predict ropt under exponential decay for the216

MPM because rm was negative at all temperatures. However, at 0.183 mg ml−1 under transitional decay,217

MPM ropt was predicted to be lower than ropt for both the AE-L model (0.11 compared to 0.17, respectively),218

and the E-L equation (0.13). At all resource levels under exponential decay, MPM ropt was predicted to be219

lower than MPM ropt under transitional decay. The ropt predictions for the MPM under exponential decay220

were also lower than the ropt predictions for the AE-L model and the E-L equation, as noted above (figure221

2, table SI4).222

Comparison of the rm calculations using the larval resource supply dataset223

Under both survival assumptions at high-resource supply (1 mg larva−1 day−1) in the resource limitation224

dataset (Huxley et al., 2021), all rm models predicted rm to be positive and increase monotonically with tem-225

perature to its peak at 32◦C. Under both juvenile survival assumptions at high-resource supply, differences226

between the AE-L and the E-L were small (figure 3ab, table SI6), but MPM rm under exponential decay was227

lower than rm from the AE-L model and the E-L (figure 3a, table SI6).228

At low-resource supply (0.1 mg larva−1 day−1) under the exponential decay assumption in the larval229

resource supply dataset, the MPM rm calculations were always negative (figure 3a, table SI6). In contrast,230
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AE-L model rm was always positive, and the E-L equation rm calculations were positive at 22 and 26◦C231

before becoming negative at 32◦C. The MPM predicted rm to increase from –0.24 at 22◦C to –0.10 at 26◦C;232

it then decreased to –0.46 at 32◦C. The AE-L model predicted rm to increase with temperature from 0.07 at233

22◦C to 0.09 at 26◦C, and 0.13 at 32◦C, and the E-L equation predicted rm to increase from 0.05 at 22◦C to234

0.06 at 26◦C and then decrease to –0.07 at 32◦C.235
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Figure 1: TPCs fitted to rm calculations from the analytic rm model (AE-L, grey), the Euler-Lotka equation (E-L, red) and

the MPM (blue) for the resource competition dataset (Huxley et al., 2022). (a – d) rm TPCs for the three rm models across

resource concentration levels (0.187, 0.367, 0.550, and 0.733 mg ml–1, respectively). For the E-L equation and the MPM, juvenile

survival decreased at a fixed rate per time step. (e – h) rm TPCs at the same resource levels as (a – d) but for the E-L equation and

the MPM, juvenile survival only decreased at the juvenile-to-adult transition point. Symbols denote mean rm ± standard deviation

(error bars) calculated from the rm calculations for each treatment’s replicates (n=3; replicate-level rm calculations are provided in

the manuscript’s accompanying GitHub repository). rm TPCs were fitted to Eqn SI1 using rTPC (Padfield et al., 2021). Asterisks

(*) indicate TPCs (blue) fitted to MPM-derived rm calculations (triangles) using GAMs. Bootstrapping (residual resampling) was

used to calculate 95% prediction bounds for each rm TPC. Negative rm calculations were cut off at –0.2 for plotting.
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Figure 2: Comparison of predicted optimal thermal fitness (ropt) at T opt for the analytic rm model (AE-L), the Euler-Lotka

equation (E-L), and the MPM for the resource competition dataset (Huxley et al., 2022). a-d Predicted ropt at T opt for the three

rm models across increasing larval resource concentration levels. Predictions (medians) with bi-directional error bars for when

juvenile survival decreased at a fixed rate per time step are denoted “(e)” in the legend. Predictions for when juvenile survival

only decreased at the juvenile-to-adult transition point are denoted “(t)”. Points with asterisks (*) are ropts from TPCs fitted to

MPM-derived rm calculations using GAMs. Bootstrapping (residual resampling) was used to calculate 95% uncertainty bounds for

each point.
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(Huxley et al., 2021). Estimated rm from the analytic rm model (AE-L), the Euler-Lotka equation (E-L), and the MPM at two larval

resource supply levels (0.1 and 1 mg larva–1 day–1, white and grey symbols, respectively). (a) Calculations under the assumption

that juvenile survival decreases at a fixed rate per time step. (b) Calculations when juvenile survival is assumed to only decrease at

the juvenile-to-adult transition. Symbols denote mean rm ± standard deviation (error bars) calculated from the rm calculations for

each treatment’s replicate populations (n=3; replicate-level rm calculations are provided in the manuscript’s accompanying GitHub

repository.)

Discussion236

Our goal was to examine the extent to which an analytic rm model based on the continuous E-L equation (the237

AE-L model; Eqn 4) can provide similar calculations of rm when parameterized with data across resource238

availability gradients, in comparison with that calculated from the (discrete) E-L equation (Eqn 2) and the239

MPM (Eqn 1).240

Using two datasets that describe how resource availability and temperature jointly affect traits, and thus241

the predicted temperature dependence of rm (Huxley et al., 2021, 2022), we show that the AE-L model con-242

sistently yields similar calculations to the discrete time E-L equation when populations are not constrained243

by larval resource limitation or competition effects. This is as we expect, since the AE-L is based on the con-244

tinuous time version of the E-L equation as we explain further below. We also show that modellers should245

proceed with caution when resource limitation or competition effects are expected to strongly mediate the246

temperature dependence of rm as model predictions differ in these cases.247

For both datasets (Huxley et al., 2021, 2022), when resource availability was high and juvenile survival248

was assumed to only decrease at the juvenile-to-adult transition point, the AE-L model was also consistently249
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in agreement with the MPM rm calculations across temperatures. Under transitional decay, the margin of250

error between all sets of rm calculations for the high resource treatments was generally small (figures 1f-h,251

3b; tables SI2, SI3, SI6).252

Under transitional decay at resource levels higher than 0.183 mg ml−1 in the larval competition dataset253

(Huxley et al., 2022), all approaches predicted rm to respond unimodally to temperature — increasing with254

temperature from 22 to ∼33◦C, and then declining rapidly to zero after this peak (figures 1, 2; tables SI2–255

SI4). Similarly, for the high-resource supply (1 mg larva−1 day−1) in the resource limitation dataset (Huxley256

et al., 2021), the AE-L model consistently agreed with the rm calculations from the E-L equation and the257

MPM (i.e., again, the margin of error between the three sets of rm calculations for these treatments was258

generally not substantial; figure 3c, table SI6). For the high-resource supply treatments in the resource259

limitation dataset (Huxley et al., 2021) and for both survival assumptions, all approaches (with the exception260

of the small decrease in rm as temperatures increased from 22 to 26◦C for the MPM) predicted rm to be261

positive and increase monotonically as temperatures increased from 22 to 32◦C.262

In contrast, for both datasets (Huxley et al., 2021, 2022) when resource availability was low, the AE-L263

model calculations and the MPM rm calculations markedly diverged (figures 1ab & 3a, tables SI2, SI3 &264

SI6). The largest discrepancy between the three approaches in the larval competition dataset (Huxley et al.,265

2022) was at the lowest resource level (0.183 mg ml−1 day−1) under the assumption that juvenile survival266

decreased by a fixed rate per time step. It was not possible to estimate Topt and ropt for the MPM under this267

assumption because rm was negative across all of the temperature range, yet both the AE-L model and the268

E-L equation predicted Topt to be close to 34◦C and ropt to be ∼0.15. There were also important differences269

between the rm models for the low resource level under transitional decay of juvenile survival. The three270

approaches predicted Topt to be close to 34◦C and ropt to be ∼0.15, but the E-L equation predicted rm to be271

close to zero between 22 and 32◦C, and the MPM differed in its prediction of the sign of rm across much of272

the temperature range (figure 1e, table SI4).273

Under the model assumption of exponentially decaying juvenile survival, an even greater level of dis-274

parity was observed between the AE-L prediction and the MPM model for the resource limitation dataset275

(Huxley et al., 2021) at low-resource supply (0.1 mg larva−1 day−1). In this case, the AE-L model predicted276

rm to be positive (and increasing) across the entire temperature range, whereas as the MPM predicted rm to277

be negative across this range. The E-L rm prediction was intermediate between them (figure 3a, table SI6).278

This disagreement in the calculations of rm amongst the models at low resource levels (Huxley et al.,279

2021, 2022) stems from differences in their mathematical structure. Stage-structured MPMs project pop-280

ulation abundance over discrete time intervals, assume discrete stages, and (as formulated here) explicitly281

consider all juvenile stages. In contrast, the continuous-time AE-L model aggregates these stages into a sin-282
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gle, continuous stage described by a single, cumulative juvenile mortality and development time parameter283

(zJ and α , respectively). This simplifying assumption of the AE-L model appears to affect the calculations284

of rm when populations are exposed to environmental conditions that cause delays in the system.285

Also, any differences between the rm models must stem from the aggregation of juvenile mortality and286

development in the AE-L model because we have essentially compared rm calculated from the discrete-287

time Euler-Lotka equation (Eqn 2) to an approximation of rm derived from the continuous Euler-Lotka288

equation (Eqn 3). Essentially, the aggregation of juvenile mortality and development in the AE-L model289

makes it relatively insensitive to juvenile survival. While the discrete-time E-L equation is more sensitive290

to proportional juvenile survival at transition, the fact that its rm calculations were the same irrespective291

of how survival decreased prior to the juvenile-to-adult transition point shows that it is insensitive to the292

specifics of how juvenile survival is characterised. The MPM, on the other hand, is highly sensitive (perhaps293

too sensitive) to how juvenile survival is characterised. This key finding shows that standard practices294

for characterising juvenile survival, whether that be integrating over time steps (in the case of the AE-L) or295

assuming a constant rate of mortality (i.e., MPMs) are problematic, particularly when resources are limiting,296

and as a result may be age or size specific. Indeed, different juvenile survival characterisations can also297

introduce substantial bias when converting age-structured vital rates estimated from life tables to calculate298

rm using MPMs that are only stage-structured (Fujiwara and Diaz-Lopez, 2017; Kendall et al., 2019).299

Environmental differences that cause time delays in life history can be directly accounted for in MPMs300

by increasing the number of columns in the transition matrix (M, Eqn 1) assigned to a particular life stage.301

For example, intensified larval competition at low resource levels increases development time across all302

juvenile stages (Huxley et al., 2022). This effect can be accounted for in MPMs by increasing the number303

of columns in M assigned to the juvenile life stages. In this way, MPMs implicitly include time delays.304

This implicit “stretching” of M to account for delays makes it possible to study how environment-driven305

delays affect rm. Delay effects can also be studied using continuous-time stage structured population models306

(Gurney et al., 1983; Nisbet and Gurney, 1983) that introduce delays explicitly with delay parameters (thus307

yielding delay-differential equations). In contrast, by merging the juvenile stages into a single, continuous308

stage, the AE-L model may not adequately weight the negative impact that delay mechanisms can have309

on rm since these factors are effectively summarized in a single parameter representing the expected time310

of maturation. This simplifying assumption of the analytic rm model implies that delay mechanisms are311

expected to only have negligible effects on rm.312

The results of the MPM sensitivity analyses in Huxley et al. (2021, 2022) are qualitatively similar with313

the sensitivity analysis of the AE-L model in Cator et al. (2020) in showing that juvenile traits contribute314

more to rm than adult traits. This also supports the notion that the AE-L may not reliably estimate rm in low315
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resource conditions because it does not adequately account for the negative effect of increased juvenile mor-316

tality on rm. Additional examination of these sensitivity analyses provides further insights into the behavior317

of the AE-L model’s estimate of rm in low resource conditions. For example, the sensitivity analysis for318

the AE-L model indicates that juvenile survival contributes a smaller proportion to rm than indicated by the319

MPM sensitivity analysis and this model’s rm calculations shown here. While the MPM sensitivity analyses320

in Huxley et al. (2021, 2022) indicate that together juvenile development time and survival contribute more321

to rm than adult traits do, their respective contributions rm cannot be easily separated. However, when the322

MPM sensitivity analyses in Huxley et al. (2021, 2022) are used in combination with the MPM rm calcu-323

lations reported here at low resource levels, it is clear that MPM rm is more sensitive to juvenile survival324

than development time. For example, the number of matrix columns assigned to the juvenile stages (i.e.,325

development time) were identical for the low resource supply level MPMs in Huxley et al. (2021), yet un-326

der exponentially decaying survival the MPM predicted rm to be –0.24 compared to 0.04 under transitional327

decay.328

The first implication of this finding is that not all of the formulations of the intrinsic growth rate of a329

population may be equally accurate for all types of organisms in all situations. As we find here, for organisms330

where juvenile survival patterns are neither constant nor exponentially distributed (either generally or due331

to environmental conditions) the choice of metric matters to conclusions drawn about the population. Thus332

either an MPM approach may be preferred (when a discretization is appropriate) or when a continuous time333

model is preferred, a recognition that the calculated rm may be overly optimistic should be kept in mind.334

Although the analytic AE-L model may be unreliable at low resource levels, a key finding of this study —335

that the AE-L model can reliably predict rm when populations are not constrained by resource limitation or336

larval competition effects — has important implications for the efficiency of study workflows. For example,337

this method allows for much easier integration of laboratory measures of trait performance to investigate338

the effect of temperature at high resource supply than individually constructing MPMs for each treatment.339

Furthermore, with respect to VBD transmission frameworks specifically, this result shows that continuous-340

time analytic rm models may offer a simple method for “plugging in” rm responses into continuous-time341

VBD models. Integrating these models into broader VBD model frameworks could improve their reliability342

in predicting of how temperature and high resource levels together affect transmission risk through their343

effects on vector rm.344

The second important implication of this study’s central finding relates to whether existing mathemat-345

ical models can be used to predict and understand the population-level effects of environmental change346

on temperature-sensitive organisms that have complex life histories. The answer to this question lies with347

two connected ideas. First, whether under temperature fluctuations alone any of these approaches capture348
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meaningful summaries of population performance either in aggregate or instantaneously. Currently, calcula-349

tions of rm at fixed temperatures are often averaged or used for rate summation-type approaches in order to350

estimate a realized/time-averaged rm. However, we know of no laboratory experiments that confirm multi-351

generational population growth rates under known fluctuation regimes are well captured by the approach352

(although in other contexts the generalization from constant to varying temperature is known to be fraught).353

Further, whether these metrics are accurate (or useful) measures of temperature-dependent rm in the field354

and how they are affected by other environmental factors, such as resource availability must be assessed.355

For example, existing model frameworks (e.g., continuous-time stage-structured population models; Ama-356

rasekare and Coutinho, 2013; Beck-Johnson et al., 2013) can be developed to incorporate temperature- and357

resource-induced developmental delays, but datasets that describe these combined effects in the field are358

largely absent. The absence of such datasets is probably due to the fact that new measures are needed to359

determine how effective temperature-dependent rm in the field is affected by resource fluctuations. Further,360

realistic and tractable measures of density-dependent effects on rm are needed to be able for predicting the361

effects of environmental change on insect abundance dynamics, in general.362

Semi-field systems could provide opportunities to track the entire insect life cycle under ambient envi-363

ronmental conditions. For example, in Drosophila, such systems have recently been used to observe thermal364

adaptation in response to natural environmental change by tracking the evolution of fitness-associated phe-365

notypes and allele frequencies (Rudman et al., 2022) across generations. In mosquitoes, such systems have366

generally been used to test the effectiveness of novel bio-control strategies, such as transgenic fungi (Lovett367

et al., 2019), but they also could allow for the effects of temperature × resource interactions in the lar-368

val stage on fitness and abundance to be explored under conditions which more closely resemble natural369

environments. Further insights could be provided by examining the interaction between insects and mi-370

crobes, for example. Recent studies show that mosquitoes can be reared exclusively on cultures of Asaia371

bacteria (Chouaia et al., 2012; Souza et al., 2019), while other studies have shown that larval exposure to372

microbial variability can affect adult mosquito life history traits (Dickson et al., 2017). However, micro-373

biota at mosquito breeding sites is spatially heterogeneous (Hery et al., 2021), which could mean that any374

generalizable patterns in resource availability could be difficult to detect.375

In spite of the difficulties posed by this challenge, greater research effort towards this important is-376

sue is needed, especially if the goal is to understand how insects, including vector populations and VBD377

transmission patterns, will respond to climatic warming. Indeed, resource availability itself is likely to be378

temperature-dependent because microbial growth rates also increase with temperature (Craine et al., 2010;379

Cross et al., 2015; Smith et al., 2019). In this way, increases in environmental temperatures could increase380

the concentration of food in the environment, which will increase population growth through decreased ju-381
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venile development time and increased adult recruitment rates. This could contribute to the expansion of382

disease vectors and other invasive insect species into regions that were previously prohibitive by broadening383

rm’s thermal niche width (Amarasekare and Simon, 2020; Huxley et al., 2021, 2022; Lehmann et al., 2020).384

Recent studies have used rm calculations from the Euler-Lotka equation to predict population viability385

under climatic warming (Deutsch et al., 2008; Tewksbury et al., 2008), but very few studies have assessed386

whether it can provide reliable estimates of rm when populations are exposed to multiple environmental387

factors. Our study shows that analytic models based on the Euler-Lotka equation can provide similar calcu-388

lations of temperature-dependent rm to standard methods providing resource environments are non-limiting.389

This study also underlines the need for accurate measures of how variation in resource availability in the390

field can affect the thermal response of rm and therefore, abundance. Such data are particularly key to im-391

proving predictions of how climatic warming will affect seasonal insect populations through its effects on392

abundance dynamics.393
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