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Two-color electromagnetically induced transparency
generated slow light in double-mechanical-mode
coupling carbon nanotube resonators

Hua-Jun Chen1,2,3,*
SUMMARY

We theoretically propose a multiple-mode-coupling hybrid quantum system comprising two-mode-
coupling nanomechanical carbon nanotube (CNT) resonators realized by a phase-dependent phonon-ex-
change interaction interacting with the same nitrogen-vacancy (NV) center in diamond. We investigate
the coherent optical responses of the NV center under the condition of resonance and detuning. In partic-
ular, two-color electromagnetically induced transparency (EIT) can be achieved by controlling the system
parameters and coupling regimes. Combining the spin-phonon interactions and phonon-phonon coupling
with themodulation phase, the switching of one and two EITwindows has been demonstrated, which gen-
erates a light delay or advance. The slow-to-fast and fast-to-slow light transitions have been studied in
different coupling regimes, and the switch between slow and fast light can be controlled periodically
by tuning the modulation phase. The study can be applied to phonon-mediated optical information stor-
age or information processing with spin qubits based on multiple-mode hybrid quantum systems.

INTRODUCTION

Hybrid quantum systems interfacing absolutely diverse physical components can carry out novel functionalities that individual systems cannot

own,1,2 which has attracted tremendous attention for investigating quantum phenomena and developing quantum technologies1 in the past

few decades. In recent years, combining solid-state systems with quantum nanomechanical systems has received great interest. Solid-state

systems can be two-level systems (TLSs) (such as superconducting qubits,3 defects in semiconductors,4 atoms,5 and quantum dots6,7) and

solid-state spins.8,9 Given the long coherence time of solid-state spins,10–12 representative hybrid quantum systems, that is, hybrid spin-me-

chanical systems,13–18 have been extensively applied because they can take full advantage of the excellent properties of solid-state spins and

high quality (Q) factors of nanomechanical resonators (NRs),19 ranging fromquantum sensing to quantum information processing.20 For nano-

mechanical systems,21 given their fascinating properties of ultralow mass, ultrahigh and extensively tunable frequencies, and ultrahigh Q fac-

tors, carbon nanotubes (CNTs) make them perfect nanomechanical devices, such as ultrasensitive interferometers and sensing devices.22–25

To establish spin-mechanical devices, solid-state spin qubits such as nitrogen-vacancy (NV) defect-center spins in diamond26–29 coupling

to nanomechanical resonators are leading candidates for hybrid spin-mechanical devices because they take advantage of the long coherence

time of NV spins even at room temperature10–12 and enormous Q factors of NRs, where the coupling of NV spins in diamond between me-

chanical resonators can be achieved extrinsically (such as external magnetic field gradients4,11–14,17,30,31) or intrinsically (such as mechanical

strain32–37). For the first coupling case, the interaction comes from the relative motion of the NV spin andmagnetic-field gradients,13,38 where

a magnetic tip is installed on a cantilever, generating magnetic coupling between the NV spin and NR.4,11–14,17,30,31 For the second coupling

case, the interaction of the NV spin and NR is derived from the crystal strain during mechanical motion.6,32–35,37 However, for these two types

of interactions, reaching the strong-coupling regime is still challenging. Recently, a spin-nanomechanical hybrid device achieving a strong-

coupling regime has been presented, where the NV center in diamond is interfaced with a suspended CNT carrying a dc current.39

On the other hand, mode coupling of mechanical resonators, due to its enormous advantage for fundamental studies and practical

device applications at micro-nanoscale,25,40–44 has attracted numerous attention in recent years. To date, three representative strong

mode-coupling regimes have been demonstrated experimentally: the linear mode coupling,45 nonlinear strong mode coupling,46,47

and dynamical strong mode coupling.40,48,49 Given mechanical mode coupling, phonon Rabi oscillations,49 coherent phonon manipula-

tion,50 spin-phonon interfaces,51 mechanical PT symmetry,52 and Fano resonance in multiple NRs53 have been investigated in different me-

chanical systems. In addition, the analogous three-mode coupling hybrid systems have also been demonstrated in multimode optome-

chanical systems, which include one mechanical mode coupled to two cavity modes by radiation pressure54–59 and a single optical

mode coupled to mechanical modes.60,61
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Inspired by the outstanding properties of NV centers in diamond (such as the long coherence time even at room temperature and high

controllability62–64) and unrivalledmechanical characteristics of CNTs (such as ultrahigh resonance frequencies and ultrahighQ factors22,23,25),

as well as the mechanical mode coupling,40,48,49,51,52 we propose a two-mechanical-mode-coupling CNT resonator coupled to the same NV

spin in diamond by magnetic-field gradients to form a hybrid quantum nanomechanical system. This arrangement engenders a hybrid quan-

tum nanomechanical system, wherein the interactions among the CNT resonators are mediated by phase-dependent phonon-phonon inter-

actions.65 The proposed hybrid system is analogous three-mode coupling optomechanical system consisting of an optical cavity coupled to

mechanical modes, and comparedwith hybrid optomechanical system, theNV spin in diamond can be replaced by other TLSs (such as super-

conducting qubits,3 defects in semiconductors,4 atoms,5 and quantum dots6) and nanomechanical systems such as doubly clamped NR,66

cantilever resonators,38,51 and two-dimensional drum resonators41,44 can also replace CNT resonators. By scaling up the number of CNT res-

onators, intricate spin-mechanical resonator networks become attainable.

In this study, using two-tone fields to drive the NV spin, the probe absorption spectra of the NV spin under the condition of resonance and

detuningare investigatedunderdifferentparametric regimes, such as spin-phonon coupling, different frequenciesofCNT resonators, phonon-

phononcoupling, andcontrolledphaseof thephonon-phonon interaction.Bycontrolling theparametric regimes, theprobeabsorptionspectra

manifest thephenomenonofelectromagnetically induced transparency (EIT)67; in particular, theEITwith a singlewindow turns intoonewith two

windows (i.e., the two-color EIT68) bymanipulating the spin-phonon coupling and the frequencies of CNT resonators. Thephenomenon of two-

color EIT is concomitant with rapid normal dispersion, engendering either a delay or advancement in light propagation. Expressly, a two-color

EIT generated light delay or advance has been achieved, which can be manipulated and switched periodically by tuning the modulation

phase. The proposed hybrid mechanical system is a promising integration platform for the optical storage or quantum communication.

RESULTS

We used the following parameters for the system39,69–71: u1 = u2 = 65 MHz, g1 = g2 = 4:5 MHz, g1 = g2 = 15 kHz, Up = 10 (MHz)2, ge =

60 MHz, J � ½10; 100� MHz, and q˛ ½0;2p�. Furthermore, nanomechanical resonators with high frequencies ranging from 100 MHz to a few

GHz have been realized in the mechanical devices with smaller sizes or greater stiffness.25,72,73

The case of resonance: Dp = 0

In this subsection, we investigate the coherent optical responses of the NV spin in the case of resonance, that is, Dp = 0. Figure 1A shows

the probe absorption of the NV spin with respect to Ds = us � ue for three coupling regimes, that is, (g2 = 0, J = 0), (g2s0, J = 0), and

(g2s0, Js0) at a fixed coupling strength g1 = 4:5 MHz, Figure 1A1 shows the amplification of the right absorption peaks in Figure 1A. In the

coupling regime of (g2 = 0, J = 0), the system is a typical two-mode coupled system, that is, an NV spin is coupled to a phonon mode, and

the probe absorption exhibits mode splitting, where the two absorption peaks are located at Ds = 0 and Ds = u1 = 65 MHz, respectively. If

another CNT resonator is considered, that is, the coupling regime becomes (g2s0, J = 0), where an NV spin is simultaneously coupled to

two CNT resonators with spin-phonon coupling strengths g1 = 4:5 MHz and g2 = 4:5 MHz, we find that the width of the two absorption

peaks is broadened compared with the coupling regime of (g2 = 0, J = 0) as shown by the red curve in Figure 1A. In the coupling regime

of (g2s0, Js0), that is, the two CNT resonators are not only coupled to the same NV spin, but also the two CNT resonators can interact with

each other with coupling strength J = 20 MHz, it is obvious that three absorption peaks located at Ds = 0, Ds = u1 � J, and Ds = u1 + J,

respectively, appear in the probe absorption. In particular, the two absorption peaks located at Ds = u1GJ as shown by the blue curve, can

be considered as the splitting of the single absorption peak located at Ds = u1 when the phonon-phonon coupling J is considered. Figure 1B

gives the probe absorption for different frequencies of the CNT resonators without considering the phonon-phonon coupling (J = 0). If the

two CNT resonators are identical (i.e., u2 = u1 = 65 MHz), the right single absorption peak located at Ds = u1 shows a Fano-like resonance,

as shown by the black curve in Figure 1B1. Fano resonance was first discovered by Fano,74 which exhibits a asymmetric feature of a photo-

ionization cross section in atomic systems generated by the scattering of the light amplitude when the extra frequency detuning is intro-

duced. However, in our system, we can obtain the Fano-like resonance even in the condition of Dp = 0. If the two CNT resonators have

different frequencies, there are two cases: u2 <u1 and u2 >u1. When u2 <u1 (u1 = 65 MHz and u2 = 60 MHz), the single Fano-like reso-

nance located at Ds = u1 is split into double Fano-like resonance locating at Ds = u2 = 60 MHz and Ds = u1 = 65 MHz, respectively.

When u2 >u1 (u1 = 65 MHz, u2 = 70 MHz), the single Fano-like resonance located at Ds = u1 in the probe absorption is also split into a

double Fano-like resonance locating at Ds = u1 = 65 MHz and Ds = u2 = 70 MHz, respectively. Fano resonance induced applications,

such as sensors,75 enhanced light emission,76 electromagnetically induced absorption,77 and the slow light,78 have been investigated in

different systems.

In addition, the probe absorption spectra for different frequencies of CNT resonators with taking into consideration of the phonon-phonon

coupling (J = 20 MHz) are also demonstrated as shown in Figures 1C and 1C1 shows the amplification of the right two Fano-like resonance

peaks. Three absorption peaks appear in the probe absorption spectrum, and the right two absorption peaks present double Fano-like reso-

nance. If the two CNT resonators have the same frequencies, indicated by the red curve in Figure 1C, the two Fano-like resonance peaks are

located at. Ds = u1GJ. (or Ds = u2GJ), that is, Ds = u1 � J = 45 MHz and Ds = u1 + J = 85 MHz. However, if the two CNT resonators are

different resonators with different frequencies, the two Fano-like resonance peaks are located at Ds = uGJ, where u = ðu1 +u2Þ= 2. For

example, if u1 = 65 MHz and u2 = 60 MHz, the two Fano-like resonance peaks will locate at Ds = u � J = 42:5 MHz and Ds = u+ J = 82:5

MHz with u = 62:5 MHz, while if u1 = 65 MHz and u2 = 70 MHz, the two Fano-like resonance peaks will locate at Ds = u � J = 47:5 MHz

and Ds = u+ J = 87:5 MHz with u = 67:5 MHz. Furthermore, the probe absorption spectra for different phonon-phonon coupling strengths
2 iScience 27, 109328, April 19, 2024
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Figure 1. The probe absorption for different coupling regimes in the case of Dp = 0

(A) The probe absorption of the NV spin with respect to Ds for three coupling regimes of (g2 = 0, J = 0), (g2s0, J = 0), and (g2s0, Js0) at g1 = 4:5 MHz. (A1)

The amplified parts in (A).

(B) The probe absorption for different frequencies of the CNT resonators at J = 0. (B1) The amplified parts in (B).

(C) The probe absorption for different frequencies of the CNT resonators at J = 20 MHz. (C1) The amplified parts in (C).

(D) The probe absorption spectra for different J with parameters u1 = u2, g1 = g2, and q = p=2.

(E) The splitting width of the double peaks as a function of the coupling strength J.
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J in the parameters ofu1 = u2, g1 = g2, and q = p=2 were also investigated, as shown in Figure 1D.We can see that the splitting width of the

double Fano-like resonance is enhancedby increasing the phonon-phonon coupling strength J, and Figure 1E shows the splittingwidth of the

double Fano-like resonance peaks as a function of the phonon-phonon coupling strength J, which indicates that the splitting width is pro-

portional to the coupling strength J.

As shown in Figure 1D, if the phonon-phonon coupling strength J reaches to J � u1, such as J = 60MHz, the left Fano-like resonance peak

located at Ds = u1 � J will move to the left and arrive at Dsz0, then the probe absorption peak at Ds = 0 splits into two peaks. Figure 2A

presents the probe absorption as a function of Ds for different modulation phases q in parametric regimes of u1 = u2, g1 = g2, and J =

60MHz, Figure 2A1 shows the amplifying details of the probe absorption located atDs = u1 � J and Figure 2A2 shows the amplifying details

located atDs = u1 + J. According to Figures 2A and 21D, we can obtain the following results: (1) A broad absorption peak located atDsz 0 in

the probe absorption is unchanged even increasing the phonon-phonon coupling strength; (2) In the presence of coupling strength J, two

Fano-like resonance peaks located at Ds = u1GJ appear in the probe absorption, and with increasing the coupling strength J, the left Fano-

like resonance peaks move to the left and right Fano-like resonance peaks move to the right; (3) The linewidth of the two Fano-like resonance

peaks located at Ds = u1GJ is narrower than the broad absorption peak located at Dsz0. (4) When the phonon-phonon coupling strength J

reaches to J = u1 or Jzu1, the Fano-like resonance peak located at Ds = u1 � Jmove to the location of the broad absorption peak located

at Dsz0, and as a result, the broad absorption peak located at Dsz0 displays quasisymmetry splitting. However, there is a special situation,

that is, modulation phase q = 0 or q = p as shown in Figure 2B. In the condition of q = 0, the left Fano-like resonance located at Ds = u1 � J

disappears and only the right Fano resonance located at Ds = u1 + J appears in the probe absorption. If q = p, the left Fano resonance

located at Ds = u1 � Jmoves to the left, which causes the broad absorption peak located at Ds = 0 to present mode splitting, and the right

Fano resonance located at Ds = u1 + J disappears.

The case of detuning: Dps0

In this subsection, we investigate the coherent optical responses of the NV spin in the case of red-detuning, that is, Dp = u1. Figure 3A

plots the probe absorption of the NV spin with respect to Ds for three coupling regimes, i.e., (g2 = 0, J = 0), (g2s0, J = 0), and (g2s 0,
iScience 27, 109328, April 19, 2024 3
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Figure 2. The probe absorption for different modulation phase q at Dp = 0

(A) The probe absorption versus Ds for different modulation phase q with parametric u1 = u2, g1 = g2, and J = 60 MHz. (A1) and (A2) The amplifying details

in (A).

(B) The probe absorption for the phase q = 0 and q = p.
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Js0) at g1 = 4:5 MHz and u1 = 65 MHz. In the coupling regime of (g2 = 0, J = 0), the probe absorption shows symmetrical splitting, as

shown by the black curve in Figure 3A, which is analogous to EIT67 in atomic systems because there is a transparent window (i.e., zero

absorption deep) at Ds = 0. A transparent window refers to transparent transmission without any absorption, and it is also termed

phonon-induced transparency (PIT),50 which is generated by mechanically induced coherent population oscillations when the condition

of d = u1 is met.79,80 The physical origin of coherent population oscillation is that, when the pump and probe lasers with slightly different

frequencies interact inside a saturable absorbing material, the atomic population is driven coherently between the ground and excited

states at the beat frequency of the light beams.79,80 For example, if a pump field at frequency u and a detuned probe field at frequency

u+ d co-propagate through a absorber, the ground state population will be induced to oscillate at frequency d.79,80 The single EIT-like

window at Ds = 0 in Figure 3A (the black line) is very similar to a single optomechanically induced transparency in a standard cavity opto-

mechanical system formed by an optical cavity and a mechanical mode, which is due to the destructive interference of the probe field and

the anti-Stokes scattering stimulated by the red-sideband driving.81–84 In the coupling regime of (g2s0, J = 0), that is, another CNT reso-

nator is also introduced without considering the phonon-phonon coupling of the two CNT resonators, the probe absorption is supposed

to present two EIT-like windows because there exist two routes of destructive interferences. However, we only obtain the counterintuitive

phenomenon, that is, only one EIT-like window appears in the probe absorption [see the red dash line in Figure 3A], which is demonstrated

that the bright mode plays an effective role in the destructive interference and the dark mode is decoupled in optomechanical system.85

Compared with the coupling regime of (g2 = 0, J = 0), the EIT-like window is amplified in the two-mechanical-mode CNT resonator sys-

tem. If the coupling regime becomes (g2s0, Js0), we can observe that the probe absorption presents a analogous two-color EIT68 with

two symmetric splitting modes, that is, a single EIT-like window is divided into two symmetrical narrow EIT-like windows, as shown by the

blue dot line in Figure 3A, where two zero-absorption deeps (transparent windows) located at Ds = u1 � DpGJ appear in the probe ab-

sorption. Actually, those features could be traced to coherent population oscillation. However, those coherent population oscillations are

not just caused by pump and probe field, the external CNT resonator also make a contribution. Due to we consider the NV spin is a TLS,

the spin-resonator coupling gets those two energy levels dressed with the vibration mode and those two energy levels should then be

treated as two bands. If the affection from other resonators has been ignored, the coherent population oscillation caused by pump

and probe field will result in a variation of the population distribution of those two bands and the coherent optical responses of the

NV spin will also be changed. Those coherent population oscillations originate from the interband transitions caused by absorption

and emission of photons. However, when the other CNT resonator is counted, the coherent population oscillations have different mech-

anism. The other CNT resonator acts as a ‘‘light beam’’, which directly drives intraband levels. The intraband transitions efficiently modify
4 iScience 27, 109328, April 19, 2024
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Figure 3. The probe absorption for different coupling regimes in the case of Dps0

(A) The probe absorption for three coupling regimes of (g2 = 0, J = 0), (g2s0, J = 0), and (g2s0, Js0).

(B) The probe absorption spectra for different J.

(C) The probe absorption for different CNT resonators at J = 0.

(D) The probe absorption for different CNT resonators at J = 60 MHz.
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the population distribution of those two bands and the optical responses of the NV spin. So the coherent population oscillation is assisted

by the other CNT resonator, we refer to it as phonon assist-coherent population oscillation. Figure 3B further plots the probe absorption

for different phonon-phonon coupling strengths J in the parametric regimes of u1 = u2, g1 = g2, and q = p=2. With increasing coupling

strength J, the splitting width of the two absorption peaks is enhanced, and the splitting of the two absorption peaks is equal to the split-

ting width 2J which results from the Jaynes-Cummings coupling of the two CNT resonators.

On the other hand, two-color EIT effect was also demonstrated in a hybrid coupled system consisting of a single superconducting quan-

tum circuit and a single NR, where the superconducting qubit is longitudinally coupled to the NR via an external flux,86 rather than via the

transverse coupling.87 Compared with the transverse coupling, the longitudinal coupling has several advantages86: (1) There is no Purcell

decay and residual interactions between a qubit and its resonator; (2) The parametrically modulated longitudinal coupling can bemodulated

in time at certain frequencies rather than always being a constant; (3) Even modulating the longitudinal coupling of two remote qubits and a

resonator, a highfidelity controlled-phase gate can still be obtained. Therefore, the modulated longitudinal coupling offers another way to

achieve better quantum control and engineering. In our hybrid quantum system, the coupling of NV spins between mechanical resonators is

due to external magnetic field gradients,4,11–14,17,30,31 where a magnetic tip is installed on a cantilever, generating magnetic coupling be-

tween the NV spin and NR. Compared with the work in ref.86 which includes a single superconducting qubit coupled to a single NR, here

we consider that an NV spin is coupled to two CNT resonators simultaneously. Further, we and ref.86 both investigated the same optical

response of two-color EIT in two different hybrid quantum systems by the modulated coupling with different forms, that is, the phase mod-

ulation of phonon-phonon interaction in our work and the amplitude modulation of spin-phonon coupling in ref.86 Moreover, both the two

hybrid quantum systems own the same advantages, i.e., they have the ability to interface hybrid material platforms to enhance light-matter

interactions, which manifest a particularly promising integration platform and will lead to potential application in quantum information

processing.1,2,25

Figure 3C investigates two CNT resonators with different frequencies that influence probe absorption under the condition of J = 0. If

the two CNT resonators have the same frequencies (u1 = u2), the probe absorption displays standard single-color EIT at Ds = 0 as shown

the black curve in Figure 3C, which has been demonstrated in Figure 3A. However, if u2 <u1 (u1 = 65 MHz and u2 = 55 MHz), the probe ab-

sorption indicates a two-color EIT, as shown by the red curve in Figure 3C, and the two transparent windows are located at Ds = u2 � Dp

(Ds = � 10 MHz) and Ds = u1 � Dp (Ds = 0), respectively. If u2 >u1 (u1 = 65 MHz and u2 = 75 MHz), the probe absorption also manifests

a two-color EIT, as shown by the green curve in Figure 3C, whereas the two transparent windows are located at Ds = u1 � Dp (Ds = 0) and
iScience 27, 109328, April 19, 2024 5
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Figure 4. The probe absorption for different phase q

(A) The probe absorption for five different phases q. (A1) and (A2) The amplifying details in (A).

(B) The probe absorption for the phase q = 0 and q = p. The other parameters are Dp = u1, u1 = u2, g1 = g2, and J = 60 MHz.
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Ds = u2 � Dp (Ds = 10 MHz), respectively. We also further studied two different CNT resonators that affect the probe absorption under the

condition of Js0 (such as J = 60 MHz), as shown in Figure 3D. It is clear that the probe absorption presents a two-color EIT, and the two

transparent windows are located at Ds = u � DpGJ with u = ðu1 +u2Þ=2. For example, if u1 = 65 MHz and u2 = 55 MHz, the two

transparent windows are located at Ds = u � Dp � J = � 65 MHz and Ds = u � Dp + J = 55 MHz with u = 60 MHz, respectively. Hovever,

if u1 = 65 MHz and u2 = 75 MHz, the two transparent windows are located at Ds = u � Dp � J = � 55 MHz and Ds = u � Dp + J = 65 MHz

with u = 70 MHz, respectively.

In addition, the modulation phase q of the phonon-phonon coupling influences the two-color EIT was also investigated, as shown in

Figure 4, which shows the probe absorption versus Ds for several different q values in the parametric regime of u1 = u2, g1 = g2, and

J = 60 MHz. The probe absorption presents a two-color EIT and two transparent windows located at Ds = u1 � Dp � J and Ds = u1 �
Dp + J, respectively. Figures 4A1 and 4A2 show the details of the left and right absorption peaks, which all manifest Fano-like resonances.

The difference is that the spectral linewidth of the left Fano-like resonance is widenedwith the increase in intensity, while the spectral linewidth

of the right Fano-like resonance is squeezed, accompanied by a decrease in intensity with increasing modulation phase q from q = p= 6 to

q = 5p=6. In particular, themodulation phases q = 0 and q = p are two special cases, in which the two-color EIT changes into the single-color

EIT as shown in Figure 4B. If q = 0, then the single-color EIT window appears at Ds = u1 � Dp + J, whereas if q = p, the single-color EIT

window appears at Ds = u1 � Dp � J. Combining the results in Figure 2B, where the left Fano-like resonance disappears and only leaves

the right Fano resonance located at Ds = u1 + J in the condition of q = 0; If q = p, the right Fano resonance disappears and the left Fano

resonance located atDs = u1 � Jmoves to the left leading to the broad absorption peak located atDs = 0, which present themode splitting

phenomenon. The phenomena can be interpreted by the dark-mode effects, where the spin mode decouples from one of the two hybrid

mechanical modes ~A+ and ~A� (supplemental information of Section V). When q = np for an integer n, the spin mode is decoupled from

one of the two hybridizedmechanical modes ~A� (for an even number n) and ~A+ (for an odd number n). So only the left or right Fano resonance

appear in the probe absorption. In the case of the phase qsnp, the dark-mode effect can be broken by tuning the modulation phase, as a

result both the right and left Fano resonance emerge in the probe absorption.

Moreover, the detuning Dp that dominates the probe absorption is also studied, as shown in Figure 5, with the parameters of u1 = u2,

g1 = g2, J = 60 MHz, and q = p=2, Figures 5A1 and 5A2 show the details of the left and right Fano-like resonance peaks. With increasing

detuning Dp from Dp = 0:8u1 to Dp = 1:2u1, we can obtain the following results: (1) The central broader absorption peaks around Ds = 0

move from left to right with unchanged spectral linewidth in the probe absorption; (2) The spectral linewidth of the left Fano-like resonance

is widened, while the right Fano-like resonance is squeezed; (3) The probe absorption presents a two-color EIT with two transparent windows

located at Ds = u1 � Dp � J and Ds = u1 � Dp + J, respectively.
6 iScience 27, 109328, April 19, 2024
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Figure 5. The probe absorption for different detuning Dp

(A) The probe absorption for five different detuning Dp. (A1) and (A2) The amplifying parts of the left and right peaks in (A). The other parameters are Dp = u1,

u1 = u2, g1 = g2, J = 60 MHz, and q = p=2.
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Both the single EIT and two-color EIT with transparent window (i.e., zero absorption deep) accompanied by rapid normal dispersion will

lead to a subtle advancement or delay in light propagation. As demonstrated in ref. 79,80, a dispersion with a steep positive slope leads to a

group velocity index ng > 0, i.e., light delay (or slow light), whereas the dispersionwith a steep negative slope generated a group velocity index

of ng < 0; i.e., light advances (or fast light). So the group velocity index ng under different parametric regimes will be demonstrated in the

following.

Figures 6 and 7 show the group velocity index ng for different parametric regimes, which corresponds to the results in Figure 3. Figure 6A

shows themiddle peaks in Figure 3A that influences the index ng in the parametric regimes of (g2 = 0, J = 0) and (g2 = 4:5MHz, J = 0), and

we can see that ng experiences the process from ng > 0 to ng < 0, i.e., the transition from the slow light to fast light. In Figure 6B, the left and

right absorption peaks (EIT windows) in Figure 3A inducing the slow and fast light are also demonstrated in the parametric regimes of (g2 =

4:5 MHz, J = 20 MHz), and it is obvious that the index ng shows the change from slow to fast light. The difference is that the right peak in

Figure 3A, which generates fast and slow light effects, is more significant than the left peak. Figures 6C and 6D correspond to the two-color

EIT in Figure 3B, that is, the left and right Fano-like resonance that induces slow light with increasing coupling strength J from J = 20 MHz to

J = 100MHzwithu1 = u2, g1 = g2, and q = p=2. In Figure 6C, if the coupling strength is small (e.g., J% 40MHz), the index ng manifests the

conversion from slow to fast light, and when J reaches a critical value (J> 60 MHz), the slow light is dominant. The right Fano-like peak that

affects the index ng is shown in Figure 6D, where the change from slow to fast can be obtained, and the transition process is enhanced by

increasing the coupling strength J.

Figure 7A corresponds to the middle EIT window in Figure 3C for different frequencies of CNT resonators without considering the

phonon-phonon coupling (J = 0). If two CNT resonators have different frequencies (such as u2 >u1 or u2 <u1), they have the same

group velocity index ng, whereas if u2 = u1, the index ng is smaller than that in the case of different frequencies. Figure 7B presents

the left and right EIT windows in Figure 3C for u2 = 55 MHz and u2 = 75 MHz, respectively, which generate the group velocity, and the

right EIT windows generate the group velocity that is more remarkable than the left one. If the coupling strength J is considered, the

probe absorption displays a two-color EIT, as shown in Figure 3D. Figures 7C and 7D investigate the left and right peaks of the two-

color EIT that generates the group velocity for different CNT resonators. Figure 7C plots the index ng versus Rabi frequency Up for three

different CNT frequencies, and we find that if u2 %u1, the group velocity manifests as slow light; if u2 >u1, the group velocity experi-

ences the process from slow to fast light. However, the right peak of the two-color EIT in Figure 3D, which induces the group velocity, as

demonstrated in Figure 7D is quite different from the left one as shown in Figure 7C. If u2 <u1, the group velocity only indicates slow

light, whereas if u2 Ru1, the group velocity first arrives at a maximum value, then reduces to a minimum value, and finally reaches satu-

ration with increasing Up.
iScience 27, 109328, April 19, 2024 7
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Figure 6. The group velocity index ng for different coupling regimes

(A) The group velocity index ng with respect toUp in the parametric of (g2 = 0, J = 0) and (g2 = 4:5MHz, J = 0) corresponding to themiddle peaks in Figure 3A.

(B) The index ng in the parameters of (g2 = 4:5 MHz, J = 20 MHz) corresponding the left and right absorption peaks in Figure 3A.

(C) and (D) The index ng for different J corresponding to the left and right peaks of two-color EIT in Figure 3B in the parameters of u1 = u2, g1 = g2, and

q = p=2.
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Figure 8 shows themodulation phase q of the phonon-phonon coupling that influences the group velocity index ng is demonstrated, which

corresponds to the two-color EIT in Figure 4. Figure 8A plots the index ng as a function of Up for different phases q with the parameters of

u1 = u2, g1 = g2, and J = 60 MHz, which corresponds to the left peak of the two-color EIT in Figure 4A. The group velocity indicates slow

light and gradually decreases from the maximum value for a fixed phase q. Figure 8B gives the index ng versusUp for the same parameters in

Figure 8A, which corresponds to the right peak of the two-color EIT in Figure 4A. Slow-to-fast light can be obtained, and when the phase q

reaches to q = 5p=6, the slow-to-fast light became more prominent. Moreover, we also plot the group velocity index ng versus the modu-

lation phase q for different Up values, as shown in Figures 8C and 8D, which correspond to the left and right peaks of the two-color EIT in

Figure 4A. The slow-to-fast and fast-to-slow light effects can be generated in the two-color EIT windows by controlling the modulation phase

q. For the left peaks of the two-color EIT induced optical propagation, as shown in Figure 8C, the group velocity indicates the fast-to-slow light

appearing in q˛ ½0;p� and the slow-to-fast light effect emerges at q˛ ½p;2p�. For the right peaks, as shown in Figure 8D, the slow-to-fast and

fast-to-slow light effects change tempestuously at approximately q = p.

Figure 9 shows the detuning Dp that affects the group velocity, which corresponds to the two-color EIT in Figure 5. Figure 9A shows the

index ng versus Up for different detuning Dp with the parameters of u1 = u2, g1 = g2, J = 60 MHz, and q = p=2, which corresponds to

the left peak of the two-color EIT in Figure 5, and the slow-light effect decreases gradually from the same maximum value for different Dp.

The group velocity index ng versus the phase q for different Dp is demonstrated in Figure 9B, which corresponds to the left peak of the two-

color EIT in Figure 5, and the results are similar to the results in Figure 8C. Figure 9C plots the index ng versus Up for different detuning Dp

with the same parameters as in Figure 9A, which corresponds to the right peak of the two-color EIT in Figure 5, and the slow-to-fast light

effect can be obtained. Figure 9D displays the group velocity index ng versus the phase q for different Dp, which corresponds to the right

peak of the two-color EIT Figure 5, and the results are similar to the results in Figure 8D, i.e., the slow-to-fast and fast-to-slow light effects

happen around q = p. These results can result in ultraslowing or ultra-advancing signals that can be applied to optical storage or quantum

communication.82,83

DISCUSSIONS

Wehave studied probe absorption in amultiple-mode-coupling hybrid quantum system, which consists of two-mode-coupling nanomechan-

ical CNT resonators coupled to the same NV center in diamond. In this system, the NV center is considered a two-level system, which can be
8 iScience 27, 109328, April 19, 2024
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Figure 7. The group velocity index ng for different frequencies

(A) The index ng for different frequencies of CNT resonators at . corresponding to the middle EIT window in Figure 3C.

(B) The index ng for u2 = 55 MHz and u2 = 75 MHz at J = 0 corresponding to the left and right EIT windows in Figure 3C.

(C) The index ng versus Up for three different CNT frequencies corresponding to the left peak of two-color EIT in Figure 3D.

(D) The index ng for different CNT frequencies corresponding to the right peak of two-color EIT in Figure 3D.
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replaced by superconducting qubits, atoms, or quantum dots, while the two-mode-coupling CNT resonators can also be replaced by doubly

clamped nanomechanical resonators, cantilever resonators, or two-dimensional drum resonators. The interactions of NV spins and mechan-

ical resonators can be achieved by magnetomechanical interactions or strain-mediated coupling, and the two CNT resonators couple with

each other via phase-dependent phonon-exchange coupling.

We have investigated the optical responses of theNV spin in diamond, and the probe absorption shows two transparent windows, which is

called a two-color EIT, in contrast to the standard single-color EIT. The switch between one and two EIT windows can be controlled period-

ically by manipulating the modulation phase of the phonon-phonon coupling. Combining the coupling of NV spin and CNT resonators with

phonon-phonon coupling, two-color EIT windows that generate light delay or advance have been demonstrated, and by periodically tuning

the modulation phase, the switch of slow-to-fast and fast-to-slow light effects can be achieved. This study present a promising integration

platform for chip-scale applications in information processing.

Limitations of the study

In this study, we designed a multiple-mode-coupling hybrid quantum system to investigate the slow light effect by periodically tuning the

modulation phase. However, experimental implementation of the scheme still requires advances in micro(nano) science and technology.
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Figure 8. The group velocity index ng for different Up and q

(A) The index ng versus Up for different phase q with the parameters of u1 = u2, g1 = g2, and J = 60 MHz corresponding to the left peak of the two-color EIT

Figure 4A.

(B) The index ng for the same parameters in (A) corresponding to the right peak of the two-color EIT Figure 4A.

(C) and (D) The group velocity index ng versus the phase q for different Up corresponding to the left and right peak of the two-color EIT in Figure 4A.
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Figure 9. The group velocity index ng for different detuning Dp

(A) The index ng versus Up for different detuning Dp in the parameters of u1 = u2, g1 = g2, J = 60 MHz, and q = p=2 corresponding to the left peak of the two-

color EIT Figure 5.

(B) The index ng for the same parameters in (A) corresponding to the right peak of the two-color EIT Figure 5.

(C) and (D) The index ng versus Up for different detuning Dp corresponding to the left and right peak of the two-color EIT in Figure 5.
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and Sillanpää, M.A. (2014). Graphene
optomechanics realized at microwave
frequencies. Phys. Rev. Lett. 113, 027404.

73. Singh, V., Bosman, S.J., Schneider, B.H.,
Blanter, Y.M., Castellanos-Gomez, A., and
Steele, G.A. (2014). Optomechanical
coupling between a multilayer graphene
mechanical resonator and a
superconducting microwave cavity. Nat.
Nanotechnol. 9, 820–824.

74. Fano, U. (1961). Effects of configuration
interaction on intensities and phase shifts.
Phys. Rev. 124, 1866–1878.

75. Wu, C., Khanikaev, A.B., Adato, R., Arju, N.,
Yanik, A.A., Altug, H., and Shvets, G. (2011).
Fano-resonant asymmetric metamaterials
for ultrasensitive spectroscopy and
identification of molecular monolayers. Nat.
Mater. 11, 69–75.

76. Zhou, Z.K., Peng, X.N., Yang, Z.J., Zhang,
Z.S., Li, M., Su, X.R., Zhang, Q., Shan, X.,
Wang, Q.Q., and Zhang, Z. (2011). Tuning
gold nanorod-nanoparticle hybrids into
plasmonic Fano resonance for dramatically
enhanced light emission and transmission.
Nano Lett. 11, 49–55.

77. Taubert, R., Hentschel, M., Kästel, J., and
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STAR+METHODS

KEY RESOURCES TABLE
REAGENT or RESOURCE SOURCE IDENTIFIER

Software and algorithms

Origin OriginLab Corporation https://www.originlab.com

MATLAB MATLAB Software Foundation https://www.matlab.org

Photoshop Adobe https://www.adobe.com/products/photoshop
RESOURCE AVAILABILITY

Lead contact

Any additional information required to reanalyze the data reported in this work paper is available from the lead contact upon request, Hua-

Jun Chen (chenphysics@126.com).
Materials availability

This work did not generate new unique reagents.
Data and code availability

All data reported in this paper will be shared by the lead contact upon request.

The code used in this study can be obtained in the supplemental information.

Any additional information required to reanalyze the data reported in this paper is available from the lead contact upon request.
METHOD DETAILS

Model and Hamiltonian

We designed a three-mode loop-coupled nanomechanical system that contains an NV center in diamond coupled to two nanomechanical

modes via magnetomechanical interaction,39 as shown in below figure.
The model of the hybrid system

(A) Schematic diagram of the three-mode loop-coupled hybrid quantum system formed by an NV center in diamond (the NV spin is considered as a TLS with a

decay rate ge) coupled to two mechanical modes a1 and a2 (with decay rates g1 and g2) with coupling strength g1 and g2.

(B) The two-mode coupled mechanical resonators can be realized by nanomechanical CNT resonators, which is coupled to a same NV center. The two CNT

resonators are coupled to each other via a phase-dependent phonon-phonon interaction with the coupling strength J and the modulation phase q, and the

coupling of NV spin and two CNT resonators comes from the magnetomechanical interaction. The NV spin is driven by a strong pump field with frequency

up and a weak probe field with frequency us.
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The two nanomechanicalmodes are CNT resonators coupled to each other via phase-dependent phonon-exchange coupling65 with coupling

strength J and modulation phase q.88,89 For the two-mode coupling CNT resonators, we use creation (annihilation) operators ay1ða1Þ and
ay2ða2Þ to describe them, the Hamiltonian of the two-mode coupling CNT resonators is HCNT =

P
k = 1;2

-uka
y
kak , where u1 and u2 are the fre-

quencies of the CNT resonators with the decay rate g1 and g2. For the NV center in diamond, the NV spin can be considered as a TLS14,18,33

with the ground state jgD and exciton state jeD. We extract an NV spin couples to a CNT resonator of below figure,
The two-level approximation of NV spin

(A) Schematic of a spin-mechanical system that contains an NV center in diamond coupled to a CNT resonator via magnetomechanical interaction.

(B) The energy level diagram of an NV center spin.

(C) The approximate two-level NV spin.
as shown in figure below, which is a typical spin-mechanical system. TheNV center in diamond consists of a substitutional nitrogen atom and a

vacancy, which own a spin S = 1 ground state with three substates jms = 0D and jms = G1D39. The three substates are separated by a zero-

field splittingD=2p = 2:87 GHz between the states of jms = 0D and jms = G1D as shown in Figure SB.When we apply amoderate static mag-

netic field B = 300 G90 along the y direction, as shown in figure below, the degenerate spin states jms = G1D can be removed, and the three-

level NV spin is restricted to a two-level subspace covered by j0D and j � 1D18, as shown in figure below. We use the Pauli operator sz =

jeDCej � jgDCgj and the raising s+ = jeDCgj and lowering s� = jgDCej operators to describe the TLS NV spin. Then the Hamiltonian of the

spin is HNV = 1
2 -ues

z with the spin frequency ue of the NV center in the diamond.

The proposed hybrid quantum system can be carried out by photonic crystal cavity optomechanical systems,65 electromechanical circuit

systems,60,91 waveguide-mediated distant mechanical coupling,92 or the Coulomb interaction.93–95 The phase-dependent phonon-phonon

coupling, can be achieved by coupling to a charge qubit in electromechanical system96 and has been demonstrated by two assistant cavity.65

Furthermore, it was demonstrated that the phonon-phonon coupling between mechanical resonators can be controlled by gate voltage ex-

erted on mechanical resonators in ion-nanomechanical systems,50,97 where a gate voltage VðtÞ = V0 cosðuactÞ with frequency uac is exerted

on NRs byOhmic contacts. The charge on resonators vibrates with time and leads to oscillating forces on resonators.97 We take the Coulomb

interaction as an example to derive the interaction of two mechanical resonators.

We consider that the two CNT resonators with frequencies u1 and u2 take the charges C1V1 and � C2V2, where C1ðC2Þ and V1ð�V2Þ are
the capacitance and the voltage of the bias gate, respectively. The Coulomb coupling of two CNT resonators is

Hint =
�C1V1C2V2

4pε0jy0+y1 � y2j ; (Equation 1)

where y0 means the equilibrium distance of two resonators, y1 and y2 are the small displacements of two resonators from their equilibrium

positions, respectively. Given y0 [ y1;y2, Hint can be rewritten as

Hint =
�C1V1C2V2

4pε0y0

"
1 � y1 � y2

y0
+

�
y1 � y2

y0

�2
#
; (Equation 2)

with the second-order expansion, where the linear term is absorbed into the definition of the equilibrium positions, and the quadratic term

includes a renormalization of the oscillation frequencies of CNT resonators. Then, we get a reduced form Hint = -Jy1y2 with J = C1V1C2V2

2p-ε0y
3
0

.

Considering y1 = ay1 + a1 and y2 = ay2 + a2 are the position operators of CNT resonators, then we get

Hint = -J
�
ay1 + a1

��
ay2 + a2

�
: (Equation 3)
iScience 27, 109328, April 19, 2024 15



ll
OPEN ACCESS

iScience
Article
By ignoring the counter-rotating terms which do not conserve the number of excitations, the interaction Hamiltonian of CNT resonators is

Hint = -Jðay1a2 + a1a
y
2Þ, and when a modulation phase q is taken into consideration, then we obtain the Hamiltonian as

Hint = -J
�
eiqay1a2 + e� iqa1a

y
2

�
: (Equation 4)

In the above rotating-wave approximation, the simplification is valid only in the regimes of theweak and strong coupling. If themode coupling

of two mechanical modes or a mechanical mode and a qubit reaches to the ultrastrong coupling regimes, the counter-rotating terms could

not be ignored.98 For spin-resonator interactions, under the rotating-wave approximation, the standard Jaynes-Cummings (J-C) Hamiltonian

can be used to describe them39 as

HS�R =
X
k = 1;2

-gk

�
ayks

� + aks
+
�
; (Equation 5)

Using the two-tone fields with frequencies of up (pump field) and us (probe field) to derive the TLS NV spin, the Hamiltonian99 is

Hdri = �
X
j = s;p

mεj
�
s+e� iuj t + s�eiuj t

�
; (Equation 6)

where εj is the slowly varying envelope, and we obtain the Hamiltonian of the entire system in a frame rotating pump field as

H = HCNT + HNV + HS�R + Hint + Hdri

=
X
k = 1;2

-uka
y
kak +

1

2
-Dps

z +
X
k = 1;2

-gk

�
ayks

� + aks
+
�
+ -J

�
eiqay1a2 + e� iqa1a

y
2

�� -Upðs+ + s�Þ � mεs
�
s+e� idt + s�eidt

�
;

(Equation 7)

with the spin-pumpdetuningDp = ue � up, electric dipolemomentm, Rabi frequencyUp = mεp=-, andprobe-pumpdetuning d = us � up.
Heisenberg-Langevin equations

According to the Heisenberg equation of motion, the Heisenberg-Langevin equations can be derived by adding the noise and damping

terms as follows100: X
k = 1;2

_ak = � ðiuk + gkÞak � igks
� � iJeiqa3� k + bxk ; (Equation 8)
_sz = � geðsz + 1Þ � ig1

�
a1s

+ � ay1s
�� � ig2

�
a2s

+ � ay2s
��

+ iUpðs+ � s�Þ + imεs
-

�
s+e� id � s�eid

�
;

(Equation 9)
_s� = � �
iDp + ge

�
2
�
s� + 2ig1s

za1 + 2ig2s
za2 � 2iUps

z � 2imεs
-

sze� id + bf ; (Equation 10)

where g1 and g2 are the decay rates of the two CNT resonators and ge is the decay rate of the NV spin.bf is the d-correlated Langevin noise operator with zero mean Cbf D = 0 and obeys the correlation function Cbf ðtÞbf yðt0ÞD � dðt � t0Þ. The CNT

resonators are affected by a Brownian stochastic force with the correlation function as

Cbx+ðtÞbxðt 0ÞD =
gk

uk

Z
du

2p
ue� iuðt� t0 Þ

�
1 + coth

�
-u

2kBT

��
; (Equation 11)

with the Boltzmann constant kB and the temperature T of the reservoir. In Equation 11, CNT resonators are affected by the thermal bath of

Brownian and non-Markovian processes.101 In low temperature, the quantum effects of phonon modes can be observed only in the case of

resolved sideband regime, i.e., u1ðu2Þ=g1ðg2Þ[ 1. In the weak coupling regime, the effect of Brownian noise is modeled as Markovian pro-

cesses, additionally, the spin-resonator interactions are stronger than the coupling to the reservoir, considering the second order approxi-

mation,101 the reservoir that affects phonon modes can be obtained as shown in Equation 11.

In order to solve Equation 8 to Equation 10, the perturbation theory r = r0 + dr (r0 is the steady part and dr is the fluctuation) was intro-

duced and substituted into Equation 8 to Equation 10, a steady equation set can be obtained as follows:X
k = 1;2

ðiuk + gkÞak0 + igks0 + iJeiqa3� k0 = 0; (Equation 12)
iUp

�
s�
0 � s0

� � ig1

�
a10s

�
0 � a�10s0

� � ig2

�
a20s

�
0 � a�20s0

�
= ge

�
sz
0 + 1

�
; (Equation 13)
� �
iDp + ge

�
2
�
s0 + 2ig1s

z
0a10 + 2ig2s

z
0a20 = 2iUps

z
0: (Equation 14)
16 iScience 27, 109328, April 19, 2024



ll
OPEN ACCESS

iScience
Article
Solving Equation 12, the steady-state values of a10 and a20 can be obtained. Equations 13 and 14 together determine steady-state values of

sz0 and s0. Especially, s
z
0 ˛ ð� 1; 0Þ and if sz0 = � 1, the TLS NV spin is in its ground state.

Considering the pump field was sufficiently strong, using the mean-field approximation CABD = CADCBD81,102, the fluctuation operators will

be identified with their expectation values. We obtain the Langevin equations of the expectation values by neglecting the nonlinear terms in

the fluctuations as follows: X
k = 1;2

Cd _akD = � ðiuk + gkÞCdakD � igkCds
�DC� iJeiqDCda3� kD; (Equation 15)
Cd _szD = � geCds
zD � ig1

	�
a10Cds

+D + s�
0Cda1D

� � �
a�10Cds

�D + s0Cda
y
1D
�
� ig2

	�
a20Cds

+D + s�
0Cda2D

� � �
a�20Cds

�D + s0Cda
y
2D
�


+ iUpðCds+D � Cds�DÞ + imεs
-

�
s�
0e

� id � s0e
id
�
;

(Equation 16)
Cd _s�D = � �
iDp + ge

�
2
�
Cds�D + 2ig1

�
sz
0Cda1D + a10Cds

�D
�

+ 2ig2

�
sz
0Cda2D + a20Cds

�D
� � 2iUpCds

zD � 2imεs
-

sz
0e

� id;
(Equation 17)

Linear optical susceptibility

To solve the above equations, we consider the ansatz99 as CdrD = r+e
� idt + r�eidt . Substituting these into Equation 15 to Equation 17, after

ignoring the second-order terms and working in the lowest order in εs but for all orders in εp, the linear optical susceptibility can be obtained

as c
ð1Þ
eff ðusÞ = ms+ðusÞ=εs = ðm2 =-geÞcð1ÞðusÞ. Here, cð1ÞðusÞ is

cð1ÞðusÞ =

	
2s�

0Up � 2isz
0ðge � id � P1P2Þ



ge	

L1 � 2isz
0ðg1b1+g2b2Þ


ðge � id � P1P2Þ � 2iUpP3

; (Equation 18)

with X
k = 1;2

bk = � igkðiu3� k+g3� k � idÞ+Jg3� keiq

ðiuk+gk � idÞðiu3� k+g3� k � idÞ+J2 ; (Equation 19)
X
k = 1;2

lk =
igkð � iu3� k+g3� k � idÞ+Jg3� ke� iq

ð � iuk+gk � idÞð � iu3� k+g3� k � idÞ+J2 ; (Equation 20)
L1 = i
�
Dp � d

�
+ge

�
2 � 2iðg1a10 + g2a20Þ; (Equation 21)
L2 = � i
�
Dp + d

�
+ ge

�
2+ 2i

�
g1a

�
10 + g2a

�
20

�
; (Equation 22)
P1 =
2iUp

L2+2isz
0ðg1l1+g2l2Þ ; (Equation 23)
P2 = � i
�
g1a10 + g2a20 � Up

�
+ is0ðg1l1 + g2l2Þ; (Equation 24)
P3 = � i
�
g1a

�
10 + g2a

�
20 � Up

� � is�
0ðg1b1 + g2b2Þ; (Equation 25)

The imaginary and real parts of cð1ÞðusÞ manifest the absorption and dispersion, respectively.
Dark-mode effect

In the condition of the strong-driving regime, i.e., the pump field is more stronger than the probe field, according to the linearized Langevin

equations of Equation 15 to Equation 17, the Hamiltonian in the rotating-wave approximation85,88 is (- = 1)

HRWA =
1

2
Dpds

z + u1da
y
1da1 + u2da

y
2da2 + g1

�
day1ds

� + da1ds
+
�
+ g2

�
day2ds

� + da2ds
+
�
+ J

�
eiqday1da2 + e� iqda1da

y
2

�
: (Equation 26)

In order to investigate the role of phonon-exchange interaction, two bosonic modes ~A+ and ~A� are introduced as following

~A+ = f da1 � eiqhda2; ~A� = e� iqhda1 + f da2; (Equation 27)

then, the Hamiltonian of Equation 26 reduces to
iScience 27, 109328, April 19, 2024 17
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HRWA =
1

2
Dpds

z + ~u+
~Ay
+
~A+ + ~u� ~Ay

� ~A� + ~g+

�
ds� ~Ay

+ + ~A+ds
+
�
+ ~g�

�
ds� ~Ay

� + ~A�ds
+
�
; (Equation 28)

where resonance frequencies and coupling strengths are as follows

~uG =
1

2
ðu1 + u2ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu1 � u2Þ2+4J2

q
; (Equation 29)
~g+ = fg1 � eiqhg2; ~g� = e� iqhg1 + fg2; (Equation 30)

with the two parameters of

f =
j~u� � u1jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð~u� � u1Þ2+J2
q ; h =

Jf

~u� � u1
: (Equation 31)

When the two mechanical modes have the same frequencies, u1 = u2, and coupling strengths, g1 = g1 = g, the coupling strengths in

Equation 30 can be simplified as

~g+ =

ffiffiffi
2

p
gð1+e� iqÞ

2
; ~g� =

ffiffiffi
2

p
gð1 � e� iqÞ

2
: (Equation 32)

In Equation 32, when q = np for an integer n, the spin mode is decoupled from one of the two hybridized mechanical modes ~A� (for an even

number n) and ~A+ (for an odd number n). These features mean that the dark-mode effect can be broken by tuning the modulation phase qs

np.
The light group velocity

The so-called slow and fast light conventionally indicate the group velocity of a light wave. The group velocity is closely related to the velocity

at which a light pulse peak moves through an optical material, and is given by the standard result79,80,103

yg = c
�
ng;ng = n+u

dn

du
; (Equation 33)

where n is the refractive index and u is the angular frequency of the light field, and then yg � c means slow light, while yg > c indicates fast

light. In our system, the group velocity changes to yg = c=½n +usðdn =dusÞ� with nz1+ 2pc
ð1Þ
eff , and we obtain

c
�
yg = 1 + 2pRecð1Þ

eff ðusÞus = ue
+ 2pusRe

"
dcð1Þ

eff ðusÞ
dus

#
us = ue

: (Equation 34)

In the case of Rec
ð1Þ
eff ðusÞus = ue

= 0, the dispersion was steeply positive or negative, accompanied by significantly reduced or increased group

velocities, respectively. To demonstrate the optical propagation property of the system, we introduce a group velocity index ng as follows:

ng = c
�
yg � 1 =

2puerm
2

-ge

Re

�
dcð1ÞðusÞ

dus

�
= geFRe

�
dcð1ÞðusÞ

dus

�
; (Equation 35)

with F = 2puerm
2=-g2

e, where r is the density of spin-CNT resonators. Thus, we refer to slow light as ng > 0, fast light as ng < 079,80.
QUANTIFICATION AND STATISTICAL ANALYSIS

Our study does not include statistical analysis or quantification. In this work, through rigorous theoretical derivation, we obtain the Equations

18 and 35 in the section of method details. Based on Equations 18 and 35, and according to the system parameters, wemake numerical simu-

lation by MATLAB software. Although the simulation data is produced by MATLAB software from Figures 1, 2, 3, 4, 5, 6, 7, 8, and 9 (for the

codes, see the supplemental information), figures shown in the main text were produced by ORIGIN from the raw data. In addition, in the

simulation, the system parameters are as following: the frequencies of CNT resonators u1 = u2 = 65 MHz (or u1su2), the spin-resonator

coupling strength g1 = g2 = 4:5 MHz, the decay rates of the CNT resonators g1 = g2 = 15 kHz, the Rabi frequency Up = 10 (MHz)2, the decay

rate of the NV spin ge = 60MHz, the range of the phonon-phonon coupling strength belongs to J � ½10; 100�MHzwith themodulation phase

q˛ ½0;2p�. By the way, nanomechanical resonators with high frequencies ranging from 100 MHz to a few GHz have been realized in the me-

chanical devices with smaller sizes or greater stiffness at present, which indicates potential applications in nanoscale. Moreover, the diagram-

matic figures of Model and Hamiltonian section are drawn by Photoshop software.
18 iScience 27, 109328, April 19, 2024
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