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Mutual synchronization
of spin-torque oscillators
within a ring array

M. A. Castro?, D. Mancilla-Almonacid?, B. Dieny?, S. Allende'*’, L. D. Buda-Prejbeanu? &
U. Ebels?

An array of spin torque nano-oscillators (STNOs), coupled by dipolar interaction and arranged

on aring, has been studied numerically and analytically. The phase patterns and locking ranges

are extracted as a function of the number N, their separation, and the current density mismatch
between selected subgroups of STNOs. If N > 6 for identical current densities through all STNOs,

two degenerated modes are identified an in-phase mode (all STNOs have the same phase) and a

splay mode (the phase makes a 2z turn along the ring). When inducing a current density mismatch
between two subgroups, additional phase shifts occur. The locking range (maximum current density
mismatch) of the in-phase mode is larger than the one for the splay mode and depends on the number
N of STNOs on the ring as well as on the separation. These results can be used for the development of
magnetic devices that are based on STNO arrays.

Spin torque nano-oscillators (STNOs) are nanoscale signal sources that can convert a DC input signal (current or
voltage) into a microwave output voltage signal'?. Depending on the magnetization configuration of the polar-
izing and the free layer, an STNO can generate rf signals in the 100 MHz to several tens of GHz range for both
configuration nanopillars and nanocontact*=*. An important property of STNOs is their strong coupling between
the oscillation amplitude and phase” which enables the tuning of their frequency via the DC input signal®’. Fur-
thermore, it enables, via an additional time-varying input signal, injection locking of the STNO frequency and
phase’®, modulation of the STNO amplitude, frequency or phase''?, or sweep-tuning of the STNO frequency".
These properties open a large range of potential applications such as wireless communication'>!, ultra-fast
spectrum analysis'® as well as oscillator based hardware implementations for neuromorphic computation!>'6.
For these applications, but also from a fundamental point of view, the collective excitation states of a small or
larger sized array of coupled STNOs is of interest'”'®. Here, STNOs offer a rich variety of coupling mechanisms
(e.g. electrical®!, dipolar'”'##2-2* or spin pumping®’) and coupling scenarios (long range with all-to-all coupling
or short range with nearest neighbors coupling).

A general question for such coupled STNO arrays is under what conditions a stationary fully coherent
dynamic state exists, for which the phases of all STNOs are correlated and for which the corresponding phase
differences are constant in time (as compared to the free running state where the phases are free and uncor-
related). Other solutions for the collective state might exist such as chaotic states'® or chimera states?!, that will
depend on the number of STNOs (large arrays), the coupling type, external control parameters (current, field)
as well as on the homogeneity of the STNO properties (identical STNOs vs. a dispersion of STNO parameters).
These states have been observed in other systems like 2D periodic lattice of Kuramoto oscillators®® or ring struc-
ture of identical Kuramoto oscillators?’. Previous simulation studies on two STNOs*, coupled through dipolar
interaction, have shown that depending on the initial condition or STNO configuration, it is possible to stabilize
an in-phase or anti-phase synchronised state?-*!. Such modes can be associated with different applications, for
instance, the in-phase mode is required to enhance the emission power, and the anti-phase mode can be useful
for applications in phased array radar systems or bio-inspired computing?>2. Then, a general question is whether
the number of possible phase states increases upon increasing the number N of STNOs and how to control the
phase patterns via frequency mismatches. Here we make a first step in this direction, and report on the different
phase states that can be obtained for a small STNO array (number N = 4-12) where the STNOs are arranged in
a ring array, see Fig. 1. Such a ring can be viewed as a 1D line with periodic boundary conditions. We consider
as the interaction type all-to-all dipolar interaction of identical STNOs and determine the solutions for the phase
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Figure 1. Schematic of (a) a single STNO and (b) an array of N STNOs distributed along a ring. Phase states

of the N = 10 synchronized STNOs ring array for identical current densities through the STNOs: (c) in-phase
mode and (d) splay mode. Phase patterns for non-identical current densities through the STNOs applied to: (e,f)
the in-phase mode and (g,h) the splay mode. (e,g) are for zero current density mismatch and show the labeling
of STNOs. (£h) are for non-zero mismatch where the additional phase rotation is indicated by the angles 6

and 0°. The blue color illustrates the odd (1, 3, 5...) and the red color the even (2, 4, 6...) STNO position within
the ring array. In the Supplementary Material, we include four videos of the modes for the different cases: two
videos for identical current densities for both modes (cases (e,g)), and two videos for non-identical current
densities for both modes (cases (fh)).

states numerically as well as analytically. When the currents are identical, we observe that in addition to the
in-phase mode (all the phases equal), an additional mode appears where the phases of the oscillators are spaced
equally around the ring. This state corresponds to a splay mode**** which is characterized by a winding number
related to the number of rotations around the ring. The splay mode that we observe corresponds to a winding
number 1. Further phase states are obtained when the current density in a subgroup of STNOs is varied while
it is kept constant in another subgroup.

Model
For the modeling, STNO nanopillars of circular shape with radius R and of free layer thickness L, (see Fig. 1a) are
considered that support an out-of-plane precession (OPP) mode. This is achieved by a perpendicular polarizer
and a free layer that is in-plane magnetized. In this case, the magnetization M oscillates around the out-of-plane
z-axis® providing very symmetric oscillation trajectories that can be modeled analytically. Furthermore a strong
out-of plane field Hy is applied to saturate the magnetization M out-of-plane in absence of current. In this way,
the oscillation amplitude and with this the frequency and the dynamic dipolar interaction fields increase with
increasing DC current density®. For the ring structure, an even number N of STNOs (N = 4,6,8,10,12) is
considered, with a center to center distance D between two adjacent oscillators, see Fig. 1b. Upon increasing
the number N, the ring diameter is increased to keep D constant. To describe the magnetization dynamics of
each STNO, we use the macrospin approximation. This approximation adequately describes the magnetization
dynamics for the parameters considered in this study.

The solutions for the phases of each STNO in the synchronized state were obtained by numerical simulation
and are compared to analytical phase solutions. For the numerical simulations, the coupled Landau-Lifshitz-Gil-
bert-Slonczewski (LLGS) equations are solved, where the dynamics of the k-th free layer is described by

eyt x B + el x ) — oo, < (g )
— = —yp(my X a(my x ——) — yoajJymy x (my x P),

' vo(mi X Heg kX yoa;Jxmy k
where my = My /M; is the normalized magnetization of the k-th free layer and M is the saturation magnetiza-
tion; yp = ¥ Ko, ¥ is gyromagnetic ratio and o is the vacuum permeability; « is the damping constant; Ji is the
current density on the k-th STNO; aj = I/ (2epoM;L) is the spin-transfer torque parameter; P = Z is the spin
polarization direction and n the spin polarization of the current. The effective field on the k-th free layer is

Hgy = Ho? + Hy + Hj,, (1)
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where Hj is the external out-of-plane field and Hy is the self-demagnetizing field, with |[H;| = M(N; — Ny).
N and Ny are the corresponding demagnetization factors of the circular free layer. H , is the magnetostatic
interaction field acting on the k-th free layer of the STNO due to the other free-layers. It is given by*!

HY, = M, Z {([K{"l + K} coseIml+ KE sinepm), )% + ([K{‘” — K cos(2gi)1m
I=11k @)

+ Kf’l sin(2<pk)l)mi)§r + K;(’lmlzi},

where ¢y ; is the angle between the STNOs k and /, and K = Kj(Dx,) are functions that depend on the radlus
of the STNOs and on the inverse of the separation between them, see Eqs. B14 in Ref.?* for expressions of K
The solutions are found for the following device and material parameters: R = 50 nm, L = 3nm, D = 160 nm,
M; = 10° A/m,a = 0.02,a; = 3.78 x 10~®m,and yoHy = 1.2 T. This strong field could be generate via exchange
coupling of the free layer to a perpendicular bias layer'’. The corresponding critical current density at which
steady state oscillations for a single isolated STNO set in is J, = —0.427 x 10'! A/m?. In the following only
values of current densities are considered for which the STNOs are in the steady state.

Results and discussion

The first case of interest is that of identical current density applied to all STNOs. We analyze the phase differ-
ence between two adjacent STNOs defined as A¢p = ¢y — ¢ry1, where ¢y = arctan(my /m ) is the angle of the
magnetization of the k-th STNO that makes with the x-axis in the XY plane. Two different phase patterns were
identified by numerical LLGS integration as shown in Fig. 1c,d: (c) an in-phase mode with zero phase difference
between adjacent STNOs A¢”? = ¢y — ¢r+1 = 0 and (d) a splay mode characterized by a phase difference of
AP* = ¢ — dr+1 = 2 /N. These two modes were obtained using as an initial condition a random distribution
of the initial phases ¢ for each STNO. The in-phase mode is the only solution identified if the STNO number
is N < 6. For larger arrays with N > 6, both the in-phase and splay modes are found, the in-phase mode being
the most probable among them. Due to its symmetry, the splay mode is characterized by an overall zero dynamic
in-plane magnetization, see Fig. 1d. Furthermore, despite the different phase patterns, the frequency and the
total energy of the two modes are found to be equal within 1% accuracy.

In order to induce further phase patterns, the current densities were modified as follows (for both modes):
two sub-groups of STNOs are formed, one with an odd label of STNOs (1, 3,5, ..., N — 1) within the ring for
which J,44 was kept constant, and one for even labels (2,4, 6, . .., N) of STNOs for which the current density Jeyen
has been varied (blue and red circles in Fig. 1e-h, respectively), increasing and decreasing its value with respect
to the odd one J,44, starting from the in-phase and splay mode pattern. Inducing a current density mismatch
AJ = Jeven — Jodd is equivalent to inducing a frequency mismatch Af = feyen — foq4 between even and odd STNOs
in the free running (uncoupled) state. As shown in Fig. 2a,b, it is observed that in the synchronized state (1) the
frequency and the power are the same for all STNOs and for both modes; (2) there exists an upper limit for the
current density (frequency) mismatch AJ(Af) that can be identified as the locking range for full synchroniza-
tion, for which the two subgroups are synchronized together and have the same frequency, see Fig. 2a,b. For
mismatches larger than the locking range, the even and odd subgroups are synchronized within each other (i.e.,
STNOs1,3,. .., N — lare synchronized and STNOs 2,4, . . ., N are synchronized), but the two subgroups are no
more synchronized to each other and oscillate at different frequencies and have different power, see Fig. 2a,b.
This is an interesting result, meaning that it is possible to generate two independent subgroups of synchronized
STNOs oscillating each one at their own frequency by imposing a specific pattern of current density distribution.
Moreover, the synchronized STNOs of each subgroup are not nearest neighbors. Thus the subgroup is not a geo-
metrical cluster, where the synchronized STNOs are located all in the same region of space, but their positions
are rather intermixed. We expect that it is possible to extend this finding to more than two subgroups and to
different spatial patterns of the current density mismatch.

While inside the locking range the frequency and power are the same for both modes, the phase patterns
are different and evolve with increasing mismatch. As shown on Fig. 1£h the phase differences for the in-phase
(splay) mode acquire an additional phase shift 67 (8%) between odd (constant J,44) and even (varying Jeven)
STNOs. In order to better quantify these additional phase shifts, analytical expressions were derived for the STNO
phases for the two modes. These analytical expressions were obtained using the spin wave formahsm that trans-
forms the normahzed magnetization vector of the free layer to a complex variable ¢, = (m + imk) //2(1 + mk)
and ck (m —im*)/\/2(1 + mk). This change of variable is usually defined through the HoIVstem Prlmakoff
transformation”?* i . It is convenient to write the complex-amplitude cx in terms of the power, pk, and phase ¢
of oscillation, using cx = /pxe’*. By applying these definitions to the Eq. (1) and neglecting the non-resonant
terms, it is possible to write 2N coupled equations for the power and phase of oscillation

N
P+ 2T (P =— Y Qui/PrpIl2 — (px + po)] sin(ex — 1), (3)
=1,k
N
. le /
Ok + or(pr) = — — (3pk + p1)] cos(px — d1). (4)
I= 1k;£l
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Figure 2. Dependence of (a) the frequency and (b) the power of oscillation on the normalized current density
mismatch AJ/Jpgq With Jogs = —1 x 10 A/m?. In the macrospin simulations first the in-phase or splay modes
were established at zero mismatch and then J.y., was varied. Both modes result in the same frequency and
power vs. mismatch (up to 1% accuracy). Phase difference A¢ as a function of the current density mismatch,
when starting the system (c) in the in-phase and (d) the splay state. For the subfigures (a—d), we consider

N = 10and D = 160 nm; and the vertical gray dotted-lines indicate the limits of the full synchronisation range,
where the phase difference between the closest STNOs is /2, see Eq. (13). The point (A) in (d) represents

the starting-point of the macrospin simulations when the current density mismatch is zero. The point (B) in (d)
corresponds to the transition between the splay to the in-phase solutions (Jeye, = —1.174 x 10''A/m?). The
point (C) in (d) corresponds to the situation when the phase difference between the STNOs follows the in-phase
solution. Locking range in terms of maximum current density mismatch for (e) the in-phase mode and (f) the
splay mode as a function of the number N of STNOs and for different separations D between STNOs. Full dots
are results from the numerical simulations and the dashed lines join the analytical solutions and guide the eye.

Here Fé‘ﬁ (k) = F’jr(pk) — Flj(pk) is the non-linear effective damping, F]jr (px) and rk (px) are terms related
to the dissipation of energy and the injection of energy induced by the spin current, respectively; wi (px) is the
nonlinear frequency and €y ; is the coupling constant that depends on the center-to-center distance Dy ; between
the STNOs k and I It is defined as:

M;yo
V1 +a?

The non-linear parameters of Egs. (3) and (4) are defined as follows:

Qi) = K1 (Dg1) ~ MsyoKi1(Dyp). (5)

o*(p) = wé +pN

ok = 1+ ° (Hq — Ho — M; § KFh ©)
=1,k
2y
= H
N el
" N
0
Mo = -2 He—Ho - M, S KE | 4+ 2% ((~Ho + 3Ha)pi — 2Hap})
l1+a 1+
I=1,1#k (7)
_» ]]k
% (o) = 1— pp).
(i) =~ s (=i

In general, it is difficult to find an analytic solution to the system of Egs. (3) and (4) since they are strongly
coupled. However, when the system is fully synchronized, the power of oscillations is practically constant and
the same for each STNO as confirmed from the numerical simulations (see Fig. 2b, full lines).

Then, setting px = p and dp/dt = 0, it is possible to re-write the system of Eqs. (3) and (4) as follows

N
L@ =—(1—p) > Qsin(d — ¢, (8)
I=1,k+1
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dat =1,k

When the STNOs are fully-synchronized, we obtain the condition Z]k\':l Ffﬁ(p) = 0 from the Eq. (8), and
then, the power of oscillations is given by

p = —lajJay + a(Ho — Hy)]/2aHy), (10)

where Joy = (Jodd + Jeven)/2. This is the same relation as for the power of a single oscillator, replacing the current
density J by the average J,,.
When the current density Je,e, varies, the in-phase (ip) mode and splay (s) mode satisfy respectively:

of — ol =0, of —¢l, = (—DkoP, (11)

54

2
O —Fla= > B~ = (D (12)

By using Eqgs. (11) and (12) in Eq. (8), we obtain an expression for the additional phase shifts

. iA
0P/s — arcsin < N/zyoa] / - ), (13)
2> Q1 2kgP/5 (k)

where g7 (k) = 1and g*(k) = cos[2m (2k — 1)/N]. These solutions are Adler-type equations®® and exist if the
argument of the arcsin function in Eq. (13) is smaller than 1 in absolute value.

Equation (9), also provides an expression for the frequencies of the STNOs for the in-phase ( f) and splay
(f*) synchronization modes, where 2 f = d¢/dt

N
fip/s = —ayp Jav % (aj]av + aHp) Z Qi
7 oma 2o voHy

cos(@* — ") .
k=2

The frequencies f and f* are practically identical. The second term of the right side is related to the inter-
action and it is proportional to Q; x/(yYoHg) ~ 10~ for next nearest neighbors (k = 2) and for the parameters
used here. This term can be neglected. As a consequence the in-phase and splay modes have the same frequency
f(Eq. 14), that is, similar to the power (Eq. 10), the same expression as for a single oscillator replacing the current
density by the average of the two current densities. With this the frequency is also independent of the relative
phases of the dynamic magnetization between adjacent STNOs.

[~ —aiylay/Qra). (14)

This analytical derivation is in good agreement with numerical simulation results, see Fig. 2a,b, where the
frequency and power of oscillations are shown to vary linearly with the current density mismatch.

In the following, the analytical expressions for the phases Eq. (13) are analyzed in more detail and are com-
pared to the results of the numerical simulations for the example of N = 10 and a constant current density
Jodd = —1 x 10 A/m? for odd STNOs. Figure 2¢,d shows the phase differences between the odd and even oscil-
lator subgroups as a function of the normalized current density mismatch obtained from the LLGS numerical
solution (full lines) and the analytical solutions (dashed lines). Figure 2¢,d show the phase differences when the
system evolves respectively from the zero-mismatch (A] =0) in-phase or splay mode. As can be seen from Fig. 2¢
in the case of the in-phase mode, the phase difference between all odd STNOs (1,3,5) is zero, while between the
even and odd subgroups it is zero only for zero mismatch. For non-zero mismatch the phase differences follow
an arcsine behaviour, Eq. (13) within the locking range (the green region in Fig. 2c). At the locking boundary
where the synchronization between the two subgroups is lost, the phase difference is +=7 /2. Beyond this range,
the system is partially synchronized. The results for the phase difference from the analytical and the numerical
simulations are in good agreement, and therefore, we demonstrated the validity of the analytical expression.

When the system starts in the splay state, see point A in Fig. 2d, we can distinguish two locking ranges. First,
for zero mismatch, the phase difference between neighboring even and odd STNOs is non-zero and takes the
value of 27 /N = 0.63rad (Eq. 12). Increasing the mismatch, the phase of the even STNOs acquires an addi-
tional phase shift as given by Eq. (13) with an arcsine dependence as a function of mismatch. In this range the
results from numerical simulations and the analytical expressions agree well. The simulations show, that at a
certain critical value of the current density mismatch (see point B in Fig. 2d, the splay mode becomes unstable
and transits irreversibly into the in-phase mode characterized by the phase differences defined by Eq. (11) (see
point C in Fig. 2d, until the phase difference between the even and odd STNO subgroups reaches =7 /2 and the
two subgroups are no more synchronized. Decreasing then the current density mismatch, the system remains
in the in-phase mode and it is not possible to return to the splay state. It is noted, that the analytical solutions
lead to a somewhat larger value for the critical current density mismatch where the splay mode transits to the
in-phase mode.
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From the analytical expressions Eq. (13), one can derive an expression for the locking range of the in-
phase mode. Synchronization is lost when the phase difference between the even and odd subgroups becomes
0P = 7 /2. This leads to:

N/2

4
(]max - ]min) = T Z Ql,Zk' (15)

R

Similar to injection locking of an oscillator to an external signal, the locking range here depends strongly on
the coupling constant Q. It increases with the coupling, and thus Eq. (15) is the equivalent to Arnold tongue
boundaries. Furthermore, Eq. (15) shows that the locking depends on the sum over dipolar interactions, and it
is thus expected to increase with increasing number N of STNOs in the ring. This is confirmed in Fig. 2e, where
the locking range is shown vs. N from numerical and analytical calculations. Both agree well and show first an
increase up to N = 4 and then a saturation. This seems to suggest that only next nearest neighbor interaction are
important. However, from additional simulations (not shown here) we have seen that for instance that for next
nearest neighbor interaction a mode with winding number 2 can exist which is unstable when all to all interac-
tions are considered. Hence, to correctly describe the dynamics of the ring configuration, a larger range of STNO
interaction needs to be considered. Finally, since the dipolar interaction increases with decreasing separation D
between STNOs, the locking range strongly increases upon reducing D, as can be seen in Fig. 2e. These results
also are valid for large separation between the STNOs, since the dipolar coupling decreases. On the other hand,
for small separation i.e., edge to edge separation equal to 50 nm, we have checked that our equations are still
valid. It is noted though that experimentally edge-edge distances below 50 nm are hard to achieve. From the
numerical simulations, we have also extracted the current density mismatch where the splay mode transits to
the in-phase mode. The corresponding locking ranges show a strong increase with the number N of STNOs, see
Fig. 2f, and a strong increase for decreasing separation. We observe that the analytical threshold for the splay
mode is an overestimation as the numerical simulations show a switch to the in-phase mode before the theoreti-
cal threshold. The difference between the analytical and numerical results is explained through the fact that the
theoretical expression of Eq. (13) provides only the existence condition for the solution but it does not provide
any conditions for the stability of the solution. This would require further analysis doing a stability analysis
similar to Ref.?’. Finally, we want to remark that our calculations were done at zero temperature because our
main goal was to understand the synchronization of this system when there is magnetostatic interaction among
the STNOs. A possible future study would be to include temperature and determine how thermal fluctuations
affect the synchronization of these systems.

Conclusions

To conclude, we have studied theoretically the phase patterns that can be obtained for an array of STNOs arranged
on a ring array and coupled via dipolar interaction. When the same current density is applied to all STNOs, two
different synchronized modes are observed, the in-phase mode for which all STNOs have the same phase, and the
splay mode where the phase makes a 27 turn along the ring array. The latter is observed only when the number
N of STNOs within the ring is larger or equal to N = 6. Further phase patterns were obtained when varying the
current density in a subgroup of STNOs, where all even STNOs formed the subgroup. For the in-phase mode,
a current density mismatch (equivalent to a frequency mismatch), the two even and odd STNO subgroups
remain synchronized within a certain synchronization range whose size scales with the dipolar interactions.
Beyond this locking range, the two sub-groups de-synchronize, but the STNOs remain synchronized within
each subgroup. The existence range of the splay mode is smaller than the in-phase synchronization range. Thus,
a critical current density mismatch exists, where the splay mode becomes unstable and transits to the in-phase
mode. Finally, despite the different phase patterns of the in-phase and splay mode (that lead to different dynamic
dipolar interactions between adjacent STNOs), the frequency and power of the STNOs are the same inside the
full synchronization range. The numerical results are confirmed from analytical results obtained by solving the
phase equations of the coupled STNO array. Expressions have been provided for the ring array for the phase
equation, the phase shifts as a function of current density mismatch, the power, frequency and Arnold tongue
boundaries. We show that the amplitude and the frequency at which the system synchronizes depend on the aver-
age current density supplied to the system and the applied magnetic field. This is an interesting feature indicating
that the effect of magnetostatic interaction on the amplitude and frequency of oscillations can be neglected in
such symmetric coupled system. It is expected that upon increasing the number N of STNOs within the array for
identical current densities, it should be possible to induce further phase patterns, where the phase makes more
than one turn along the ring. Furthermore, it is expected that a large variety of different phase patterns can be
induced by choosing different subgroups of STNOs, for which the current density is varied. For different concepts
for neuro-inspired computing based on coupled oscillators, one needs to understand how the collective state of
interacting STNOs changes as a function of external control parameters. For STNOs such a control parameter
can be an applied DC current or DC field. The present results of this article are the first step in this direction,
demonstrating that the collective state can change from the splay to the in-phase mode upon variation of the
current through a subset of devices. An abrupt change of the collective state as a function of control parameter
can also be used to realize sensor devices.
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