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A B S T R A C T   

The biomechanical and biochemical processes in the biological systems of living organisms are 
extremely complex. Advances in understanding these processes are mainly achieved by laboratory 
and clinical investigations, but in recent decades they are supported by computational modeling. 
Besides enormous efforts and achievements in this modeling, there still is a need for new methods 
that can be used in everyday research and medical practice. In this report, we give a view of the 
generality of the finite element methodology introduced by the first author and supported by his 
collaborators. It is based on the multiscale smeared physical fields, termed as Kojic Transport 
Model (KTM), published in several journal papers and summarized in a recent book (Kojic et al., 
2022) [1]. We review relevant literature to demonstrate the distinctions and advantages of our 
methodology and indicate possible further applications. We refer to our published results by a 
selection of a few examples which include modeling of partitioning, blood flow, molecular 
transport within the pancreas, multiscale-multiphysics model of coupling electrical field and ion 
concentration, and a model of convective-diffusive transport within the lung parenchyma. Two 
new examples include a model of convective-diffusive transport within a growing tumor, and 
drug release from nanofibers with fiber degradation.   

1. Introduction 

Biological systems in living organisms are generally more complex when compared to others in nature. Physico-chemical laws are 
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equally applicable to mechanical systems within the living as in the general environment. But, there are specific processes in the living 
systems, such as, for example, a transformation of the biochemical into mechanical energy with temporarily succeeding events 
occurring in orders of magnitude different time and length scales. Or, the heart represents an electro-mechanical system that involves 
the generation of electrical impulses with strictly determined waves, transferred through a neural fiber network to reach muscle cell 
membranes, and causing a change of the membrane potential; further, change of calcium concentration within cells ultimately pro-
duces conformational changes of molecules of the sarcomere to produce mechanical force. The internal mechanical force represents 
the heart muscle’s action to pump the blood from the heart to the arterial network. 

There is a huge number of scientific papers, books, and reports on computational methods applied to model mechanics and physical 
fields in biomedical engineering. Before the computer era, starting in the nineteen-fifties, the methods were based, as in other fields of 
science and engineering, on analytically derived expressions with various functional forms such as special functions, integral trans-
forms, finite and infinite series, etc. The development of computational methods, with the use of computers and specific software, 
revolutionalized mathematical modeling in science and applied fields, and even in medicine. The most generally used is the Finite 
Element Method (FEM) which also is the basic methodology of this report. 

This paper aims to emphasize the generality of the Kojic Transport Model (KTM) which is based on the concept of smeared physical 
fields in biomedical engineering. The KTM has a strong distinction from other approaches and we first refer to a few references which 
illustrate this distinction. This way we also provide an insight into the advantages and generality of our methodology. 

In [2] it is introduced an n-compartment mammillary distributed-parameter model for the estimation of physiological parameters 
in tumors, such as perfusion, mean transit time, fractional volumes, and transfer and rate constants. The idea consists of the division of 
the tumor’s space into the capillary compartment to which other compartments, called the peripheral interstitial compartments, are 
connected. The diffusion of the tracer is governed by the convective-diffusive mass balance equations within the capillary, while 
diffusion only is taken within the compartments. Mass transport within the capillary of a length L is given by the following 
convective-diffusion equation 

rV1
∂c1

∂t
+QρL

∂c1

∂x
+
∑n

i=2
Ki1c1 −

∑n

i=2
K1ici = LqV (1) 

while diffusion within compartments is governed by equations 

rVi
∂ci

∂t
+K1ici − Ki1c1 = 0 i = 2, ....., n (2)  

where c1 and ci are concentrations; rV1 and rVi are volumetric fractions within capillary and compartments, respectively; Q is volu-
metric flux per unit mass of tissue within the capillary, ρ is transported mass density; Ki1 and K1i are transport coefficients from 
capillary to the compartment and vice-versa; and qV is a volumetric term associated with capillary. Equations (1) and (2) are solved in 
analytical form by the integral Laplace transformation and results are fitted to the experimental data to obtain material coefficients. 

Another example that is related to the KTM is the determination of perfusion within an arterial blood vessel of the heart [3,4]. These 
authors introduced compartments for arterial blood vessels according to the lengths and diameters of capillaries within reference 
volumes around selected points within the heart tissue wall. The governing equations for blood flow within a compartment i have a 
usual form based on the Darcy law, 

v(i)j = k(i)Djkp,k i = 1, 2, ..,N; j, k = 1, 2, 3 (3) 

and the mass balance equation is 

v(i)j,j = s(i) −
∑N

k=1
β(i)

k (pi − pk) (4)  

where v(i)j are Darcy velocities, k(i)Djk is Darcy permeability tensor, p is pressure, p,k ≡ ∂p/∂xk, s(i) is a source term, and β(i)
k are inter- 

compartment coupling (transport) coefficients. The capillary flow is represented in a continuum form by a permeability tensor 
evaluated within a reference volume. This tensor is analogous to our transport tensor given in the next section. Volumetric partici-
pations within compartments are taken into account by specifying a continuum porosity. The same approach to modeling perfusion is 
applied in Ref. [5]. 

Finally, we in this section refer to the modeling of electrical signal propagation in heart electrophysiology. The so-called 
phenomenological models are continuum models which can be compared with our KTM methodology. There are two types of these 
– initial monodomain followed by bidomain model. In the case of the monodomain model, the membrane potential (difference be-
tween cell internal and external electrical potentials) field is determined taking into account ionic fluxes through membranes and the 
volumetric fraction of the cells. We here give the fundamental balance equations for current density in the case of a bidomain model, 
called the extended bidomain model, according to Ref. [6]. The model includes two cell groups, group 1 and group 2, with their 
conduction characteristics, and the equations are, according to the notation used in our KTM representation, 
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where the upper indices 1 and 2 correspond to the first and second group of cells, while ‘ext’ stands for the extracellular space; rAV is the 
area-to-volume ratio for cells; Cm is membrane electrical capacitance; G is electrical conductivity for cells and extracellular space, 
respectively; Iion is ionic membrane flux, and Ve is electrical potential within cells and extracellular space. 

2. Methodology 

2.1. Gradient-driven physical fields and Kojic transport model (KTM) 

Here we summarize the FE formulation according to Ref. [7]. Application of this methodology is given in a number of our ref-
erences [8–17], and is described and summarized in Ref. [1]. This methodology is built into our FE software package PAK-BIO [18]. 
The background of the smeared concept and the KTM formulation of the composite smeared finite element (CSFE) are shown in Fig. 1. 
We further summarize the formulation of this element. 

First, we note that gradient-driven physical fields of interest in biomedical engineering considered here, are governed by a gradient 
law 

Ji = − Dij
∂φ
∂xj

, i, j = 1, 2, 3; sum on j (6)  

where φ(xi, t) is the physical field depending on spatial coordinates xi and time t, Ji is the flux of φ (per unit surface and unit time), and 
Dij is the constitutive transport tensor. The fundamental balance equation, which has to be satisfied at any spatial point and any time 
for the field, can be written in the following form, 

− c
∂φ
∂t

+
∂

∂xi

(

Dij
∂φ
∂xj

)

+ qV = 0, sum on i and j (7)  

where c is the rate coefficient, and qV is the source term representing the rate of φ per unit volume. For diffusion, the rate coefficient is c 
= 1 and φ is concentration; c = ρcT for heat transfer, where ρ is density, cT is specific heat and φ is temperature; c = 0 for flow through 
porous media and φ is pressure. Transport tensor is the diffusion tensor, heat conduction tensor, and Darcy’s tensor - for diffusion, heat 
transfer, and flow through porous media, respectively. In the case of electrical conduction, equation (6) is applicable, where Ji is 

Fig. 1. Composite smeared finite element (CSFE) with coupled physical fields within volumetric domains occupying the element space. According 
to Ref. [7]. 
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current density, Dij is a diagonal conductivity tensor and φ is electrical potential. The above equations correspond to a general 3D or 2D 
continuum space, but they can be reduced to the 1D conditions which are present in biological systems as flow or mass or transport 
within small vessels, or electrical signal propagation by nerve network. 

The important step in the formulation of the CSFE is a transformation of the 1D transport equations to a continuum form to treat the 
1D transport as in other continuum domains within the CSFE. This is achieved by a consistent derivation of the expression for the 
transport tensor [1], which can be written as 

Dij =
1

Atot

∑

K
DKAK l Kil Kj (8)  

where DK is the transport coefficient of a K-th 1D structural element in the vicinity of a considered spatial point of the physical field; AK 
are cross-sectional areas of the elements, Atot is the sum of all AK, and l Ki are directional cosines of the 1D elements. This detail in the 
KTM contributes not only to the generality but also to simplicity in applications. An analogous expression to our expression in equation 
(8) is used in Refs. [3,4], equation (3). 

The continuum balance equation (7) are further transformed into the FE format for each domain by a standard Galerkin method 
[1]. These balance equations for each domain K, a time step of size Δt, and equilibrium iteration i can be written as, 

(
1

Δt
M + K

)(i− 1)

ΔΦ(i) =Qext(i− 1) +Q(i− 1)
V −

(
1

Δt
M + K

)(i− 1)

Φ(i− 1) +
1

Δt
MΦt (9)  

where element matrices M and K take into account transitional and transport characteristics, while Qext(i− 1) and Q(i− 1)
V are external (to 

the element) and volumetric fluxes; and Φ(i), ΔΦ(i) and Φt are nodal vectors, nodal increments, and vectors at the start of a time step, 
respectively. The specificity of the matrices and nodal vectors is that they include the volumetric fractions of the domains. For example, 
the transport matrix K for a domain K is 

KK
IJ =

∫

V

rK
V DK

ij
∂NI

∂xi

∂NJ

∂xj
dV, sum on i, j; i, j = 1, 2, 3 (10)  

where rK
V is the volumetric fraction, and NI, NJ are the FE interpolation functions. 

A very important step in the formulation of the CSFE is how to couple mutually dependent physical fields within the continuum 
domains. This is achieved by introducing connectivity elements at each FE node. There are as many of these elements at a node as there 
are the coupling of the fields. Moreover, these practically fictitious elements represent biological barriers as capillary walls or cell 
membranes. The balance equation for a connectivity element at node J between domains m and n is (dropping out the rate terms) 

Km,n
wIJ ΔΦJ = − Km,n

wIJ ΦJ , I, J = 1, 2 (11)  

where the connectivity matrix Km,n
wIJ is 

Fig. 2. Image of nanofiber network with axial diffusion with fibers and radial diffusion to the surrounding. Lab of the Faculty of Technology and 
Metallurgy, University of Belgrade, Serbia [15,16]. 
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Km,n
wIJ = rV rAV DwVnode

[
1 − 1
− 1 1

]

(12) 

In the above equations (11) and (12), rV , rAV ,Dw and Vnode are the nodal values of the volumetric fraction, area-to-volume coeffi-
cient, wall transport coefficient, and volume (of the FE assembly) belonging to the node, respectively. The area coefficient is rAV = 4/
dcap for capillaries with dcap being the capillary diameter, while for spherical cells with diameter dcell, it is rAV = 6/ dcell. 

To illustrate the KTM generality, here is given application to modeling mass release from a nanofiber network to the surrounding. 
This process is particularly suitable for medical implants where the drug release to tissue can be adjusted. Using electrospinning, it is 
possible to generate a nanofiber network containing a certain concentration of drug which is released by diffusion to the surroundings. 
An image of these nanofibers is shown in Fig. 2. 

The axial diffusion along the fibers is transformed to the continuum format as for the other 1D structures, with the evaluation of the 
diffusion tensor according to equation (8), while the governing balance equation has the form (9). The drug release from the fibers is 
achieved by connectivity elements (displaced in Fig. 2) according to the FE balance equation (9), with the matrices (for a node J) 

M11 =
1
3
AfibJRJ ,M21 =

1
6
AfibJRJ ,M12 = PJM21,M22 = PJM11

K11 = − K21 = AfibJDfibJ ,K22 = − K12 = PJ K11

(13) 

In this equation (13) RJ is the fiber radius; PJ and DfibJ are partitioning and diffusion coefficient, respectively; and AfibJ = (rVrAVV)J, 
where (rAV)J = 2/RJ is the area-to-volume ratio and VJ is the volume of the continuum belonging to node J. 

The accuracy of this model is assessed by comparing the KTM solution with that obtained using the model with specific composite 
finite elements for fibers [11]. 

2.2. The generality of the KTM and comparison with other methods 

In this section, we summarize the generality of the KTM and then give some evidence of the advantages of our computational 
models compared to other methodologies for the gradient-driven physical fields within biological systems. 

In the previous section, we presented the fundamental assumptions in the formulation of the CSFE. Following that, we can 
emphasize several key facts which illustrate the generality of the KTM.  

1) The KTM, based on the multiscale composite finite element (CSFE) with smeared fields, can be considered a new avenue that offers 
a simple straightforward consistent formulation for modeling gradient-driven physical fields in biological systems.  

2) The CSFE is a continuum multiscale finite element composed of different physical fields (domains) which are mutually dependent. 
These domains have different spatial scales from macro to nanoscale. For example, the physical fields are related to the mass 

Fig. 3. a) Image of a 50x50 μm tissue domain of pancreatic cancer, contours of two groups of cells with two organelles (upper panel); detailed 2D FE 
model of tissue with 6 capillaries normal to the image plane, and simple model with CSFE (lower panel). b) Mean concentration evolution within 
capillaries (prescribed) and in extracellular space (upper panel), and organelles of Cell group 2 – with partitioning (lower panel). According to 
Ref. [12] with small modifications. 
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transport from capillaries through capillary walls, to extracellular space, further through cell membranes to cell interior cytosol, 
and through organelle membranes to the organelle interior. In applications, we have used the same time steps within the models, 
but a subdivision of the time step for lower scales can simply be employed.  

3) The 1D detailed models, with the use of 1D finite elements to follow the networks within which the process (transport) occurs, as in 
capillaries, neural networks, or nanofibers, are applicable to small spatial domains due to the complexity of geometry and the 
requirement of huge effort for model generation. On the other hand, our equivalent 3D continuum models are simple for space 
discretization and need appropriate transport tensor evaluation according to (8). This tensor can be associated with FE nodes to 
take the heterogeneity of parameters within the space. 

4) The accuracy of the KTM model has been assessed in a number of our publications, summarized in Ref. [1]. The original formu-
lation was improved by correction functions introduced in Refs. [15,16], here illustrated in solutions in Fig. 3. Generally, the 
smeared physical fields can be considered as the mean value solutions in a vicinity of a considered spatial point.  

5) The KTM generality is particularly notable in modeling the biological barriers between the continuum domains. We illustrate the 
effects of partitioning at the biological barrier interfaces in an example following solutions in Ref. [12]. Fig. 3a shows detailed and 
the KTM FE models where we can see that the detailed model, with the use of standard 2D FEs, leads to 69,457 equations to be 
solved, while the KTM model, with the use of only 100 CSFEs, has 1089 equations. The reduction in the number of equations is 
around 70 times, hence the efficiency is increased by approximately the same number. It is assumed a bolus-type prescribed 
concentration within capillaries and concentration fields are calculated within two types of cells and organelles. Fig. 3b shows 
solutions for the mean concentrations in the 

extracellular space (upper panel) and organelles (lower panel). It can be seen a 100 times reduction of concentration within or-
ganelles due to partitioning (partitioning coefficient at the cell and organelle equal to 10). This effect of partitioning is a measure of 
hydrophobicity important in drug delivery. Other solutions are given in Ref. [1]. 

This example illustrates the generality of the KTM by including the hydrophobicity of molecules at the biological barriers, as well as 
the accuracy of the KTM since practically there is no difference between the two solutions in Fig. 3b. 

By comparing our concept of connectivity elements with, for example, the approach given in Ref. [2], it can be seen that in equation 
(2) there is no explicit measure of the surface at a FE node through which the transfer from capillary occurs - as we have in expressions 
(13). The same conclusion can be drawn when comparing our connectivity elements with expressions (4) of reference [3,4]. Other 
specific molecular processes occurring at the cell membranes and within cells, which are fundamental for drug delivery, can be 
incorporated straightforwardly into our connectivity elements and continuum subdomains. For example, specific properties of the 
functionalization of nanoparticle surfaces [19], can be included. Or, the kinetics of the ligand-receptor binding can be incorporated. 
This kinetics, according to Ref. [20], is described by equation (14) of molecular interactions, 

dCb

dt
= kaCbsC − kdCb − kintCb

dCbs

dt
= − kaCbsC + kdCb + Rs

dCi

dt
= kintCb

(14)  

where Cbs, Cb, Ci, and C are concentrations of unbound binding sites, bound vesicles, internalized vesicles, and free vesicles per tumor 
volume, respectively; ka, kd, and kint are the association, dissociation, and internalization rate constants, respectively; and Rs is syn-
thesis rate of new binding sites.  

6) Further, we refer to models applied in electrophysiology. A detailed comparison of the traditional bidomain models, as the one 
described by equation (5), and the KTM, is given in Refs. [1,14]. We here notify few of the differences between our and traditional 
models. Unlike the previous models which consider the entire continuum without compartments with their own volumes, in the 
KTM we treat each compartment separately with their specific transport properties. The physical fields are computed within the 
compartments, organized in a natural way and hierarchically according to the transport process; the fields are connected by the 
appropriate connectivity elements. As stated earlier, the connectivity elements represent biological barriers, and in the case of 
electrophysiology they specify the conductances from the neural fibers to the surrounding, and through cell membranes. According 
to the KTM, the governing balance equations refer to each tissue domain separately, with the volumetric fractions rK

V (K is 
compartment number), while in the previous models they correspond to the entire continuum, e.g. equation (5). The KTM hier-
archy and multiscale character can be seen from the expression for the volume of a cell subdomain (here given by equation (15)): 

Vk
N = rk

V rN
V V (15)  

where rk
N is the relative volume ratio of the subdomain with respect to the cell volume, whose ratio rN

V is related to the finite element 
volume V. Accuracy of the KTM is demonstrated and assessed by comparison with respect to the detailed FE models of a composite 
tissue [1,8–13]. 

Finally, we indicate applications of the KTM which are not considered in our publications. The first example is related to an 
extension of our models to heart perfusion where blood vessels larger than capillaries are classified according to their diameters. The 
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corresponding CSFE is shown in Fig. 4. Besides perfusion, the model may also include mass transport by diffusion and. 
electrical field. Our model has advantages with respect to the multi-compartment Darcy perfusion models of [3–5], as already 

discussed, but also it is more general. 
The second example of further application of the KTM is related to mass transport within the lungs. The concept of this model is 

shown in Fig. 5. The model assumes coupled mechanics and mass transport (airflow and diffusion). The lung function involves a large 
change of the lung geometry, therefore the airways within parenchyma are subjected to significant cyclic changes in size over 
breathing cycles. For mechanics, 1D finite elements can be used for large airways, while for parenchyma 3D FEs with internal 
microstructure [21] may be implemented. Regarding mass transport – airflow and particulate transport by diffusion, 1D or 3D FEs can 
be employed for large airways. The parenchyma consists of small airways classified as airway generations and KTM applies, with 
equivalent 3D domains for each generation or a group of generations. A transport matrix KJk,k+1 at node J between two domains, k and 
k+1, can be expressed in a form given in Fig. 5, where DJk+1 and VJk+1 are transport coefficient and continuum volume of the domain 
k+1 belonging to the node, respectively. We give the first results of this model in the next section. 

2.3. A few selected examples for demonstrating the generality of the KTM 

In this section, we have selected a few examples from our earlier publications to illustrate the statements on the generality of the 
KTM. 

Fig. 6a and b show the modeling of mass release from a nanoparticle according to Ref. [22]. The goal was to find the effective 
partitioning coefficient for the release of molecule Rhodamine B from a. 

nanoparticle to its surroundings. The partitioning coefficient as a measure of hydrophobicity is further built in our KTM models. As 
stated in Section 2.1, it is an important feature for the KTM that partitioning is included in the connectivity elements for any boundary 
between the domains (e.g. vessel walls or membranes). The 2x2 connectivity matrix is modified to include partitioning according to 
(13). 

Another example demonstrates the application of the KTM to large-scale models. In Ref. [13]) it was considered mass transport in 
the pancreas when a bolus-type entering of mass occurs in the pancreas main artery. A constant pressure is assumed at the entrance. 
The model is generated from imaging data obtained at a lab in MD Anderson Cancer Center in Houston. The model includes large blood 
vessels, capillary system, lymphatic system, extracellular space, and two types of cells with their organelles. There are 7 continuum 
subdomains with their volumetric fractions, diffusion characteristics, and partitioning at cell and organelle membranes. Each node has 
10 variables – 3 pressures and 7 concentrations. The number of equations to be solved is 1,025,502. Other details are given in reference 
[13]. In Fig. 7 are shown. 

concentration fields in different domains, where differences can be noticed due to partitioning effects. Fig. 8 shows the evolution of 
the mean concentration in different domains which also demonstrates the effects of the diffusion and partitioning characteristics. 

We further give an example that shows an application of the KTM to the diffusion of ions (charged molecules), where we have a 
coupling of electrical and concentration fields [14]. The mass balance equation here includes concentration and electrical potential, 

Fig. 4. Composite smeared finite element (CSFE) with subdomains for cardiac blood vessels classified according to vessel diameters. The first 
equivalent continuum vessel domain is connected to 1D large vessel network, while the last is connected to the capillary continuum domain. Tissue 
nodal variables φk may include pressure, concentration, and electrical potential. 
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∂cm

∂t
=

∂
∂xi

[

D
∂cm

∂xi
+

DzmF
RT

cm∂Ve

∂xi

]

, sum on i : i= 1, 2, 3 (16)  

where cm is the concentration of ion m, Ve is the electrical potential, D is the diffusion coefficient, zm is molecule valence, F is the 
Faraday constant, T is the absolute temperature, and R is the universal gas constant. To illustrate the generality of the KTM we show 
schematics of connectivity elements in case of electrical conduction through nerves and cell membranes (Fig. 9a and b) 

We modeled a tissue sample of the shape as in Fig. 3, isolated and with 6 neural fibers normal to the plane using a detailed 2D model 
and the KTM model. It was assumed that there are two groups of cells, that electrical potential in fibers is constant, and that there are 
ionic currents of potassium and sodium through cell membranes (details are given in Ref. [14]). The evolution of electrical potential 
within extracellular space and cells is shown in Fig. 10. 

Finally, we show in this section one of the results recently obtained to be used for lung modeling according to Fig. 5. Fig. 11 shows a 
model of airflow that includes a 3D/2D axisymmetric domain connected to 1D pipe elements immersed within a 3D domain of lung 
parenchyma. The first FE domain is based on the Navier-Stokes equations, while the second domain is modeled by 1D pipe elements 
connected to our general lung multiscale-multiphysics FEs (GLFEs). It is taken that air velocities and concentrations are given on the 
left side of the fluid domain, while zero pressure and zero concentrations are specified for 1D pipe elements on the right boundary. We 
here give (Fig. 12a and b) a change with time of concentration within pipe elements and at a point within the parenchyma. Details of 
the model and other solutions are given in the cited reference. 

3. Results – additional examples 

Application of the KTM has been demonstrated in a number of our publications, with a few examples in Section 2.3, while a 
summary is provided in the book [1]. Here, we present solutions for two new examples – one related to molecular convective-diffusive 

Fig. 5. A FE model for lung mechanics, airflow, and diffusion. Mechanics: 1D, and a multiscale 3D continuum FEs with internal microstructure [21]. 
Mass transport: 1D and KTM for large airways and parenchyma. 

Fig. 6. Determination of the effective partitioning coefficient for the release of Rhodamine B from a nanoparticle to the surrounding (According 
to Ref. [22]). 
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Fig. 7. Concentration fields within the pancreas at time t = 20s. Concentration for the Cell 2 group (portioning P = 10 at cell membrane) is 
significantly smaller than for Cell 1 (P = 5) due to partitioning. (According to Ref. [13]). 

Fig. 8. Evolution of concentration in different domains of the pancreas (According to Ref. [13]).  
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Fig. 9. Schematic of nerve fibers and cells. a) Dendritic tree and 1D finite elements along the nerve fibers with connectivity elements 1,2; b) Cell 
with current IV through membrane due to potential difference membrane, and ionic current Iion due to molecule flow modeled by connectivity 
elements 1,2. (According to Ref. [14]). 

Fig. 10. Evolution of the mean potential in extracellular space and cells, detailed 
and smeared solutions; with ionic currents of potassium and sodium included. (According to Ref. [14]). 

Fig. 11. Two models coupled - 3D or axisymmetric fluid domain (left) coupled to 1D (pipe) model within a 3D parenchyma model (3D GLFE el-
ements). Boundary fluid elements 5–8 are connected to boundary pipe nodes 3,4,19,22. (According to Ref. [23]). 
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transport within a tumor, and another shows computation of drug delivery from nanofibers. 

3.1. Convective-diffusive transport within a tumor 

Data for this model comes from a laboratory from the Department of Nanomedicine at Houston Methodist Institute. A tumor growth 
within a mouse is recorded and we consider a middle cross-section for which data for the geometry, capillary distribution and di-
ameters, and volumetric fraction of cells are provided during the tumor evolution. The data are assigned to a 10x10 regular mesh from 
which are calculated values for the finite element mesh. Using these data a study of perfusion is considered in Ref. [24]. Here, we 
extend that analysis to include diffusion. The data used in this example are: 

Volumetric fractions of capillaries and cells – nodal variable dependent on deformation, input from imaging data; 
Darcy tensor (diagonal): kDii = 1e− 2 [mm2/(Pa s)]; 
The hydraulic coefficient for the capillary wall: h = 12.5 [ml/min/mmHg]; 
Diffusion tensor for extracellular space and cells (diagonal): Dii = 1 [mm2/s]; 
Diffusion transport coefficient for capillary wall and cell membrane: Dw = 1 [mm/s]. 
It is taken that the pressure in capillaries is uniform and constant, equal to 10 mmHg, while the concentration of transported drug 

molecules has a bolus shape as shown in Fig. 14. It is adopted that both pressure and concentration in the extracellular space at the 
tumor boundary are equal to zero. On the other hand, it is taken that there is no diffusion at the boundary between cells within the 
tumor and surrounding tissue. 

Fig. 13 shows concentration fields at the initial position, and final configuration, at the time tmax = 12s, when the concentration 
within capillaries reaches a maximum (at each configuration). It can be seen that concentrations are quite uniform within both 
extracellular and cell domains, with significantly smaller values within cells. This difference comes from diffusion as a time-dependent 
process. 

Fig. 14a displays the mean concentration over time for the extracellular space and cells, while Fig. 14b and c shows concentration 
distibutions along the x-x line in Fig. 13. It can be seen that concentration within the extracellular space is smaller than in the cap-
illaries and further decreases in the cells. Also, a hindrance of the concentration maximum can be noticed between these curves. These 
effects result from the presence of capillary walls and cell membranes as biological barriers. Fig. 15(a–c) show the results as in Fig. 14, 

Fig. 12. a) Concentration at the connection of pipes with fluid over time; b) Concentration over time at a point close to pipe connection with fluid, 
for the small airway domains. (According to Ref. [23]). 
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Fig. 13. Concentration fields at initial and final configurations, time is tmax = 12s when the bolus of capillary concentration reaches the maximum 
(shown in Fig. 14). 

Fig. 14. a) Mean concentration over time for capillaries, extracellular space, and cells; b), c) Distribution of concentration along the x-x line 
(Fig. 13) for extracellular space and cells at three times. No partitioning. 
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but assuming that there is a partitioning (effect of hydrophobicity) at the interface between the capillary wall and extracellular space. It 
is taken that the partitioning coefficient is P = 10. Now, concentrations within extracellular space and cells are reduced due to 
partitioning. 

Finally, in Fig. 16a-c we show the results as in Fig. 15, but for the final configuration. It can be seen that the solutions at these two 
figures have the same character, hence the change of geometrical data and other model parameters affect mainly the values of con-
centration. The same findings apply to the case with partitioning P = 10 (results not shown). 

3.2. Drug delivery from nanofibers 

We modeled drug delivery from nanofibers in our previous publications ([1,15–17]). Here we extend these models to the in-
vestigations of the effects of degradation and hydrophobicity on drug release. 

The drug release from nanofibers has been thoroughly studied experimentally, and here are cited some of these studies. Poly (D, L- 
lactic-co-glycolic acid) - (PLGA) is the most commonly used polymer to create 3D scaffolds in tissue engineering [25,26]. PLGA can be 
prepared in several forms according to the different ratios of its constituents, lactic (LA) and glycolic acid (GA). It has been shown that 
the rate of degradation (i.e. the weight loss of polymer) is affected by the percentage of glycolic acid (GA) in PLGA [27,28], where the 
fastest degradation occurs for PLGA 50:50 (LA/GA) and the slowest for PLGA 85:15 (LA/GA). We here consider a model for a 
three-layer PCL/PLGA/PCL implant shown in Fig. 17a, as in Ref. [17], with the corresponding equations for mass transport and 
degradation, and the LA/GA ratio of 50:50, 65:35, 75:25, and 85:15. According to the measurements [17] we used the volume fraction 
(rV) of nanofibers of 78% for PLGA 50:50 and 59% for PLGA 65:35, while for PLGA 75:25 and PLGA 85:15, the porosities were 50% 
and 43%, respectively. Based on the data from Ref. [28], we use the following parameters for hydrophobicity (higher partitioning 
coefficient means lower hydrophobicity) in the numerical simulation: P = 1 × 10− 5 (50:50), 1 × 10− 6 (65:35), 5 × 10− 7 (75:25), and 1 
× 10− 7 (85:15). These data are in accordance with the findings in Ref. [29] that larger presence of GA in PLGA reduces the de-
gradability of the polymer and increases hydrophobicity. The following values were used for coefficients of degradation: κw = 2.5 ×
10− 7 (50:50), 2.0 × 10− 7 (65:35), 1.5 × 10− 7 (75:25), and 1 × 10− 7 (85:15) s− 1. 

Concentration fields within the fibers of the PCL/PLGA/PCL scaffold at time t = 50 days are shown in Fig. 17b. Mass release curves 
in the case of the RhB complex impregnated into standard PLGA complexes: 50:50, 65:35, 75:25, are shown in Fig. 17c. It can be 
noticed that drug release increases with a decrease of the PLGA ratio, which can be attributed to an increased mass loss due to 

Fig. 15. Initial configuration. a) Mean concentration over time for extracellular space and cells; b), c) Distribution of concentration along the x-x 
line (Fig. 13) for extracellular space and cells at three times. Partitioning between capillary walls and extracellular space, P = 10. 

M. Kojic et al.                                                                                                                                                                                                          



Heliyon 10 (2024) e26354

14

degradation and decreased hydrophobicity. Dependence of the mass release on the fiber density within the math, expressed by the 
volumetric fraction rV of the fibers, is shown in Fig. 17d, for several values of the rV: 0.2, 0.3, 0.423, 0.5, and 0.6. The results show that 
the mass release is faster when the fiber density is smaller. This occurs because the effective diffusion coefficient increases with a 
decrease of the fiber density. Namely, during diffusion within a porous medium, there exists the interaction between the solid phase 
(here fibers) and transported molecules width reduced diffusivity. This phenomenon was analyzed and quantified in Ref. [1] (Chapter 
5), and [30]. The effective diffusion coefficients for the PCL layer were found to be: Dequiv = 0.008, 0.0071, 0.006, 0.0053, and 0.0044 
μm2/s, for the volumetric fractions of rV = 0.2, 0.3, 0.423, 0.5, and 0.6, respectively. It was assumed that the diameter of the fibers in 
the PCL layer is the same for all three cases and equals D = 2.5 μm. For the PLGA layer, the values for rV and Dequiv were as in Ref. [17]. 
The drug release curves show a delay of the drug passage through the math, which is a desirable effect in the implant design. 

4. A summary and concluding remarks 

We have briefly summarized the main characteristics of the KTM model. The generality and robustness of this methodology are 
illustrated by comparison with other typical approaches available in the literature. The goal of this short study was to emphasize that 
this quite straightforward method also provides a basis for further additions of specificities in medicine, biology, and science to model 
various complex multiscale and multiphysics problems. For example, it is suggested to include in the KTM the kinetics of the ligand- 
receptor binding as a straightforward generalization. We have illustrated the KTM generality by a selection of a few characteristic 
examples from our earlier publications. The first example demonstrates the determination of the effective partitioning coefficients in 
drug release from nanoparticles. These coefficients are further implemented in our connectivity elements within the KTM as a unique 
feature in modeling biological barriers. The next example serves to show the applicability of the KTM to large-scale models, with a 
multiscale description. The FE model of the entire pancreas is generated from images and it includes large vessels, extracellular space, 
capillary and lymphatic systems; and two groups of cells with their organelles and hydrophobic properties of transported molecules. 
Further, the multiphysics character of the KTM is shown in an example where the electrical field and diffusive transport of ions are 
coupled. Furthermore, this example demonstrates how general and complex phenomena in transport through biological barriers (here 
coupled cell membrane electrical potential and diffusion) can be included in the KTM. Finally, a simple example from our recent study 
of lung modeling is presented where the mechanics of lung deformation (with its microstructural deformation) is coupled to multiscale 

Fig. 16. Final configuration. a) Mean concentration over time for extracellular space and cells; b), c) Distribution of concentration along the x-x line 
(Fig. 13) for extracellular space and cells at three times. Partitioning between capillary walls and extracellular space, P = 10. 
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particulate transport within the lung airway generations. Additional two examples are given in support of the KTM generality – drug 
transport through a growing tumor (the KTM model generated from images), and a drug release from nanofibers with fiber 
degradation. 

From the presented short analysis and illustrative examples that outline the concept and uniqueness of the KTM, it can be concluded 
that the KTM, due to its generality, ease and straightforward application, and efficiency, can serve as a tool in the development of 
today’s important expert systems for everyday medical practice. 
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Fig. 17. Three-layered PCL/PLGA/PCL scaffold. a) Geometry of the model, b) Concentration field within the fibers (fiber domain of the KTM) at t =
50 days; c) Cumulative drug release (in percent) vs. time for the RhB impregnated into standard PLGA complexes with the LA/GA ratio: 50:50, 
65:35, 75:25, and 85:15; d) Drug release vs. time for RhB complex impregnated into 24 wt% 65:35 PLGA, for several volume fractions of fibers 
within the PCL layer. 
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