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An idealised approach of geometry
and topology to the diffusion

of cations in honeycomb layered
oxide frameworks
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Honeycomb layered oxides are a novel class of nanostructured materials comprising alkali or coinage
metal atoms intercalated into transition metal slabs. The intricate honeycomb architecture and
layered framework endows this family of oxides with a tessellation of features such as exquisite
electrochemistry, unique topology and fascinating electromagnetic phenomena. Despite having
innumerable functionalities, these materials remain highly underutilised as their underlying atomistic
mechanisms are vastly unexplored. Therefore, in a bid to provide a more in-depth perspective,

we propose an idealised diffusion model of the charged alkali cations (such as lithium, sodium

or potassium) in the two-dimensional (2D) honeycomb layers within the multi-layered crystal of
honeycomb layered oxide frameworks. This model not only explains the correlation between the
excitation of cationic vacancies (by applied electromagnetic fields) and the Gaussian curvature
deformation of the 2D surface, but also takes into consideration, the quantum properties of the
cations and their inter-layer mixing through quantum tunnelling. Through this work, we offer a novel
theoretical framework for the study of multi-layered materials with 2D cationic diffusion currents, as
well as providing pedagogical insights into the role of topological phase transitions in these materials
in relation to Brownian motion and quantum geometry.

Nanotechnology has become the cornerstone of contemporary science for its role in the discovery of new mate-
rials with unprecedented chemical properties and unconventional physical phenomena. Typically these stellar
properties are optimised and refined through manipulation of matter at an atomic or molecular level. As such,
the fundamental understanding of the physical laws surrounding the interaction of atoms and atom clusters in
the different phases of matter is invaluable in the evolution of this technology. Theoretical advancements into
the connection between continuous symmetries of the action and conservation laws (Noether’s theorem) in
quantum field theory and geometry has played an enormous role in revealing exemplary quantum effects in
condensed matter systems. This has singled out materials comprising simple geometric arrangements of atoms
as exemplars of Noether’s theorem whilst offering a great segue into crystallography. This rationale has generated
interest particularly in two-dimensional (2D) honeycomb layered oxides whose heterostructural layout plays
host to an assortment of desirable electrochemical, magnetic and topological properties' .

Honeycomb layered oxides generally can be envisaged to adopt the followmg compositions of ordered
structures: AﬁL3+D4+og,(A+ g D%oz) AL DS Os  (AFL3TDSTOn,  or Af[/stngmOz),
AF D05 (A /SngiDS* 0,), A O¢ (A+L§+ D;50,), A;L2+D4+o

(A;/3L§/+2D;*/+302),A A pt 06(A+A*+ L3+ .D) gozﬁ ASLITDOY O, (AZ+/3L§/+3D?/+302) ; ASLITD* O
(or e qulvale ntly as A% L2+D‘1‘/302) A*ﬁ +D5+o6(A+L§+D2 O, or A4/3L1/+3Df/+302)
AFD*T03(A] ;D] 302) A;LTDSFO
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(A;/ZL?%D?EOZ), where L can be Zn, Mn, Fe, Co, Cu,Ni, Cr, Mg; D can be Bi, Te, Sb, Ta, Ir, Nb, W, Sn, Ru, Mo, Os;
A and A* can be alkali atoms (such as Li, Cu, K, Rb, Cs, Ag and Na with A # A*), transition metal atoms, for
instance Cu or noble metal atoms (e.g., Ag, Au, Pd, etc.)!->8-1117-2022-40,

From a crystal outlook, this family of layered oxides consists mainly of alkali cations (labeled in the above list
of compositions as AT) sandwiched between parallel slabs (stackings) of transition metal oxides (LOg and DOg
octahedra). Some of the oxygen (O) atoms coordinate with A™ cations to form inter-layer bonds whose strength
is dependent on the inter-layer distance between the slabs. In fact, there is a correlation between the stacking
structure and the resulting electrochemical performance of the honeycomb layered oxides that can be traced
to the differing sizes of the AT cations. For instance, A% cations with small ionic radii such as Lit tend to form
stronger inter-layer bonds as a result of the smaller inter-layer distance?!822-2528:30:31.33.37-40 However, K has a
vastly larger ionic radius with a correspondingly larger inter-layer distance and hence forms weaker inter-layer
bonds. Generally, A* cations with larger ionic radii such as K and Na* form weaker inter-layer bonds in the
aforementioned compositions resulting in layered oxides with prismatic or octahedral coordination of alkali
metal and oxygen (technically referred to as P-type or O-type layered structures, respectively)'?-1619-202734-3¢ The
weaker inter-layer bonds in prismatic layered (P-type) structures create more open voids within the transition
metal layers allowing for facile two-dimensional diffusion of alkali atoms within the slabs*!. This gives rise to the
high ionic mobility and exceptional electrochemical properties innate in honeycomb layered oxides.

In our study, we focus on the prismatic subclass of honeycomb layered oxides that generally adopt
AT L3T D% O (or equivalently A2+/3L§/+3Df/+302) compositions, where A = K, Li or Na is an alkali cation (potas-
sium, lithium or sodium) owing to their exemplary electrochemical and physical properties’>-511-161920.2839 ‘e
explore their cationic diffusion by envisioning an idealised model of multi-layered oxides in an attempt to gain
an effective description of the diffusion mechanics along the honeycomb layers using concepts of 2D curvature
and topology. We proceed to link geometric properties such as the Gaussian curvature and the genus of the
2D honeycomb layers to transport quantities of the cations such as their charge density and cationic vacancies
respectively. The inter-layers can act as tunnel barriers quantum mechanically traversable by the cations. The
proposed model is solved by identifying symmetries in a curved space-time implemented by Killing vectors
along the time () and longitudinal (z) directions. In order to discern the connections between the honeycomb
topology, applied magnetic fields and other crystalline symmetries, a multidimensional approach integrating
techniques and concepts from various fields were employed. As such, the results presented herein bear particular
significance across a diversity of disciplines ranging from topological order and phase transitions in materials to
their relation to Brownian motion and quantum geometries.

Throughout the paper, we set Planck’s constant and the speed of massless particles in the crystal to unity
(h = ¢ = 1). We employ Einstein’s summation convention together with the Minkwoski 2D + 1 and 3D + 1
metrics, gz = diag(l, —1,—1) and g, = diag(1, —1, —1, —1) to lower the Roman and Greek indices respec-
tively. The Roman indices i, j, k are reserved for Euclidean space g;; = diag(1, 1, 1). We apply minimal coupling
procedure when considering curved space-time.

The model. A theoretical model of a multi-layered material with lattice coordinates x, y and z, whose inter-
layer distance Az is much greater than the electromagnetic interaction range d of the inter-layer bonds (Az > d)
is conceptualised to represent the honeycomb layered oxide subclass described in the previous section. We first
introduce a voltage, V that produces an electric field —Vy, V = (Ey, E,, 0) in the x and y direction along the x - y
(honeycomb) plane of the crystal material; and then preclude electromagnetic interactions and classical motion
of A cations along the z direction (shown in Fig. 1) which we assume are negligible due to the condition Az > d,
where d is also the screening length for the electromagnetic interactions along the z direction.

Considering a single honeycomb layer; viewing the cations as a fluid of charge density j°, we can introduce
the charge density vector j* = (j°, ) to impose the local charge conservation on the x - y plane using the
divergence condition d,j* = 0. This leads to the solution, j* = oxya“bcabAC = 0y (B;, —Ex, Ey) where oy is the
conductivity of the cations in the x — y plane, A, is the electromagnetic vector potential and £ is the totally
anti-symmetric Levi-Civita szmbol. This solution means that electromagnetic theory in 2D naturally leads us
to the Chern-Simons term £%7°3,A*>**. This term contains only three electromagnetic fields: the z component
of the magnetic field pointing in the z direction, B, = 9A,/0x — dA, /0y and the x and y components of the
electric field, Ex = 0A;/dx — dA,/dt and E, = dA;/dy — 0A./dt pointing in the x and y direction respectively,
as displayed in Fig. 2a,b.

Ansatz 1. Given that, in the absence of the applied voltage the cations form a 2D honeycomb lattice, the
diffusion current (mobile cations) across the honeycomb lattice is assumed to be extracted by the potential
energy of the applied voltage/electric fields (as shown in Fig. 2b). A correlation between the total number of
these mobile cations (g € integer) (as in Fig. 2c) and the quasi-stable 2D configurations shown in Fig. 2d-f can
be inferred, since each configuration is expected to supply a unit charge g (where ¢ = +e >~ 1.6 x 107'° C for
A =K, Na, Lij, etc.) which leaves a vacancy in the lattice whilst simultaneously constituting a diffusion current
equivalent to the spatial component of the Chern-Simons term,

j = apy (i x ) = 0, (i x B), (1)

where v = (vy, vy, Vz)is the velocity vector, E= (Ex, Ey, E)is the applied electric field, n = (0,0, 1) is the unit vec-
tor normal to the honeycomb surface oriented in the x - y plane, py, = —K(x, y) /47 d is their 3D number density,
K(x, y) is the Gaussian curvature* of the honeycomb surface M after extraction of g cations which satisfies the
definite integral (Gauss-Bonnet theorem*) f m A(Area)K(x,y) = 27 xand y = 2 — 2g is the Euler characteristic
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Figure 1. The polyhedral view of the layered structure of A;Ni, TeOg from the z-axis [001] (left) and along the
z-axis [110] (right): A atoms are brown spheres, O atoms are small red spheres, Ni and Te atoms are enclosed
within the purple and blue octahedra of oxygen atoms respectively. The left figure depicts a fragment of the
honeycomb structure along the x—y plane ([001] zone axis) with a two-dimensional (2D) motion of A ions that
reside above or below the honeycomb slabs.

of the unbounded surface M with g € integer the genus of M. This means that [, d(Area) px, ~ g/d for g > 1
leading to fM d(Vol) pxy = fM d(Area) fd dz pyy(x,y) ~ g. Thus, the Gauss-Bonnet theorem sets further con-
straints on our model by linking the Gaussian curvature and the genus of the honeycomb surface (which is
treated as a differentiable manifold) to transport quantities related to the electrodynamics of the cations such
as their number density.

Ansatz 2. To incorporate quantum theory along side diffusion occurring along the 2D honeycomb layer, we
introduce a second ansatz,

/dt (1//%1//) = iS(t,%) + % /d?c.ﬁ x D717, (2a)

where S(t, X) is the classical action, |{) is the quantum mechanical wavefunction (kernel) of the charged fluid of
the cations respectively and D is the diffusion coefficient of the cations. Note that for a finite velocity dx/dt = v,
the kernel has the solution [¢) = exp(iS) as expected from Feynman’s path integral reformulation of quan-
tum mechanics* (and thus satisfies the normalisation condition, (|y/) = 1), since the second term becomes
1 [dt(dx/dt)-nx Dy =1 [dt (dxk/dt)D’laijkn’vf = 0 which identically vanishes in an open path.

In contrast, the second term need not vanish for a closed path given by dM. Thus, plugging Eq. (1) into Eq.
(2a) for a closed path yields,

1 N [of > 1 S 0. S
= ?{ dx - x —2—E=—- / d(Area) Vo - —2—E
oM qDny 2 /m quxy

1 ..
= iqﬂ/Md(Area)ny - E,

where we have applied Stokes’ theorem, Einstein-Smoluchowski relation D = 87! and the Langevin result for
ionic conductivity oy, = g% sy to arrive at our result. It is now evident that non-vanishing electric fields which
constitute a diffusion current require the modification of the Kernel via this second term as per ansatz 2. For
electrodynamics described by Chern-Simons theory, the 2D charge density is proportional to the flux within
the boundary dM*’ shown in Fig. 2b. (In Maxwell’s theory, the charge density is given by the Gauss law of elec-
tromagnetism V - E = 47]% /¢, where ] is the charge density and € is the permittivity of the material.) Thus, we
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Figure 2. Various quasi-stable configurations of the cation honeycomb layers and the directions of the electric
and magnetic field. (a) The cations arranged in a honeycomb fashion with no cationic vacancies (g = 0)
topologically equivalent to the sphere. (b) The extraction process of g — oo cations from the honeycomb
surface by applied electric fields Ex and E,. The magnetic field in the B, = 01is taken to be zero. Vacancies
created by this extraction process can be counted by tracking the change in the electric fields at the boundary of
the honeycomb surface M. (c) The equation that tracks the changes where m and q are the mass and charge of a
single cation and K the Gaussian curvature of the surface. Applying Stokes” theorem transforms the equation to
the Gauss-Bonnet theorem where g is the genus. (d) The honeycomb surface with vacancy g = 1equivalent to a
torus. (e) The honeycomb surface with vacancy g = 2 equivalent to a double torus. (f) The honeycomb surface
with vacancy ¢ = 3 equivalent to a triple torus.

substitute %xy E= 87 pxy/q = —2K(x,y)/qd, where the factor of 87 is required for consistency with Eq. (7)
and the argument of |) transforms as S — S + 27 Sm® where we have defined the potential ® as,

/ d(Area) K(x,y) = —2n P (x, ). (2b)

Consequently, the solution for |y) transforms to,
V) = expi(S — i2nfmP). (2¢)
This requires that ® (x, y) = ;L ~ [dx - x vy — %xy vV = —2K(x, y) such that1/v = mu = mD/kpT is the
mean free time between colhslons of the cations where ® (x, P)IM = —xandm = 1/d acts as the effective mass

of the cations. The definitions ®(x,y) = (dmm)~! [dX -7 x p ~1% and ny E= 87 0xy/q are consistent with
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the Langevin equations 0 = dp/dt = —u ™' + qE + fjand 0 = dp/dt = —u =7 x ¥ + g# x E + 7j with the
random force 7 = 0 [See also Egs. (4b) and (9¢)]

Bosonic identity. Notice that ®(x,y) is reminiscent of a fictitious imaginary Aharonov-Casher phase:
Aharonov-Casher phase given by yac = — [}, dx - it x E is the geometric phase acquired by the wavefunc-
tion of a neutral particle along a path M around charges, where i is the magnetic moment of the neutral
particle®*. Moreover, [ d(Vol)y*yr = (¥|) = exp(4nrBm®) = (n) takes the form of a Boltzmann factor
which gives the average number of free cations constituting the diffusion current. (Alternatively, since the wave-
function is no longer normalised when ® # 0, it is clear that (n) = Z can also be interpreted as a Lehmann
weight renormalising the wavefunction |[¢y) — |¥) = v/Z~1|¢/) and (¥ |W) = 1.) Setting ¥ = (px )1/2 exp(iS)
and |) = (n)'/? exp(iS) implies [ d(Vol)y*yr = [ d(Vol)(px,) = —(x)/2 = (g) — 1 leading to the bosonic
identity,

@) —(m=1 (3a)

For the second quantisation formalism, the kernel can be defined as a bosonic Bogoliubov transformation®,
U =)'+ (n)'/2 exp(is)a, (3b)
U =(g)V2a" + (m)1/2 exp(—iS)a, (3c)

where & and a' are harmonic oscillator annihilation and creation operators respectively satisfying the com-
mutation relation [, a7] = [, ¥ ] = 1 which is equivalent to Eq. (3a). Thus, the operators in Eq. (3b) act on
the harmonic oscillator ground state as a|0) = 0 and (0]a" = 0 which guarantees that we recover the Kernel by
¥10) = |¥)and (¥| = (0], Finally, Boltzmann’s entropy formula, ¥ = kg In g, where the genus g > 1is taken
as the number of microstates in the system, guarantees the entropy vanishes when n = 0 where the g = 1torus
given in Fig. 2d represents the ground state of the system.

Typical diffusion dynamics in 3D versus our model. We first note that typical diffusion is effectively
described by Brownian motion. Consequently, the charge density function p of diffusive charges at equilibrium
temperature satisfies the 3D Fokker-Planck equation®,

ap

ozgz—%-p?/—F%-D%P’ (4a)

equivalent to the Langevin equation
dy 1. -
0=m— =——v+4qVV, (4b)
dt In
where the Boltzmann factor p oc exp —fqV is typically used to derive oy, = qz,upxy = gup and the Ein-
stein-Smoluchowski relation D/kgT = L.

In contrast, the dynamics of the cations confined in 2D is captured by the Boltzmann factor (n) = exp(4wm®)
instead, where 4rm® = [ dx - 71 x u~'7 # qV defined in ansatz 1 and 2, is directly linked to the topology of
the 2D surface. Thus, setting (1) o p, we find that the appropriate 2D Fokker-Planck equation at equilibrium
for p is given by,

ap s> R > >
O=§=—V~(nxpv)+V‘DVp. (5)
The Fokker-Planck equatlon is solved by FicK’s first law of diffusion, j j= DVp, together with the Chern-Simons
current density j = ox},e’“ 9,4 to yield Eq. (1).

The kernel in 2D + 1 dimensions. It is necessary to establish the equation of motion for the kernel
|Y) = expi(S — i2rfm®). In standard quantum mechanics, |v) simply satisfies the Schrodinger equation,
id|y)/ot = & |y) where —9S/dt = & is the energy of the system. The presence of a finite screening length of
electromagnetic interactions along the z direction presupposes that the inter-layer crystalline structures such as
NiOg and TeOg octahedra shown in Fig. 1 will act as tunnel barriers for the cations in the layers of the mani-
fold M. This implies that, when Az >> d, the action (quantum phase) S satisfies the dynamics of a large tunnel
junction®?,

d
S :Eqn“F,w, (6a)

Vu F* =81y, UY, (6b)

where F,;, = 9, A, — dyA,, is the electromagnetic field tensor, n* = (0, 1) is the unit normal four-vector along
the z direction. Then, it is straightforward to show that |{/) = /(n) exp iS now obeys, id,.|¥) = qdn"f.,|¥)
whose solution is given by,
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[¥) = exp(—igd /dx”n“fm), (6¢)

which corresponds to the transformation S — In |) and F,, — fuo = 9,4, — 3,A, +j§s,£u"p d5A, in Eq.
(6a) where f,, is equivalent (in vector notation) to the Riemann-Silberstein® vector F = E 4+ i5B and its
dual, G = B + ISE (Strlctly speaking, f,., is in the form of the (self-dual) Cabbibo-Ferrari tensor>* given by
Ay — A, + 60" d5ap, wherea,, = 1'3 A, is the dual of the electromagnetic potential, A,,. This self duality
is taken as a consequence of the proportlonahty of flux and charge in 2D.).

Connection of the kernel to Gaussian curvature. In Riemannian geometry, the Gaussian curvature of
a bounded 2D manifold M is given by, K = # /2 where Z is the Ricci scalar of the manifold M. Moreover, in
ansatz 2, we assumed that Vy,, - E = 87y, /g, by assuming the proportionality (equivalence) of charge and flux
in 2D¥. By introducing a Hermitian tensor K, = R, — igF,,, defined on a 3D + 1 Reimannian manifold, it is
possible to impose the condition,

v 87’: *
Vv Kv;/. = _;w B;N/h (7)

where R, is the Ricci tensor, V, is the metric compatible covariant derivative and Vg, = 0. Note that K,
defined as above satisfies[D,,, D, ]JU* = K,,, U* with D,, = §,, — igA,, the covariant derivative and mU,, = 9,,S
the velocity four-vector. Thus, it certainly follows that a new field g,,,, viewed as an emergent gravitational field
e.g. from entropic considerations®), is introduced by Eq. (7). Thus, it is important to check the extent that
g satisfies Einstein Field Equations™. Using Eqs. (9a), (8a) and (8b) together Bianchi identity, Eq. (7) can be
shown to transform to R““ - 1Rg’“’ + Agt = —k TH'withTHY = mpy, UXU" + €o(F**F, — —F“’SF ﬁg’“’)
Kk =8r/m*and ¢g = . In General Relativity, « = 87 G where G is the gravitational constant and ¢ is the
permittivity of free space. Comparing the two theories implies that our approach is equivalent to Einstein’s
gravitational theory with a charged particle of Planck mass m = +/G~1 = d~!and Planck charge g = /87 eo.
That this idealised model introduced so far has a gravity description is not entirely unexpected since the partition
function is given by Z = (n) = exp(4wfm®) and thus the free energy of the system F = —~ ! InZ = —47m®
is proportional to an attractive potential energy m®, proportional to mass, m of the cations.

Substituting S = m [ dx" Uy, = —m [ driny = /Py exp(iS) where U/ is the four-velocity vector of the
cations and using the Bianchi identity V'R, = 3,,R/2, the real part and imaginary parts of Eq. (7) become,

8
8I/~R = — ;3/“0;9/, (83)
Vo E"H =87 0., UM /q, (8b)

respectively. The solution for Eq. (8a) is given by SR = R — 4A = —(87/m)pxy, where R is the 3D + 1 Ricci
scalar and 4 A is taken as the initial curvature of the manifold with no cations extracted from the x - y plane by
the electric field. As such, ansatz 1 requires that the curvature variation SR — # = 2K be projected to the 2D
Ricci scalar Z under certain conditions satisfied by the honeycomb layered oxide. Since K(x, y) is independent
of t and z, the limit # — 2K(x, y) requires the Ricci scalar R to also be independent of ¢ and z. Particularly,
this limit entails introducing a time-like Killing vector £# = (1, 0) and a space-like Killing vector n* = (0, 1),
which impose the conditions £#9,R = dR/dt = 0 and n"9,R = dR/dz = 0 respectively (A Killing vector K*
satisfies®” V,, V,K* = R,,, K. Using the anti-symmetry relation V,K,, = —V, K}, and the Bianchi identity
V,RH¥ = 1V“R the divergence V'V, V,K¥* = VY(R,,KH) = IK“V R identically vanishes). This in turn
imposes energy and momentum conservat1on (in the z coord1nate) in accordance with Noether’s theorem.
Thus, computing the time component of Eq. (6), we arrive at Eq. (2a),

/dt(¢|—|1// = /dtd%,/—det(gw)w*avws“ = %/d‘*x./—det(gw)vums“
zsﬂd/d‘* /- det(gu) ViR + ot d/d4 V- det(gu) V,
= 871d/d4 \/T(gw)é 3 R+—z/d4xa (\/T(g,w)F“)g
= —ﬂm/dzx\/@ +—z/dt/d x\/mn"s Fpy
_ —ﬁm'/‘dzx\/(@K ¥ 71'/ dtn"€"F,y = 21fmd + iS,
where we have set /= det(g) = 4mpm, [det(gl), [dxtin, =d, [d’x/~detlgu) = 47d?,

jd2x1 /det(gZD) = [d(Area) and assumed that n"§*F,, is fairly constant over the surface given by

fdz X/ —det(g/w ). This result is equivalent to Eq. (2a) in ansatz 2 where we have used Eq. (6) in the last line.
In order to preserve the Einstein-Smoluchowski relation 4 = D and the 2D Fokker-Planck relation Eq. (5),
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the projection requires the factor of 47 fm between the 3D + 1 and 2D metrics. Nonetheless, this factor can be
absorbed by the redefinition of ® in Eq. (2b).

Results of the model
Electrodynamics of the cations. Notice that Eq. (7) is invariant under the gauge transformation
A — Oy — iql;# and S=—m [dt — —m [dt +q [ b, U*dr where b, is a gauge potential. The choice
w = i I elwg 05 A pdx’ with swgp the Levi-Civita symbol where eo"”’agAp = Bijand €7°P9, A, = e¥kEy are
the magnetic and electric fields respectively, leads to the equation of motion for the cations, given in Eq. 9a. This
equation of motion for the cationshasbeen derived asfollows:9,,S = mU,, + gb,andV,0,S = mV, U, + qV,b,,.
Using the fact that V,9,S = V,9,S is symmetric, we find mV,U, — mV,U, =qV,b, —qV,b,. Con-
tracting the expression with U and using U*U, = -1 — V,(U*U,) =2U*V,U, =0, we find
mU'V, U, = qU"(V,b, — V,b,) equivalent to,

mU"V, Ut = nge“W 9 A,. (92)
Recall, we introduced a t-like vector £* and z-like Killing vector n** to guarantee the independence of the Ricci
scalar R on these coordinates. We wish to consider the weak field limit, which entails making the approxima-
tion, diag(g,.w) = (1, —1, —1, —1) + small corrections where the ‘small corrections’ are related to the Newtonian
potential. In particular, sinceU* V, U" = dU" /dt + T, ,U° U, whereI"", , = g""(358pu + 0p8o1 — Iugop)/2
is the Christoffel symbol, in the weak field limit given by diag(g,,) = (ga> —1, —1, —1), the symbol is non-
vanishing only for I''y; = —Vgo0/2°%). Thus using with U* >~ exp(®)(1,7") and U,, = exp(®)(1, —7") such
that U*U, = —1 — U° = dt/dt = exp(®) = 1/+/1 — ¥ 2, Eq. (9a) reduces to,

duo q - =
— =Xy .B, 9b
T b
7 :mUO%goo/Z + QB + ﬂ(% X E), (9C)
dt 2 2

where J}’ =mU%/ is the momentum vector, goo =1 + smallcorrections is the time-time component
of the metric tensor related to £* = (1,0) by goo = §"&,,. Substituting Eq. (9b) into Eq. (9¢) and iden-
tifying ¥~ = 7+/1 — (1/U°)? as the velocity vector of the cations (pointing solely in the z direction),
reduces Eq._(9a) to, 37+ Vgop = —1- V& =0, 20 = ;L7 B\/(1/U%? — (1/U%* ~ 57 - BV/2® and
—V® = —3Vgo = 501 x E\/(1/U%? — (1/U%* =~ ;L7 x Ev/2®, where we have substituted goo = 1 + 2&
thus identifying ® as a Newtonian potential satisfying the weak field limit0 < ® « 1andU° = exp(®) ~ 1 + @.
Finally, rescaling ® — (27 ®)2/2 allows one to write,

3% In(n) = 47Bmd*® ~ qBe™ A, (9d)

which is consistent with Eq. (6¢). Such a rescaling corresponds to appropriately renormalising the E and B fields,
where the function of ® rescaling the electromagnetic fields is understood as a Lehmann weight.

Equilibrium properties of the cationsnear g ~ 1.  In the weak field static limit when the magnetic field
vanishes as shown in Fig. 2b,0 = 0®/dt = qB, /47w m, Eq. (8a) reduces to,

1 4
EVZgOO = ;pnyOUO — V%,CD = —Kexp(29). (10)

Equation (10) takes the form of the well-known Liouville’s equation where K = —47mpyy,/m is evidently the
Gaussian curvature. To achieve constant conductivity oy, o pyy at equilibrium, the charge density should
vary spatially very slowly and an approximation can be made to solve Eq. (10) with a constant Gaussian
curvature p x K = Ko + 6K == Kj. Since the shift from 3D to 2D (V — V,,) is a consequence of imposing
the Killing vector n** on the metric tensor g, in 3D + 1 dimensions, we first solve Eq. (10) in 3D to yield,
800 =1 —InKor? = 1+ 20 with x = (x, y,2), Xo = (X0, Yo, 20) and X — Xo = 7, then restrict the solution to the
x - y plane by setting z = z.

Subsequently, this solution can be plugged into Eq. (2b) to yield
[y K(d(Area) = 2 x = —2m®|y = —m In(Kor?) !y = =2 x In(Kor?) #/%|py  which requires
that (Korlzw)_z/x — exp(—1) = lim, 5 o(1 — x/2)¥% to satisfy the Gauss-Bonnet theorem. Thus, this
approximation suggests that perturbing Ky around the ground state, x/2 =1 — g — 0 of the system
leads to (Kor}z\,{)*1 — 1— x/2 =g, an expression that characterises the discrete areas of the manifold,
Area(g) ~ K, ' = gr3;, where in our case we can freely choose Area(g = 1) ~ r%; to be the unit area of the
quasi-stable configuration with ¢ = 1vacancy as depicted in Fig. 2d. Thus, through this expression the entropy
of the system & = kplng = —kp ln(KorfA) is derived.

Moreover, in Chern-Simons theory, the conductivitZ Oxy is inversely proportional to the level g € integer
of the Chern-Simons action®’, Scs = [d*x £ ¢%a,0pa.,— Leabq oA, + dj°A,, which leads to

4

; : effl _ 1n 4 : T 3, ¢ A a : _
an effective action S& = Ini[ [ dla,]exp(iScs)| = [ d x gt Aq0pAc + dj*A,. Varying the effec

tive action with respect to A,, we get the Chern-Simons current density j* = (—q?/27wdg)s ™ d,A,.
Comparing it with Eq. (1), we find —q*/27dg = oy,. Using oy, = q*pxyu and Ko = —47dpy,, we find
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—q*/2mdg = 0xy = ¢*pxyit = —q*Kop/Amd = —q* u/4m dr;g, which implies that the mobility of the cations
is given by . = 2r2,.

Bose-Einstein condensate of cations. We define the order parameter of the cations in the 2D hon-
eycomb layer as W = /p,, exp(if) where 6 = [ dX - 71 x D™'¥. Plugging in this definition together with

® = &y + §Pand px, o exp(4rm®)in Eq. (10) where §& ~ small is an infinitesimal fluctuation of ® from its
initial ground state value given by,

1 1
Dy = -3 In(Kop/2) ~ Elng (11a)
we find,

47 exp(2Py)

1 1 - Vo | W2
W2 = V2 In|W) = Ty (2%
d7Bm Y 4 Bm |2

1 \5 |‘If| W V7 1 V2 || >
_ xy xyl | xy| | xy _ SEﬂm(nyCD)z.
2nBm \ || |2 T 2pm\ ||

Recalling that since ® = ﬁ Jdx -1 x vi, we get,

Bvm L L 1 <V§y|‘l’|> 4712exp(2d>0)
2

(nxv)-(nxv)—zﬁvm || vm

WP =0

which represents the sum of kinetic and potential energies. Together with local charge
conservation 0—8]0_/8t_—V .j guaranteed by Chern-Simons theory where
]_q,oxy(nxv) = qD(W*Vy, W — WV, W*)/2i, we can re-write it as the 2D Gross-Pitaevskii equation®®,

3 1 - 4728 exp(2¢0)|q]|2)\y
m

0=i—W = (——Vz (11b)

at

where we have used © = 1/mv = BD. Equation (11b) is consistent with our treatment of the cations as bosons.
Note that 78 exp(2®() = a; is the cation-cation (boson-boson) scattering length where the self-interaction
term is attractive. Thus, this determines the fixed potential of the perturbed ground-state as,

= %ln(askBT/n), (11c)

Comparing this to Eq. (11a), we find 1/g ~ Kou/2 = m/askgT. Thus, the number of mobile cations
increases with temperature as expected. Moreover, using the Einstein-Smoluchowski relation i = Dy/kgT
we arrive at the expression for the scattering length a; = 2w /DyKj. Note that the transition to the diffusion
phase with free cations ought to occur when ¢ = n+ 1 > 1. Plugging in g~ T /T, where we have defined
7/(askp) = T¢ as the critical temperature above which a finite number of cations become diffusive, we find that
0<n=(T/T.—1)O(T/T. — 1)with © the Heaviside function (which satisfies the condition, ® (1) = 1 when
n > O0whereas ®(n) = Owhenn < Owheren =g — 1 = T /T, — 1) to guarantee that a transition to the conduc-
tive diffusion phase occurs at T > T, corresponding to the states with g > 1as expected. Proceeding, we employ
Eq. (11c) to obtain the free energy of the cations using the average number (n) = exp(4wm®y). Thus, the free
energyisgivenby F = —8 7! In(n) = —f~ ' Inexp(dnmBdg) = —4nm®y ~ —27mIn(T/T.). Around T =~ T
or equivalently (¢ = 1), the free energy becomes F = —2xmIn(1 + T/T. — 1) =~ —2am(T/T. — 1) ~ —2wmn.
This result can be confirmed by measurm% the Arrhenius equation (n) = exp(— BF) for varied lithophile elements
A =K, Na, Li, etc. in the sub-class A} L3 Te®* Og using muon spectroscoprc measurements where the critical
temperature T, ~ 1/ag is determined from the hopping rate of the cations®

Moreover, the Gross—Pitaevskii equation given in Eq. (11b) provides a straightforward method to include
interactions of adjacent honeycomb layers by exchange of cations through quantum tunnelling. In particular,
since the Lagrangian for Eq. (11b) is given by,

Znas

1 -
¥ = /d3x QW /9t — iWaW* /3t — 2—|vxy\p|2 I,
m

the generalised Lagrangian for the entire multi-layered crystal including interactions is given by,

7 = Z/d% WSO/ 0t — W9 /ot — |nyqf| —U(Y =YD, (12

where U(|W; — Wj;1]) is the interaction energy term of the adjacent honeycomb layers and 3, is the sum
over all the layers containing the cations. For instance, U(|W; — Wj11]) = |¥; — Wj11] /2M(Az)2 (where
M is the anisotropic mass of the cations along the z direction and AZ X Tion scales with the ionic radius riqy
of the cation A = Li, Na, K as shown in Figure 4) is the simplest interaction term that guarantees Vx), —-V
in the limit Az — 0 and M — m. Such a term has long been considered within the context of anisotropic
Ginzburg-Landau theory for stacked materials in the so-called Lawrence-Doniach model for stacked
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hlgh T, superconductors®. It simply yields a Josephson tunnelling current in the z direction given by
=7 sin(6; — 0j+1) = qpxy? j where Jo = q,oxy/mM(Az)2 under the substitution of ¥; = /Pxy exp(if;) in
Eq. (12). Taking Az = mrion/M and comparing the Josephson current result to the form of the velocity ¥~
used throughout Eq. (9), we ﬁnd ®; =In U? = —In cos(6; — 6j11). This suggests that the genus of each surface
labeled by j scales as gj ~ 1 / cos (91 — 9]4_1{ where we have used Eq. (11a). Consequently, the number of cations
becomesn; =g — 1 = tan? (6; — 0j11). Further discussion on the effect of other forms of the interaction term
U(|W; — Wj;1]) on the dynamlcs of cations is the subject of future research.

Topological order and phase tran5|t|ons with charge vortlces Since the velocity of the mOblle cati-
ons depends on the potential ® = 4”m [dx-(nxp 13 = ln(Korz) its d1vergence Vo = 4nmn x w v
yields the velocity vector of the diftusing catlons to be myort. VZ =z = (1 XT) /72, which is the solution for an
irrotational charge vortex satisfying Vy, x ¥ = 0. The charge vortices have a mass of myor, = 1/47 mys and rep-
resent diffusion channels of the cations under small curvature perturbations K — K ~ Ky around the constant

conductivity oy o< pxy. The kinetic energy of a single vortex can be computed as,

1/m g N
Hvort, =(D0/2)/0 dz/dzxq/det(géD)IV\IJIZ
:(Dopxy/zm)/alzx,/det(ggD)(%e)2
:(px),/Snﬁszo)/dzx,/—det(g,w) v?

2 1k 2 2
=47 upxy/ dr/r = =21 oy In(Kory) = —2mm®y/g,

™

where we have used W = /by exp(if) with 6 = [dx - (i x Dy '), /= det(guy) = 47'[,3m1 /det(gi?D),
pxy = —mKo/4m, BDy = (1,1/g = Kojt/2 and Eq. (11a). Thus, since the emergent field ®y = — ln(KorM) will
vanish when the vortices in the system have no kinetic energy, #yore. = 0, we conclude that the geometric
description can be traced to these vortices.

Recall that the entropy of the system is given by & = kg Ing, where g = 1/Kor3, is the number of micro-
states in the system. Note that the Boltzmann factor for a vortex-antivortex pair at equilibrium temperature
T for a given microstate is exp(—Bg2# vort.) = exp(4nBmPy) = (n(g)), which coincides with the average
number of free cations. This means that the free energy of these vortices is F >~ —27m(T/T. — 1). Thus, we
discover that T, corresponds to the Berezinskii-Kosterlitz—Thouless (BKT) transition®® temperature above
which unpalred vortices S appear in the system when F < 0. Finally, taking the sum over the microstates, we
find Z 1{n(g)) = Z 0(n(g)) — 1 =1/(exp(B2# vor.) — 1) which is simply the Bose-Einstein distibution
of the vortlces

Discussion

We are left to puzzle how a geometric theory emerges in the crystal and its explicit relation to the honeycomb
framework. We note that the multi-layered crystal is considered electrochemically neutral when the 2D hon-
eycomb structure bears no vacancies in the lattice. However, its intrinsic Gaussian curvature given by 2A is not
guaranteed to vanish. Since adiabatic variations from this intrinsic curvature is modeled to occur by extraction
of cations from the honeycomb surface leading to vacancies which we identify as the genus, g of the surface,
this links any curvature variations to changes in the number density of the extracted cations. In essence, we
consider this as the origin of the geometric description. Moreover, the physics of these curvature deformations
which affect the transport properties of the cations are captured by an emergent field ® that has a gravitational
description given by Liouville’s equation.

The extracted cations contribute to a diffusion current density via a Chern-Simons term that naturally
arises in 2D electrodynamics. This extraction process occurs at a critical temperature T ~ 1/4, related to the
cation—cation scattering length as. In fact, we have showed that the cations, under the influence of the field ®
satisfying Liouville’s equation, admits a Bose-Einstein condensate description given by Eq. (11b) where cur-
vature/charge density perturbations around the ground state of the system (g = 1) leads to diffusion chan-
nels satisfying the irrotational vortex condition, Vy, x ¥ = 0 and can be modeled by an order parameter
W2 ocn~ (T/T. — 1)®(T/T, — 1) representing a BKT phase transition for T > T, ~ 1/a,. Above T¢, the
kinetic energy of the charge vortices leads to the emergence of the field, ®, responsible for the diffusion dynamics
of the cations in 2D. This places these vortices as central to understanding the link between cationic diffusion
and our emergent geometric description.

Conclusion

An idealised model of the electrodynamics of the alkali metals cations in honeycomb layered oxide frameworks
has been proposed. The model links the ionic transport of the cations to the geometry and topology of these
materials by applying well-established approaches of Brownian motion, Liouville field theory and Chern-Simons
theory. The overarching result is that ionic vacancies of the 2D honeycomb lattice are related to the Euler char-
acteristic of the surface where the Gauss-Bonnet theorem is the charge density formula of the surface, as sum-
marised in Fig. 2. Such a rich description of the transport phenomena within honeycomb layered oxide frame-
works stems from the interdisciplinary approach of our model, which adopts established concepts from applied
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Figure 3. A rendition displaying the honeycomb layer of alkali cations in honeycomb layered oxides as curved
stacked two-dimensional (2D) manifolds forming a multi-layered crystal. The main equation from our model
links curvature variations to energy-momentum within the material responsible for diffusion currents and
topological transitions.
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Figure 4. Trend in increase of the inter-layer distance (Az) for honeycomb layered oxides, adopting the
composition A;Ni;r2 Tt 0g (A;'/3Ni§73Te?7302), with increase in ionic radius r;on of A cations.

mathematics, chemistry and physics, as schematically shown in Fig. 3. Thus, the results presented herein elucidate
previously unreported interconnections between geometry, thermodynamics and quantum theory, essential in
unravelling the connection between topological order and phase transitions in these materials. Further con-
nections, particularly the explicit relation of emergent phenomena such as charge vortices and the gravitational
potential within our model remains vastly unexplored. Nonetheless, we believe the results presented herein bear
particular significance across a diversity of disciplines where layered materials play a pivotal role in frontier
applied fields of high-temperature superconductivity, quantum computing and energy storage.
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Appendix

Inter-slab distance tuning. The correlation between the ionic radii of A and the inter-layer distance (Az),
as shown in Fig. 4, presents new avenues for tuning the inter-layer and intra-layer electromagnetic couplings in
order to optimise the dimensionality of the magnetic lattice. This can be achieved through the introduction of A
cations with larger ionic radii that leads to the increase of the inter-layer distance. Moving from Li, Na to K, it is
clear that there is a propensity of the inter-layer distance to increase; which consequently should affect the trans-
port properties (id est, diffusion nature of alkali A atoms) along the two-dimensional (2D) surface. Honeycomb
layered compositions of AT L3t Te®* Oy (A3'/3L§73 Te?}'3 O,) had initially been relegated to A = Li, Na; however,
recent reports have shown that such compositions can be extended to lithophile large-atoms such as K. This
is an additional advantage as these series of honeycomb compositions may be expanded to new compositions
where A = Rb*, Cs™, Agt, Au™, Cu™, HT, and so forth. Figure 1 depicts the honeycomb arrangement of K* in
K3/3Nii3Te1 /30, (K2Nip TeOg)', which is greatly influenced by the arrangement of NiOg and TeOg octahedra
that reside in the slabs.

Quasi-stable configurations as the analogues of Toriin 2D.  We shall name each configuration as (3)
three-(leaf) clover where each honeycomb area is taken as a single leaf in the clover. Consequently, each vacancy
g lies within a 3-leaf clover at the leaf stalk. We label each cation in the honeycomb lattice as a vertex V, the line
connecting to their adjacent neighbour as an edge E and each honeycomb unit area as A. Our approach then
requires the number of honeycomb unit areas to be left unchanged by the extraction process even when the
number of honeycomb faces F does not remain unchanged. Thus, for a honeycomb lattice with no vacancies,
A =Fand x = A — E+ V = 2 where F is the number of faces. On the other hand, introducing —g vacancies
(equivalent to extracting g cations from the honeycomb surface) each at the stalk of the 3-leaf configuration, we
find A — A with (A # F), E— E+3g and V — V + g. Thus, the Euler characteristic defined above trans-
formstox - x' =A—(E+32)+(V+g) =(A—E+ V) —2g =2—2gas expected.
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