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Supplementary Figures
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Sl Fig 1. Comparison of different PSF modelling methods for estimating the PSF model of a single-channel system
from experimental bead data. Bead data were collected by imaging 40 nm red bead at z positions from -1000 nm to
1000 nm, with a step size of 50 nm. Localization is performed on the bead data used for inverse modelling. In the
last row, the pupil magnitude was modelled only by Zernike polynomials that are circular symmetric.
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Sl Fig 2. Comparison of different PSF modelling methods for estimating the PSF model of a ratiometric dual-color
system from experimental bead data. Bead data were collected by imaging 40 nm red bead at z positions from -1000
nm to 1000 nm, with a step size of 50 nm. Localization is performed on the bead data used for inverse modelling. In
the last row, the pupil magnitude was modelled only by Zernike polynomials that are circular symmetric.
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Sl Fig 3. Localization test of estimated voxel and Zernike based PSF model on simulated data of a single-channel
system with astigmatism aberration. (a) Localization of simulated data which were not used during inverse
modelling process. The bead size used in the simulation is 50 nm. The data were simulated at z positions from -500
nm to 500 nm, with a step size of 50 nm and 40 images per z position. (b) Ratio of the standard deviation of the
localized positions and the average theoretical estimation precision (VCRLB) over 40 repeats per z position. A value
~1 indicates that we reach the CRLB. (c) Comparison of estimated PSF models with (+) or without (-) incorporating

bead size in the forward model and their axial localization biases. PSF models were estimated from simulated data
with a bead size of 100 nm. Localization was performed on simulated data with a bead size of 40 nm. The residue

shows the difference between the PSF model and the simulated data with a bead size of 40 nm. (d) Same as c, except
that the PSF models were estimated from simulated data with a bead size of 200 nm. Scale bars: 1 um.
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SI Fig 4. Localization test of estimated voxel and Zernike based PSF model on simulated data of a 4Pi-SMLM system.
(a) localization of simulated data which were not used during inverse modelling process. The bead size used in the
simulation is 50 nm. The data were simulated at z positions from -500 nm to 500 nm, with a step size of 50 nm and
40 images per z position. (b) Ratio of the standard deviation of the localized positions and the average theoretical
estimation precision (VCRLB) over 40 repeats per z position. (c) Comparison of estimated PSF models with (+) or
without (-) incorporating bead size in the forward model and their axial localization biases. PSF models were
estimated from simulated data with a bead size of 100 nm. Localization was performed on simulated data with a
bead size of 40 nm. The residue shows the difference between the PSF model and the simulated data with a bead
size of 40 nm. (d) Same as c, except that the PSF models were estimated from simulated data with a bead size of 200
nm. Scale bars: 500 nm.
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Sl Fig 5. Estimation accuracy of voxel and Zernike based PSF model on simulated data of a single-channel system
with astigmatism aberration. (a) Comparison of the ground truth and estimated values of the x, y, z, photon and
background of each bead stack. (b) Comparison of the ground truth and the estimated PSF models. Scale bars: 1 um.
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SI Fig 6. Estimation accuracy of voxel and Zernike based PSF model on simulated data with large photon fluctuation
in z. (a) Comparison of the ground truth and estimated values of the x, y, z, average photon over z and background
of each bead stack. (b) Comparison of the ground truth and the estimated PSF models. The last column shows an
example comparison of one bead data and its corresponding forward model. (c) Example comparison of the intensity
at the center pixel over z between the data and its forward model. Scale bars: 1 pm.



—— ground truth

— estimated
a 05 06 05 4 g X10° =6
| I‘ H 0.4 ‘ “ W =2 fl ;\ \ E 5 M §5
g \\ \ A /|5 o2 \ A ( 5 oflill \ & £ | &4 M
] ’\ ‘ ] A ‘ g 0 V ¥ { A rl 84 _ L,_‘
o § o1 ‘h” ”‘ gl | "Mu\«'i 1G] I Sl seL T 1E ‘ ] |
x ‘Il |\ >02|| | | I| [1~.05 \ m £ mw.‘ l\u'y‘ g3 | Lu g, \n
| \\ (. -2 [ ] 8,00 M2
04 I | 2] g1
70.5 0.6 -1 -4 1 “o
0 40 60 0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
bead number bead number bead number bead number bead number bead number
05 05 06 4 6 X0 N
0.4 = 5 M
|| i \ ‘ { ~ 2l 59 M g5
= HMH\ \‘Ml‘\ “r = |‘r\ A ”hl'w ‘ ‘| %0‘3 1 \| N'M ’ éo . “| \"I‘“‘hﬂ.“‘ I u 24 i | §4_1| 7 i
Zemike £ © |‘|‘| || i °|H|" | H é-o‘z M'l“"“wlw‘ g ‘I,"HM‘ ‘J‘II z3ll 25| |]] | |
: w/ - |. lH N2 T8l LAl8e] Ul
M -0‘6 I g2 | g i |
0.5 05 08 -4 T 81
0 40 60 0 60 0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
bead number bead number bead number bead number bead number bead number
b
z=-450 nm -300 nm -150 nm 0 nm 150 nm 300 nm 450 nm
he]
£, !
]
82 .
c
=
= 1
he]
L
S% i
oL 0
— 8
g g’ i 0.05
-
° -0.05
@®
g : ....... -- i -
Eg
o DO
N £
5 -0.05

SI Fig 7. Estimation accuracy of voxel and Zernike based PSF model on simulated data of a 4Pi-SMLM system. (a)
Comparison of the ground truth and estimated values of the x, y, z, phase, photon and background of each bead
stack. (b) Comparison of the ground truth and the estimated PSF models. Scale bar: 1 um.
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Sl Fig 8. Experimental localization test of estimated voxel and Zernike-vector based PSF model from a single-
channel system. (a) Localization of bead data which were not used during inverse modelling process. The bead size
is 40 nm. The data were collected at z positions from -500 nm to 500 nm, with a step size of 50 nm and 40 frames
per z position. (b) Ratio of the standard deviation of the localized positions and the average theoretical estimation
precision (VCRLB) over 40 repeats per z position. (c) Comparison of estimated PSF models with (+) or without (-)
incorporating bead size in the forward model and their axial localization biases. Voxel-based PSF models were
estimated from 100 nm bead data. Localization was performed on 40 nm bead data. The residue shows the
difference between the PSF model and the 40 nm bead data. (d) same as c, except that the PSF models were
estimated from 200 nm bead data. Scale bars: 1 um.
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Sl Fig 9. Experimental localization test of estimated voxel and Zernike based PSF model from a 4Pi-SMLM. (a)
Localization of bead data which were not used during inverse modelling process. The bead size is 40 nm. The data
were collected at z positions from -500 nm to 500 nm, with a step size of 50 nm and 40 frames per z position. (b)
Ratio of the standard deviation of the localized positions and the average theoretical estimation precision ( V CRLB)
over 40 repeats per z position. (c) Comparison of estimated PSF models with (+) or without (-) incorporating bead
size in the forward model and their axial localization biases. Voxel-based PSF models were estimated from 100 nm
bead data. Localization was performed on 40 nm bead data. The residue shows the difference between the PSF
model and the 40 nm bead data. (d) Same as c, except that the PSF models were estimated from 200 nm bead data.

Scale bar: 1 um.
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Sl Fig 10. Estimation of Zernike-based PSF model of a 4Pi-SMLM system from experimental bead data. Bead data
were collected by imaging 40 nm red bead at z positions from -500 nm to 500 nm, with a step size of 50 nm and
three phase positions at -2rt/3, 0, 2r/3 were collected at each z position. (a) Localization on bead data which were
used for inverse modelling. Here the z position is converted from estimation of the phase. (b) Estimated Zernike

coefficients of each channel from the upper emission path and the corresponding pupil function. (c) Estimated
Zernike coefficients of each channel from the lower emission path and the corresponding pupil function.
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Sl Fig 11. Comparison of voxel-based PSF modeling with uiPSF and traditional cross-correlation based method.
(a) Test on simulated data. The data were simulated at z positions from -500 nm to 500 nm, with a step size of 50
nm. An astigmatism aberration of 0.5 and a bead size of 50 nm were used in the simulation (b) Test on
experimental data. 40 nm bead data were collected at z positions from -500 nm to 500 nm, with a step size of 50
nm. The cross-correlation based method was described previously in Li et al.* and its implementation in SMAP was

used.
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SI Fig 12. Comparison of Zernike-based PSF modelling using uiPSF and Zola 3D. 40 nm bead data were collected at
z positions from -500 nm to 500 nm, with a step size of 50 nm. Here we show the localization performance on the
bead data used for PSF modelling (56 bead data). For uiPSF, the vectorial PSF modelling method was used and the
PSF model was estimated from 82 bead stacks. For Zola 3D, the image) plugin was used and the PSF model was
estimated from a single bead stack (which performs better than using multiple beads). Here we tested three PSF
models generated from three different beads. It shows that the localization bias using Zola 3D is bead dependent.
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Sl Fig 13. Comparison of different apodization terms at the presence of index mismatch aberration. The Zernike
vectorial PSF model was used. Bead data were collected by imaging 40 nm red bead at z positions from -1000 nm to
1000 nm, with a step size of 50 nm. Localization was performed on the bead data used for inverse modelling. All
tested apodization terms are identical if refractive indices are matched.
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SI Fig 14. Effect of considering lateral drift in the forward model. Data were collected from a 4Pi-SMLM system.
Voxel-based PSF modelling method was used. (a) Localization of the data used for inverse modelling. The data
contains bead stacks with large drift in x. The inverse modelling includes the estimation of the lateral drift. (b)
Localization of a different dataset that contains small lateral drifts. The inverse modelling included the estimation
of the lateral drifts, but from the data in a. (c) Localization of the same data in b. The inverse modelling assumed no
lateral drifts and used the data in a. The localization bias in x is larger than the one in b, which indicates that without
estimating the lateral drifts during inverse modelling, the estimated model will be affected by the lateral drifts in the
data. (d) The estimated lateral drifts from inverse modelling using the data in a.
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Sl Fig 15. Reconstruction of Nup96-mMaple in U20S cells from 4Pi-SMLM using the PSF models estimated from
bead data and single-molecule blinking data. (a) A subregion of the reconstructed Nup96 using the bead PSF model.
Same as Fig .2h. (b) XY view of the selected region in a from bead and in situ PSF models. (c) XZ view of the selected
region in a from bead and in situ PSF models. Here, the refractive index of sample medium is matched with the
silicone oil immersion medium. For in situ model, the PSF is directly estimated from the single-molecule blinking data
without the need for the additional PSF calibration. Scale bar: 2 um (a), 100 nm (b,c).



SI Fig. 16. Pupil-image based in situ PSF estimation of Tetrapod blinking patterns generated from a phase plate.
Estimated PSF models and pupil images from iteration 1 to 6 are shown. PSF model converges after four iterations.
The initial pupil function was generated from the 13t Zernike polynomial (Noll order, diagonal 2"¢ astigmatism) with
an amplitude of -2. The PSF model and pupil from the 6™ iteration are shown in Fig. 3c.
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SI Fig. 17. Performance of in situ PSF modeling estimated from single-molecule blinking data. (a) Comparison of
the ground truth and the estimated PSF models from simulated single molecules located in the axial range from -
600 nm to +600 nm. The simulated data consist of 41 single molecules equally located at z positions between -600
nm to 600 nm with a total of 5000 photons and a background level of 10. (b) Comparison of the amplitudes of the
21 Zernike modes (blue diamonds) returned from in situ PSF modeling and the ground truth Zernike coefficients (red
circles). (c) and (d) have the same parameters as (a) and (b). 1000 repeated fitting calculations were performed to
determine the localization precision. (c) Localization precision of the Zernike aberrations. (d) Localization precision
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SI Fig 18. Effect of number and distribution of single molecules along the z-axis on the fitting accuracy. (a) Uniform
distribution of single molecules with varying total numbers along the z-axis. (b) Comparison of fitting accuracy of
umber of single molecules in
fitting. (c) Uneven distribution of 250 single molecules along the z-axis. (d) Comparison of fitting accuracy of Zernike
evel of aggregation of single
molecules near z=0. (a) and (b) have the same simulation parameters as Sl Fig. 17. It shows that single molecules

Zernike coefficients under the distribution described in (a). Total Nmol is the total n
coefficients under the distribution described in (c). Nor index is a measure of the |

with more defocus positions result in better estimation accuracy of the aberrations.
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S| Fig. 19. Comparison of pupil-image and Zernike based learning of double-helix PSFs from bead data. (a)
Comparison of estimated PSF models and the pupil functions with one example bead data and the SLM pattern used
to generate the DH-PSFs. The estimated pupil functions show a slight rotation compared to the SLM pattern, this
could be caused by misalignment of the SLM and aberrations in the optical system. N represents the number of
Zernike polynomials used in learning. (b) Comparison of localization biases on the bead data using different PSF
models in a. Zernike-based PSF models result in large bias, even with 153 Zernike polynomials, Zernike expanded
pupil function still fails to model the correct pupil for DH-PSFs. The data were collected by imaging 200 nm crimson
bead (F8806, Thermo Fisher) dried on coverslip. The beads were imaged by moving the sample stage from -1 to 1
pum, with a step size of 100 nm. A silicone oil objective (NA=1.35) was used. The DH-PSFs were generated from the
phase pattern in a using a spatial light modulator (Meadowlark).
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SI Fig 20. Example SMLM frames from different imaging systems. Example raw camera frames used for in situ PSF
modelling of various imaging systems corresponding to the results in Fig. 3. Scale bars, 10 um.
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SI Fig. 21. Comparison of Zernike-based FD PSF modelling using uiPSF and FD-DeepLoc. (a) FD-DeepLoc individually
fits each bead, where each bead corresponds to a set of Zernike coefficients. These coefficients are interpolated to
generate an FD map. However, the presence of clustered or unevenly distributed beads during the fitting process
often leads to singular values on the FD map. In contrast, uiPSF performs a global fitting on all beads, optimizing the
FD map globally and resulting in a relatively smoother FD map. (b) Comparison of the impact of fixing and fitting the
amplitude aberration on localization accuracy. The uiFSF obtained PSF models by fitting and fixing the amplitude
aberration parameter, and then used them to localize FD bead data. By comparing the results, it was found that
relaxing the amplitude aberration parameter resulted in a smaller bias in PSF model localization, indicating that it
better represents the true PSF.



Supplementary Notes

In the supplementary notes we used ‘learning’ to stand for inverse modelling, not machine learning or deep learning.
As in our method, the PSF models are based on physics models. The following conventions for symbols are used:
bold for a vector, regular for a scalar or the length of a vector; symbol i in subscript denotes index and in exponential
denotes a complex value.

1. Data preprocessing

Data preprocessing includes conversion of the raw camera pixel value to photon counts, segmentation and negative
value correction. The pixel value from the camera output has a unit of analog-to-digital unit (ADU), conversion from
ADU to photon count is obtained by D = (D, — 0)/y, where o is a constant offset value that can be estimated
from the mean of the pixel values at no photon collection, and y is a gain factor quantified through gain calibration?.
Here we ignore the pixel dependent offset and gain that might exist for sSCMOS cameras® and use a single-valued
offset and gain for data collected from both sCMOS and EMCCD. We also found that when gain calibration is not
accessible, setting y = 1 will not affect the inverse modeling results.

1.1 Segmentation for single-channel bead data

Segmentation is to select and crop the candidate bead images from the raw data. For each data stack, a maximum
projection is applied along the z dimension to generate a high SNR image. The resulting image is then smoothed by
a 2D Gaussian filter with a standard deviation of e.g. 2 (user defined) pixels. The local maxima within a region of e.g.
3 by 3 (user defined) pixels are found by applying a maximum filter of a kernel size of 3 by 3 pixels to the smoothed
image. The local maxima with a peak value higher than a set threshold are selected as the coordinates of the
candidate bead images. We used a peak threshold at e.g. 20% (user defined) of the maximum value of the smoothed
image. A bead image stack of given subregion size was cropped around the center of each selected coordinate. We
used a subregion size of 20-30 pixels along each dimension.

To prevent estimation of negative background values during PSF learning, we subtracted a negative value from the
cropped bead stacks, which is estimated from 0.001 quantile of all the pixel values of all bead stacks.

1.2 Segmentation for multi-channel bead data

For multi-channel data, the candidate bead coordinates for each channel are first selected independently as
described above. Then a coordinate pairing procedure is applied to ensure that the coordinates from all channels
associated with the same bead are paired together. The pairing procedure consists of two steps. First, find lateral
shift between channels: 1) set channel 1 as the reference channel; 2) calculate the channel shift d from the average
of coordinate positions X (a vector a two integers) of the current channel [ and the reference channell =1, d; =
avg(X;) — avg(X,); 3) calculate the pairwise distance between X; and X; + d; 4) remove coordinates with a
pairwise distance |d| larger than a set threshold; 5) repeat steps 2-4 five times and save the final channel shift; 6)
repeat steps 2-5 for each channel. Second, pair the coordinates: 1) for each coordinate in the current channel, find
its closest coordinate in the reference channel corrected by channel shift, pair the two coordinates if their distance
is less than 5 pixels; 2) remove unpaired coordinates from all paired channels; 3) repeat steps 1-2 for all channels.

1.3 Segmentation for SMLM data

Segmentation for in situ PSF learning is to select and crop the candidate emitters from the raw SMLM data. For each
frame, we first subtract a background image, which is estimated as the average of 100 frames after the current frame.
This step is to remove unblinking emitters or large aggregates that can last for a long time, so that the remaining
emitters are mostly from single fluorophores. Then a difference of Gaussian filter (i.e. bandpass filter) is applied to
the background subtracted image I,

Iiiter = Iraw(x,7) ® G(x,y,0.750,, 0.750y) — L.y & G(x, Y, Oy, ay), (1.1)



where G represents a 2D Gaussian function with standard deviations defined by gy, g;,, which are user defined
parameters. The resulting smoothed image is then filtered by a maximum filter of a set kernel size and the candidate
emitters are selected following the same method as for bead data. Usually, 10,000 to 50,000 emitters are selected
for one dataset. Different from bead data, here each selected emitter is a 2D image instead of a 3D stack. The axial
position of each single molecule emitter is unknown, while the axial step size within the 3D stack is known for bead
data. This additional unknown parameter for each emitter complicates the in situ PSF learning.

For SMLM data from multi-channel systems a similar coordinate pairing process as described above was applied.
However, the method for finding the channel shift is image-based instead of coordinate-based: 1) set channel 1 as
the reference channel; 2) calculate the maximum intensity projection (MIP) image along the frame dimension for
each channel; 3) calculate the channel shift from cross-correlation (CC) between the MIP images of the current
channel and the reference channel. The CCimage is set to have the same dimension as the MIP image; 4) the channel
shift is the center of the MIP image minus the coordinate of the maximum pixel value of the CC image. 5) repeat
steps 3-4 for all channels.

2. PSF modelling in the spatial domain

2.1 PSF learning for single-channel system
2.1.1  Calculation of initial values
The initial position for each bead is
x;=0,y,=0,z =0. (2.1)
The background value for each bead is estimated as

b; = min (Di(x, %.2) ® G(x,,2,0, =0, =0, = 2)), (2.2)

where D;(x,y, z) is the cropped 3D image stack of bead i. G is a 3D Gaussian kernel with its standard deviations in
x,y and z equal to gy, g, and o, pixels respectively. @ denotes convolution. The minimum is taken over all voxels
of the cropped and filtered region. The initial background for each bead is set to the median value of b; from all
bead data,

binir = median(b;). (2.3)
L

The initial photon value for each bead is estimated as
st =avg( > Di(x,y,2) b | (2.4)
z
xy

The initial PSF model is a 3D array with each element set to 1/N2 with N, the ROl size. For example, if the ROI size
is Ng X Ng = 21 X 21 pixels, the initial value is 0.0023. This assumes that the sum of each axial slice of the PSF model
is one. In fact, for most data, N is around 15 to 31, we set the initial value to 0.002 for simplicity.

2.1.2  Calculation of the forward model
The PSF model at a given bead location (x;, y;, z;) can be calculated as follows,
Ushite, i (X — X1,y = ¥i,2 — 2;) = Fip (U - e'Pshit) (2.5)
where U is the OTF, equal to the 3D Fourier transform of the PSF model U(x, y, z),
U =F5p(U(x,y,2)). (2.6)
The shifting phase is calculated from,

Psnie = 210(qX; + QyYi + 422;). (2.7)



where qy, q,, 4, are the Cartesian coordinates of the frequency space as given by,
X Yy _z
x = Lxl Qy - Lyﬁ q:; = LZJ (28)

where Ly, Ly, and L, are length of the PSF model in x, y and z directions. Considering the bead size, we modified the
above equation to,

Uptur, i (X = %,y = Y3, 2 — ;) = Fip (U - g(q) - e'¥shitt), (2.9)
Here we model the bead as a sphere and g(q) is the analytical Fourier transform of a solid sphere of radius ry,
]E(Zﬂqro)
9(q) =+———13, (2.10)
(qmo)?

where ] is the Bessel function of the first kind and q is the is the spherical coordinate in the frequency space and is

calculated from
q= /q%+q§+q§- (2.12)

To ensure the summation of Uy, is close to Ugig, the g(q) is normalized by its maximum value.
Considering the photon s; and background b;, the final forward model for each bead stack is

Ui = Uppur,i * Si + b (2.12)

2.1.3  Variable scaling

We used the L-BFGS-B method provided by the optimize package in SciPy for optimization. During optimization, the
gradients of the loss function with respect to the variables are calculated for each iteration. However, the gradient
values are at different scales for different types of variables. To ensure all variables can be updated at equal rate
during each iteration, we scaled each type of variables by a given factor and replace the original variables in the
forward model through variable substitution, for example,

U= W_UWU e UWWUI
Si
Si = —Ws = Sy,iWs, (2.13)
WS
b;
bi =— W, = bW'in,
Wp

where U,,,, s, ;, by, ; are scaled variables, with respect to which the gradient will be calculated, and wy, ws, w, are
scaling factors for the PSF model, intensity and background (see Sl Tables for settings of scaling factors for different
PSF models). Variable scaling (or parameter scaling) is critical in PSF learning, which ensures the optimization
achieves global minimum and all variables can be optimized.

2.1.4  Calculation of the Loss function

Our loss function for voxel-based learning is constructed based on the mean square error (MSE) between the forward
model and the bead data. To let the variables satisfy additional constrains, several terms were added to the loss
function. The final loss function is calculated from,

loss = a;MSE; + a;MSE; + agp fom + aedgefedge + Qqritefarife
(2.14)
+B(aUminfUmin + abminfbmin + asminfsmin + anormfnorm)'

where ay are the weighting factors for each loss term. To gradually increase the importance of some constrains
during iteration, an additional factor f is multiplied, which increases every iteration by S,,,1 = 1.18,, 8, = 1.



Here we will explain every term explicitly. We used two MSE terms,

avg (U; — D;)?

MSE, =21
' avg (D;)
X,Y,Z,l
(2.15)
U; - D)?
MSEZ = avg Zx,y,z( i 1) '

i\ N, max(D?)

X,Y,Z
where N, is the number of slices in z for each bead data and z is from 2 to N, — 1. From simulated data, we found
that MSE; induces a more accurate estimation of the emitter’s photon, while MSE, has less emphasis on bright
bead data (which are often caused by bead aggregates) and results in better position estimation. Here we set a; =
1and a, = 200, so that the two MSE terms have similar values.

To reduce the effect of data noise and to obtain a smooth PSF model, we calculated the first difference of the PSF
model along z and define,

Ulx,y,z+ Az) —U(x,y,2) 2
fom = Z < " ) (2.16)

X,Y,Z
where Az = 1 pixel (equal to 1 frame of the bead stack) and ag,, = 1.

As the PSF model is a finite 3D array, shifting of the PSF model in x, y and z will create abrupt value change at the
edges especially along the axial dimension. Therefore, in the calculation of MSE;and MSE,, we ignored the first and
the last axial slices in U; and D;. We then add a loss term to constrain those edge values of the PSF model,

2
fedge = Z(Uz=1 - z:2)2 + (Uz=NZ - Uz:Nz—l) . (2_17)
x,y

This term constrains the border values along the axial direction to its neighboring values along z. We note that
although we only ignore the edge slices at z = 1 and z = N,, in the MSE calculations, our method can estimate axial
shift >1 pixels. Here we set dgqge = 0.01.

When sample drift is considered (see section 2.1.5), fyyif is equal to the L! norm of all drift rates over the bead data,
this term is to constrain the estimated drift rates to be close to zero, to avoid adding an arbitrary constant drift rate.

The next three terms serve to constrain the values of PSF model, photon and background to be positive,

fomin = ) min(UCx,,2),0)%

XY,z

mein = Z min(si! 0)2! (218)

fbmin = Z min(bi: 0)2-
i

Here min denotes element-wise minimum comparing each value in an array with zero. As default we set aypin =
1, asmin = 1, Gpmin = 1.

The last term f,orm in the loss function is to constrain the sum of each axial slice of the PSF model to a constant
value. This is because the total photon of a single emitter should remain constant at different axial positions due to
energy conservation. Therefore, we define,



U
foorm = avg Z U- Z s (2.19)
2 \%& z

XY,z

This term is often used together with the estimation of z dependent photon fluctuation (see section 2.1.5), to
account for photo-bleaching and fluctuation of illumination intensity during the data collection. Normally, we set

Anorm = 0.
2.1.5  Optional learning variables

The instabilities of the system, such as drift, illumination fluctuation and photo-bleaching, increase the variations in
PSF model. To address this issue, our learning method provides optional variables that partially incorporate the
system instabilities.

One option is to estimate the lateral drift during the collection of one bead stack. We define the bead’s lateral
position at each axial slice as,

Xiz = Gx,iZ»
(2.20)
Yiz = Gy,iZ

where z = 1,2 ... N, and g,; and g,,; are additional learning variables that define the drift rates along x and y for
each bead stack. To apply the z dependent lateral drift, the obtained forward model is shifted slice wise through a
2D Fourier transform,

Uaritei (X — X2V = Viz 2) = Fap [FapUi(x, y, 2))e2mkaxizthyyiz) |, (2.21)
Due to additional number of Fourier transforms, with drift estimation the learning speed slows down by ~10%.

Another option is to incorporate z dependent photon fluctuation. With this option, the intensity variable for each
bead stack becomes a vector, including one variable s; , for each axial slice. The initial value for s; , are the same and
equal to the initial value for s;. The calculation for the forward model stays the same, except replacing s; with s; ,.
With z dependent photon variable, it is possible to apply f,.m in the loss function, therefore under this option one
can set a,orm = 1. However, we found that adding f,,m sometimes leads to early termination of the optimization
function. Therefore, we advise that when optimization terminates at iteration number less than 60, set a,orm = 0.

2.2 PSF learning for a multi-channel system

For multi-channel learning, first a single-channel learning is performed for each channel. We selected the first
channel as the reference channel, then a transformation matrix T; (affine transform) of the reference channel to
each target channel [ was calculated from the estimated positions. The obtained matrix was set as the initial value
of T;. For multi-channel learning, variables include positions, detected photons and the optional drift rates from the
reference channel, and backgrounds and PSF models from all channels, and the transformation matrices for all target
channels (exclude the reference channel). The forward model of a multi-channel system calculates the forward-
model of each channel as in single-channel learning, and the x and y positions for the target channel are calculated
from

i, yio 1] =[x, yir, UT, (2.22)

where i is the index of the bead and [ is the index of the target channel. As all channels share the same detected
photon estimates, the relative intensity ratio between the target channel and the reference channel will be
automatically incorporated in the learned PSF models.

2.3 PSF learning for a 4Pi-SMLM system

4Pi-SMLM (short as 4Pi in the following text) is a multi-channel system. To use the same framework of the multi-
channel learning described in section 2.2, we generated a single-channel learning procedure for the 4Pi system.



2.3.1  Single-channel learning of the 4Pi-PSF

Calculation of initial values. Each 4Pi bead data contains three z-stacks, collected at three different piston phases
¢p = [21/3,0,—21/3] applied by a deformable mirror (DM). We formulated our 4Pi-PSF model based on the IAB
model*, where 4Pi-model is defined by
Ulx,y,z,¢) =1(x,vy,2) + A(x,y,z) cos(p) + B(x,y, z) sin(p) ( )
) 2.23
=1I(x,y,z) + 2Re[E(x,y,z)e'?],

So that each 4Pi-PSF model contains three 3D matrices representing I and Re(E) and Im(E). The component [
describes the incoherence of the 4Pi-PSF, while component E is a complex matrix and includes the coherence
feature of the 4Pi-PSF. The A and B matrices defined in the IAB model are related to E by A = 2Re(E),B =
—2Im(E).

Component I and E of each 4Pi bead data are obtained as follows,

2
Gio = z D,yel2m®=1/3,
p=0

, (2.24)

Gy = Z Dip,

p=0

where Dy, represents pth z-stack in ith 4Pi bead data, and G;, and G;; are Fourier components of D;;, along the p
dimension. Note that the symbol i in subscript denotes index and in exponential denotes complex value. Then we
have,

Ii,data = Gi1/3v
E; gata = Gio/3.

Similar to single-channel learning of incoherent PSFs, we used I; 4at, instead of D; to calculate the initial values of
photon and background. The initial position (x;, ¥;, z;) and phase ¢; of each 4Pi bead data are set to zero.

(2.25)

We also set the piston phase ¢, as a variable to compensate residue errors in DM calibration. The initial value of
Yp = [2,0,—2] and all bead data share the same ©Op-

The initial 4Pi-PSF model contains three 3D matrices, where we separate the real part and the imaginary part of the
component E to avoid complex variables, and each element of those matrices are set to a constant value,

I(x,y,2z) = 0.002,
(2.26)
Re(E) = Im(E) = 0.001/+2.

Therefore, for single channel learning of the 4Pi-PSF, the variables are x;, y;, z;, ¢;, 5, b;, I, Re(E), Im(E), and ¢,,.
Calculation of the forward model. First, we obtain the 4Pi-PSF model from I and E as follows,
U, = I(x,y,2) + 2Re[E (x, y, z)e¢7+i0itiop], (2.27)

where @, = 21z /z; describing the modulation feature of the 4Pi-PSF along the axial dimension. Thus, E has a slow
modulation in z. The modulation period zy is a user-defined constant value, with a unit of pixel. z; can be estimated
from the modulation period of the 4Pi bead data, and we slightly adjust the value to minimize the loss. Here we used
zr equals to 260 nm/§z and 290 nm/6z for bead data measured from 600 nm and 676 nm channels respectively,
where 8z is the step size in z.

To shift the PSF model in x, y and z, we apply the same shift to both I and E as follows,
Lpisi (¢ — %3,y — yi, 2 — z) = FHF(U(x, y, 2) ) e oshin], (2.28)



Egitei(x — X3,y — ¥i,2 — 2;) = FF(E(x,y, 2)e'¥z+Pi)elPshit],
Then the forward model for each bead data becomes,
Ushifoip = Isniei + 2Re[Egpige €97 | (2.29)
The shifted forward model is then blurred with the bead kernel,
Usturip = F3p [Fsp (Ushieip) - 9(0)] (2.30)
Considering the photon and background, the final forward model for each bead data is
Ui = Uplurip " Si T+ b;. (2.31)

As there are three piston phases ¢, p = 0,1,2, the final forward model for each 4Pi bead data contains three z-
stacks.

Calculation of the loss function. The loss function for learning 4Pi-PSF is the same as the one for learning incoherent
PSF. Here we explicitly give the calculation of each loss term,

2
avg .(Uip — Dl-p)
MSE, = 22221
! avg (Dip)

X,Y,Z,0,i

’

2
Y U.. — D:

MSE, = avg (Vo 2"’)
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B [(z+Az) —1(2) 2 Re[E(z + Az)] — Re[E(2)] 2
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Im[E(z + Az)] — Im[E(2)] ?
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(2.32)

fedge = Z(Iz=1 - Iz=2)2 + ([z=Nz - Iz:Nz—l)Z
xy
+ ) (Re(E) =y — Re(E),=2)? + (Re(E) o, — Re(E) o, 1)’

xy
) ((E) oy — Im(E),)? + (Im(E) oy, — IM(E) o, )",
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XY,z
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fnorm = a‘zlg ZI_ Z N_z
x,y

XY,z
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The remaining terms are defined the same as in learning incoherent PSFs.



2.3.2  Multi-channel learning of 4Pi-PSF

Multi-channel learning of the 4Pi-PSF follows the same framework of multi-channel learning of the incoherent PSF.
It includes single-channel learning of the 4Pi-PSF from each of the four channels and initial calculation of the
transformation matrices between the target channels to the reference channel. The variables include positions,
phases, photons, piston phases and the optional drift rates from the reference channel, backgrounds, I, real part
and imaginary part of E from all channels, and the transformation matrices for all target channels (exclude the
reference channel).

2.4 Learning of lattice light-sheet PSF

Learning of lattice light-sheet (LLS) PSFs is based on single-channel PSF learning. Due to the geometry of the LLS
microscope, moving of the sample stage results in translating the bead in both z and one of the lateral dimensions,
respective to the detection objective or the camera. Therefore, the forward model in LLS PSF needs to incorporate
this lateral translation. The method is similar to adding drift to the forward model (see section 2.1.5). However, here
instead of estimating the drift rate, a constant drift is applied to all bead data. This constant drift is termed as skew
constants, g, and gs,, , and are equal to the translation (in pixels) of a bead along the x and y axis per axial slice.
The skew constants are given by the user, which are related to the angle between the detection axis and the sample
plane. As the lateral translation can be tens of pixels over the whole z stack, the raw bead stack can take ~60 pixels
in one of the lateral dimensions. To reduce the PSF size, we deskewed the raw bead stack where each axial slice is
shifted by integer pixels as follows,

Axipe = —round(gs,2),
(2.33)
AYine = —round(gsyz),

The deskewed bead data are used in the learning and a 2D shift is applied to the forward model to account for the
skew effect,

Uskew,i(x —XizY — yi,z'z) = TZ_Dl [TZD (Ui(x' Y, Z))eizn(kxxi'l"'kyw,z)]’ (2.34)
where

Xiz = GsxZ — round(gsxz),
(2.35)
YViz = GsyZ — round(gsyz)‘

The learned PSF model is the deskewed PSF as seen from a conventional single-objective system.

2.5 Localization test

To evaluate the accuracy of the learned PSF model, we performed a localization test on the same bead data used for
learning. Details of the localization algorithms are described in previous studies'®. In brief, first we calculated the
cubic spline coefficients of the learned PSF model, where each voxel contains 64 X N pannel coefficients, while for
4Pi-PSF, it is 64 X 3 X Npannel COefficients, where N¢panner is the number of channels; then a maximum likelihood
estimation (MLE) is used to estimate the x, y, z positions (and ¢ for 4Pi-PSF) for each 2D bead image using the spline
PSF model (see section 7). We evaluated the accuracy of the learned PSF model using the MSE of the axial localization,

2
MSE, = avg (Zbias,i,z - me?ian Zbias,i,z) , (2.36)
z

where the localization bias in z is calculated from,
Zbias,i,z = Zi,z ~ ZGT,i,z» (2.37)

where z;r is the ground truth position and equals to the stage position, the subscripts i and z denote the indices of

the beads and the axial slices in each bead stack respectively. For 4Pi bead data, z; , = avgz; ,,, where p is the index
p
of the piston phases. MSE, is a vector of Npeaq X 1 elements where Nye,q is the number of the bead data.



2.6 Outlier removal

Due to the presence of field-dependent aberrations of the imaging system and the aggregates within the bead
sample, it is necessary to remove outlier beads. We used three criteria to identify outliers. The first one is based on
the MSE between the forward models and the bead data,

MSER = MSE 2.38
" median(MSE) ’ (2.38)
Where MSE's for incoherent PSFs (e.g. astigmatism PSF) and 4Pi PSFs were calculated from,
2
an(Ui — Di)2 avg (Uip — Dip)
MSE,, = =" ————— and MSE,p; = ~2% : 2.39
v = ) =T g (D) 239
XY,z X,Y,Z,p

Both MSE and MSER are vectors of Np,,q X 1 elements. The second criterion is based on the MSE of the axial
localization bias, MSE, calculated above,

MSE,

MSER, = ————.
?  median(MSE,)

(2.40)
The third criterion is based on the estimated photons from the PSF learning. This criterion is to remove bead
measurements that are too bright or too dim, and can be calculated from,

_ [s — median(s)]?

R, = : 2.41
$ s - median(s) (2.41)

where s contains the estimated photon s; of each bead data. Both s and R, are vectors of Ny,q,q4 X 1 elements.

The bead data are considered as outliers if their metric values of above defined criteria are greater than the user
defined thresholds, for example,

MSER; > 3 or MSER,; > 3 or Rs; > 1.5. (2.42)

After outlier removal, the remaining bead data were used to re-learn the PSF model. The obtained PSF model and
its corresponding spline coefficients (and the transformation matrices for multi-channel learning) from the second
learning step will be used for localization of SMLM data.

3. PSF modelling in the Fourier domain

3.1 Pupil-image based PSF learning

In this representation, pupil function is represented by two 2D matrices.
3.1.1  Calculation of the forward model

The PSF model is calculated from a Fourier transform of the pupil function,

Ulx —x;,x — yi,2 — 2;) = |Tczt[h(kx» ky)e—iZTIkz(z—zi)eiZﬂ:(kxxi+kyyi)]|2,

(3.1)
k,= |k?—kZ—k}
where h(kx, ky) is the pupil function and can be written as,
h(ky, k) = ToA(ky, key) ) e @ (xky), (3.2)

where A and @ are the magnitude and phase components of the pupil function, each of them is a 2D array. T, is the
apodization factor of the objective lens and is equal to



[cosO:
_ c0SOimm (3.3)

¢ coSBieq

where 6,04 and 6;,, are the angles of the optical rays in the sample medium and the immersion medium
respectively, which are limited by the numerical aperture (NA) of the objective lens. The k,, k,, k, are the Cartesian
components of the wave vector k, with its magnitude k = n,,/1, where nj,, is the refractive index of the
immersion medium and A is the central wavelength of the emission filter. And e~i2mk;(z=2) s the propagation term
and accounts for the defocus phase. With pupil-based PSF learning, we can directly add the bead position (x;, y;, z;)
to the pupil function and eliminate the edge effect from voxel-based PSF learning. And z denotes the stage positions
and is a vector N, X 1 elements. Here we used Chirp Z-transform based on Bluestein’s algorithm to calculate the 2D
Fourier transform of the pupil function, denoted as F.,;. The benefit of using the BS algorithm is that the size of the
pupil function is not dependent on the pixel size of the camera and a pupil size of 64 x 64 pixels can represent a
reasonable sampling in the pupil function.

To account for the effect of fluorescence dipole emission, pixilation, bead size, dispersion and chromatic aberration,
the PSF model is blurred by,

Upar = Fit [Fap(U) - g(q) - e~ 2Oxaxm*~i2(oyaym?], (3.4)

where g(q) is the bead kernel in Fourier space as defined in Eq 2.10 and o, and g,, are the standard deviation (in
pixel unit) of a 2D Gaussian kernel in real space. By including the photon count and background of each bead stack,
the final forward model for pupil-image based learning is

Ui = Uplur " Si + by (3.5)
3.1.2  calculation of the Loss function
The loss function for pupil-image based learning is,

loss = alLL + asmfsm + adriftfdrift + anormfnorm + .B(abminfbmin + asminfsmin)' (3-6)

where LL is based on the log-likelihood function, assuming the converted pixel values (see section 1) follow the
Poisson distribution,

LL = avg U; — D; — D;log(U;) + D; log(D,). (3.7)

X,9,2,1

Note that pure data terms such as D; and D; log(D;) are present for improved numerical stability to sum up smaller
values. Since they are constant, they do not influence the position of the optimum. Here f;,, is to smooth the pupil

e 3 (50 + (52

Kxky

magnitude and is defined as,

where Ak,, Ak, and Ak, are equal to one pixel in the Fourier space. The smoothness of the pupil phase is
controlled by f;,orm, Which constrains the sum of the in-focus PSF close to one,

SU(z = 0)
> Uideal(z = 0)

where Ujgea i the unaberrated PSF with pupil phase equal to zero and U is the PSF calculated from the Fourier
transform of the current pupil phase ®. We found that without f;,m, the learned pupil phase tends to have random
noise pixels. Those random noise pixels will not affect the shape of the PSF model but will lower its total intensity®.
The rest of the terms are the same as the ones for voxel-based learning.

2
Joorm = min( - 0-97;()) , (3.9)



The variables for pupil-imaged based learning are x;,y;, 2;, S;, b, 4, @, 0, and g,,. The initial values of x;,y;, z;, s;
were determined as described in voxel-based learning (see section 2.1.1). The initial values for each element in A
and @ are 1 and 0, respectively. The initial values of g, and o,, are user defined and set to 0.5 pixel as default.

3.2 Zernike-based PSF learning

The calculation of the forward model for Zernike-based PSF learning is like the one for pupil-image based PSF learning,
except that we decompose the magnitude and the phase components of the pupil function into Zernike polynomials,

A= Z CapZps
14

b = Z Cq)'pr,
14

where Z, are Zernike polynomials in Noll order. Here we estimate the coefficients (4, and Cy, , for each Zernike
polynomial.

(3.10)

As the expansion of pupil functions into Zernike polynomials has an effect of smoothing the pupil function, therefore
in the loss function, we omit the smoothing and normalization terms (Egs. 3.8 and 3.9),

loss = a;LL + agrifcfariee + .B(abminfbmin + asminfsmin)- (3.12)

The variables for Zernike-based PSF learning are x;, y;, Z;, S, b;, Capr Cop and o. The initial values Cap and Cop are
equal to zero, except the first coefficient of pupil amplitude, C4 o = 1. The initial values of other variables were
determined as described for pupil-image based learning.

3.3 Vectorial PSF model

To account for the broadening effect of fluorescence dipole emission, we also incorporated the vectorial PSF model
in pupil-image and Zernike based PSF learning. Here we assume that the fluorescence bead is an ensemble of freely
rotating dipoles, and the vectorial PSF model can be written as,

TCZt [h(kx, ky)Wmne_iZ”kZ(z_Zi)eiz”(kxxﬁkyyi)] |2,

Ux—x,y—yuz—2z) = (3.12)

m=x,y
N=px,Py,Pz

where w,,,,, is the m component of the electric field at the pupil plane generated by the n component of the dipole
moment of the fluorophore. The calculation of w,,, is as follows,

Wyn = B,cos@ — S, sing,

(3.13)
Wy, = Pysing + S,cosg,

Where ¢ is the angular component in the polar coordinate of the frequency space. P, and S,, are electric field
components in p and s polarizations relative to the incident plane at the sample space,

B, = TpcosB, cosg,

P, = TpcosB;sing,

Py
B,, = —Tpsing,,
. (3.14)
Sp, = —Tssing,
Spy = Tscos,
S, =0,



where p,,p,,p, are the Cartesian components of the dipole moments, T, and Ts are the total transmission
coefficients of p- and s-polarized light. The fluorescence light starting from the dipole emitter propagates through
the sample medium, the coverslip and the immersion medium. In this three-layer system, we ignore the multiple
reflections at the two interfaces, then Tp and Tg can be calculated from,

Tp = Tp12Tp23, (3.15)
Ts = T512Ts23,

where 7p;; and Tg;; are the Fresnel transmission coefficients of s- and p-polarized light travel from medium i to

medium j,
2n;cos0;
Tpij = ,
PU nycos; + njcosb;
(3.16)
2n;cosb;
Tsij =

)
n;cosd; + n;coso;

where n; and 0; are the refractive index and the light propagation angle in medium i, and the subscript 1,2,3
denotes the sample medium, the coverslip and the immersion medium respectively.

The remaining calculations of the forward model and the definition of the loss functions are the same as in the pupil-
image and Zernike based methods (sections 3.1 and 3.2).

3.4 Fourier domain PSF learning of multi-channel systems

The PSF learning methods based on the scalar or vectorial PSF models can also be extended to multi-channel systems.
Similar as in the voxel-based PSF learning, the x and y positions of the beads between the target channel and the
reference channel are related by a 3x3 transformation matrix. The learning variables are positions, photons and the
optional drift rates from the reference channel, and backgrounds, the blurring factor, the pupil function or the
Zernike coefficients from all channels, and the transformation matrices for all target channels (exclude the reference
channel).

3.5 Fourier domain PSF learning for the 4Pi-SMLM system

The Fourier domain PSF learning methods can also be extended to the 4Pi-SMLM system. The learning framework is
the same as in voxel-based 4Pi-PSF learning.

3.5.1  Single-channel learning of pupil based 4Pi-PSF
Pupil-based model including both pupil-image and Zernike based models.

Calculation of the forward model. The 4Pi system collects fluorescence emission from both lower and upper
objectives, the coherent superposition of the electric fields (pupil function) from the two emission paths forms a
coherent PSF, while the incoherent superposition of the two electric fields forms an incoherent PSF. The 4Pi PSF in
each channel is a summation of the coherent and incoherent PSFs,

U=aU +(1-a)U,, (3.17)
where U, is the coherent PSF,

Ui(x = x,y = yi,2 — 23, ¢;)

— |j;-czt[(hleiZTEkz(z—zi)ﬂ'(pi + h2e—ianz(Z—Zi)+i<ppl)ei27t(kxxi+kyyi)]|2’ (3.18)
where h; and h, are pupil functions from the upper and lower emission paths, the term 2k, (z — z,) is the defocus
phase and k, is defined in Eq. (3.1), ¢; is the modulation phase of each PSF data and ¢,,; = ¢, + ¢, is the piston
phase applied by the deformable mirror plus a phase delay (¢;, see section 3.5.2) relative to the reference channel.
U, is the incoherent PSF,



Ulx —x,y — Y2 — 2;)

— |Tczt [hleianz(z—zi)ei27t(kxxi+kyyi)] |2 + |Tczt[hze—i2nkz(z—zl-)ei27r(kxxi+kyyi)] |2 (3.19)

The factor a describes the modulation contrast of the 4Pi-PSF. When a = 1, the 4Pi-PSF is completely coherent,
when a < 1, the 4Pi-PSF is partially coherent. Due to the broad fluorescence emission spectrum and the finite band
width of the emission filter, the measured 4Pi-PSF is always partially coherent.

Learning of the 4Pi-PSF model involves learning of both upper and lower pupil functions, h; and h,, and they can be
calculated from,

h'l = TaAleiq)l’
. (3.20)
hz = TaAzelCDZ’
The apodization term T, is the same as previously defined. For Zernike-based learning, 4, 4,, ®, and &, are
expressed in terms of Zernike polynomials,
Nzern_l
Y= ) Gy, (3.21)
p=0
where j can be 1 or 2 denotes upper and lower paths, and X; can be A; or ®@;. Here we set the piston phase in @, to

zero, which is Cy, o = 0, and the relative phase delay between hy and h; is estimated from the piston phase in @,
which is Cg, 0.

The obtained PSF model will also be blurred by a bead kernel and a Gaussian kernel as for the case of voxel-based
4Pi-PSF learning.

Calculation of the Loss function. The loss function of pupil-image based 4Pi-PSF learning is,

loss = alLL + asmfsm + adriftfdrift + .B(abfbmin + asfsmin + aocfotmin): (3-22)

where fom = fsm1 + fsmz IS to smooth both the lower and upper pupil functions, and fs,, and fym, can be
calculated from Eq. (3.8). The term f,min is to constrain the modulation contrast « to be positive,

fomin = min(a, 0)2. (3.23)
The remaining terms are the same as in pupil-image based learning for incoherent PSFs (section 3.1).

The loss function for Zernike-based 4Pi-PSF learning is
loss = a;LL + agrifefarire + .B(abfbmin + A5 fsmin + aocftxmin)- (3.24)

3.5.2  Multi-channel learning of the 4Pi-PSF in the Fourier domain

The multi-channel learning of a pupil-based 4Pi-PSF model is like the one for voxel-based learning. To account for
the constant phase delay between each channel, we add ¢; to @, in each channel,

=13, 1=0123 (3.25)
where [ denotes the channel index, and the residual phase delay between each channel will be incorporated into
the piston component of ®@,. Above definition of ¢; assumes the phase delay increment by —m/2 over the four
channels. User can define the increment to be —m/2 or /2 depending on their systems. The learning variables
include positions, phases, photons, piston phases and the optional drift rates of the reference channel, and
backgrounds, pupil functions or Zernike polynomials, blurring factor and the modulation contrast from all channels,
and the transformation matrices for all target channels (exclude the reference channel).

For Zernike-based learning, the user can choose to link the Zernike coefficients between the four channels, note that
we do not link the Zernike coefficients between the lower and upper paths,



Cajip = Cajop P> 0,1=0123,j =12

(3.26)
Co,up = Cojop P >3,1=0123,j=12

Where, p denotes the Zernike index, [ the channel index, j the lower or the upper path. For the magnitude part, only
the piston term is unlinked to account for intensity differences between the four channels. For the phase part, the
piston phase, x and vy tilts and defocus are unlinked, to account for the relative phase delay and the x, y and z shifts
between the four channels. Although the x and y shifts between channels can be accounted for by the transformation
matrices, we noticed that the relative x and y shifts between the upper and the lower objectives are also channel
dependent. Therefore, we unlink the x and y shifts of the Zernike coefficients between the four channels.

3.6 Learning of field dependent PSFs

For high-NA objectives, field dependent (FD) aberrations become prominent with large field of views (FOVs). The
PSF model within a FOV of 10 x 10 um can often be treated as spatial invariant. However, in a FOV of 100 x 100 um,
a single PSF model sometimes can no longer represent all PSF patterns. Here we extend our method to learn a spatial
variant PSF model across a large FOV. The forward model for learning the FD aberrations is based on Zernike-based
PSF models (either scalar or vectorial model). For each Zernike coefficient, a 2D map is learned instead of a scalar
value, where each pixel value of the map represents the aberration amplitude at the field location defined by the
pixel coordinate. Therefore, in FD PSF learning, a set of 2D aberration maps were learned. The forward model was
calculated similarly as in Zernike-based PSF learning (section 3.2), except that the Zernike coefficients are bead-
dependent and were calculated from a linear interpolation of the aberration map,

CA,i,p = Zmap,A,p XY,

(3.27)
Cd>.i.p = Zmap,d>,p (Xi' Yz) .

Here X; and Y; are the pixel coordinates of the ith bead in the raw camera frame. Zy,p 45 aNd Ziap 0 p are the
aberration maps for the pth Zernike polynomial of the amplitude and the phase parts of the pupil function,
respectively. Each aberration map is a 2D matrix of N X N pixels, where N is user defined, e.g. N = 20 means the
FOV is divided by 20 x 20 subregions. The larger the N, the finer the aberration map, however, as the aberration
maps vary smoothly across the FOV, N can be chosen so that each subregion takes ~10 x 10 um.

The loss function for learning the FD PSF model is,

loss = alLL + asmfsm + adriftfdrift + ﬁ(abminfbmin + asminfsmin) ’ (3-28)
where f;,, is to smooth the aberration maps,
2 2 2 2
f — Z <AZmap,A,p) + AZmap,A,p + <AZmap,<b,p) + AZmap,(D,p
T L\ ak, Ak, Ak, Ak, )’ (3.29)
xy, D

And the rest terms are the same as the ones in Zernike-based PSF learning (section 3.2).

3.7 Learning of refractive index mismatch aberrations

Here we apply our learning algorithm to data from beads embedded in an agarose gel to extract the bead’s axial
position relative to the coverslip. Fluorescence beads were immobilized throughout the agarose gel and are imaged
through an oil immersion objective. The refractive indices of the agarose gel and the immersion oil are 1.334 and
1.516. Therefore, the deeper the bead inside the gel, the larger the refractive index mismatch aberration. The
forward model, e.g. vectorial model, to incorporate the index mismatch aberration is,

. . 2
U(X — XY —YiZiZs + Z) = |Tczt[h(kx: ky)Wmnelznkszdzi_kZ(ZS+Z)eLG(kxxi-'-kyyi)]| )
mM=x,y
N=Px.Py,Pz

(3.30)

The term e2™(kzmedaZi=k22s) 3ccounts for the index mismatch aberration,



kimed = kZeqa — kZ — k)27 ’

med
ky= [k2—k2—k2, (3.31)
Nmed n;
kmea = nie k= lzm

where n,.q and n;,,denote the refractive indices of the sample medium and the immersion medium, respectively.
z, defines the stage translation relative to the nominal focal position, where the objective is focused at the coverslip.
Here we define z; = 0 at the nominal focal position, and z; > 0 when the objective is moved closer to the coverslip,
equivalent to when objective is focused at beads away from the coverslip.

And z; is the bead’s axial position to the coverslip, z is a vector of N,, X 1 relative to z,. During the data segmentation,
a 3D bead stack was cropped around the 3D pixel coordinate of the bead. The pupil function h(kx, ky) was fixed and
learned from the bead data collected with bead at the coverslip. Both z; and zg are estimation parameters during
the learning.

4. Learning of in situ PSF models

In situ PSF learning is to extract the PSF model from raw SMLM data, i.e., camera frames with single blinking emitter
patterns. Here our method is based on the vectorial PSF model.

4.1 In situ PSF learning for single-channel systems
4.1.1 Calculation of initial z values

As the PSF pattern varies with the emitter’s axial position, learning of the in situ PSF model is dependent on the initial
estimations of the emitter’s axial positions. Here we localize all emitters using an initial PSF model. The localization
method is based on MLE with a spline-interpolated PSF model (sections 2.5 and 7). Here we provide three options
on estimating the initial PSF model.

The first option is to learn the initial PSF model from the bead data collected from the same imaging system. The
resulting file can be set as an input parameter for the subsequent in situ PSF learning. This method can give an
accurate initial z estimation; however, it requires collection of bead data.

The second option is to generate the initial PSF model based on a set of user defined Zernike polynomials. Here the
user needs to select the Zernike polynomials that represent the dominant aberrations of the imaging system and set
the approximate amplitudes to the selected Zernike polynomials. For example, most 3D-SMLM systems have
astigmatism aberration, then the user can set the Zernike polynomial to 5 (Noll order) and its coefficient to 0.5
(radian, its absolute value quantifies the RMS wavefront error). Although this method requires no bead
measurement, the user needs to know the dominant aberration of the imaging system. We found that the learning
algorithm is quite robust to a wrong initial aberration if the tendency of the initial z positions of single molecules
agrees with the real situation. However, the convergence might be a bit slower.

The third option requires minimum knowledge of the imaging system from the user, it will search through a set of
Zernike polynomials to determine the dominant aberration. The user only needs to define the search range is within
the lower order (5-21) or the higher order Zernike polynomials (22-45). During the searching procedure, a PSF model
for each Zernike polynomial at an amplitude of 0.5 or -0.5 is generated and used for localizing all emitters. The
median value of the log-likelihood ratios’ (LLR) of all localizations is used as a quality metric of the PSF model. The
PSF model that gives the highest quality metric will be used as the initial PSF model. The searching procedure takes
typically 2-3 minutes.

In general, the second option is recommended over the third if the dominant aberration is known.



4.1.2  Partitioning of data

Due to overlapping emitters and emitters of low photon counts, many selected emitters are not useful for learning
the PSF model. Here we selected emitters by partitioning them into small axial segments, and selecting a small
number of emitters within each segment that has the highest log-likelihood ratio from initial localization results. The
number of axial segments and the number of emitters in each segment are user defined, here we use 21-31 and
100-200, respectively. After partition, 2000-3000 emitters were selected and used for PSF learning.

4.1.3  Calculation of the forward model
The forward model for each emitter results in a 2D image and is based on the vectorial PSF model,
) . 2
U(x — X, X — yi,zi,zs) = Z |:Fczt[h(kx' ky)Wmnelz”("zmedzi-kzzs)elzn(kxxi"'kin)]| ,

m=x,y
N=Px,Py,Pz

(4.1)

where wy,,, is the electric field from dipole radiation as defined in Eq. (3.13), k,meq and k, are defined in Eq. (3.31),
and x;, y;, z; define the position of each emitter in the sample medium, in particular, z; defines the distance of the
emitter to the coverslip and is constrained to be positive. zg is the stage position and defined in section 3.7, z is
positive when objective is focused on emitters above the coverslip. Since no emitter is below the coverslip during
SMLM data acquisition, we constrain z; to be positive.

In the case of index matching or water dipping objective, N4 = Nymm , changing of z; and z; are equivalent, so zg
will be fixed to a user defined value. Independent of index matching, the initial value of z; should be large enough
to ensure z; to be positive.

The pupil function h(kx, ky) can be expressed either as 2D matrices or in terms of Zernike polynomials. For common
aberrations from the imaging system, the Zernike-based pupil function is sufficient, while for engineered PSFs where
the applied phase variation is not smooth, such as Tetrapod and double-helix PSFs, learning of image-based pupil
functions is necessary. Here, user can also choose to set the magnitude part of the pupil function to a unit circle, so
that the learning process only learns the phase part of the pupil function. This is a good approximation for most
imaging systems and can greatly improve the convergence especially for complex PSF models. Therefore, for most
learning results, we fix the magnitude part of the pupil function.

Similar to learning from bead data, the PSF model is blurred with a 2D Gaussian kernel,
Ubtar = Fi [Fap(U) - e~ 200xaxm*=iz(oyaym?] (4.2)

Note that here we use 2D Fourier transform, as for in situ PSF learning, U is a 2D matrix instead of a 3D array like in
Eq 3.4. We found that the estimated g, and g,, are slightly smaller to that from the bead data. Although in situ PSF
learning is expected to extract the PSF model from single fluorophores which are much smaller than fluorescence
beads, the extra blurring effect still exists. Finally, including the photon and background of each emitter, the forward
model is,

Ui = Ublur " S + bi . (43)
The variables for in situ PSF learning are x;,y;, 2, s; and b; for each emitter, o, and g, z; and pupil magnitude and

phase, A and @, for learning image-based pupil functions, or the Zernike coefficients of the pupil magnitude and
phase, C4 5, Cop , for learning Zernike-based pupil functions.

4.1.4  Calculation of the loss function
The loss function for in situ PSF learning with a Zernike-based pupil function is,

loss = alLL + ﬁ(abminfbmin + asminfsmin + azminfzmin) ’ (4-4)

where the definition of LL, fymin and fimin are the same as the ones for bead data. The last term constrains z; and
z; to be positive,



famin = min(zg, 0)% + Z min(z;, 0)2. (4.5)
i

The loss function for in situ PSF learning with an image-based pupil function is,

loss = aILL + asmfsm + B(abminfbmin + asminfsmin + azminfzmin) ’ (46)

where f;,, is for smoothing the pupil function and is the same as the one for bead data. However, for learning a pupil
function with discontinuous phase variations, a, is set to zero.

4.1.5 lterative learning

Similar to learning PSF from bead data, one iteration of in situ PSF learning consists of initial learning, outlier removal
and re-learning. However, for in situ PSF learning, after one learning iteration, the learned PSF model is biased
towards the initial PSF model. Furthermore, when the PSF pattern is complex and the photon counts of the emitters
are low, one learning iteration is not sufficient to converge to the correct PSF model. Therefore, for in situ PSF
learning, multiple learning iterations were used: for the first iteration, the initial PSF model is determined as
described in section 4.1.1, for the subsequent iterations, the initial PSF model is the learned PSF model from previous
iteration. The minimum photon count, defined by the quantile of all photon counts, used in data partition is set to a
user defined value, e.g. 0.4, and decreases by 0.1 for each subsequent iteration until it reaches 0.2. For most tested
data, 2 iterations were sufficient, but for the Tetrapod PSF generated from a phase mask, 4-6 iterations were
required to converge (Sl Fig. 16).

4.2 In situ PSF learning for multi-channel systems

For in situ PSF learning of a multi-channel system, a single-channel learning as describe above is performed. However,
here in the single channel learning, no data partition is applied, this is to maintain a sufficient number of emitters.
After single-channel learning, an initial transformation matrix between each target channel to the reference channel
is calculated. As the selected emitters after each single-channel learning might be different between all the channels,
a coordinate pairing process is performed again (section 1.3). With the transformation matrices and the learned PSF
model from each channel, a multi-channel localization is performed. Based on the localization results, outlier
emitters are removed and the remaining emitters are partitioned as described above. The partitioned emitters are
used for subsequent multi-channel PSF learning similar to the multi-channel learning from bead data.

4.3 In situ PSF learning of 4Pi-SMLM systems

Learning a 4Pi-PSF model from SMLM data is more complicated than learning the one from bead data. In SMLM data,
there is no known sampling of the PSF in z and phase positions. To decouple the phase and z positions of a 4Pi-PSF,
the forward model of the 4Pi-PSF is slightly modified.

4.3.1  Single-channel learning of in situ 4Pi-PSF

Calculation of the forward model. The 4Pi-PSF is still calculated as the summation of the incoherent and coherent
PSF (section 3.5). The coherent PSF is calculated as,

. . . . . 2
Ul(xi’yi,zi’q;i) = |Tczt[(hlel(<ﬂd_‘l’z)+“ﬂi + hze”ﬂz‘“‘l’l)elzn(kxxi"'kyyi)]| , (47)
where
¢z = 21[(kzmed — Kmed)Zi — KZs),
k,n; (4.8)
Qg =21 (kzmed -= lmm) Zp-
med

Here, z, measures the thickness of the sample chamber, 1, and n,eq are the refractive indices of the immersion
oil and the sample medium. ¢, accounts for index mismatch aberration, however, its calculation is different from
the one defined in section 3.7 by a subtraction of ky,.qz; , Where kpeq, K2, Kzmeq are defined in Eq. (3.31). The term



kmeaZi only varies with z; and can be absorbed into the phase variable ¢;. Therefore ¢, becomes a slow varying
function of z; . This modification decouples the variables z; and ¢;, any phase drift during the data collection will
not affect the learning. In another words, emitters collected at large separation in time can be used together for
learning, and the learned PSF model can be used for the entire SMLM dataset. The term ¢, accounts for index
mismatch aberration in the upper emission path when the upper objective is focused at the bottom coverslip.
Because when the emitter is at the bottom coverslip z; = z; =0 and ¢, =0, the only index mismatch aberration
comes from the upper emission path. When the refractive index is matched, ¢, equals to zero.

Calculation of the loss function. The loss function is

loss = a,;LL + ﬁ(abminfbmin + asminfsmin + azminfzmin"'a(xfamin)' (4.10)

where

fymin = min(z,, 0)2 + min(z,4, 0)? + Z min(z;, 0)2. (4.11)
i

The remaining terms are the same as the ones for learning from bead data (section 3.5).

4.3.2  Multi-channel learning of the in situ 4Pi-PSF

First the 4Pi-PSF model from each channel is generated based on the initial Zernike coefficients. A 4Pi localization is
performed using the generated model where the x and y localizations between the four channels are not linked. This
is because the transformation matrix is unknown and initially set to an identity matrix. Outlier emitters are removed
based on the localization results. A single channel 4Pi-PSF learning is performed on the remaining emitters in each
channel where the localization results of the z;, ¢;, photon and background are used as the initial values. After
single-channel learning, an initial transformation matrix between each target channel to the reference channel is
calculated. Notice that for in situ 4Pi-PSF learning, there is no outlier removal step during the single-channel learning.
After all single-channel learnings, the emitters are then partitioned (section 4.1.2) and a multi-channel learning
similar to the one for bead data is performed on partitioned emitters.

4.4 In situ PSF learning of field-dependent PSF

The in situ PSF learning of a single-channel system can be easily extended to learn FD PSFs. The forward model is the
same as Eq. (4.1), except that the Zernike coefficients of each emitter are calculated from a linear interpolation of a
2D aberration map (Eq. (3.27)). To ensure emitters are evenly sampled across the FOV, the data partition described
in section 4.1.2 is extended to 3D, where the FOV is also divided into N, X N,, segments, together with N, axial
segments. The number of segments in each dimension is user defined. The total emitters are partitioned into each
3D segment based on their log-likelihood values as described previously.

The loss function is

loss = alLL+asmfsm + .B(abminfbmin + asminfsmin + azminfzmin)r (4-12)

where the smooth constraint agp, fsi, is defined in Eq .3.29. The remaining process is the same as the one for in situ
PSF learning of a single-channel system.

5. Calibration of the deformable mirror

Based on the work described by Antonello et al.8, we employed a rigorous methodology to accurately determine the
influence function for each actuator in the DM (Boston Micromachines, M140A-35-P01). This ensures that we obtain
reliable and precise measurements of the individual actuator's impact on the overall performance of the DM. To
begin with, we constructed a Twyman-Green interferometer, a variant of the widely used Michelson interferometer,
specifically designed for precise optical testing. This interferometer allowed us to measure the phase information
induced by the DM in a reliable manner. To extract the phase information induced by the DM, we employed Fourier-



based fringe analysis®, a powerful technique that enables the precise determination of phase shifts in interferometric
measurements. By carefully analyzing the fringes produced by the Twyman-Green interferometer, we were able to
accurately quantify the influence of each individual actuator in the DM. In this work, we assumed that the responses
of the DM actuators are linear, which is a commonly accepted approximation in similar studies. This assumption
allowed us to simplify the analysis and establish a linear model to represent the relationship between the actuator
inputs and the resulting output phase Ypy :

Ypu = Z‘pm Vm (5.1)

where ¢,, represents the influence function of the m-th actuator, v,, is the control voltage applied to the m-th
actuator. A vectorized version of Eq. (6.1) is,

Here, Wy, is the discrete measured phase. The control signal V is a vector of size N,,, whereas Wy, is a vector of size
Nj.. The corresponding influence matrix @ should be with a size Nj, X N,,,, each column of ® is a squeezed version
of an influence function. By sequentially applying different amplitudes to each actuator and capturing the resulting
interference images, we can derive a series of output phases [¥;, ¥, ... W;] corresponding to their control signals
[V1, V; ... Vi]. Then the influence matrix ® can be obtained by solving a simple least-squares problem,

® = argmin le% — oV (5.3)
1

CI)E]RNRXNT”

Once the influence matrix @ is established, we can efficiently determine the control signals required to achieve the
desired wavefront shape by performing matrix calculations. This direct wavefront design approach, utilizing the DM
influence functions, offers improved accuracy compared to the conventional method of projecting a theoretical
Zernike phase onto the DM. To facilitate Zernike-based DM control, it is necessary to make the underlying
assumption,

Y, =Z¢ (5.4)
where Z is a matrix whose columns are Zernike polynomials sampled over the phase measurement grid. ¢ is a
Zernike coefficients vector with Ny components. Since the influence functions of the DM do not resemble Zernike
polynomials, more Zernike polynomials (N; > Ny,) are necessary to describe the influence functions to avoid

encountering large approximation errors. Zernike control needs to calculate the mapping between the control
signals V and the Zernike coefficients &, which can be solved using linear regression.

6. CRLB calculation and analytical gradients

The CRLB is calculated using the inverse of the Fisher information matrix I(®), which measures the amount of
information that an observation (PSF) carries about the estimated parameters 0. The Fisher information matrix is
defined as??,

1 dU, 0U,
- Uy 00; 00;

1(0); = (6.1)
where 0 is a set of parameters being estimated, k denotes pixel index. The parameters O for in situ PSF learning is
X, Yi» Zi, S; and b; for each emitter, g, and a,, z; and pupil magnitude and phase, A and @, for learning pixel-wised
pupil function, or the Zernike coefficients of pupil magnitude and phase, C(4,p),C(®,p) , for learning Zernike
expanded pupil function. The U, is the forward model as defined in Eq. (3.12). The first derivatives of the forward
model U, with respect to the parameters 0 are given by,

oUy OE 1
=S; ReJE,
6(')x,y,z E mzzx,y ¢ { m aex,y,z (6.2)
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7. Localization methods

For the localization step during the PSF learning, the data was analyzed with the cubic spline fitting method'>. The
cubic spline interpolation of a given PSF model is**!

3 3
_ X=X\ (Y = Vi\" (Z = Zi\P
fi,j,k(xyyxz)_Zzzai,j,k,m,n,p( Ax ) ( Ay ) ( Az ) (7-1)

m=0n=0p=0

where Ax, Ay are the x and y pixel sizes, Az is the axial step size of the PSF model, a; j ;. mnp are the spline
coefficients and x;, y;, z; are the start position of each voxel (i, j, k). After building the spline PSF model, maximum
likelihood estimation (MLE) with Poisson statistics was used to localize beads or single molecules with the objective

function given by,
2 MUy
Xmie = 2 Z(.uk - M) — Z My In <M_) B (7.2)
= k

k,Mp>0

where p;, and M;, are the expected photon number and measured photon number in the pixel k, respectively. We
used a modified Levenberg-Marquardt (L-M) algorithm?* to minimize 2, for the parameter estimation.



Supplementary Tables

Supplementary Table 1. Parameters for single-channel PSF learning

Variables = initial

(Scaling factor)

U =0.002 (40/w*)
X, Yz =0 (1)
voxel b, = Eq.2.3 B)
s; = Eq.2.4 (1000w)
A=1,0=0 (1200/w)
X, Vi, 2 =0 (1)
pupil b; = Eq.2.3 (b)
s; =Eq.2.4 (40w)
Oy, 0y = 0.5 (1)
e P (20/w)
Cop =0 (20/w)
Zernike XY,z =0 (1)
b; = Eq.2.3 (b)
s; =Eq.2.4 (100 -w)
Oy, 0y = 0.5 (1)
Zmanan {00 > 0 (800/w)
Zmap,ﬁb,p =0 (800/w)
FD Xi, Vi, Zi = 0 (1)
b; = Eq.2.3 (b)
s; =Eq.2.4 (100 - w)
0y, 0y = 0.5 (1)
A=1,0=0 (1200/w)
X, =0 (400/w)
Zmedi = MLE (400/w)
Insitu-pupil b; = Eq.2.3 (b)
s; =Eq.2.4 (40w)
0y,0y = 0.5 (4/w)
zg = user defined (80/w)
Cap = {(1):5 > 8 (40/w)
Cpp =0 (40/w)
Xi, Vi = 0 (6000/W)
Insitu-Zernike Zmed,i = MLE (6000/w)
b; = Eq.2.3 (b)
s; =Eq.2.4 (200w)
Oy, Oy = 0.5 (1)
zg = user defined (800/w)
Zamapap = {é:z e (1600/w)
Zmapop =0 (1600/w)
x,y; =0 (6000/w)
Insitu-FD Zmedi = MLE (6000/w)
b; = Eq.2.3 (b)
s; =Eq.2.4 (200 - w)
0x,0y = 0.5 (1)
zg = user defined (800/w)

*w = ,/median(s;)



Supplementary Table 2. Parameters for multi-channel PSF learning

Variables = initial (Scaling factor)

U,xi,yi, 21, iy, i same as single channel
voxel

T, = Eq.2.22 (0.001)

Ay, @, x4, Y0, Zi, by, Siy Ox1, Oy same as single channel
pupil

T, = Eq.2.22 (0.001)

Cap Coipr Xir Vis Ziy bty Siy O 1, Oy same as single channel
Zernike

T, = Eq.2.22 (0.001)
Insitu Ay @, X0, Vi Zmed,is Dits Sis Ox,1s Oy 10 Zs same as single channel
pupil T, = Eq.2.22 (0.001)
Insitu Caip Coipr Xir Vis Zmed,i» Dyt Siv Ox,» Oy s Zs same as single channel
Zernike T, = Eq.2.22 (0.001)




Supplementary Table 3. Parameters for 4Pi-PSF learning

Variables = initial

(Scaling factor)

I; = 0.002 (40/w)
Ajpe = 0.001/V2 (40/w)
Ajm=0 (40/w)
X, Y2 =0 (1)
voxel @, =0 (1)
@, = user defined (1)
b;; = Eqgs.2.3 and 2.25 (b)
s; = Egs. 2.4 and 2.25 (100w)
T, = Eq.2.22 (0.0001)
Ay Ay =1 (1200/w)
Dy, Py =0 (1200/w)
Xi,YirZi = 0 (1)
p; =0 (1)
) @, = user defined (1)
pupil b;; = Eqs.2.3 and 2.25 (b)
s; = Egs.2.4 and 2.25 (40w)
Ox1,0y; = 0.5 (1)
a=0.8 (40/w)
T, = Eq.2.22 (0.0001)
Catp Capip = {(1):2 > 8 (40/w)
Coip Capip =0 (40/w)
X, Y1,z =0 (1)
¢ =0 (1)
Zernike ¢, = user defined (1)
b;; = Egs.2.3 and 2.25 (b)
s; = Egs. 2.4 and 2.25 (100w)
O'X'l, O-y,l =0.5 (1)
a=08 (40/w)
T, = Eq.2.22 (0.0001)
Cartpr Cagip = {é:g S 8 (0.2)
Co, 1 Cayip = 0 (0.2)
X,y =0 (20)
Zmed,i = 0 (20)
. p;=0 (1)
'Z':r';‘i‘ke by, = Eqs. 2.3 and 2.25 (100)
s; = Egs. 2.4 and 2.25 (1ed)
Ox1,0y; = 0.5 (1)
a=08 (0.1)
zg = user defined (10)
zp, = user defined (10)
T, = Eq.2.22 (0.001)




References

1.

Li, Y. et al. Real-time 3D single-molecule localization using experimental point spread functions. Nat. Methods 15,
367-369 (2018).

. van Vliet, L. J., Sudar, D. & Young, I. T. Digital fluorescence imaging using cooled charge-coupled device array

cameras. in Cell Biology, Second Edition, Volume Il 109—120 (Academic Press, 1998).

Huang, F. et al. Video-rate nanoscopy using sSCMOS camera-specific single-molecule localization algorithms. Nat.
Methods (2013).

Li, Y. et al. Accurate 4Pi single-molecule localization using an experimental PSF model. Opt. Lett. 45, 3765 (2020).

Li, Y. et al. Global fitting for high-accuracy multi-channel single-molecule localization. Nat. Commun. 13, 3133
(2022).

George, J. G., Dholakia, K. & Bhattacharya, S. Generation of Bessel-like beams with reduced sidelobes for
enhanced light-sheet microscopy. Opt. Contin. 2, 1649 (2023).

Huang, F. et al. Video-rate nanoscopy using sSCMOS camera-specific single-molecule localization algorithms. Nat.
Methods 10, 653—-658 (2013).

Antonello, J., Wang, J., He, C., Phillips, M. & Booth, M. Interferometric calibration of a deformable mirror. (2020)
doi:10.5281/ZENODO.3714951.

. Takeda, M., Ina, H. & Kobayashi, S. Fourier-transform method of fringe-pattern analysis for computer-based

topography and interferometry. J. Opt. Soc. Am. 72, 156 (1982).

10.Kay, S. M. Fundamentals of statistical signal processing: estimation theory. (Prentice-Hall, Inc, 1993).

11.Babcock, H. P. & Zhuang, X. Analyzing Single Molecule Localization Microscopy Data Using Cubic Splines. Sci. Rep.

7,552 (2017).



	Table of Contents
	Supplementary Figures
	Supplementary Notes
	1. Data preprocessing
	1.1 Segmentation for single-channel bead data
	1.2 Segmentation for multi-channel bead data
	1.3 Segmentation for SMLM data

	2. PSF modelling in the spatial domain
	2.1 PSF learning for single-channel system
	2.1.1 Calculation of initial values
	2.1.2 Calculation of the forward model
	2.1.3 Variable scaling
	2.1.4 Calculation of the Loss function
	2.1.5 Optional learning variables

	2.2 PSF learning for a multi-channel system
	2.3 PSF learning for a 4Pi-SMLM system
	2.3.1 Single-channel learning of the 4Pi-PSF
	2.3.2 Multi-channel learning of 4Pi-PSF

	2.4 Learning of lattice light-sheet PSF
	2.5 Localization test
	2.6 Outlier removal

	3. PSF modelling in the Fourier domain
	3.1 Pupil-image based PSF learning
	3.1.1 Calculation of the forward model
	3.1.2 calculation of the Loss function

	3.2 Zernike-based PSF learning
	3.3 Vectorial PSF model
	3.4 Fourier domain PSF learning of multi-channel systems
	3.5 Fourier domain PSF learning for the 4Pi-SMLM system
	3.5.1 Single-channel learning of pupil based 4Pi-PSF
	3.5.2 Multi-channel learning of the 4Pi-PSF in the Fourier domain

	3.6 Learning of field dependent PSFs
	3.7 Learning of refractive index mismatch aberrations

	4. Learning of in situ PSF models
	4.1 In situ PSF learning for single-channel systems
	4.1.1 Calculation of initial z values
	4.1.2 Partitioning of data
	4.1.3 Calculation of the forward model
	4.1.4 Calculation of the loss function
	4.1.5 Iterative learning

	4.2 In situ PSF learning for multi-channel systems
	4.3 In situ PSF learning of 4Pi-SMLM systems
	4.3.1 Single-channel learning of in situ 4Pi-PSF
	4.3.2 Multi-channel learning of the in situ 4Pi-PSF

	4.4 In situ PSF learning of field-dependent PSF

	5.  Calibration of the deformable mirror
	6. CRLB calculation and analytical gradients
	7. Localization methods

	Supplementary Tables
	References


