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Simple analytical model of the
effect of high pressure on the
_critical temperature and other
e thermodynamic properties of
et superconductors

Mateusz Krzyzosiak?, Ryszard Gonczarek?, Adam Gonczarek® & Lucjan Jacak?

Within the general conformal transformation method a simplified analytical model is proposed to study
the effect of external hydrostatic pressure on low- and high-temperature superconducting systems. A
single fluctuation in the density of states, placed away from the Fermi level, as well as external pressure
are included in the model to derive equations for the superconducting gap, free energy difference, and
specific heat difference. The zero- and sub-critical temperature limits are discussed by the method of
successive approximations. The critical temperature is found as a function of high external pressure. It is
shown that there are four universal types of the response of the system, in terms of dependence of the
critical temperature on increasing external pressure. Some effects, which should be possible to be
observed experimentally in s-wave superconductors, the cuprates (i.e. high-T, superconductors) and
other superconducting materials of the new generation such as two-gap superconductors, are revealed
and discussed. An equation for the ratio R, =2A(0)/T,, as a function of the introduced parameters, is

. derived and solved numerically. Analysis of other thermodynamic quantities and the characteristic ratio

R, = AC(T)/C\(T,) is performed numerically, and mutual relations between the discussed quantities

. areinvestigated. The simple analytical model presented in the paper may turn out to be helpful in
searching for novel superconducting components with higher critical temperatures induced by pressure
effects.

A revival of theoretical studies on a new generation of superconducting materials has been recently brought by
the discovery of iron-based superconductors'?. Efforts on the theoretical front line have been accompanied, and
in many cases driven, by increasingly better characterization techniques. Recent studies on novel superconduct-
ing materials have also focused on high-T, copper-oxide quasi two-dimensional superconducting systems that
are particularly promising in application-based solutions. Other materials of particular interest include various
doped superconducting compounds such as spinel- and perovskite-type structures of superconducting com-
pounds of a trivalent rare-earth and a divalent alkali-earth ion. Superconducting compounds of MgB, with a C, Al
or Sc substitution, or organic superconductors with controlled bandwidth and band filling have also been actively
studied in recent years®'2 In particular, theoretical research, supported by experimental data, points to the fact
that applying high external pressure after the dissociation process in H;S, results in the onset of a superconducting
state with the transition temperature of 203 K!*-1°.

An important tool for quantitative theoretical studies of superconducting systems is the gap equation, accom-
panied by the carrier concentration equation, and analysis of the free energy>*?°-2°. The gap equation appears
in similar forms in the BCS-theory, the Eliashberg formalism, and the Van Hove scenario, with the latter taking
into account the low-dimensional structure of high- T, materials, implying the presence of fluctuations in the
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density of states. Theoretical description of such superconducting systems usually requires to take into account
spin-fluctuations or strong-correlation effects. These can be included by means of an effective Hamiltonian of
the strongly-interacting Hubbard model, with a given (multiband) one-particle dispersion relation enriched by
self-energy corrections, fitted carriers concentration, and a quite general form of the pairing potential. The lat-
ter can be decomposed into an antisymmetric and a symmetric part determining the symmetry of the order
parameter?’ =%,

In order to address some of the above problems in a systematic analytical manner, the framework of the con-
formal transformation method can be used, especially if the behavior of a superconducting system at the zero- or
sub-critical temperatures is of particular interest®*-*!. This approach allows one to derive some original fun-
damental relations for basic parameters characterizing a superconducting system, such as the energy gap, critical
temperature, free energy difference, and heat capacity jump as functions of a single fluctuation in the density of
states. This fluctuation (a peak) in the density of states is located a certain distance x, from the Fermi level. With
an additional parameter X, characterizing the height of the fluctuation, the effect of an external pressure p can be
incorporated in the model by means of the set of three parameters x;, x,, and p. For a comprehensive list of sym-
bols used in the paper, please refer to Table I in the Appendix.

Within the proposed model, it is also possible to study the relation between the energy gap A at T=0 and the
transition temperature T;, quantified by the ratio ® | = 2A(0)/T.. Another characteristic ratio R , = AC(T.)/C\(T.),
where AC(T,) = Cs(T;) — Cy(T.), defines the leap of the heat capacity between the superconducting and the normal
phase at the transition temperature. The fundamental thermodynamic quantities, and hence the ratios R, and R ,,
are measured in experimental studies of superconductors and can be easily compared against theoretical results.

In the approach presented in this paper we do not consider the cases when a d-wave superconducting state is
realized in the system, or when phase transitions with a discontinuous order parameter, or regions of the pseu-
dogap, emerge in the system*®41:42,

Formalism
In order to discuss the effect of high pressure on a superconducting system we use the conformal transformation
method?, that we have developed in our previous papers>¢-527:43-4,

The conformal transformation is a mathematical procedure which can be applied to an arbitrarily complex
model of a s-wave and d-wave superconductor, high-T; cuprates, or more complicated systems such as two-gap
superconductors, set within the framework of mean-field approximation with a certain pairing potential. The
method transfers the model from the original reciprocal (momentum) space to an isotropic space, where all
properties of the system included in the dispersion relation are transferred to the scalar field of the density of
states. Consequently, the pairing potential, which in general has a spin-antisymmetric or a spin-symmetric struc-
ture, becomes expressed in terms of a double series of spherical or Fourier harmonics indexed by the number [
for 3D or 2D systems, respectively. For the spin-antisymmetric part, only the harmonics with even values of / are
included, whereas for the spin-symmetric part — only those with odd values.

In most of various approaches used to explain different properties of superconductors of the new generation,
including those with high critical temperatures®, a single microscopic mechanism responsible for high-T; super-
conductivity is assumed. However, such mechanism has not been equivocally identified yet. Some of recent ideas
include a mechanism based on coupling through electron-electron interaction?, or spin exchange*®%, as well as a
modified phonon-mediated mechanism>**! proposed by Anderson®>** and based on the concept of the resonat-
ing valence bond states. On the other hand, in all of these approaches it is commonly assumed that whatever the
mechanism is, it results in formation of Cooper pairs.

The effective interaction between fermion charge carriers in strongly correlated systems is quite complicated,
as it in general depends on both the spin of charge carriers and the current they carry. Because of the expected
magnetically-mediated nature of pairing, arising from exchange of magnetic fluctuations, the conventional
phonon-mediated pairing mechanism raises doubts. Therefore, we will assume that a generic, boson- mediated,
strongly anisotropic attraction mechanism provides the required pairing potential.

The advantage of the conformal transformation method is that some effects, such as, for example, particle-hole
asymmetry and the spectral function defined in the Eliashberg equations can be also included. The final product
of the conformal transformation method is then a set of equations which possess the symmetry of the original
reciprocal space. Considering the symmetry group of that space, which usually is a non-abelian group, one can
separate its elements into several equivalence classes and find the corresponding irreducible representations.
Consistently, there must always exist basis functions gathered in subsets, containing one or a few functions, being
invariants of the symmetry group. Hence, for a fixed harmonic / (of the spherical or the Fourier double-series
expansion), the allowed structure of the energy gap must be defined be a combination of the basis functions
of invariant subsets. Nevertheless, there always exists a trivial irreducible representation corresponding to the
one-element invariant subset representing the identity element. This subset determines the structure of the s-wave
energy gap, for which /=0 and the suitable spherical and Fourier harmonic is just a constant function.

The final form of the set of equations, after the conformal transformation is applied, reveals the symmetry
group of the original reciprocal space, and includes a quite complicated dimensionless scalar field of the density
of states. These equations, in general, are related by the common form of the energy gap. However, in the limit
T — T, the energy gap A =0, and all equations of this set become separated.

In the present discussion, our starting point is a set of two equations for a pressure-free system (p =0),
derived within the Green function formalism in the mean-field approximation. One of these equations is the
momentum-space gap equation
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where i = [(§ — w)* + Aj.Itis supplemented by another self-consistent equation for carrier concentration
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where N denotes the number of lattice sites. Eq. (2) determines the chemical potential 1, and allows us to
express £ in Eq. (1) in dependence on the conduction band filling n (defined for the normal phase at T=0).
The transformed dispersion relation appearing in Eqs (1) and (2) is usually defined with respect to the Fermi
level. Therefore, within this approach it is also possible to study superconducting systems with a partially-filled
conduction band. It can also be applied to anisotropic superconducting systems with an arbitrary dispersion
relation for spin-singlet s-wave, and d-wave symmetry states, as well as for the spin-triplet p-wave symmetry
state, including the high- T, superconducting cuprates, with a given symmetry defined in the reciprocal space (or
transformed to that space). Other factors, such as the carrier concentration, and the pairing potential amplitudes
in the singlet and the triplet paring channels V;, and V; can also be discussed. It is possible to study the stability of
these symmetry states in more complicated scenarios®®354143:445455 Here, however, we formulate a simple model,
which appears as a result of reduction of more involved models of novel low- or high-T. superconductors. In the
approach outlined in the present paper, we confine the discussion to the case which can be considered as equiv-
alent to a class of spin-singlet s-wave superconducting systems, characterized by one constant pairing potential
amplitude g defined as below.

Gap equation and free energy. Let us consider an anisotropic superconducting system with a fixed carrier
concentration. We assume a generic form of the dispersion relation &, and pressure p =0, and apply the confor-
mal transformation method developed in refs>?”4, Next, restricting the pairing potential to exactly one harmonic
=0, with amplitudes V,=gand V, =0 being consistently fixed as well, a spin-singlet s-wave is formed, and the
gap equation (1) reduces to the form

; ﬁ<f§P WX ) o m >
2

g 5 2«/52 + A 2T

(3

where 14, is the density of states of the BCS type. The so-called cut-off parameter &, is determined individually for
each superconducting system and depends on the pairing mechanism as discussed above®. It corresponds to the
Debye energy (kyTp) for systems with electron-phonon pairing potential. The symbol (...) denotes averaging
over planar or spherical angles w in the two- or three-dimensional space, respectively?”*. Since the dimensionless
scalar field of the density of states KC(¢, w) is the only function depending on w in the equation, after averaging,
Eq. (3) simplifies to

1_n fg" dENO V€A
g 2042/ A 2T ()

where M¢) = (K(, w)) is the dimensionless density of states, being the final product of the conformal transfor-
mation approach. Examples of analytical formulas for the density of states in the 2D tight-binding model, with the
nearest-neighbor and the next-nearest-neighbor integrals taken into account, are given in ref.?”. Note that effects
of the particle-hole asymmetry and some extra factors, such as e.g. the spectral function defined in Eliashberg
equations, can be directly included in AV(£) as well. Because in the BCS-like model M(£) = 1, we assume it in the
form M&) = 1 + p(&). According to previous studies®, the function p can substantially change various param-
eters of a superconducting system, especially if the function has a narrow fluctuation (a peak) in the vicinity of the
Fermi level. Moreover, the results obtained for peaks of various shapes yield similar results, with differences of the
order of a few per cent®. Therefore, at this point, we do not need to consider any particular analytical properties
of the function p, treating it as a locally constant function.
In the next step, introducing the symbols: x=¢/2T, x,=&,/2T, and D= A/2T, we rewrite Eq. (4) as

i_h dx [l + olx)] tanh(\/x + D?%)
L D 5)

where the function p(€) has been redefined into o(x), which can be again modelled in various ways. The factor g
can be eliminated by taking into account Eq. (5) in the limit cases T= T, and D=0.

Employing results given in refs?*>, one can easily reproduce the free energy difference AF= F;— Fy between
the superconducting and the normal phase as

A 1+ o(x)] A’
AF = dA'y — — dx tanh(ﬁx + (A'2T)*)L.
f ‘l;" \/x + (A//2T)? (6)
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Hereafter, we take into account a model form of p(x), which so far has been treated as constant in local inter-
vals. Now, the function o(x) should have a narrow fluctuation (a peak) which is shifted a distance x, from the
Fermi level. Since various particular forms of the fluctuation produce similar results, we propose to take the
function p(x) in the following form

i — 1 .
Mcoshizj(x — xo)’

271G — 1) 7)

where x, is the point, away from the Fermi level, where o (x) is maximum. This point can be either below the
Fermi level (for x; < 0) or above it (for x, > 0). The effect ofl such a fluctuation on the enhancement of the critical
temperature is strongly suppressed*.

The parameter  fixes the height of the local fluctuation, which can be positive as well as negative when the
averaged fluctuations away from the point x, are higher than those at the very point x,. The half-width of the
fluctuation is denoted as 7y = 2arccosh (¥/2).

Moreover, for j— oo the function g.(x) — 2x8(x — x,), where §(x) is the Dirac delta®®*”. The case x =0 cor-

o) = x

responds to the BCS-like model, i.e. the free-electron model with restricted pairing interaction near the Fermi
level. The pairing interaction is characterized by two independent parameters g and x,, which should be taken
with reference to real superconducting materials. Then one can compare thermodynamic quantities in the
BCS-like model with those in the approach under discussion.

External Hydrostatic Pressure

The superconducting state is formed in a fermion-carrier system that is located in the interior of a supercon-
ducting sample. The structure of the superconducting material determines many properties of the carrier system
through the (usually complicated) form of their dispersion relation. External pressure imposed on the supercon-
ducting sample, causes the sample, as well as the system of fermion carriers, to stabilize under new conditions.
This new equilibrium, in particular, defines a modified dispersion relation of carriers, parametrized now by the
external pressure p. In more detail, applying high pressure p to a superconducting sample, supplies an extra
energy to each unit cell, which may consist of one or a few atoms. The amount of that additional energy is vp,
where v is the specific volume, defined in the real space, occupied by a charge carrier. The supplied energy is
absorbed by unit cell atoms, and hence a new equilibrium state is reached with the dispersion relation &(p),
parametrized also by p. Therefore, we can treat & (p) as a function of the wave vector k and the pressure p and,
expand it in a series

&p) = §(0) + Qp, ®)

where

Q=

>

k=Kkg,p=0

0
a—pék(P)

and £ (0) is the dispersion relation for the pressure-free system. Since applying high pressure to a superconduct-
ing material can merely cause a small linear increase of the energy of unit cell atoms by vp, it will induce a propor-
tional linear increase of the charge carrier energy as well. Therefore, we state that Qp > 0 should be proportional
to, or rather should be of the order of, (m* /M,) vp, where m”™ is the effective mass of the charge carrier and M, is
the total mass of unit cell atoms. Hence, for example, assuming p ~ 10°Pa, v~ 102 m?, m‘a{/MA ~ 10"°and ky=1,
38110 2*J/K, we get a rough estimate of Qp ~ 0.1 K in the temperature scale. Therefore, Qp <« Xpo since x,, is iden-
tified with the Debye temperature for superconductors with electron-phonon pairing potential.

Consequently, we can follow the conformal transformation method and repeat all its steps with the dispersion
relation £ = (p) — Qp. Eventually, Eq. (5) for p >0 assumes the form

x,  dx[1+ o
1_1n PMtanh[q[(x—}—/fp)z + D%,
§ 29 J(x+ rp)? +D? 9)

where k= Q/2T. Although the local fluctuation is precisely mapped by gj(x) for fixed j and Y, in ref.* we show that
for j > 100, corresponding to narrow fluctuations, numerical and analytical results coincide with the case j — oo,
and can be better fitted by the self-correcting parameter y within the applied model. Hence, furthermore, we
replace gj(x) by 2x6(x — x,).

Critical temperature under high pressure. For a system at the critical temperature T= T, when A =0,
gap equations derived e.g. for s- and d-wave superconductors, become separated from each other, and can be
considered independently. Note that for all cases other than pure s-wave, the scalar field of density of states is
averaged with the spherical harmonics or the Fourier harmonics, yielding effectively also a density-of-states-type
function, that can be modelled similarly to a standard density of states function.

Then, including a single fluctuation in the form 2x6(x — x,) in Eq. (9) and neglecting terms of the order of
(Qp/&,)% we find the critical temperature as a function of y and p, for a given value of x,, in the form
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Figure 1. Four possible types of the dependence of the critical temperature on high external pressure, where

a = kpl|x,| is a dimensionless positive scaling parameter for pressure: (a) T.(1) > T.(0) and x, < 0, then x >0,
(b) T.(1) < T.(0) and x, < 0, then x <0, (c) only T;(0) is given, x, >0 and x >0, (d) only T.(0) is given, x, >0 and
X < 0. It is shown that the shape of the curves changes, depending on the parameter x,.

tanh [(x, + mp)]}

TAX, xp p) = T0, 0, O)CXP{X S
0

(10)

In order to make sure that the values of x, and  are fixed in calculations, it is assumed that they are defined
with respect to the critical temperature for a pressure-free system (p = 0), which is denoted as T (;, x,, 0). Hence

_ T.(x> xp> 0)
T.(x xp» P)

is a function of p, and 7=1 for p =0. As a result of this step, Eq. (10) becomes implicit, with the function T;(x; x,,
p) on both sides of the equation. However, it can be transformed to a more convenient form

}' (11)

The function tanh(x)/x is even and positive for all real x, and decreases from 1 to 0 as |x| varies from 0 to co.
Therefore, for x, < 0 the critical temperature T.(x, x,, p) achieves a maximum for a fixed x > 0 and a minimum for
X <0, if p= —x,/x. Hence, with respect to the case p=0, we have

7T=700 Xp» P)

tanh [T(x, + xp)] _ tanhx,
T(xy + KPp) X

T.(x xp» ) = T(X> %4, 0) eXp{x

1

T Xg» =X/ k) = T(X; %o, 0) exp| x

Xo

_ tanhxo]

(12)

On the other hand, if x, >0, according to Eq. (11), the applied pressure drives the critical temperature down-
wards T.(x, xo P) < T.(X; %o, 0) if x >0 or upwards T.(x, xp, p) > T.(X;, %o, 0) if x < 0. Consequently, for the four
possible combinations of parameters x, < 0, x, >0 and x >0, x <0, four types of response to the applied pressure
are possible, as far as the critical temperature is concerned. These four cases are illustrated in Fig. 1.

Moreover, from Eq. (11) we can also derive the pressure coefficient (at zero pressure)

— d’I";(X) x()) P)

_ Xk T.X %o 0)f ()
p dp

1+ xg(x,) ’ (13)

p=0

where

flx) = xcosh 2x — tanhx gx) = xcosh 2x — tanhx
- —2) - -
x

X

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 5



www.nature.com/scientificreports/

0.2
® 0.0 o)
= o
-0.2+
-0.4
-10 -5 0 5 10

X

Figure 2. Functions f (red curve) and g (blue curve).

and f(x) <0if x> 0 and f(x) > 0 if x <0, and f{0) = 0, whereas g(x) <0 and g(0) =0 as illustrated in Fig. 2.

Hence, ¢, <0 ifx, < 0and x <0, i.e. for the type-(b) behavior, and >0 ifx,>04and x <0, i.e. for the type-(d)
behavior, which is correct since the critical temperature is then a decreasing or an increasing function of pressure,
respectively. However, for the type-(a) and type-(c) behavior, the sign of ¢, may change although the critical tem-
perature is an increasing or a decreasing function of pressure, respectively. Consequently, an additional condition
1+ xg(xp) > 0 must be imposed on the parameters x and x,. Therefore, any detailed analysis requires the values
of x, x, and k to be known.

In order to fit the parameters introduced in the model, it is necessary to have at hand some experimental data
for the critical temperature at pressure. Assuming that the critical temperatures under normal conditions T,(0),
and the maximum or the minimum critical temperature T;(1) achieved under a high pressure p,, are known,
based on Eq. (11), we can find the critical temperature for an arbitrary value of the pressure ap as

tanh [7(1—)xq]
T r-a)xg

1

tanhxg
X0

7,(0)
)

1—

Ti(a, xp) = T(1)

(14)

where o >0, and x, < 0 must be postulated. Here T,(0, x,) = T.(0) and T.(1, x,) = T.(1) are independent of x;.
Moreover, kK = —x,/p,, and the critical temperature as a function of pressure T,(p) must be derived from the

equation
1 ttanh [t'(1 — a)x]
T(0 o -
t = explln (0] (1 — ), 1
T(l) 1— tanhx,
c %o
where
T
p:_ﬁa:pa, t:_c(p).
Koo 7.(0)

Although the parameter X is eliminated from Eq. (14), it can be derived back from Eq. (12), and the conditions
T.(0) < T.(1) and T,(0) > T.(1) correspond to x >0 and x < 0, respectively.

In the case x, < 0, when the temperatures T.(0) and T.(1) at a high pressure p,, are known, the pressure coeffi-
cient ¢, at p=0 can be derived as a function of a single parameter x, as

—1
O )
cplxg) = In T0) h(xo){l In T0) h(xo)} , s)
where
hix) = x tanh®x ]
x — tanhx

Note that h(x) = h(—x), h(x) >0, h(0) =2 and h(x) ~ |x| ! when |x| — cc.

Moreover, c,(x,) must be negative if T.(0) > T(1), positive if T.(0) < T.(1), and it vanishes for large values of
|5|- When the temperatures T.(0) and T.(1) are given, and T.(0) > T.(1), the pressure coefficient cp(xp) is always
negative, whereas T.(0) < T.(1), the pressure coeflicient c,(x,) starts to be positive for values of x, of sufficiently
large magnitude. Therefore, small values of |x,| must be excluded.

Let us consider a superconducting system with a single fluctuation of the density of states shifted a distance x,
away from the Fermi level (where x| < x,), where we also include the effect of high external pressure. As we
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T.0) |T(1) |pw (%0) £ X K T A
Example | [K] [K] [GPa] | [K/GPa] [1] [1] [GPa~'] | superconductor
1) 12 37 7 1.02 —40 1501 | 0.571 a-FeSe
2) 7 30 6.5 1.33 —3.6 2.014 | 0.554 FeSe
3) 135|262 |2 9.752 ~18 1399 | 0.90 FeSeqsTey s
(4) 32 40 1.33 4.006 —2.4 0.378 1.805 La, ,Ba,CuO,_,
(5) 137 164 34 1.79 —0.653 1.481 0.019 Hg-1223
(6) 1.695 1.684 | 0.65 —0.03 —0.55 —0.072 | 0.846 Re

Table 1. Example values of model parameters: x, x, and x, determined based on the experimentally
measurable quantities: T.(0), T:(1), p,.» and c,(x,). The sets of values correspond to type-(a) behavior for (1)-(5),
and type-(b) behavior for (6). They are matched with representative superconducting materials listed in the last
column of the table.

have argued before, the external pressure contributes an extra (linear) term to the dispersion relation of charge
carriers, with no changes to the density of states involved. For the pressure p,, ~ 10° Pa, this extra term is of order
0.1K. In terms of dimensionless quantities that we use in calculations, we normalize it by T, i.e. the critical tem-
perature for the system under discussion. Hence, xp,, ~ 0.1 and for the pressure of magnitude not exceeding
109 Pa, no effect is expected. On the other hand, if |x;| < 1, when the external pressure is not included, and since
tanh(x)/x = 1, according to Eq. (10) we conclude that the critical temperature depends only on x and is the same
as for x,=0.

Let us now verify the characteristic behavior of the critical temperatures under increasing pressure shown in
Fig. 1. Experimental data for high-T, superconductors such as LBCO®, mercury-based high- T, compounds®, as
well as H;S'7 reveal behaviour similar to type-(a). A suitable choice of the values for the parameters x,, T.(0)
and T (1) can result in a quite good quantitative agreement. Also, the experimental data for sulfur hydride (H,S)
or sulfur deuteride (D,S) with the superconducting critical temperature above 200K (under high hydrostatic
pressure)!”¢! reveals that at in the high- T, range, the critical temperature vs. pressure dependence is compatible
with the type (a).

Furthermore. the experimental data for the pressure shift of the critical temperature for a single crystal of rhe-
nium (which are similar to the thallium data), as well as the pressure shift of the critical temperature for Re and
Re-Os alloys at very low concentrations (less than 0.11%)%, reveal the relationship corresponding to the case (b).

On the other hand, the critical temperature for V,Si®?, Nb,;Sn®, MgB,%, SrAlSi®, and Re-Os alloys (with con-
centrations greater than 2.75%)% decreases linearly with pressure. Therefore, this behavior corresponds to the
type (c) when x; > kp.

Finally, the pressure dependence of the critical temperature for V5,Ru, ,6%” and CaAlSi®® coincides with that
of the type-(d), with the pressure-induced change of the critical temperature in V;Si®® corresponding to the linear
part of this case.

Note that a similar picture of the T; vs p, that is of type-(d), was obtained for H;S; ¢,5P 75 in the range of pres-
sure from 150 to 250 GPa and critical temperatures c.a. between 225 and 250 K.

Moreover, ref.® quotes the values of the pressure coefficient for SrAlSi (c, = —0.12K/GPa) and the pressure
coefficient at zero pressure for CaAlSi (c,=0.21K/GPa).

In order to analyze the increase of the critical temperature under high pressure®-"%, one should assume that
the peak in the density of states is located below the Fermi level, i.e. x, < 0 and |x,| ~ 0.1 < 1, which corresponds
to the case (a) shown in Fig. 1. Then the critical temperature significantly increases for sufficiently high pressure
until p < —x,/k. If the pressure exceeds the value of —x,/k, the critical temperature decreases and it can become
very small in the higher pressure range.

In order to illustrate the versatility of the developed approach, in Table 1 we present five examples of values for
a set of parameters characterizing type-(a) superconductors, and one example corresponding to type (b). These
parameters are: the critical temperature at zero pressure — T,(0), the supreme critical temperature achieved at
pressure p,, — T.(1), the value of the pressure p,, itself, and the pressure coefficient (at zero pressure) c,(x,). The
corresponding values of the model parameters x,, x, and « are derived from Eqs (12) and (15), and the relation
K= —X,/p, respectively.

In Fig. 3, based on Eq. (14), we present the dependence of the critical temperature T.(«, x,) on pressure
defined as ap for a € [0, 2.5], for six cases given in Table 1. Comparing the plots (1)-(6) obtained within our
simple model with some other results in literature, one should state that they coincide to a satisfactory degree in
a quite wide range of pressure values. Namely, plots (1) and (2) correspond to the curves obtained for the super-
conductors a-FeSe (orthorhombic crystal structure) and high-quality FeSe polycrystal presented in refs”>7%. The
dome-shaped dependence of the critical temperature with the threshold value of the external pressure at 6.5 7 GPa
is well reproduced within our simple one-peak model with the values of parameters listed in the first two rows
of Table 1. The threshold pressure defines the value at which a widely reported four-fold increase in the pressure
occurs. It is worth to notice that above 6 GPa this sudden enhancement of superconductivity is accompanied by a
suppression of magnetic order’®, which may also contribute to fact that our model can still be applied here.

Moreover, plot (3) reproduces the relation for FeSeysTe, s’%, and plot (4) coincides with the curve for the HTC
superconductor La, ,Ba,CuQ,_,**. Finally, plot (5) is in agreement with the corresponding relation for Hg-1223%,
and plot (6) reproduces the relation for a single crystal of rhenium®.

69-74
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Figure 3. Examples of the critical temperature T.(p) vs. pressure p = ap,, dependence for o € [0, 2.5] and a few
postulated sets of values of T(0), T.(1), p,,» and c,(x,) given in Table 1. Plots (1)-(5) illustrate type-(a) behavior,
whereas plot (6) depicts a type-(b) curve.

Zero-temperature case. Considering the case of T=0 for g.(x) = 2x8(x — x,) with the pressure effect
included, we need to redefine the symbols introduced in Eq. (5) as follows: x= §I12TLX Xo» ) Xy = Epl 2T Xor
p)>and D(0, X, xq, p) = A(0, X, X, P)/2T(X; Xp> p)- Then Eq. (5) assumes the form

l:&fm
& 295 Jx + Trp)? + DXO, X, % p)

dx [1 + 2x6(x — 7x)]

(16)

where we again note that x, and x must be fixed with respect to the critical temperature T.(x, x,, 0) defined for
p=0. Evaluating the integral and omitting terms of order (Qp/&,)* we obtain

1 ) N |
% D(0, x, 0 ) \[[r(xy + £p) + D0, X, X p) (17)

where the values of D(0, x;, x,, p) and T.(, X, p) vary along with x; and p.

Let us now find the free energy difference by means of Eq. (6). After some algebra we get
7
AF(0, X, xp, p) = —ZOAZ(()) Xo X ) = 20X TZ06 %0 P)
2
|2y [7(xo + £p)IP + D* — 27]xy + rp| — —L |,

JirGeg + rp o+ mpl = e s

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 8



www.nature.com/scientificreports/

and here

p— 20 x % p)
2T(X, % P)

Assuming that the same parameters v, g and £, are fixed for both the BCS-like model (y =0) and the model
under discussion (x =0, p > 0), Eq. (17) one yields

X

A0, x, xg, p) = A(0, 0, 0)exp
A, x>0, p) r

2
A TG + wp)]” + [ 2T(x> X0 P)

(19)

The Ratio R, (x)
The derived Eqs (10) and (19) allow us to discuss the ratio R | as a function Y, x,, and p. Taking into account that
R xg ) = 2A(0, X, xg, p)/ T(X> x¢» p)> We have the following equation

} ’ (20)

where 7 must be found from Eq. (11) first. We find R (x, x,, p) numerically, assuming that3 < R(x, xq, p) < 4
and including that for the BCS case (x =0) R = 3.528. Comparing the obtained results with experimental data
for some superconducting superconductors'®?-2>77-7% we can find the corresponding value of the parameter ¥,
and hence calculate the values of R(x) for these systems.

The ratio R as a function of pressure for superconducting systems with x = —0.15, 0.15, and 0.85 is shown in
Fig. 4. With the peak in the density of states moving farther away from the Fermi level (i.e. with increasing |x,|),
the maximum (or minimum, for y > 0) in R, shifts towards the region of lower pressure values. Moreover, with
the increasing value of the parameter ) that maximum (minimum) flattens out. This tendency is also confirmed
in Fig. 5 showing the 3D graph of the ratio R as a function of pressure and the parameter x for a system with
Xo=—1.

4 tanh [7(xy+ Kp)]

R0 x5 p) = Ryex
1 x5 P) 1 P{X TGt )P + Rixosop) (o + Kp)

The Ratio R ()

The ratio R, = AC(T.)/Cy(T.), where AC(T,) = Cs(T.) — Cy(T.) defines the jump of the heat capacity between
the superconducting and the normal phase at the transition temperature as a function of , x; and p. In order to
find its value, we need to consider Eq. (9) and use Eq. (6) in the sub-critical temperature range, when

o (x)= 2x6(x — xp).

Sub-critical temperature range. In the sub-critical temperature range, i.e. for T < T.(), with the pressure
included, we have to refer the discussion to the case p =0, where x, and & are steady. In this region, the magnitude
of A(T, x, x4, p)/2T is small and, in the first order of the perturbation method, Eq. (9) can be transformed to the

form
c 2
L lni + lnzli —a AT x % p)
& 2T T 2T.(x xg» P)
2
tanh [7(x, + kp)] 1 A(T, X, Xp» P)]
X————————— — =x¢ (7(xy + KP)) | —————| >
Xy =+ /ip 3 0 p 2TC(X: X0» P) (21)
where
7((3

7 =0.426, p(x) = %(tanhx — xcosh?x),
T

and ¢(x) < 1is an even and positive function of the real variable x. Moreover, ¢(0) =1 and it quickly approaches
0 as |x| increases from 0 to co. Taking into account the form of Eq. (21) obtained for T=T.(x, xy, p) (A =0), and
plugging it into Eq. (21), we find

2TXs Xgs P) T
A(T, X, X, P)) ‘/1_7
J+ 2ot ]V Toowp)
_ 3.063 T.(x> Xo» p) ‘/1—7T
T+ 0782y ¢ (r(x, + p)) 06 %0 p) o
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Figure 4. Ratio R as a function of pressure for superconducting systems with y =—0.15 (a), 0.15 (b), and 0.85
(c) and different values of x, < 0 indicated in the legends. ov= rip/|x,| is a dimensionless positive scaling
parameter for pressure.

Figure 5. Ratio R as a function of pressure and the parameter y for xy= —1. Here —0.5 < x <2.5 and
0 < <3, with x,+ kp=x,(1 — ).
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Let us complete the discussion in this section with the equation for the free energy difference AF derived
according to Eq. (6) in the first order of the perturbation method. Using Eqs (21) and (22), after some algebra we

obtain
v T2(x, X0 P) T i
AF(T, X> Xg» P) = - OXC —
al+ o-p(T(x + F&P))] 06 %o p)
23464 T X% P) _ T r
14+ 0.782XSD(T(x0 + [{p)) Z(X; X0 p) . (23)

Specificheat jump. Using standard thermodynamic relations for the free energy difference (23), we can find
the normalized heat capacity difference AC(T)/Cy(T.) which, in the first-order perturbation method, determines
the normalized heat capacity jump at T=T.(x, x,+ xp). Taking into account that the characteristic ratio
R, = AC(T,)/C\(T.), in the case under discussion we have

tanh(7(xo + #p)) tanh(7(xg + #p))
R (X . p) B 6exp X‘T(xo-%— ) B 1.426exp X47_(x0+ o
e ﬂza{l + %I,O(T(x0+ np))] 1+0.782x ¢(7(xg + £p)) (24)

where C(T.) = luoszc must be constant and independent of . Therefore, T.= T,(0, 0, 0) and in order to elim-
inate T.(x, Xo» p)/’ch(O, 0, 0) from Eq. (24) we have used Eq. (10). The magnitude of this jump for p=0and x,=0
at the critical temperature decreases from 1.459 to 1.380 for —0.576 < y < —0.279 and it starts to increase for
X >—0.279. If x =0, it is equal to the BCS value of 1.426, and for x > 0 the magnitude of the jump is still
increasing.

According to the experimental data for the pressure dependence of the critical temperature given in ref.'s,
the superconductors SrAlSi and MgB, have been identified as type-(c) with x, >0 and x >0, and CaAlSi — as
type-(d) with x, >0 and x < 0. However, the experimental data for the normalized heat capacity of CaAlSi, SrAlSi
and MgB, at the normal pressure (p & 0), suggest that the superconductors SrAlSi and MgB, should be of type-(b)
with x, <0 and x < 0 whereas CaAlSi — of type-(a) with x, < 0 and x > 0. Then the normalized heat capacity
jump exceeds the BCS value for x >0 and its magnitude remains smaller than the BCS value for x < 0. However,
if these superconductors were of type-(a) or -(b), there would need to exist some values of the external pressure
for which the critical temperatures achieve their maximum or minimum, respectively.

Additional relations and comments. Based on Eq. (20), we can derive y in dependence on R (', x,, p)-
Plugging it into Eq. (24) we find R, as a function R | in the form

tanh(r(xo+ kp)) | [47(xo+ 5p)]* + R{ In(0.283R,)
7(xo+ Kp) _ tanh(7(x0 + rp)) 2 2
o KP 4 o) [47(xo+ £p))° + R]
0.782(7(xy + #p)) | [47(xo + £p)I* + R} In(0.283R,)

_ tanh(7(xp + Kp)) 2 2
7(x0 + Kp) \/[47—(){0 +Rpl R

R, = 1.426exp

—1

X

1+

(25)

Note that the ratio R, vs R obtained for x,=0 and p =0 in ref.*® coincides with that of type-(a) and that of
type-(b) derived for the maximum or the minimum critical temperature T,(1), respectively, i.e. achieved when
X, + £p=0. Then Eq. (25) simplifies to

R, 1.426(4 — R) o {Rlln(0.2837€1)]’

T 1-R, + 0782R,In(0.283R,) 1-R, 26)

It is worth to emphasize that this relation has been verified by comparing with experimental data for some
low-temperature superconducting materials*. On the other hand, for some superconductors that can be of
type-(a), -(b), -(c), or -(d), in order to derive the ratio R, vs R, for a particular superconductor and for a given
value of p, the set of three values of x,, x, and 7 must be known. However, for all such sets for which the expression
7(xy+ rp) has exactly the same value, the ratio R, vs R can be easily found from Eq. (25). Moreover, since the
rhs of Eq. (25) is an even function of 7(x, + xp), the results obtained for +7(x, + «p) are identical.

In Fig. 6 the graphs of the ratio R, vs R, are presented for the case x,+ xp =0 and for given hypothetical
values of 7, xy, and kp. Some points on these graphs will refer to different superconductors if the values of the
expression 7(x, + «p) for the corresponding parameters 7, X, and xp coincide. Additionally, in Fig. 7, the ratio R ,
vs R, for 0 <7(xy+ rp) <0.5 is plotted. Please note that, if p=0 then 7=1, and such a case corresponds to a
narrow fluctuation shifted a distance x, from the Fermi level. It is an extension of the approach discussed in ref.%.

Using the numerical form of R(x, x,, p) derived from Eq. (20) we can rewrite Eq. (19) in the form
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4.0

T(Xo+KP)
— 0

3 witht=2 xn=— -1
— —p with=2, Xo=-1, kp=7

1 ith =L, x0= -1

I vvlth'r—s,)q)—l,Kp—2

— L witht=2 x=— -1
ey \Antl17—3,xo— l,l(p—2

2 . 8 1 3
> w1th'r—3,x0— > kP=]

30 31 32 33 34 35 36 37 38
R,

A0, X, xp p) = A(0, 0, 0)exp X ,
V47 + 5p)P + R %00 p) 27)
and hence find the free energy difference (12) as
Y 8
AFO, X, X0 p) = ——240,0,0 { - }
0, % o p) 4 ( Jexp [47(xo+ 5p))* + RI(x> X0 p)

8x 2 2
X {1 =+ m[zJ[4T(x0 + f/’:p)] + RI(X’ Xo» p)

}' (28)

Eqs (27) and (28) allow us to evaluate A(0, X, x,, p) and AF(0, X;, x,, p) numerically as functions of x; cf. Fig. 8.
Moreover, based on Egs (10), (22) and (23) we can also estimate the changes of A(T, X, x,, p) in dependence
on X, Xy, and p for sub-critical temperatures (T' < T.(x, x¢, p)). Namely, in the first-order perturbation method,

A(T, x, xp p) = A(0, 0, 0)D(x, xy + Kp) /1 — L,
TX> xpo P) (29)

tanh(7(xp + Kp)) tanh(7(x0 + £p))
X0t ) — 1737 eXP{Xiﬁxo ) ]

- /a[l +§¢,(T(x0+ KP))} J1+0782x (7 (xy + rp)) s

Rf(X’xo’P)
J[M(xo + l{p)]2 + Rf(x,xo,p)

— 87|xy + Kp| —

where

2¢¢ €exp

D(x, xy + Kp) =

and hence the free energy difference
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Figure 9. The dependence of the function ® on the parameter x. Here x,+ rp =x,(1 — a) with xy=—1 and
a=0.5.

2
L% T
AFE(T, x, xp p) = —-220, 0, 0)D*(x,
(T, x> x¢» P) , ( )P (x> X0 + KP) TN p)]
W A2 T
= ——A(T,x,x,p)l——].
4 ’ T.06 %o P) (30)

The form of ®(x, x,+ p) is given in Fig. 9.
Note that in the superconducting state AF(T, x, x,, p) given by Eq. (23) must be negative, hence we demand
the parameter y > —1.279/p(7(x, + kp)), remembering that p(x) <1.

Conclusions

In the paper, we have identified four universal types of the response of superconductors to an external high pres-
sure, in terms of the dependence of the critical temperature on pressure. We have found and discussed the forms
of the superconducting gap, free energy difference, and specific heat difference for T=0 and in the sub-critical
temperature range T < T, with the external high pressure included. A range of numerical results shows that
experimental data can be used to find the critical temperature as a function of pressure and discuss other proper-
ties of superconducting systems under high pressure.

Similar thermodynamic relations were also obtained in refs®*®!, where the pressure was included in terms of
lattice deformation. According to the results presented there, high pressure modifies peaks in the density of states
to a small (negligible) degree.

The presented simplified model is based on the assumption that the crystal structure of a superconductor
is stable under high pressure. In general, however, in some materials high pressure can induce structural phase
transitions, and properties of such systems may change drastically. Then, the one-particle dispersion relation &,
assumes a new, stable form, and if the superconductivity is not suppressed, the new system can be analyzed again
within the conformal transformation method, using the approach presented in this paper. However, compared

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 13



www.nature.com/scientificreports/

to the system before the structural phase transition has taken place, it may reveal quite different properties. In
particular, one type of dependence of the critical temperature on pressure may be replaced by another when the
pressure is being increased. A similar effect on the critical temperature of the high-T, superconducting system
YBCO should be observed when the oxygen content is being adjusted®>%3.

The agreement of the results obtained within the simple model with experimental data and ab-initio calcula-
tions, suggests that effects included in the model dominate when the critical temperature changes with increasing
external pressure. We may then conclude that some other effects, that may have been included in calculations,
give almost negligible contribution. We emphasize that, within the used formalism, all other extra effects find
their expression in the complex form of the scalar field of the density of states. This scalar field, for s-wave super-
conducting systems, simply reduces to the usual density of states, enriched by the presence of strong fluctuations.
In a simple model, these fluctuations are replaced by a single narrow peak. This approach allows us to identify
conditions that must be satisfied for the critical temperature to change with pressure, as well as the form of this
change. Therefore the simple model should prove to be useful in the quest for superconductors with increasingly
higher critical temperatures.

The success of the simple model presented in our paper originates from the following fact: The conformal
transformation method allows us to transform any model (formalism) describing a superconductor, including a
HTSC, with a given symmetry defined in the reciprocal space (or transformed to that space) to a mathematically
fully equivalent model in an isotropic reciprocal space. At this stage, mathematical transformations are reversible.
Although the space becomes isotropic, that does not mean that the description is simplified, because the usual
electronic density of states becomes an involved function of 2 (or 3) variables a scalar field of the density of states
that now carries all information about the system.

In the approach presented in this paper it was enough to take into account a model form of p (x), where a sin-
gle narrow fluctuation (a peak) located a distance x, from the Fermi level in the density of states appears, repre-
sented by 2x6(x — x,).

The position of this peak x, and its weight x, have allowed us to identify four universal types of the response
of superconductors, in terms of the dependence of the critical temperature on increasing external pressure, also
confirmed by experimental data. We would also like to emphasize that the forms of the density of states vs. energy,
obtained by ab-initio calculations presented in refs!®%%#-% include strong fluctuations, with the main ones placed
below the Fermi level, in agreement with our simple model.

Although here the parameters x and x, are independent of the pressure p, in more detailed studies, one might
also adjust their values for high pressure. Also, in reference to the quoted ab-initio results, one might introduce a
number of various fluctuations (peaks) in the density of states in the form 3~,2 X;6(x — x;), where x; is the dis-
tance of the i-th fluctuation from the Fermi level and x; as well as x; can be either positive or negative®. Such an
approach should make possible to improve the accuracy of the description of thermodynamic properties of some
simple and composed superconducting systems”?!-2>2¢, However, the most promising case seems to be the one
when just two fluctuations are included.

As a closing remark, let us emphasize that although the approach presented in this paper corresponds to the
Van Hove Scenario, it is obtained in a quite general manner by applying the more general conformal transforma-
tion method, that includes the Van Hove Scenario as its special case®”$20-27:35:41,88

Data availability. All data generated or analyzed during this study are included in this published article.

References

1. Kamihara, Y., Watanabe, T., Hirano, M. & Hosono, H. Iron-Based Layered Superconductor La[O, _,F,]FeAs(x = 0.05 - 0.12) with T,
=26 K. Journal of the American Chemical Society 130, 3296 (2008).

2. Hosono, H. & Kuroki, K. Iron-based superconductors: Current status of materials and pairing mechanism. Physica C 514, 399
(2015).

3. Krzyzosiak, M., Gonczarek, R., Gonczarek, A. & Jacak, L. Conformal Transformation Method in Studies of High-T, Superconductors
— Beyond the Van Hove Scenario in: Superconductivity and Superconducting Wires, Editors: Matteri, D. & Futino, L. Nova Science
Publishers, Hauppage, New York, 2010, ch. 5, 3296 (2008).

4. Gonczarek, R. & Krzyzosiak, M. Model of Superconductivity in the Singular Fermi Liquid in: Progress in Superconductivity Research,
Editor: Chang, O. A., ch. 6 (Nova Science Publishers, Hauppage, New York, 2008).

5. Gonczarek, R. & Krzyzosiak, M. Conformal transformation method and symmetry aspects of the group C,, in a model of high-T,
superconductors with anisotropic gap. Physica C 426, 278 (2005).

6. Gonczarek, R., Jacak, L., Krzyzosiak, M. & Gonczarek, A. Competition mechanism between singlet and triplet superconductivity in
the tight-binding model with anisotropic attractive potential. Eur. Phys. J. B 49, 171 (2006).

7. Gonczarek, R., Krzyzosiak, M., Jacak, L. & Gonczarek, A. Coexistence of spin-singlet s- and d-wave and spin-triplet p-wave order
parameters in anisotropic superconductors. Phys. Stat. Sol. (b) 244, 3559 (2007).

8. Gonczarek, R., Krzyzosiak, M. & Gonczarek, A. Islands of stability of the d-wave order parameter in s-wave anisotropic
superconductors. Eur. Phys. J. B 61,299 (2008).

9. Kasinathan, D., Lee, K.-W. & Pickett, W. E. On heavy carbon doping of MgB,. Physica C 424, 116 (2005).

10. Kortus, J., Dolgov, O. V., Kremer, R. K. & Golubov, A. A. Band Filling and Interband Scattering Effects in MgB, Carbon versus
Aluminum Doping. Phys. Rev. Lett. 94, 027002 (2005).

11. Agrestini, W. S. et al. Substitution of Sc for Mg in MgB,: Effects on transition temperature and Kohn anomaly. Phys. Rev. B 70,
134514 (2004).

12. Mori, H. et al. Bandwidth and band filling control in organic conductors. Physica. 357-360, 103 (2001).

13. Durajski, A. P, Szczgéniak, R. & Li, Y. Non-BCS thermodynamic properties of H2S superconductor. Physica C 515, 1-6 (2015).

14. Durajski, A. P. & Szczgéniak, R. Estimation of the superconducting parameters for silane at high pressure. Modern Physics Letters B
28, 1450052 (2014).

15. Szczgéniak, R., Durajski, A. P. & Jarosik, M. W. Properties of the superconducting state in compressed Sulphur. Modern Physics
Letters B 26, 1250050(7) (2012).

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 14



www.nature.com/scientificreports/

16.
17.

18.
19.

20.
21.
. Ashcroft, N. W. & Mermin, N. D. Solid State Physics, ch. 34 Superconductivity (Holt, Rinehart and Winston, 1976).
23.
24.
25.
26.
27.

28.
29.

30.
31.
32.
33.

34,

35.
36.
37.
38.
39.
40.
41.
42.
43.
44,
45.
46.

47.
48.

49.
50.

51.
52.

53.
54.

55.
56.

57.

58.
59.

60.
61.

Durajski, A. P. Quantitative analysis of nonadiabatic effects in dense H,S and PH; superconductors. Scientific Reports 6, 38570
(2016).

Drozdov, A., Eremets, M. 1., Troyan, I. A., Ksenofontov, V. & Shylin, S. I. Conventional superconductivity at 203 kelvin at high
pressures in the sulfur hydride system. Nature 525, 73 (2015).

Einaga, M. et al. Crystal Structure of the Superconducting Phase of Sulfur Hydride. Nat. Phys. 12, 835-838 (2016).

Li, Y., Hao, ], Liu, H., Li, Y. & Ma, Y. J. The metallization and superconductivity of dense hydrogen sulfide. Chem. Phys. 140, 174712
(2014).

Mulak, M. & Gonczarek, R. Structures of Thermodynamic Functions for S-Paired Fermi Systems in Parametric Equations Approach.
Acta Phys. Polon. A 89, 689 (1996).

Fetter, A. L. & Walecka, J. D. Quantum Theory of Many-Particle Systems, § 51 (McGraw-Hill Book Company, 1971).

Kittel, C. Introduction to Solid State Physics, ch. 11 (John Wiley and Sons, Inc. NY, 1966).

Spatek, J. Introduction to Condensed Matter Physics, ch. 17 (Wydawnictwo Naukowe PWN SA, Warsaw, 2015).

Ibach, H. & Liith, H. Solid State Physics. An Introduction to Principles of Material Science, ch. 10.5 (Springer-Verlag Barlin Heidelberg,
1995).

Cyrot, M. & Pavuna, D. Introduction to Superconductivity and High-T, Materials, ch. 7.1 (World Scientific Publ. Co., London, New
Jersey, Singapore, Hong Kong, Bangalore, Beijing, 1992).

Gonczarek, R., Gladysiewicz, M. & Mulak, M. On Possible Formalism of Anisotropic Fermi Liquid and BCS-type Superconductivity.
Int. ]. Mod. Phys. B 15, 491 (2001).

Zhang, E C. & Rice, T. M. Effective Hamiltonian for the superconducting Cu oxides. Phys. Rev. B 37, 3759 (1988).

Szczesniak, R. & Durajski, A. P. The thermodynamic properties of the high-pressure superconducting state in the hydrogen-rich
compounds. Solid State Sciences 25, 45-54 (2013).

Szczgéniak, R. & Durajski, A. P. Superconducting state above the boiling point of liquid nitrogen in the GaH; compound.
Superconductor Science and Technology 27, 015003 (2013).

Xing, D. Y, Liu, M., Wang, Y.-G. & Dong, ]. Analytic approach to the antiferromagnetic van Hove singularity model for high-T,
superconductors. Phys. Rev. B 60, 9775 (1999).

Pavarini, E., Dasgupta, L., Saha-Dasgupta, T., Jepsen, O. & Andersen, O. K. Band-Structure Trend in Hole-Doped Cuprates and
Correlation with T,,,,. Phys. Rev. Lett. 87, 047003 (2001).

Andersen, O. K., Liechtenstein, A. L, Jepsen, O. & Paulsen, E. LDA energy bands, low-energy hamiltonians, ', #/, t, (k), and J . J.
Phys. Chem. Solids 56, 1573 (1995).

Andersen, O. K., Savrasov, S. Y., Jepsen, O. & Liechtenstein, A. I. Out-of-plane instability and electron-phonon contribution tos- and
d-wave pairing in high-temperature superconductors; LDA linear-response calculation for doped CaCuO, and a generic tight-
binding model. J. Low Temp. Phys. 105, 285 (1996).

Gonczarek, R. & Krzyzosiak, M. Some universal relations between the gap and thermodynamic functions plausible for various
models of superconductors. Phys. Stat. Sol. (b) 238,29 (2003).

Szczg$niak, R., Durajski, A. P. & Herok, L. Theoretical description of the SrPt;P superconductor in the strong-coupling limit. Physica
Scripta 89, 125701 (2014).

Szczgéniak, R. & Durajski, A. P. The Energy Gap in the (Hg, _,Sn,)Ba,Ca,Cu;04.,, Superconductor. Journal of Superconductivity and
Novel Magnetism 27, 1363-1367 (2014).

Szczgéniak, R. & Durajski, A. P. Thermodynamics of the Superconducting State in Calcium at 200 GPa. Journal of Superconductivity
and Novel Magnetism 25, 399-404 (2012).

Gonczarek, R., Krzyzosiak, M., Gonczarek, A. & Jacak, L. Analytical assessment of some characteristic ratios for s-wave
superconductors. Frontiers of Physics 13, 137403 (2018).

Krzyzosiak, M., Gonczarek, R., Gonczarek, A. & Jacak, L. Applications of the conformal transformation method in studies of
composed superconducting systems. Frontiers of Physics 11, 117407 (2016).

Gonczarek, R., Jacak, L., Krzyzosiak, M. & Gonczarek, A. Competition mechanism between singlet and triplet superconductivity in
tight-binding model with anisotropic attractive potential. Europ. Phys. J. B 49, 171-186 (2006).

Mulak, M. & Gonczarek, R. Discontinuous phase transitions in S-paired fermi systems. Acta Physica Polonica-Series A: General
Physics 92, 1177-1190 (1997).

Gonczarek, R., Krzyzosiak, M. & Mulak, M. Valuation of characteristic ratios for high-Tc superconductors with anisotropic gap in
the conformal transformation method. . Phys. A 37,4899 (2004).

Gonczarek, R., Gladysiewicz, M. & Mulak, M. Equilibrium States and Thermodynamical Properties of DWave Paired HTSC in the
TightBinding Model. Phys. Stat. Sol. (b) 233, 351-363 (2002).

Gonczarek, R. & Mulak, M. Enhancement of critical temperature of superconductors implied by the local fluctuation of EDOS. Phys.
Lett. A 251, 262-268 (1999).

Szczgéniak, R. & Durajski, A. P. The characterization of high-pressure superconducting state in Si,Hs compound: The strong-
coupling description. J. Phys. Chem. Solids 74, 641 (2013).

Kohn, W. & Luttinger, J. M. New Mechanism for Superconductivity. Phys. Rev. Lett. 15, 524 (1965).

Krotov, Y. A., Lee, D. H. & Balatsky, A. V. Superconductivity of a metallic stripe embedded in an antiferromagnet. Phys. Rev. B 56,
8367 (1999).

Granath, M. & Johannesson, H. One-Dimensional Electron Liquid in an Antiferromagnetic Environment: Spin Gap from Magnetic
Correlations. Phys. Rev. Lett. 83,199 (1999).

Durajski, A. P. & Szczg$niak, R. Characterization of phonon-mediated superconductivity in lithium doping borocarbide. Solid State
Sciences 42, 20 (2015).

Durajski, A. P. Phonon-mediated superconductivity in compressed NbH, compound. European Physical Journal B 87, 210 (2014).
Anderson, P. W,, Horigane, K., Takeshita, N. & Lee, C.-H. The Resonating Valence Bond State in La,CuO, and Superconductivity.
Science 235, 1996 (1987).

Anderson, P. W. The Theory of High-T, Superconductivity in the Cuprates (Princeton University Press, 1997).

Bouvier, J. & Bok, J. The Gap Symmetry and Fluctuations in High Tc Superconductors. Eds Bok, J., Deutscher, G., Pavuna, D. & Wolf,
S. Plenum Press 37 (1998).

Baquero, R., Quesada, D. & Trallero-Giner, C. BCS-universal ratios within the Van Hove scenario. Physica C 271, 122-126 (1996).
Gonczarek, R., Krzyzosiak, M., Gonczarek, A. & Jacak, L. New classes of integrals inherent in the mathematical structure of extended
equations describing superconducting systems. Int. . Mod. Phys. B 29, 1550117 (2015).

Gonczarek, R., Krzyzosiak, M., Gonczarek, A. & Jacak, L. On new families of integrals in analytical studies of superconductors
within the conformal transformation method. Advances in Condensed Matter Physics 2015, 835897 (2015).

Chu, C. W. et al. Evidence for superconductivity above 40 K in the La-Ba-Cu-O compound system. Phys. Rev. Lett. 58, 405 (1987).
Gao, L. et al. Superconductivity up to 164 K in HgBa,Ca,, |Cu,,0,,,,,,s(m = 1,2 and 3) under quasihydrostatic pressure. Phys. Rev.
B 50,4260 (1994).

Einaga, M. et al. Crystal Structure of the Superconducting Phase of Sulfur Hydride. Nat. Phys 12, 835 (2016).

Einaga, M. et al. Crystal structure of the superconducting phase of sulfur hydride. Nat. Phys. 12, 835 (2016).

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 15



www.nature.com/scientificreports/

62. Chu, C. W, Smith, T. E & Gardner, W. E. Study of Fermi-Surface Topology Changes in Rhenium and Dilute Re Solid Solutions from
T, Measurements at High Pressure. Phys. Rev. B 1, 214 (1970).

63. Chu, C. W. & Testardi, L. R. Direct Observation of Enhanced Lattice Stability in V;Si under Hydrostatic Pressure. Phys. Rev. Lett. 32,
766 (1974).

64. Chu, C. W. Pressure-Enhanced Lattice Transformation in Nb,Sn Single Crystal. Phys. Rev. Lett. 33, 1283 (1974).

65. Lorenz, B., Meng, R. L. & Chu, C. W. High-pressure study on MgB,. Phys. Rev. B 64, 012507 (2001).

66. Lorenz, B., Cmaidalka, J., Meng, R. L. & Chu, C. W. Thermodynamic properties and pressure effect on the superconductivity in
CaAlSi and SrAlSi. Phys. Rev. B 68, 014512 (2003).

67. Chu, C. W,, Huang, S., Smith, T. E. & Corenzwit, E. Structural transformation of near-equiatomic V-Ru compounds at high pressure.
Phys. Rev. B11, 1866 (1975).

68. Yanfeng, G., Zhang, F. & Yao, Y. G. First-principles demonstration of superconductivity at 280 K in hydrogen sulfide with low
phosphorus substitution. Phys. Rev. B93, 224513 (2016).

69. Hsu, E C. et al. Superconductivity in the PbO-type structure a-FeSe. Proc. Natl. Acad. Sci. USA 105, 14262 (2008).

70. Mizuguchi, Y., Tomioka, E, Tsuda, S., Yamaguchi, T. & Takano, Y. Superconductivity at 27 K in tetragonal FeSe under high pressure.
Appl. Phys. Lett. 93, 152505 (2008).

71. Margadonna, S. et al. Pressure evolution of the low-temperature crystal structure and bonding of the superconductor FeSe (T, = 37
K). Phys. Rev. B 80, 064506 (2009).

72. Millican, J. N. et al. Pressure-Induced Effects on the Structure of the FeSe Superconductor. Solid State Commun. 149, 707 (2009).

73. Kumar, R. S. et al. Crystal and Electronic Structure of FeSe at High Pressure and Low Temperature. J. Phys. Chem. B 114, 12597
(2010).

74. Okabe, H. et al. Pressure-induced high- T, superconducting phase in FeSe: Correlation between anion height and T.. Phys. Rev. B 81,
205119 (2010).

75. Sun, J. P. et al. Dome-shaped magnetic order competing with high-temperature superconductivity at high pressures in FeSe. Nature
Communications 7, 12146 (2016).

76. Hiraka, H. & Yamada, K. First Investigation of Pressure Effects on Transition from Superconductive to Metallic Phase in FeSe, 5 Te, 5.
J. Phys. Soc. Jpn. 78, 063705 (2009).

77. Bianconi, A. & Filippi, M. Feshbach Shape Resonances in Multiband high-T_ Superconductors. In: Symmetry and Heterogeneity in High
Temperature Superconductors, Editor: Bianconi, A. NATO Science Series, II. Mathematics, Physics and Chemistry - Vol. 2014, ch. 1.2
(Springer 2006).

78. Ren, J. K. et al. Energy gaps in Bi,Sr,CaCu,Og, s cuprate superconductors. Scientific Reports 2,248 (2012).

79. Reber, T. J. et al. Pairing, pair-breaking, and their roles in setting the Tc of cuprate high temperature superconductors.
arXiv:1508.06252v1 [cond-mat.supr-con] (2015).

80. Durajski, A. P. & Szczgéniak, R. First-principles study of superconducting hydrogen sulfide at pressure up to 500 GPa. Sci. Rep. 7,
4473(2017).

81. Durajski, A. P, Szczgéniak, R. & Pietronero, L. High-temperature study of superconducting hydrogen and deuterium sulfide.
Annalen der Physik. 528, 358-364 (2016).

82. Sieburger, R. & Schilling, J. S. Marked anomalies in the pressure dependence of the superconducting transition temperature in
T1,Ba,CuOg,, as a function of oxygen content. Physica C. 173, 403 (1991).

83. Fietz, W. H. et al. Giant pressure effect in oxygen deficient YBa,Cu;0,. Physica C. 270, 258 (1996).

84. Grechnev, G. E. et al. Interplay between lattice and spin states degree of freedom in the FeSe superconductor: Dynamic spin state
instabilities. J. Phys.: Condens. Matter 25, 046004 (2013).

85. Papaconstantopoulos, D. A., Klein, B. M., Mehl, M. J. & Pickett, W. E. Cubic H,S around 200 GPa: An atomic hydrogen
superconductor stabilized by sulfur. Phys. Rev. B91, 184511 (2015).

86. Duan, D. et al. Pressure-induced metallization of dense (H,S),H, with high-T, superconductivity. Sci. Rep. 4, 6968 (2014).

87. Siegrist, T. et al. The crystal structure of superconducting LuNi,B,C and the related phase LuNiBC. Nature 367, 254 (1994).

88. Lorenz, B., Cmaidalka, J., Meng, R. L. & Chu, C. W. Effect of hydrostatic pressure on the superconductivity in Na,CoO, - yH,O. Phys.
Rev. B 68, 132504 (2003).

Acknowledgements
This research is supported by Ministry of Science and Higher Education (Poland) in 2018-2020.

Author Contributions
M.K. and R.G. wrote the main manuscript text, M.K. and A.G. prepared Figures 1-9, R.G. and L.J. performed
analytical calculations. All authors reviewed the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-018-26029-9.

Competing Interests: The authors declare no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

BN | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFICREPORTS | (2018) 8:7709 | DOI:10.1038/s41598-018-26029-9 16


http://dx.doi.org/10.1038/s41598-018-26029-9
http://creativecommons.org/licenses/by/4.0/

	Simple analytical model of the effect of high pressure on the critical temperature and other thermodynamic properties of su ...
	Formalism

	Gap equation and free energy. 

	External Hydrostatic Pressure

	Critical temperature under high pressure. 
	Zero-temperature case. 

	The Ratio (χ)

	The Ratio (χ)

	Sub-critical temperature range. 
	Specific heat jump. 
	Additional relations and comments. 

	Conclusions

	Data availability. 

	Acknowledgements

	Figure 1 Four possible types of the dependence of the critical temperature on high external pressure, where α = κp/|x0| is a dimensionless positive scaling parameter for pressure: (a) Tc(1) > Tc(0) and x0 < 0, then χ > 0, (b) Tc(1) < Tc(0) and x0 < 0, the
	Figure 2 Functions f (red curve) and g (blue curve).
	Figure 3 Examples of the critical temperature Tc(p) vs.
	Figure 4 Ratio as a function of pressure for superconducting systems with χ = −0.
	Figure 5 Ratio as a function of pressure and the parameter χ for x0 = −1.
	Figure 6 Ratio vs for the values of τ(x0 + κp) equal to .
	Figure 7 Ratio vs for 0 ≤ τ(x0 + κp) ≤ 0.
	Figure 8 Free energy difference as a function of χ.
	Figure 9 The dependence of the function Φ on the parameter χ.
	Table 1 Example values of model parameters: x0, χ, and κ, determined based on the experimentally measurable quantities: Tc(0), Tc(1), pm, and cp(x0).




