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FIG. S1. Qubit coordinates. Left: Distance-5 surface
code as presented in the main text, with an (x, y) coordinate
system indicated. Right: Rotated coordinate system used for
heatmap plots in the supplement, using (row, column).

I. EXPERIMENTAL DETAILS

A. Idling errors

A significant contribution to the logical error budget
is data qubit decoherence during the readout and reset
of the measure qubits. The primary decoherence mech-
anism is dephasing induced by low frequency flux noise.
We mitigate dephasing through dynamical decoupling
with XY-4 phase cycling [61], which compensates first-
order pulse errors and protects arbitrary quantum states.
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The specific dynamical decoupling sequence is chosen on
a per-qubit basis in order to tailor the sequence filter
function to each qubit’s unique noise environment. In
particular, we allow the number of pulses, and hence the
inter-pulse spacing, to vary for each qubit addressed.

B. Optimizing gate parameters

Our quantum processor employs frequency-tunable
qubits on a two-dimensional lattice with coupler-
mediated nearest-neighbor coupling and dispersive read-
out. Quantum logic is implemented via single-qubit
(SQ), two-qubit (CZ ), and readout (RO) gates. SQ
gates are implemented via resonant microwave pulses at
each qubit’s respective f0→1 idle frequency. CZ gates
are implemented by frequency tuning qubit pairs into
f0→1/f1→2 resonance at respective interaction frequen-
cies and actuating respective couplers. RO gates are
implemented by sweeping qubits’ f0→1 frequencies to
respective readout frequencies and measuring them via
variable-amplitude and -length readout pulses. Most er-
ror mechanisms depend strongly on gate frequencies and
readout-pulse parameters, which we refer to collectively
as gate parameters. Optimizing gate parameters is a crit-
ical error mitigation strategy necessary for state-of-the-
art surface-code performance [31, 44].

To optimize gate parameters, we developed a surface-
code objective through benchmarking and machine learn-
ing. It includes error contributions from relaxation, de-
phasing, crosstalk, and pulse distortion, along with vari-
ous heuristics. It embeds the surface code circuit and it’s
mapping onto our processor. Furthermore, it is trained
on parallel cross-entropy benchmarks with CZ gates op-
erating according to the surface code circuit. To offer
a sense of scale, the distance-5 objective incorporates
O(104) error terms and is defined over 49 idle, 49 readout,
and 80 interaction frequencies, and 49 readout pulse am-
plitudes and 49 lengths. It is noisy, non-convex, and all
parameters are explicitly or implicitly intertwined due to
engineered interactions and/or crosstalk. Furthermore,
since each parameter is constrained to ∼ 102 values by
the control electronics, processor circuit, and gate pa-
rameters, the search-space is ∼ 10552. This space is in-
tractable to search exhaustively and traditional global
optimizers do not perform well on the objective. There-
fore, we invented the Snake optimizer to address it [62].

The Snake leverages concepts in graph optimiza-
tion and dynamic programming to split complex high-
dimensional optimization problems into simpler lower-
dimensional subproblems. One key hyperparameter of
the Snake is the subproblem dimension, which enables
us to trade optimization complexity for accessible solu-
tions. We operate the Snake in an intermediate dimen-
sional regime that benefits from the speed of local search
and non-locality of global search. This strategy outper-
forms local and global optimization in convergence rate
and error on the distance-5 objective. Furthermore, we

believe it will scale towards fault-tolerant processors.
To illustrate how the Snake trades between error mech-

anisms, we plot optimized idle and interaction frequencies
as error mechanisms are progressively enabled in Fig. S2.
Readout parameters experience similar tradeoffs but are
not shown. After optimization, some gates unexpectedly
experience uncharacteristically large error rates. These
events happen randomly and are often due to spurious
resonances, for example due to two-level-system defects,
moving into the path of SQ and/or CZ gates [63]. Reop-
timizing all gates after such failures is not scalable due
to several considerations, including calibration runtime.
Instead, we use the Snake to locally reoptimize failing
gates and stitch solutions. To improve the quality and
longevity of our solutions, we employ higher dimensional
optimization and embed historical data into our objec-
tive.

C. Single qubit gates

As discussed in the previous section, single qubit gates
are implemented through a combination of microwave
XY rotations and virtual Z rotations. All microwave
pulses are 25 ns in length, and utilize DRAG pulse shap-
ing to mitigate leakage from off-resonant driving of the
|1⟩ ↔ |2⟩ transition, as detailed in [44]. We assess our sin-
gle qubit gate performance through randomized bench-
marking, acting on all qubits simultaneously. A summary
of our single qubit device parameters, including operat-
ing frequencies, coherence times, and gate errors can be
found in Fig. S3. We note all coherence times are mea-
sured at the qubit idle frequencies. Furthermore, the
values of T1 and TCPMG

2 fluctuate in time, resulting in
cases where TCPMG

2 appears to exceed the known 2T1

limit. We also benchmark leakage out of the computa-
tional subspace, and through a combination of DRAG
and microwave crosstalk compensation results, we mea-
sure a mean leakage rate of 5×10−5 per gate.

D. Two qubit gates

The two qubit gate employed in this work is the
controlled-Z (CZ ) gate. CZ gates in the Sycamore archi-
tecture are implemented by bringing the states |11⟩ and
|02⟩ on resonance, then turning on the coupling such that
the joint state swaps to |02⟩ then comes back, accumu-
lating a π phase shift in the process [16]. The gate takes
34 ns to complete. We assess our CZ gate performance
by performing cross-entropy benchmarking (XEB). In a
single cycle of error correction in the surface code, CZ
gates are applied in layers which correspond to their po-
sition in a given stabilizer. Therefore, to more accurately
represent the CZ performance in the surface code, we
perform simultaneous XEB on pairs using their respec-
tive CZ layers. We summarize our CZ gate parameters
and measured errors in Fig. S4. We also benchmark leak-
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FIG. S2. Idle (top) and interaction (bottom) frequencies found by our Snake optimizer as error mechanisms are progressively
enabled. Readout parameters are not shown. Starting from an unconstrained processor, enabling pulse distortions results in
an idle checkerboard with nearly-degenerate interactions. This configuration minimizes frequency-sweeps during CZ gates.
Enabling crosstalk results in idle and interaction patterns that resemble multi-layer checkerboards. This configuration min-
imizes frequency collisions over the surface-code. Finally, enabling dephasing, relaxation, and other error mechanisms leads
to frequency configurations with no obvious structure. After optimization, random error events can render arbitrary gates
unusable (red). In such scenarios, we locally reoptimize parameters and stitch solutions. Color scales were chosen to maximize
contrast.

FIG. S3. Heatmaps of various single qubit parameters. a, Qubit transition frequency (ground to first excited state).
b, Qubit anharmonicity at the operating frequency. c, Maximum achievable qubit frequencies. d, Qubit relaxation time. e,
Qubit decoherence time as measured by CPMG (T2,CPMG in the main text). f, Simultaneous single-qubit gate error.
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age out of the computational subspace in our gates, and
measure a mean leakage rate of 1×10−4 per gate.

E. Measurement and reset

The Sycamore processor uses frequency multiplexed
dispersive readout. The chip has twelve readout lines,
each of which includes six qubit-resonator pairs shar-
ing a common bandpass Purcell filter, custom impedance
matched parametric amplifier (IMPA) [64], and HEMT
amplifier. The on- and off-chip hardware configuration is
similar to that used in Ref. [31] with an important dif-
ference being the removal of the IR filter between the
circulators and chip, which was done to improve the
impedance match. The off-chip configuration for a sin-
gle readout line is shown in Fig. S5. Each readout line
has four ports: signal in, signal out, paramp pump, and
paramp flux bias. The readout resonator is also used for
qubit reset as described in Refs. [31, 44, 50]. In Fig. S6
(a-d) we summarize various parameters related to the
resonators and the measurement chain. Feeding those
parameters into models for different readout and reset
error mechanisms, we optimize three readout parameters
(qubit frequenecy during readout, readout pulse length,
and readout pulse power) individually for each qubit.
The total readout time is kept at 500 ns for each qubit;
however for measure qubits we need the respective res-
onators to be empty before reset starts so we include time
(equal to 500 ns minus the readout pulse length) for the
resonators to ring down. This optimization is done us-
ing the Snake optimizer, see Sec. I B. For instance, we
model errors due to finite signal-to-noise ratio, qubit re-
laxation during readout, |10⟩/|01⟩ and |11⟩/|02⟩ swap-
ping between neighboring qubits, and qubit state tran-
sitions due to the resonator drive [65]. The optimized
values are found in Fig. S6 (e-g). In the end, we bench-
mark readout by preparing and measuring a random set
of qubit states, summarized in Fig. S6 (h). We measure
an average error of 1.0% for |0⟩, and 2.9% for |1⟩.

F. Microwave crosstalk induced leakage mitigation

Leakage out of the computational subspace is an im-
portant error as it can lead to correlated errors during
syndrome extraction. Microwave crosstalk is one mech-
anism that causes leakage during single qubit gates. In
such a process, a small amount of the microwave signal
from a “source” qubit couples to a “receiver” qubit which
can then experience a crosstalk error. In particular, if
the drive frequency of a source qubit is near f1→2 of a
receiver qubit, a parasitic |1⟩ → |2⟩ leakage error can re-
sult on the receiver qubit. In general, source and receiver
qubits do not need to be nearest neighbors.

To mitigate leakage, we apply a compensation pulse of
equal amplitude and π out of phase with respect to the
parasitic drive directly to the receiver qubit. Mathemat-

ically, we apply a signal V ′ (t) = V (t) reiθ where V ′ is
the applied compensation, and V is the source signal.

We calibrate the compensation parameters r and θ
with a version of the Ramsey error filter pulse sequence,
as shown in Fig. S7.a. For certain delay times t, this se-
quence amplifies coherent leakage induced by crosstalk,
which facilitates this calibration. This amplification can
be understood as a result of constructive interference
between the leakage amplitudes induced by successive
pulses.

Fig. S7.b shows representative data from the Ramsey
error filter vs delay time t. This data is taken while driv-
ing all qubits simultaneously to minimize data acquisition
time. In the following calibration steps, t is held fixed at
the value that maximizes the leakage population p2. In
fig. S7.c, we show the output of the Ramsey error filter at
optimal t during pairwise operation for all possible pairs
that include the receiver qubit. This data identifies the
source of the parasitic drive.

Fig. S7.d shows p2 on the receiver qubit during pair-
wise operation with the dominant source qubit at opti-
mal t vs the amplitude r and phase θ of the compensation
tone. The red star indicates the optimal r and θ to mit-
igate crosstalk induced leakage.

G. Surface code experimental details

1. Surface code circuits

We present the surface code circuit in Fig. 1b (main
text), focusing primarily on two qubits. The circuit gen-
eralises across the surface code, which we show here for
clarity in Fig. S8. We also clarify the ZXXZ stabilisers
and how they relate to other stabilisers in Fig. S9. Con-
sidered in this ZXXZ perspective, the logical operators
in Fig. 1a alternate between local X and Z operators: as
they are drawn, XL = XZXZX and ZL = ZXZXZ.

In addition to individual-gate calibrations to track how
qubit phases are affected by each gate, we add additional
corrections within the surface code circuit, empirically
optimized to minimize detection probabilities [44, 68].
These catch-all corrections allow us to mitigate the im-
pact of a variety of noise sources which all effectively act
as a single qubit phase shift. We place a “virtual Zα” cor-
rection preceding each Hadamard gate, and then tune the
value of α for each correction to minimize the detection
rate of the detectors that the correction impacts.

The measure qubit case is simpler because they are
reset to |0⟩ to start each cycle, meaning that the initial
Hadamard does not need a correction. As a result, each
measure qubit only has a single phase correction per error
correction cycle. Data qubits, which are assumed to be
in a non-trivial state throughout, require two phase cor-
rections per cycle. In case there are “warmup” effects, we
give each measure qubit a special correction value for the
first cycle, and then each uses another value for the rest
of the cycles, while data qubit corrections have unique
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FIG. S4. Heatmaps of various two qubit gate parameters. a, Frequency where two coupled qubits interact to perform
a CZ gate, specifically the average of the two qubits’ f10 in the middle of the gate. b, The calibrated maximum coupling
efficiency achieved between the two qubits during the CZ gate. The coupling efficiency is a unitless value, and the qubit qubit
coupling is found by multiplying the coupling efficiency by the interaction frequency and dividing by 2. Note that these coupling
efficiencies are inferred from a model of the circuit parameters for each coupler and pair of transmons. c, CZ gate error as
measured using simultaneous cross entropy benchmarking, where the sets of CZ gates being executed simultaneously are the
same as sets as in the surface code circuit.
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FIG. S5. Wiring diagram for the readout lines. The three
vertical bars indicate temperature stages of the refrigerator.

values for the first cycle and the bulk cycle for each cor-
rection. Data qubits also have an additional phase cor-

rection in the last cycle, to correct for errors which occur
right before logical measurement.

These corrections {α}, typically small (< 0.1), are opti-
mized using separate calibration experiments. In a given
calibration experiment, we run the surface code circuit
while sweeping the value of {α} on a specific correction,
and record the detection probabilities for the specific de-
tectors which are sensitive to phase errors at that circuit
location. The value of {α} which minimizes the average
detection probability is deemed the optimal value and
used in primary quantum memory experiment.

Because different corrections are calibrated using dif-
ferent detectors, we can run many calibration experi-
ments in parallel. We divide the corrections into ten
groupings, where each grouping contains corrections
which affect a unique set of detectors within that group-
ing. As an example, the measure qubit corrections only
affect the detector on their own qubit line, so they can all
be run in parallel, while corrections on a measure qubit
and an adjacent data qubit may both impact the same
detector, so they must be swept at different times to avoid
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FIG. S6. Heatmaps of various readout parameters. a, Bare frequency of each readout resonator. b, Ringdown time
(equal to 1/κ) of each resonator. c, The unitless and frequency independent coupling efficiency between resonator and qubit.
The coupling strength can be found by multiplying the coupling efficiency with the geometric mean of the qubit and resonator
frequencies, and dividing by 2. d, Efficiency of the measurement chain close to the readout frequency. Measurement efficiency
characterises the amount of information that can be learned, per measurement photon, about the qubit state, encapsulating all
losses and added noise in the readout chain [66, 67]. e, Optimized qubit frequency during readout (in the absence of a readout
drive). f, Optimized readout pulse lengths. g, Simulated maximum number of photons in the resonators during readout. The
input readout pulse powers were calibrated using the AC-Stark shift. h, Measured average readout error over |0⟩ and |1⟩ when
preparing a random set of qubit states across all 49 qubits.

having correlations obfuscate the outcome of the exper-
iment. The groupings we use are based off the tiling of
the surface code, and is independent of the size of the
surface code logical qubit, so the number of experiments
will remain fixed as we scale up the size of the surface
code.

2. Choice of distance-3 grids

In total, there are 10 possible distance-3 grids whose
footprint lies within the footprint of the distance-5 sur-
face code grid. The four grids chosen were picked such
that their overlap was minimized in order to reduce sus-
ceptibility to bias. There is still non-trivial overlap at
the boundaries of the distance-3 grids, as well as the cen-
ter qubit, which is included in all 4 of the smaller codes
as seen in Fig. S10. Since the distance-3 codes are more
susceptible to a single qubit with poor performance, the
performance of the center qubit is essential to a fair mea-
surement of Λ3/5.

In Fig. S11, we show a dataset where the center qubit

was experiencing excess phase errors due to a faulty cal-
ibration of the phase correction, dramatically impacting
the performance of the distance-3 codes. In the inset,
we can see that although this dataset would appear to
show significant error suppression in the distance-5 code,
it is clear that it is due to outlier performance. We can
also see this by comparing to our models in Fig. 4 and
observing that the logical error per cycle does not match
where our models would expect such a crossover to occur.
By looking at the detection probabilities in Fig. 2 of the
main text, we can see that the performance around the
center of the chip was within the standard range for the
experiment presented, so we have no reason to believe
that our measurement of Λ3/5 was skewed.

3. Order of experiments

We interleave the experiments in Fig. 3 (main text).
Specifically, we acquire one (number of cycles, basis,
code) dataset at a time. Each dataset consists of 50000
total surface code runs (10 initial bitstring states times
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FIG. S7. Mitigation of microwave crosstalk induced leakage.
a, The Ramsey error filter pulse sequence consists of π rota-
tions separated by a variable delay t. We repeat this several
times to amplify the coherent leakage, which we observe by
direct measurement of |2⟩. b, Leakage probability p2 vs t
during the Ramsey error filter. This data is taken with all
sources operating in parallel. The t that maximizes leakage
is held fixed throughout the remainder of the calibration se-
quence. c, p2 vs source qubit during pairwise operation at
optimal t. The peak identifies the dominant source. d, p2
after Ramsey error filter during pairwise operation with the
dominant source vs r and θ, the magnitude and phase of the
compensation tone used to null the crosstalk leakage. The red
star indicates the optimal r and θ.

5000 repetitions).
We shuffle the order in which we acquire each (number

of cycles) group of datasets. We begin with an extra 25-
cycle experiment and then proceed with the other num-
bers of cycles in random order, in particular (25 (extra),
15, 17, 21, 13, 1, 19, 5, 23, 25, 7, 9, 3, 11).

Additionally, after each 5 cycles, we run a “frequency
update” calibration on all the qubits. This is a simul-
taneous Ramsey experiment to quickly check the qubit
frequency and update the flux bias values to tune the
qubits to the desired frequencies if needed.

The pseudocode below describes the specific order in
which the (number of cycles, basis, code) datasets were
acquired. The total execution time is about 1.5 hours.

num_cycles = (25, 15, 17, ...) # see text
codes = (

d5,
upper_left,
lower_right,
upper_right,
lower_left,

)
for idx, n in enumerate(num_cycles):

if should_run_frequency_update(idx):
run_frequency_update()

for basis in (Z, X):
for code in codes:

take_data(n, basis, code)

4. Initial states

As discussed in the main text, we use random bitstrings
as the initial data qubit states. This avoids a situation
where we start with a bias to more |0⟩ measurement out-
comes: if all the data qubits start in |0⟩, about 3/4 of the
measure qubits will see |0⟩ in the first cycle, as opposed to
1/2, and there would be an asymmetry in measurement
fidelity. This would artificially lower the error for the
first several cycles as the code “warms up” to the steady
state.

For the data in Fig. 3 (main text), we choose to initial-
ize with 10 different bitstrings, 5 with each logical value.
For N qubits, we generate 5 integers between 0 (inclu-
sive) and 2N−1 (exclusive) and then interleave them with
their N -bit bitwise complements (for odd surface code
distance, bitwise complements have opposite logical val-
ues).

Specifically, the bit-packed decimal integers we use for
distance-5 are (1497382, 32057049, 12984827, 20569604,
10981887, 22572544, 7363158, 26191273, 7264790,
26289641), and for distance-3, (22, 489, 198, 313, 167,
344, 112, 399, 110, 401).

The 25-bit representation of 1497382 is
0b0000101101101100100100110. Referring to Fig. S1,
this is assigned to the data qubits in a big-endian fashion
using the (row, column) coordinate system, with the
most significant bit being (row=1, column=5), followed
by (2, 4) and (2, 6) and ending with the least significant
bit (9, 5). 1497382 is followed by its 25-bit complement,
32057049 or 0b1111010010010011011011001.

H. Repetition code experiment

A 50 cycle rep code is executed in 40 µs and there is
a delay between shots of 8 µs, giving a total acquisition
time of 24.5 seconds. Surveying 10 datasets from various
repetition codes taken around the same time we observed
an average of 2.3 cosmic ray hits per experiment, indi-
cating that a cosmic ray hits our processor once every
10.6 seconds. This is in well agreement with our previ-
ous work in Ref. [59], and note that there are differences
in experimental setup, including the processor size.
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FIG. S8. Distance-5 surface code circuits. Expanded version of Fig. 1b (main text) showing the full sequence of operations.
1. We reset all qubits to |0⟩ and then prepare an initial bitstring state on the data qubits using X gates. 2. We apply H
(Hadamard) gates to some of the data qubits to convert the initial bitstring (eigenstate of all Z operators) into an eigenstate of
half the ZXXZ stabilisers, the half matching to logical operator of interest (XL or ZL) for the specific experiment. Note steps
(1) and (2) could be combined into a single moment of Clifford gates, but for simplicity we execute them in two moments as
shown. 3. QEC cycle, as in Fig. 1b (main text), showing the explicit gate patterns. Note that although all stabilisers measure
ZXXZ, the “X” stabilizers and “Z” stabilizers apply their CZ s in a different order (specifically in 3d and f). This pattern
is carefully designed to manage “hook” errors. As mentioned in the main text, we modify this gate sequence with additional
“echo” or “dynamical decoupling” gates within the unitary part of the circuit. This amounts to adding X gates to the data
qubits in 3a and 3i, to the measure qubits in 3c and 3g, and to all qubits in 3e (inserted between the middle two CZ moments).
4. For the final measurement, we replace 3i-j with a different Hadamard pattern (transforming the data qubit state to the
appropriate basis for logical measurement) and measure all qubits simultaneously. This final measurement is used for detectors
for the penultimate cycle (measure qubit results) and the final cycle (data qubit results, converted to parities in the relevant
basis).

To identify and remove the effect of the cosmic ray in
the data presented in the main text, we apply a moving
average filter with a window length of 30, identify peaks
with mean detection probability pd > 0.2, and throw out
100 shots before and 500 after. In total we discarded 741
continuous shots (36 ms) for this one event.

We illustrate the effect of this event on the logical per-
formance in Fig. S12. At the peak of the spike in detec-
tion probability, the logical error probability is about 0.5
for all code distances d. Note these logical error prob-
abilities are after 50 cycles, not logical error per cycle,
indicating that the logical error per cycle is more than

a few percent. The detection and logical error proba-
bilities then decay back towards their pre-event levels,
with the larger-distance codes recovering more quickly,
as expected.

II. DECODING

A. Setting the prior distribution

Each decoder requires a prior distribution on the set
of errors occurring in the device. However, there are
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FIG. S9. Circuit compilation from the standard surface code to ZXXZ stabilisers. a, Schematic of a piece of
the surface code with six data qubits (gold) and six measure qubits (blue). We indicate the chronological order of the CZ
gates with the numbers 1-4 between each pair of qubits (also see Fig. S8). We focus on two data qubits a and b and two
measure qubits X and Z. In the standard surface code, those qubits measure the operators XXXX and ZZZZ, respectively. b,
Circuit compilations to measure XXXX (left) and ZZZZ (right), with data qubits a and b indicated. Essentially, to measure
an operator U on the data qubits, the measure qubit begins in |0⟩, then performs a Hadamard (H), a controlled-U on the data
qubits, another Hadamard, and is measured. c, The same circuits from b from the point of view of the data qubits a and b. d,
The circuits from c combined together and repeated for two cycles. e, The circuit from d with CNOT compiled into CZ and
Hadamard. This results in pairs of Hadamards with nothing in between, indicated with pink rectangles. f, The circuit from e
with the redundant Hadamards removed. g, Single-cycle circuits from the point of view of the measure qubits, after the CZ
compilation and Hadamard removal (otherwise similar to b). h, The same circuits from g recompiled to remove data qubit
Hadamards and use CNOT instead. These can both be interpreted as “measuring ZXXZ.”

many sets of errors which trigger the same set of detec-
tors. Because our decoder only depends on the detec-
tion events themselves, we group error probabilities col-
lectively into bins according to the set of detectors they
activate. This is done using Stim’s detector error model
functionality [69], which tracks Pauli errors to perform

this binning automatically. Specifically, we use a simple
depolarizing circuit noise model, derived from Stim cir-
cuit descriptions of the experimental circuits, to generate
an initial set of bins of detectors and their collective prob-
abilities. This information represents an initial error hy-
pergraph - detectors are vertices, bins act as hyperedges
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FIG. S10. Heatmaps of CZ and qubit involvements in the four distance-3 grids considered in this work.

connecting those detectors they activate, and hyperedge
weights are defined from the collective error probabilities
of the errors contained in each bin. Note that this is a
slightly restricted model of decoding, and that more gen-
eral models may be employed to increase the probability
of success [58].

From here, we use a higher-order extension of the pij
method to assign probabilities to this initial ansatz of
hyperedges using device-level data [44, 51, 52]. We com-
pute the highest-order correlations present in the stan-
dard depolarizing circuit model, which are weight-4, us-
ing the method described in Section VIC. Following that
method, we compute lower-order correlations, subtract-
ing the probabilities of higher-order correlations that
contain them to avoid double counting. However, this
procedure can underestimate probabilities due to over-
subtracting when the detection event data exhibits ad-
ditional correlations that are not captured in the initial
ansatz [52]. This is most common in one- and two-body
correlations, which may be contained in many three- or
four-body correlations. To account for this, we enforce
a simple averaged depolarizing T1/T2 noise probability
floor (over the 500 ns measurement duration) for bound-
ary edge one-body and spacelike two-body correlations to
avoid unphysically small (or even negative) probabilities.

Because we use device-level data to calibrate the de-
coder, we must be careful not to fit the parameters of the
decoder to the specific data that must be decoded. This
can happen e.g. when optimizing minimum-weight per-
fect matching edge weights using gradient descent with
the logical error per cycle as an objective function [68].
To avoid this issue, we decode an even subset of exper-
imental trials by computing pij on the odd subset, and
vice versa, similar to [68], and then average the two. This
sidesteps the potential concern of having computed pij on

the same data set as decoding (although in practice, we
observe a negligible difference when decoding with pij
computed from the decoded data set directly, as there
is no optimization step). Without perfect statistics, this
leads to a mild interdependence between the two individ-
ual decoding problems.

We validate the assumption that the interdependence
is negligible by decoding half of a single experiment via
this averaging method, and then decoding it again with
pij computed from another quarter of the data indepen-
dent from the half we decode. This ensures that each pij
is given the same amount of statistics, so that the only
additional difference between the two decoding pathways
are statistical fluctuations. We perform an abbreviated
(due to the computational cost of the tensor network)
distance-3 decoding experiment using 5, 9, and 13 cycles
with this method. With the tensor network decoder and
belief-matching decoder, we observe a relative change of
average logical error probability by 0.2% and 0.1%, re-
spectively, when using the independently computed pij
compared to averaging. These relatively weak dependen-
cies of performance on the precise edge weights (rather
than their general features) provide evidence that any
interdependence between the two data sets due to statis-
tical fluctuation is small.

For real-time decoding, it is also important that a de-
coder is robust to imperfections in the prior distribution
e.g. caused by device drift. Although the tensor net-
work decoder will likely be too slow to keep up with the
throughput of a surface code processor, belief-matching
is a promising candidate for building such a real-time de-
coder. To test belief-matching’s sensitivity to an imper-
fect prior, we additionally use it to decode the experimen-
tal data with pij computed from earlier data generated
by the device. We observe a very small increase in logi-
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FIG. S11. Plots in the style of Fig. 3 in the main text, but for
a dataset where the center qubit in the grid was experiencing
performance issues. In a and b, we present the logical error
probability versus cycle, while in the inset c, we present the
same progression shown in the main text, but with this outlier
set plotted in red.

cal error per cycle from 3.118% to 3.129% for distance-3
and 3.056% to 3.059% for distance-5. This robustness
reinforces belief-matching as a promising candidate for
real-time decoding.

B. Correlated minimum-weight perfect matching

For simulations involving larger scans through pa-
rameter space (e.g. for error budgeting), we employ
a minimum-weight perfect matching decoder that uses
a variant of the two-pass correlation strategy detailed
in [70].

Correlated minimum-weight perfect matching first de-
composes the error hypergraph into two error graphs
by decomposing hyperedges into pairs of edges using
Stim [69]. The initial pass of minimum-weight perfect
matching is run, with edge weights given by − log(p) for
edge probability p, to identify single edge matches. From

FIG. S12. Logical performance of the repetition code
during a high-energy event. We plot the mean detec-
tion probability, pd (averaging over the 25 measure qubits),
which spikes upward at about 12 ms and then gradually de-
cays (black dashed line). The color solid lines are the decoded
logical error probabilities (evaluated after each 50-cycle exper-
iment) for several code distances d ranging from 5 to 25. We
smooth each trace using a moving average covering 30 exper-
iments, about 1.5 ms. The light grey area indicates the shots
that were discarded in the post-selected result described in
the main text.

these, we ascertain errors that are reasonably likely to
have caused these single edge error paths. Then, us-
ing information about hyperedges containing these single
edges, we can reweight the corresponding complementary
edges in the alternate error graph to reflect the higher
likelihood of having occurred. With this reweighted er-
ror graph - partly informed by detection events in the
alternate error graph - we rerun minimum-weight perfect
matching to obtain a more accurate solution. We refer
the reader to [70] for more details.

Because the time cost of this decoder is essentially
twice the time cost of minimum-weight perfect match-
ing, we can leverage a fast custom matching engine to
perform these larger scans quickly. Matching is also used
to decode the repetition code, which does not require a
two-pass strategy.

C. Belief-matching

The minimum-weight perfect matching (MWPM) de-
coder often used for surface codes is efficient, but only
considers edge-like fault mechanisms in the error hyper-
graph, ignoring hyperedge fault mechanisms that include
more than two detectors [34]. Like the correlated MWPM
decoder, the belief-matching decoder exploits informa-
tion about hyperedge fault mechanisms, but in a dif-
ferent way - by combining belief propagation (BP) with
MWPM [53, 54]. In terms of efficiency, it has the same
average and worst-case asymptotic running time as the
conventional MWPM decoder [55].

In the first stage of belief-matching, BP is used to esti-
mate the posterior marginal probability that each hyper-
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FIG. S13. Comparison of different variants of BP used as
a subroutine in the belief-matching decoder for a distance-
5 surface code with simulated circuit-level depolarising noise
over 5 rounds of syndrome measurement. We compare a par-
allel and serial schedule using the tanh update rule, as well
as a serial schedule using the min-sum approximation of BP
with a scaling factor of 0.7. The x-axis shows the maximum
number of iterations used for BP. The black and red dashed
lines show the performance of an uncorrelated [34] and cor-
related [70] MWPM decoder, respectively. All decoders were
run on the same simulated data set of 50,000 shots.

edge fault mechanism has occurred, based on the prior
probability of each hyperedge in the error hypergraph,
as well as the set of detection events that have occurred
in the experiment. In the second stage, the error hyper-
graph is decomposed into two error graphs, using the BP
posterior marginal probabilities to set the edge weights.
These two error graphs are then decoded using a MWPM
decoder [34]. We refer the reader to Ref. [53] for a more
detailed description.

The main difference between our implementation of
belief-matching and that of Ref. [53] is that we use a serial
(rather than a parallel) schedule for BP and a maximum
of 5 iterations. This choice of parameters is motivated by
our analysis of different variants of BP in belief-matching
for simulated surface code data, shown in S13. The se-
rial schedule increases the rate of convergence of BP by
roughly a factor of two [71–73], and we also find that it
improves the accuracy of belief-matching relative to us-
ing a parallel schedule, which we attribute to the serial
schedule mitigating against the problem of split-beliefs
caused by quantum degeneracy [74]. We find that us-
ing more than 5 iterations for BP did not improve the
accuracy of belief-matching for our simulations, and in-
creasing the number of iterations can even degrade per-
formance. We expect this is due to short loops in the
Tanner graph bounding information spread beyond some
local region [75] and leading to unreasonably confident
log-likelihood ratios when the number of iterations is in-
creased beyond the length of these short loops. Although

we use the standard “tanh” rule for BP in our belief-
matching implementation for the experiment, in S13 we
also show the performance of belief-matching when using
the min-sum approximation of BP. The min-sum algo-
rithm is an approximation of BP that is more efficient to
implement in hardware. Despite its relative simplicity,
we find that the accuracy of the min-sum algorithm with
a serial schedule is only slightly worse than that of BP
using the tanh rule with the same serial schedule, and is
comparable to that of the tanh rule with a parallel sched-
ule. A review of the tanh rule and min-sum algorithm
can be found in Ref. [76].

Practically, this decoder holds promise for scaling to
the ∼ 1 µs per round throughput required by a real-time
superconducting quantum computer. In addition to us-
ing the min-sum approximation and a small number of
iterations, the BP subroutine can be made even faster
through the use of parallelisation. Furthermore, by us-
ing belief-find, which uses weighted union-find [77, 78]
instead of MWPM for post-processing, further speedups
might be achieved with only a very small reduction in
accuracy [53].

D. Tensor network decoding

We implement a close-to-optimal decoder mapping the
prior distribution defined in Sec. II A to a tensor network.
Given a configuration of detection events and a choice of
logical frame change, the contraction of this tensor net-
work estimates its probability. It does so by summing the
probabilities of all error configurations compatible with
the set of detection events and logical frame change con-
sidered. This decoder guesses the more plausible logical
frame change by comparing the likelihood of both out-
comes. Unlike similar previous approaches [53, 56, 57],
our protocol takes as input device level noise specified by
pij correlations rather than gate-level noise.

The contraction complexity of the resulting tensor net-
work grows exponentially in d2, where d is the distance
of the code. In practice, we contract it approximately as
a matrix product state evolution with a finite maximum
bond dimension, χ. The complexity of this approximate
contraction grows as χ3. In order to guarantee that the
value of χ used achieves convergence, we study the log-
ical error probability of a distance-5 Z-basis experiment
over 25 cycles - the largest experiment run. We show in
Fig. S14 that the logical error probability already con-
verges at χ = 30, which we use to decode. Our imple-
mentation of this decoder uses the tensor network library
quimb as a backend [79]. Note that the tensor network
decoder is many orders-of-magnitude slower than belief-
matching and correlated MWPM - decoding all of the
experiments was done on a cluster and took tens of CPU
years in total.
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FIG. S14. Logical error probability of a distance-5, Z-basis,
25-cycle experiment with 50,000 shots as a function of the
maximum bond dimension χ used in the tensor network con-
traction. Error bars denote standard error of the mean. We
observe that the logical error probability stabilizes at χ = 30.

III. FITTING ERROR VERSUS CYCLES TO
EXTRACT LOGICAL ERROR PER CYCLE

There are many ways to fit the logical error probabil-
ities versus cycles to extract the logical error per cycle,
which can yield slightly different results. In this section
we lay out the procedure followed for this work.

We start with logical fidelities FL(t) = 1−2Perr(t) for t
the number of cycles. As discussed in the main text, the
first cycle disproportionately favors the distance-5 code,
and we thus discard it from our fits. Our goal is to find
some logical error per cycle ε such that

Perr(t+ 1) = (1− ε)Perr(t) + ε
(
1− Perr(t)

)
= ε+ (1− 2ε)Perr(t)

(1)

which corresponds to exponential decay in the fidelity:

FL(t+ 1) = (1− 2ε)FL(t). (2)

To do this, we first take our FL(t) data and append er-
ror bars from a binomial distribution, meaning that the
variance at each point is given by

σ2 =
Perr(t)

(
1− Perr(t)

)
N

(3)

for N the number of samples. We then take the base-
10 logarithm of each of these points, transforming the
error bars as appropriate, before fitting to simple two-
parameter linear fit using least squares, weighting the
squared errors by the transformed variances to approxi-
mate a maximum-likelihood estimate. We then exponen-
tiate this linear fit in order to get the fit in the original
coordinates. In Fig. S15 we show this process applied
to the Z-basis distance-5 dataset presented in the main

text. When combining data over multiple logical bases,
or the different distance-3 datasets, this process is done
on each dataset separately, and the final ε’s are averaged.
The different random initial states for a single code and
logical basis are considered to be one dataset.

We additionally quantify out-of-model errors (such as
leakage and device drift) by comparing the residuals of
the fit to the residuals we would expect from binomial
sampling errors alone. As the residuals are roughly three
times larger than what we expect from sampling noise
alone, we scale up the uncertainty calculated for sam-
pling noise by this factor to account for the additional
variance in our estimates from these out-of-model fac-
tors. As a final conservative measure, we upper bound
our uncertainty by combining uncertainties from individ-
ual fits (from different initial-state bases and different
distance-3 configurations) via averaging, which accounts
for the possibility that these out-of-model errors might
be correlated across different subsets of experiments.

As a check that this can appropriately account for ad-
ditional errors, we also fit an extended model in which
the residuals in our fits come primarily from fluctuations
in the logical error per cycle ε itself instead of binomial
sampling noise. Concretely, we model the measured logi-
cal fidelity at cycle t as FL(t) = A[1−2ε(t)]t, where A is a
constant factor accounting for preparation and measure-
ment errors and ε(t) is a normally distributed random
variable ε(t) ∼ N (µε, σ

2
ε), sampled once for each t. We

fit both the mean and the variance, where the weights
for the least-squares fit in this model come from these
fluctuations in ε, as do the error bars on our estimate
of the mean logical error per cycle. This model results
in near identical separation between the logical error per
cycle for distance-3 and distance-5, as measured in stan-
dard deviations of the estimate. The results of this fit
are illustrated in Fig. S16 for all potential subintervals,
demonstrating the robustness of our findings to out-of-
model errors and fitting choices.

IV. SIMULATION OF LOGICAL MEMORY
EXPERIMENT

We consider multiple simulation strategies for the logi-
cal memory experiment. The simplest approach, labeled
“Pauli” in the main text, is implemented as a standard
Pauli frame simulation. This simulation is based on the
Stim open source library [69]. The associated error model
corresponds to adding one and two-qubit depolarizing
channels after each device operation, matched to exper-
imentally benchmarked fidelities. The typical fidelities
observed are summarized in Fig 1.C of the main text.
Mean values for the distance-5 experiment can be read
off directly from the first rows of Table I (excluding leak-
age and crosstalk).

A more sophisticated simulation approach is labeled
“Pauli+”. This is still a classical simulation in the sense
that the cost grows polynomially in the number of qubits,
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FIG. S15. A figure demonstrating our fitting procedure on the Z-basis distance-5 data from the run presented in the main
text, decoded with the tensor network decoder. a, The logical fidelity data as a function of cycles, with error bars pulled from
the binomial distribution (in this figure, all error bars shown at 10σ to help with visibility.) b, The same data after a base-10
logarithm has been applied to it, with the error bars transformed appropriately, along with a two-parameter linear fit. c, The
data transformed back into the original coordinates, along with the transformed fit.
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FIG. S16. Results of fitting to an extended model with fluc-
tuating ε. Fits are performed for all subintervals of cycles
containing at least three points, and the result of the fit is
presented as the difference in logical error per cycle between
distance-3 and distance-5 measured in the average of the un-
certainties of logical error per cycle for each distance given
the extended model. Fits starting from cycle 1 clearly favor
distance-5 disproportionately, and are not used for our quoted
results. Fits starting from cycles 3–11 show consistent signif-
icant separation between the estimates for logical error per
cycle. The fit from cycles 3–25, the range used for our quoted
logical error per cycle, shows a separation of 5.7σ between
distance-3 and distance-5, which is consistent with the 5.8σ
separation we get from our original fits when scaling our error
bars by the excess residual factor.

though its performance is not as heavily optimized. The
advantage of this simulation is that it explicitly accounts
for correlated errors such as leakage of the qubit state
outside the computational subspace and parallel CZ gate
crosstalk.

Finally, we do a “brute force” quantum simulation of
the distance-3 experiment, as enabled by the kraus_sim

library (Sec. IV B1). This is a quantum trajectories sim-
ulation [80, 81], meaning that each experimental sample
corresponds to propagating the noisy evolution of the full
quantum state vector. Unlike the previous approaches,
the quantum simulation is “exact” in the sense that all
noise is modeled using explicit quantum channels derived
from physical considerations. The previous approaches
must represent noise using Pauli channels, which can be
derived from the more general quantum channels through
approximations (detailed below). While the quantum
simulation is not scalable to large code distances, we can
use it to validate the approximations required for the
Pauli+ simulator (see Sec. IV C).

Below we outline the general procedure to simulate the
logical memory experiment.

1. The “ideal” experiment is represented as a noiseless
quantum circuit. Each layer of gate, idle, measure,
or reset operations is encoded as a Circuit object
of the Cirq open source library [81]. Lists of si-
multaneous operations are organized into Moment
objects.

2. The “ideal” circuit is mapped to a “noisy” circuit.
This corresponds to inserting additional moments
into the circuit composed of operations represent-
ing noise. (The noise models used are described in
Sec. IV A.) Each noise operation is a quantum chan-
nel encoded using Kraus operators. Such a repre-
sentation is sufficient for the kraus_sim quantum
trajectories simulator. The noisy circuit processing
is also implemented using the kraus_sim library.

3. Additional processing of the noise is required for
the “Pauli+” simulator. As detailed in Sec. IV B 3,
we apply a generalization of the Pauli Twirling
Approximation [82] to construct Generalized Pauli
Channels (GPCs) capable of including leakage.
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4. The chosen simulator generates measurement sam-
ples of the experiment represented by the noisy cir-
cuit. The initial data qubit states are matched to
those used in experiment, and the results are then
processed in the same way as experimental mea-
surement data.

In the following sections, we discuss details of the sim-
ulated noise models, the kraus_sim and Pauli+ simula-
tors, as well as the Generalized Pauli Twirling Approx-
imation. We conclude with a comparison of results be-
tween the quantum (kraus_sim) and classical (Pauli+)
simulations of a distance-3 experiment.

A. Noise models

Below we give a brief summary of all noise mod-
els included in our simulations. These models are ac-
counted for using Kraus operators, which define quantum
channels applied to a qubit after its respective gate or
idling operations. In the Pauli+ simulation, these chan-
nels are first converted into corresponding Generalized
Pauli Channels (GPCs) so that the noisy experiment is
amenable to efficient (classical) simulation.

1. Decay, dephasing, and leakage heating

We consider the effects of qubit decay, white noise de-
phasing, and passive leakage to state |2⟩ for an idling
transmon qubit. We assume decay into a large, zero
temperature environment with characteristic decay time
T1. Each transmon qubit (both measure and data) cou-
ples to the environment through its charge operator q.
This induces a decay (in the energy eigenbasis) through
the |j⟩⟨j + 1| elements of the charge operator, which
we assume scale as qj,j+1 ∝

√
j + 1. Fermi’s Golden

rule predicts a j + 1 → j decay rate proportional to
|qj+1,j |2 ∝ (j + 1), so we expect the state |2⟩ to de-
cay twice as fast as state |1⟩. Similarly, one can derive
dephasing as arising from a weak measurement of the
number operator n, with information leaking at a rate
1/Tϕ. Finally, we include a phenomenological leakage
heating rate Γ1→2 described by the Linbladian operator√
Γ1→2|2⟩⟨1|. The dynamics of an idle transmon in the

presence of these processes is described through the mas-

ter equation,

∂tρ = − i

h̄
[H idle, ρ] + L[ρ]

= − i

h̄
[H idle, ρ]

+
1

T1

(
a ρ a† − 1

2
{n, ρ}

)
+

2

Tϕ

(
nρn− 1

2
{n2, ρ}

)
+Γ1→2

(
|2⟩⟨1|ρ|1⟩⟨2| − 1

2
{|1⟩⟨1|, ρ}

)
, (4)

a =
∑
j≥0

√
j + 1|j⟩⟨j + 1|,

n =
∑
j≥0

j|j⟩⟨j| = a†a,

where H idle denotes the Hamiltonian of the idling trans-
mon (diagonal in the standard basis |j⟩). The values for
T1 and Tϕ used in our simulations are both qubit spe-
cific. They are extracted from experimental decay and
CPMG data. For Γ1→2 we use a homogeneous value of
1/(700µs), which is in agreement with typical numbers
for both our current device and past experiments [83].

We use the dissipative dynamics in Eq. (4) to extract
corresponding discrete quantum noise channels. These
are applied on each qubit following every idle or gate op-
eration. For an operation of duration t, evolution under
the master equation can be approximately decomposed
as E ◦ Û0, where Û0 represents the ideal unitary evolution
and

E = exp (tL) (5)

represents the effect of decoherence. We solve for E by
representing L as a linear operator and doing the direct
matrix exponentiation; this ignores a correction due to
weak non-linearity of the spectrum of H idle. From this
we follow the standard prescription to extract the Kraus
operators of E . These can be extracted directly from any
square root of the Choi matrix [84, 85],

∑
i,j (|i⟩⟨j|) ⊗

E (|i⟩⟨j|) = XX†.

2. Readout and reset error

Readout error is assumed to be a classical process.
Accordingly, our simulations in fact implement perfect
readout in the standard basis (including leaked states |2⟩
and |3⟩) and errors are added using a Markov transition
matrix in post-processing. To populate this matrix we
use the calibrated readout fidelities in the device. Mea-
sure qubit readout fidelities are calibrated during paral-
lel readout of all measure qubits, while for data qubits
we use fidelities calibrated during parallel readout of all
qubits. Since the experiment does not actually imple-
ment readout that distinguishes the leaked states, we as-
sume that both state |2⟩ and |3⟩ are read out as |0⟩ or
|1⟩ with equal probability. Additionally, we account for
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measure qubit reset error by adding this probability to
the average readout error of the measure qubits. This is
justified as a reset error on a measure qubit at the begin-
ning of an error correction cycle has the same effect as a
measurement error at the end of the cycle.

3. Leakage

Leakage outside the computational subspace is caused
by three mechanisms included in our models.

1. Heating: Passive heating from state |1⟩ to |2⟩, as
included in the first error model (Sec. IV A1).

2. CZ gate dephasing: Since our CZ gates are di-
abatic [16] (implemented as one cycle trip swap
|11⟩ → |02⟩ → |11⟩), dephasing processes may
cause transitions between states |11⟩ and |02⟩. To
model this process, after each CZ gate we include
a channel with Kraus operators

K1 =
√
pt (|02⟩⟨11|+ |11⟩⟨02|)

K0 =

√
I −K†

1K1 . (6)

The value pt = 8× 10−4 used matches the median
value observed in the characterization of CZ gates.
To exclude parallel gate crosstalk effects, leakage in
each CZ gate was measured while all neighboring
qubits were held idle. Note that during implemen-
tation of the diabatic CZ gate, only the higher idle
frequency qubit occupies the |2⟩ state. Therefore
this is the only qubit with considerable dephasing-
induced leakage. The qubit ordering used to specify
the transition Kraus operator K1 reflects this [44].

3. CZ crosstalk: As discussed below, coupling
crosstalk between independent CZ pairs or idling
qubits may lead to leakage transitions.

Along with affecting measurement outcomes, we also
account for the effect of leakage on our CZ gates. This
is captured by two processes:

1. Controlled phases: When one of two qubits is in a
leaked state |j⟩ during the CZ gate, the applied Z
phase on the other, ϕj , will typically not be 0 or
π. When the non-leaked qubit is a measure qubit,
this will have a randomizing effect on the observed
stabilizer measurement [86]. Under the twirling ap-
proximation used in the Pauli+ simulation, this ef-
fect is mapped to a σz Pauli channel applied con-
ditionally on the non-leaked qubit.

2. Higher level transitions: The physical implemen-
tation of the diabatic CZ gate leads to resonances
between higher energy states (e.g. |22⟩ and |13⟩).
Accordingly, this leads to coherent transitions be-
tween these states and effective transport of leakage
between measure and data qubits [50].

In order to accurately capture the above processes, we
numerically calibrated and simulated the CZ gate match-
ing the experimental qubit and coupler control schedules.
Each transmon qubit was represented using the five low-
est energy levels, and the coupler was represented using
four. Qubit idle frequencies (∼ 6 GHz), hold frequencies,
and gate durations were matched to experimental val-
ues, while the coupler frequency and qubit detuning at
hold were the only optimized parameters [16]. A Gaus-
sian filter with 1 ns rise time was applied to all fre-
quency waveforms. The observed values for ϕj , as well
as the transition amplitudes (specifically between states
|22⟩ ⇐⇒ |13⟩ and |21⟩ ↔ |03⟩) were extracted. These
effects are then combined into a single unitary operator
Uleakage that is applied following the “ideal” CZ unitary.
The ideal unitary acts as a perfect CZ in the computa-
tional subspace and as a local diagonal operator on the
higher energy states, with phases determined by the gate
time and qubit nonlinearities.

4. Crosstalk

We model coupling crosstalk between qubits under-
going parallel CZ or idling operations. This crosstalk
error is caused by two effects. First, the inactive cou-
plers (i.e those not implementing a CZ gate) used to
mediate the qubit-qubit couplings at idle are unable
to cancel all effective couplings over all fixed excita-
tion subspaces [87]. Second, diagonal capacitive cou-
plings (e.g., between next-nearest-neighbor qubits sepa-
rated by a single horizontal and vertical displacement on
the square grid) are also present throughout the device,
with |01⟩ ↔ |10⟩ swap rates on the order of 200 kHz. To
account for both of these effects, we consider all pairs of
simultaneous gates (either single qubit idle or two-qubit
CZ ). For each pair of gates containing a diagonal or near-
est neighbor, we simulate the parallel operation of both
gates in the lab frame (while including the undesired cou-
plings above). The full 3- or 4- qubit unitary Ulab is then
re-expressed in the “interaction picture”

UlabU
†
0 = UI (7)

where U0 represents the “ideal” evolution in the absence
of the unwanted couplings. Note that the ordering of op-
erations is swapped compared to the typical interaction
picture definition Ulab = U0UI . This is to retain con-
sistency with the other noise models, for which we ap-
pend error channels after (instead of before) each ideal
gate operation. This ideal evolution can be computed as
a tensor product of unitaries acting on the two subsys-
tems involved in each gate. Note that the simulations are
carried out using 4-level qubits, so that leakage-related
effects are explicitly included. The UI unitaries for all
pairs of neighboring gates are included as error chan-
nels in the representation of the noisy circuit. We note
that the dominant error mechanisms stem from unwanted
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|01⟩ ↔ |10⟩ swapping between neighboring qubits (under-
going separate CZ / idle gates). This swapping is highly
sensitive to unwanted resonances arising during parallel
operation.

5. Depolarizing errors

While the models above account for a majority of er-
rors in the experiment, they typically under-predict the
experimentally calibrated decay of fidelity in benchmark-
ing experiments. To compensate for this missing error,
we append additional depolarizing errors after each gate.
In all cases, the fidelity decay curves are converted to an
inferred Pauli error: we then find the depolarizing chan-
nel that would produce the observed same decay curve
and extract its Pauli error. This error is compared to the
sum of Pauli errors accumulated over the error models
described above. (We assume that for independent error
sources, this should match the total Pauli error to lead-
ing order [88].). The effect of leakage transitions on the
Pauli error are explicitly accounted for as in Ref. [89].

There are multiple possible factors leading to the dis-
crepancy between the implemented error models and the
benchmarking experiments. Single qubit gates are char-
acterized using parallel randomized benchmarking [30],
while CZ gates are characterized with parallel cross-
entropy benchmarking (XEB) [31]. The data qubit idles
(during measure qubit measurement and reset) are char-
acterized using interleaved single qubit XEB. In all of
these cases, effects such as microwave or DC (flux) control
crosstalk may contribute to component fidelity decays.
Effects involving other quantum degrees of freedom may
also be involved, such as the coupler transitioning to its
first excited state [87] or coherent TLS that come close in
frequency to a qubit. Drifts in control electronics or TLS
frequencies between device calibration and collection of
experimental data may also be involved. Measuring and
mitigating these (and other) effects are an active area of
research.

B. Simulator details

1. kraus_sim - noisy circuit compiler and quantum
simulator

The kraus_sim library serves as an intermediate layer
between the Cirq (used to represent the circuit) and qsim
(used for high-performance qubit state evolution) [31, 90]
libraries. At the interface to Cirq, it processes the ideal
circuit to generate the noisy circuit (as described in
Sec. IV A). These noisy circuits are then consumed by
kraus_sim’s quantum trajectories simulator. A single
quantum trajectory is equivalent to consecutively sam-
pling the Kraus operators of each applied quantum chan-
nel using Born’s rule for POVMs [91], then applying the
Kraus operator to the state vector and normalizing the

result [24, 81]. Below, we highlight unique features of
the library, which necessitate a custom simulator back-
end based on the the qsim library.

The kraus_sim library encodes all operations (both
gates and error channels) using Kraus operators, each
of which is represented as a multi-dimensional tensor.
While typical Kraus operators are “square” matrices, we
allow these tensors to have an arbitrary shape. This
means that operations can be defined which “create” or
“destroy” degrees of freedom in the system. Accordingly,
in many cases it is possible to reorder the application of
commuting operations to greatly speed up calculations by
decreasing the size of the state vector. Specifically, the
structure of the surface code and bit flip code circuits
means that operations can be ordered so that a “destruc-
tive” measurement of a single measure qubit is following
by a “creative” reset of another measure qubit [92]. Thus,
only a single measure qubit ever needs to be represented
in memory. This allows for noisy simulations of up to a
distance-5 surface code (25 data + 24 measure qubits)
while keeping at most 25+1 qubits in memory. However,
this technique is not possible in the presence of 3- and
4-local crosstalk errors, since if two measure qubits are
affected by such error they must both exist concurrently
in the simulation. We therefore focus only on distance-3
simulations (requiring only 9+8=17 qubits in memory).

kraus_sim also implements functionality to represent
classical degrees of freedom (registers), which are up-
dated using stochastic matrices. Any operation can be
conditioned on the values of these registers, which al-
lows the registers to affect the quantum state evolution.
Analogously, the index of the sampled Kraus operators
for a given sample trajectory can be used to apply con-
ditional stochastic matrices to classical registers. This is
relevant for simulations of leakage, as in our models we
approximate all leakage transitions as incoherent. This is
justified by the fact that, of the three error mechanisms
causing leakage transitions, two (heating and dephasing-
induced leakage) are incoherent processes, while coher-
ent leakage arising from crosstalk is rapidly “dephased”
as the neighboring measure qubits are measured and re-
set. The system state is therefore well approximated as
block diagonal with respect to the leakage and computa-
tional subspaces. As a result of this approximation, no
superposition is ever formed between the computational
and leakage subspaces of any qubit, and we therefore are
never required to keep more than two levels per qubit
in our state vector. Instead we use classical registers to
track the leakage status of each qubit, applying only the
parts of our Kraus operators that act in the current com-
putational subspace [86, 92, 93].

2. Pauli+ simulator implementation

Pauli+ carries out a classical simulation of the logi-
cal memory experiment. The term “classical” here de-
notes the fact that the simulation cost scales quadrat-
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ically with the number of qubits and linearly with the
number of error correction cycles, so it is amenable to
classical computers. For a circuit with arbitrary Clifford
gates and Pauli channel errors on qubits, the Gottesman-
Knill theorem [94] provides a simulation scheme with
polynomial scaling. Related methods have long been
used for accurate threshold calculations [95–102], non-
Pauli errors [103], and even for simulating circuits with
a small fraction of non-Clifford gates [104, 105].

Pauli+ generalizes the standard tableau method [106]
of stabilizer state tracking to also include qubit leak-
age. This results in a Markov-chain simulation based
on an approximate Generalized Pauli Channel (GPC) er-
ror model similar to that used in Pauli-frame simulations
by Fowler [107]. In our case, the state of the system is
described by a vector of device leakage labels and an m-
qubit stabilizer state for the devices in the computational
(qubit) subspace. Note that throughout this section, we
will refer to each multi-level transmon qubit as a “de-
vice.” Additionally, we refer to the local energy eigenba-
sis of each transmon qubit as the “standard basis,” with
states |0⟩ and |1⟩ forming the span of the “computational
subspace”. In the context of multi-device operations, the
computational subspace will refer to the tensor product
of the relevant devices’ computational subspaces.

The noisy circuit is modified for Pauli+ simulations by
decomposing each noisy gate as a product of an ideal Clif-
ford gate and a sequence of residual error channels. The
error channels are then each approximated as a GPC. As
a result, the entire simulation consists of four operation
types:

1. A unitary that acts as a perfect Clifford gate in the
computational subspace and identity on its comple-
ment.

2. A perfect measurement (all leakage levels resolved)
in the standard basis.

3. A perfect single-device reset to state |0⟩ in the stan-
dard basis.

4. An error channel, represented as a Generalized
Pauli Channel (GPC).

(As noted previously, classical readout error is handled
through post-processing of measurement data.) We de-
scribe how each of these operations are handled by the
simulator below.

The full Hilbert space of the n-device system is approx-
imated as a qn-dimensional space, where each device has
q = 4 energy levels represented by the local standard ba-
sis states {|i⟩}q−1

i=0 . We assume that the states |2⟩ and |3⟩
are subject to rapid dephasing, so that the local Hilbert
space of each device naturally decomposes as

Hc ⊕H2 ⊕H3 ,

where

Hc = Span{|0⟩ , |1⟩}, H2 = Span{|2⟩}, H3 = Span{|3⟩}.
(8)

The full Hilbert space is separated into mutually inco-
herent subspaces given by Kronecker products

Hā = Ha[1] ⊗Ha[2] ⊗ . . .⊗Ha[n], (9)

where the jth vector entry a[j] ∈ {c, 2, 3} denotes the
local subspace of device j.

Each GPC acting on k devices in the index set J =
{j1, j2, . . . , jk} is represented by a collection of possible
transitions between incoherent subspaces:

ā[J ] ≡ (a[j1], a[j2], . . . , a[jk]) → b̄[J ] ≡ (b[j1], b[j2], . . . , b[jk]) .
(10)

For each transition ā → b̄, the set of devices in J are
partitioned into four categories, depending on their initial
and final leakage status. The devices which begin and
remain in the computational subspace are denoted

R ≡ {j ∈ J | a[j] = b[j] = c}. (11)

These devices will receive a standard Pauli channel. The
devices that transition up to leakage are denoted by

U ≡ {j ∈ J | a[j] = c, b[j] ̸= c}. (12)

Leaked devices are not modified after the transition.
Conversely, devices which transition down to the com-
putational subspace are labeled

D ≡ {j ∈ J | a[j] ̸= c, b[j] = c}. (13)

We assume that such devices are fully disordered, mean-
ing that they receive a maximally depolarizing Pauli
channel, but we note that a more physically accurate
distribution could be used here. To account for the fact
that transitions occur in the standard basis, we may
instead randomly prepare the device in one of the σz

eigenstates. In the context of the twirling approxima-
tion (Sec. IV B 3), the probability of preparing one of the
states could be set to match the device’s ⟨σz⟩ observable,
on the condition that the device decayed to the computa-
tional subspace. Finally, the remaining devices are those
which start and end leaked,

L ≡ {j ∈ J | a[j] ̸= c, b[j] ̸= c}. (14)

Like the devices in U , no Pauli channel is applied for these
devices. However, transitions between different leakage
subspaces are allowed.

Each GPC is decomposed into its actions with respect
to the observed transitions. Each transition (denoted by
the initial and final subspace vectors ı̄, f̄ supported on J)
is assigned a conditional probability P (f̄ | ı̄) ≡ P (̄ı → f̄).
Whenever the GPC is applied to the system initially in
subspace Hā, a unique subspace label ı̄ ≡ ā[J ] is updated
according to the distribution P (f̄ | ı̄). Additionally, each
transition is associated with a standard Pauli channel
acting on the qubits in R. The initial state of the qubits
in U is traced over, while the final state for each qubit in
D is a randomly selected |0⟩ or |1⟩ with equal probability
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(equivalent to applying a maximally depolarizing chan-
nel). Overall, each GPC acting on devices in the index
set J is represented by compound data{(

P (̄ı → f̄), p(σµ̄ |̄ı → f̄)
)}

ı̄,f̄
, (15)

where the Pauli operators σ̄µ act only on the qubits in
the set R (Eq. (11)).

The Pauli+ simulator is implemented as a Markov
chain tracking the incoherent subspace of each device
and the current stabilizer state of the non-leaked de-
vices. The full incoherent subspace is tracked using the
label vector ā. At any point in the simulation, there
may exist m = mā ≤ n devices in the computational
subspace. Their m-qubit stabilizer state is specified in
terms of m Hermitian generators of the corresponding
stabilizer group S = ⟨Ĝ1, . . . , Ĝm⟩, an abelian subgroup
of the m-qubit Pauli group Pm which does not include
−Î. Notice that we track the stabilizer group but not
the particular generators that represent the state. Thus
at any point the set of generators can be changed by an
arbitrary sequence of row transformations Ĝi → ĜiĜj ,
j ̸= i.

To collect a single sample, the simulation begins by
initializing all n components of the leakage state label ā
to c and the m = n qubits in the product state |00 . . . 0⟩.
Accordingly, the stabilizer generators are Ĝi = σ

(i)
z ,

i = 1, 2, . . . ,m, where a single-qubit state |0⟩ is a +1
eigenstate of σz. Subsequently, the simulator iterates
over the operations in the circuit, at each step updating
the stabilizer generators and possibly the leakage state
label ā. The specific update rules are outlined below.
(Note that Ĝi[j] ∈ {I, σx, σy, σz} refers to the compo-
nent of Ĝi acting on device j.)

1. clifford: a Clifford unitary Û acting on devices
in the index set J ⊂ {1, 2, . . . , n}.

(i) If any of the devices in J are outside of the
computational state (a[j] ̸= c), do nothing.

(ii) Otherwise, replace each stabilizer generator
Ĝi with a Pauli operator Ĝ′

i = ÛĜiÛ
†.

2. measure: an ideal standard basis measurement of
device j.

(i) If device j is leaked, record the leakage label
a[j] as the measurement outcome.

(ii) Otherwise, use row transformations (Ĝi →
ĜiĜj) to select a set of generators so that
(without loss of generality) either (a) Ĝ1 act-
ing only on device j (i.e. it is unentangled), or
(b) Ĝ1 and Ĝ2 the only generators acting on
j (but also other devices), where Ĝ1[j] = σx

and Ĝ2[j] = σz.

(iii) In case (a), if Ĝ1[j] ∈ {σx, σy}, or in case
(b), select the result α ∈ {0, 1} randomly with

equal probabilities and replace the first gener-
ator with Ĝ′

1 = (−1)ασ
(j)
z . Record α as the

measurement outcome.

(iv) Otherwise, in case (a) with Ĝ1[j] = σz, use
row transformations to do a full row reduction
of the generator matrix so that Ĝ1 becomes a
single qubit σz Pauli, Ĝ′

1 = (−1)ασz. Record
α as the measurement outcome.

3. reset: an ideal reset of device j to the state |0⟩.

(i) If the device j is leaked, set the label a[j] = c

and add an extra generator Ĝm+1 = σ
(j)
z to

the generating set. Increment m → m+ 1.

(ii) Otherwise, do the partial row reduction in
step 2(ii), and replace the first generator with
Ĝ′

1 = +σ
(j)
z .

4. paulichannel: Generalized Pauli Channel (GPC)
acting on devices in the index set J .

(i) Construct the initial subspace vector ı̄ = ā[J ]
and choose the final subspace vector f̄ accord-
ing to the probability distribution P (̄ı → f̄).

(ii) For this outcome, select the set of devices U
transitioning upward from the computational
subspace. For each j ∈ U : (a) do partial row
reduction as in step 2(ii); (b) drop the first
generator Ĝ1 (swap it with Ĝm and decrement
m → m− 1); (c) if the qubit j was entangled
with the rest of the system, replace Ĝ2[j] = σz

with the identity operator; (d) with probabil-
ity p = 1/2, flip the sign of Ĝ2; (e) set leakage
label a[j] according to its value in f̄ .

(iii) Select the Pauli error operator Ê = σ̄µ accord-
ing to the conditional distribution p(σ̄µ |̄ı → f̄)
supported on the set R of devices remaining
in the computational subspace, and flip the
signs of all the generators Ĝi which anticom-
mute with the error Ê: Ĝ′

i ≡ ÊĜiÊ
† = ±Ĝi.

(iv) For every device j ∈ D coming down from
leakage, (a) add a generator Ĝm+1 = ±σ

(j)
z

with a random sign; (b) set a[j] := c; and
(c) increment m → m+ 1.

(v) For every device j ∈ L that stayed leaked, up-
date a[j] = f [j] to account for possible transi-
tions between |2⟩ and |3⟩.

We note that the generator processing steps for the
measure and reset operations are equivalent to those
implemented in ref [106]. Once the last operation in the
circuit is reached, a record of all measurement results is
kept for each sample.
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3. Generalized twirling approximation

Given an arbitrary quantum channel E with Kraus op-
erators Kj acting on devices J , the Generalized Pauli
Twirling approximation allows us to define a correspond-
ing GPC. This mapping corresponds to the following
physical process:

1. For a given initial subspace Hı̄, double the num-
ber of degrees of freedom and prepare a maximally
entangled state over the product Hı̄ ⊗Hı̄, a direct
product of EPR pairs. The devices whose index
in ı̄ match the computational subspace and their
matching ancillary pairs should be set as the +1
eigenstates of σx ⊗ σx and σz ⊗ σz.

2. Apply E to the first subsystem.

3. Measure the leakage status of each device in the
first subsystem, thereby determining the final sub-
space f̄ . This can be represented by the single-
device projective measurement with elements

Pc = |0⟩⟨0|+ |1⟩⟨1|
P2 = |2⟩⟨2|
P3 = |3⟩⟨3|

4. For the devices that remained in the computational
subspace (R), measure the commuting stabilizers
σx⊗σx and σz⊗σz acting on them and their entan-
gled pair. Associate the resulting stabilizer eigen-
value pairs (1, 1), (1,−1), (−1, 1), (−1,−1) with
the Pauli operators I, σx, σz, σy, respectively. The
total error operator σµ̄ over all devices in R is the
tensor product of all single qubit errors.

The conditional probability distribution P (̄i → f̄ , µ̄) is
then defined as the probability of recording the out-
comes f̄ , µ̄ assuming an initial state prepared in subspace
Hı̄ ⊗ Hı̄. Accordingly, the extracted GPC will have the
exact same statistics under the physical process repre-
sented above.

The probabilities P (̄i → f̄ , µ̄) can be determined di-
rectly from the Kraus operators Kj . For a given tran-
sition ı̄ → f̄ , Kraus operator Kj decomposed as a sum
over tensor products for the devices in U,R,D, and L.

Pf̄KjPı̄ =∑
ū,d̄

(
K ū,d̄,̄ı→f̄

j

)
R

⊗ |f̄ [U ]⟩⟨ū|U ⊗ |d̄⟩⟨̄ı[D]|D ⊗ |f̄ [L]⟩⟨̄ı[L]|L

where |ū⟩ ,
∣∣d̄〉 sum over the tensor product of standard

(normalized) basis vectors (|0⟩ , |1⟩) representing an or-
thonormal basis for the computational subspaces of de-
vices U and D, respectively. The vectors

∣∣f̄ [U ]
〉
, |̄ı[D]⟩,

and (|̄ı[L]⟩ ,
∣∣f̄ [L]〉) correspond to the leakage states of

the devices which leaked, returned to the computational
subspace, and remained leaked, respectively. (Note that

the last operator in the tensor product can be used to
represent transitions between leaked states.) The sub-
block Kraus operator K ū,d̄,f̄ [U+L],̄ı[D+L]

j can correspond-
ingly be written as a partial tensor contraction,

K ū,d̄,̄ı→f̄
j =(〈

f̄ [U ]
∣∣
U
⊗
〈
d̄
∣∣
D
⊗
〈
f̄ [L]

∣∣
L

)
Kj(
|ū⟩U ⊗ |̄ı[D]⟩D ⊗ |̄ı[L]⟩L

)
.

Given the above decomposition, we can further break up
the operators on the computational devices R by decom-
posing them as a linear combination of Pauli operators,

K ū,d̄,̄ı→f̄
j =

∑
µ̄

cj,ū,d̄,̄ı→f̄
µ̄ σµ̄,

where the sum is taken over the Pauli operators σµ̄ acting
on the devices in R; these operators are assumed to van-
ish on the leakage states |2⟩ , |3⟩. (Below we will shorten
the notations by dropping the extra fixed indices ı̄ → f̄ .)
From this expansion, one may derive the conditional dis-
tribution, cf. Eq. (15):

P (̄ı → f̄ , µ̄) ≡ P (̄ı → f̄)P (σµ̄ |̄ı → f̄ , µ̄) =
1

2|U |

∑
ū,d̄,j

∣∣∣cj,ū,d̄µ̄

∣∣∣2 .
(16)

The prefactor accounts for the fact that each state |ū⟩
exists in a computational subspace of dimension 2|U | .
Finally, the sum itself is the average probability of ap-
plying σū on the qubits in R. In the case of no leak-
age transitions (̄ı = f̄), Eq. 16 corresponds to the typical
Pauli Twirling Approximation.

As a simple example, we apply the approximation to
an error channel representing coherent rotation between
states |1⟩ and |2⟩. The error channel is composed of a
single unitary Kraus operator

U = |0⟩⟨0|+ cos(θ) (|1⟩⟨1|+ |2⟩⟨2|) + |3⟩⟨3|
+sin(θ) (|1⟩⟨2| − |2⟩⟨1|) .

Using the definitions of the single device projection op-
erators, the non-vanishing blocks of the Kraus operator
are

PcUPc = |0⟩⟨0|+ cos(θ)|1⟩⟨1|
=

(
cos2(θ/2)σI + sin2(θ/2)σz

)
· 1U · 1D · 1L

PcUP2 = sin(θ)× (1R · 1U · |1⟩⟨2|D · 1L)
+0× (1R · 1U · |0⟩⟨2|D · 1L)

P2UPc = − sin(θ) (1R · |2⟩⟨1|U · 1D · 1L)
+0× (1R · |2⟩⟨0|U · 1D · 1L)

P2UP2 = cos(θ)1R · 1U · 1D · |2⟩⟨2|L
P3UP3 = 1R · 1U · 1D · |3⟩⟨3|L
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where we have added trivial terms with zero coefficients
to emphasize that the subspace Hc is two-dimensional.
From this decomposition we may read off the non-
vanishing Pauli coefficients:

cc→c
I = cos2(θ/2) , cc→c

Z = sin2(θ/2),

cu=1,c→2
0 = sin(θ) = −cd=1,2→c

0 ,

c2→2
0 = cos(θ) ,

c3→3
0 = 1.

The conditional probabilities can now be read off using
Eq. (16).

ı f µ P (ı → f, µ)

c c I cos4(θ/2)

c c Z sin4(θ/2)

c 2 - sin2(θ)/2

2 c - sin2(θ)
2 2 - cos2(θ)
3 3 - 1

Evidently, for each input state ı, the sum of output prob-
abilities equals one.

As expected, the probability to observe a transition
down from state |2⟩ is just the modulus square of the
transition amplitude, sin2(θ) = | ⟨1|U |2⟩ |2. The reverse
transition, though, has half this probability because a
device in the computational subspace is (on average) in
state |1⟩ only half the time. A higher order effect caused
by this twirling is the dephasing observed in the c → c
transition. This can be interpreted as a measurement
“back-action”: because the device was not observed to
leak and only state |1⟩ can leak, the channel acts like a
weak measurement in the standard basis.

C. Comparison of Pauli+ and quantum simulations

We tested the validity of the Generalized Twirling Ap-
proximation used by the Pauli+ model by doing a di-
rect comparison with the equivalent kraus_sim quan-
tum trajectories simulation. The comparison considered
the distance-3 Z-basis and X-basis experiments associ-
ated with the West device configuration. Each 25-cycle
simulation corresponded to 200,000 samples. The clas-
sical Pauli+ simulation required about 160 seconds (dis-
tributed over 16 CPU cores), while the quantum simu-
lation required 11 hours. Note that the qsim backend
for the kraus_sim simulator has not been optimized for
performance on these system sizes. Decoding was imple-
mented using the algorithm in Ref. [70], with detection
cluster probabilities inferred from the pij matrix.

As can be seen in Figs. S17-S19, there is generally
quite good agreement between both simulations with re-
spect to logical error and typical detection event statis-
tics. One reason this may be the case is that the sur-
face code measurement circuit implies a stabilizer-state
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FIG. S17. Comparison of simulated logical error probabilities
for the distance-3 West, X and Z basis experiments. Each
data point is the logical error fraction over N = 2× 105 sam-
ples, which estimates the logical error probability p. This
is modeled as a Bernoulli process with standard deviation√

p(1− p), so the standard deviation of the sample average is√
p(1− p)/N ≤ 1/

√
4N ≈ 0.11%. The cited uncertainties for

the logical error per cycle are derived by propagating these
Bernoulli standard deviations through the weighted linear fit
described in Sec. III.
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FIG. S18. Comparison of simulated detection probabilities for
the distance-3 West, X-basis experiment. As in the experi-
mental data, we see a slow increase in detection probability
as the number of cycles progresses. This can be attributed to
leakage accumulation in the data qubits.

projection at the end of each cycle. This has the ef-
fect of “twirling” the quantum noise, so that for a single
data qubit error in the absence of leakage the approxi-
mation is exact [108]. The same is true for errors in non-
neighboring circuit locations. With the net error rates
∼ 1% per gate and a total of n ∼ 20 qubits, we expect
around one error per cycle. Moreover, the added depolar-
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FIG. S19. Comparison of simulated spacelike and timelike edge probabilities for the distance-3 West, X-basis experiment.
From left to right, the scatter plots correspond to “X” spatial edges (between stabilizers in the initial state basis), “Z” spatial
edges (between stabilizers with undetermined initial value), and timelike edges (between the stabilizers separated by one error
correction cycle). The R2 quantities reported above correspond to the coefficient of determination between the “observed”
(kraus_sim) and “predicted” (Pauli+) edge probabilities.

izing errors after each gate operation and idle are exactly
described by a Pauli channel.

The level of agreement between the two simulations is
contrasted by some results in the literature. We expect
the two simulations to disagree in the presence of consid-
erable coherent effects: our simulations include some uni-
tary errors due to crosstalk, which may add coherently in
a quantum trajectories simulation [109], but this may be
suppressed due to non-local nature of these errors. Ad-
ditionally, early work [110] simulating smaller distance
codes suggested that the Twirling Approximation un-
der both decoherence and unitary gate errors strongly
over-predicted the expected logical error (by factors of
2 or more). Yet early numerical test of the distance-3
surface code [80] found good agreement with the Pauli
Twirling Approximation under amplitude damping (T1

decay) and (white noise) dephasing, but only in the log-
ical Z basis (twirling over-predicted the error for the
logical X). There are several factors that may have
contributed to reducing these effects in our simulations.
First, the Hadamard operations in our experiments are
chosen so that the stabilizer generators describing our
system are all of mixed ZXXZ type [46, 47]. This has
the effect of approximately symmetrizing all bit-flip and
phase-flip errors. Second, we deliberately insert X gates
whenever a qubit is idle, which is known to reduce co-
herent errors. Overall, the good agreement between the
exact quantum trajectories and a classical simulations
indicates that the net contribution of coherently-added
errors is not large enough to see.

V. SENSITIVITY OF LOGICAL ERROR PER
CYCLE TO PHYSICAL ERRORS

In this section we discuss the sensitivity coefficients of
the surface code logical error per cycle (ε) to errors in
the component operations of the surface code circuits -
namely, controlled-Z (CZ ) gates, single qubit (SQ) gates,
data qubit idle (including the dynamical decoupling oper-
ations during readout and reset), and readout and reset.
Additionally, we also estimate the sensitivity coefficients
of ε to leakage and crosstalk.

To estimate the sensitivity coefficients, we simulate
the operation of a surface code logical qubit with an
error model corresponding to our experimental imple-
mentation, or the experimental operation point. For the
purposes of this analysis, we use the Pauli+ simulation
as described previously, along with correlated minimum-
weight perfect matching for efficiency. Then, for a certain

Component Error probability
SQ gates 1.09× 10−3

CZ gates 6.05× 10−3

Data qubit idle 2.46× 10−2

Reset 1.86× 10−3

Readout 1.96× 10−2

CZ leakage 2.0× 10−4

Leakage from heating 6.6× 10−4

CZ crosstalk 9.5× 10−4

TABLE I. Average probabilities of main errors at the opera-
tion point of distance-5 surface code experiments. We point
out that the last three rows do not correspond to actual com-
ponents of the surface code circuit, but we include them for
future reference.
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type of component error (e.g., SQ gate error), we change
all error rates of the same type by varying amounts,
while resimulating the logical error per cycle for each
change. Given that the changes to the component er-
rors are small, we assume a linear relationship between
logical error per cycle and component error rates, such
that the sensitivity coefficient νerror can be defined as

νerror =
δε

δperror
, (17)

where δε is the change of the logical error per cycle due to
a change δperror of the error probability of all components
of the same type. Thus, the sensitivity coefficient can be
found by linear regression of the simulated logical error
per cycle against changes in component error rate.

A. Experimental operation point

The experimental operation point of the distance-5 sur-
face code experiment is specified by the error probabili-
ties of all components in the surface code circuit as well as
by parameters that characterize the strength of leakage
and crosstalk. We independently measure the component
error probabilities to be used in the simulator as follows.

• SQ gate errors are measured by simultaneous ran-
domized benchmarking (RB) on all qubits

• CZ gate errors are measured using four simul-
taneous cross-entropy benchmarking experiments
(XEB), each characterizing one of the four sets of
CZ s that are executed simultaneously during the
surface code circuit

• Data qubit idle errors are measured by simultane-
ous interleaved RB on the data qubits, where the
interleaved operation consists of measurement and
reset of the measure qubits and dynamical decou-
pling on the data qubits

• Readout errors are measured by preparing random
classical states on the measure qubits and perform-
ing a correlated measurement on all of the measure
qubits. The readout error for each qubit is found
by computing the probability that the qubit was
measured in the expected state, marginalized from
the correlated measurement data.

• Finally, the reset error is estimated by preparing |0⟩
or |1⟩ on all measure qubits, performing measure-
ment and reset on all the measure qubits, then mea-
suring the measure qubits again. The reset error for
each qubit is the residual |1⟩ population in the sec-
ond measurement averaged over the initial states.
Note that for the purpose of sensitivity analysis, we
combine reset and readout errors.

The mean Pauli error probability for gates, and mean
error probability for readout and reset, aggregated over

all components of the same type, are given in the first
five rows of Table I. We note that the simulator uses
individual error probabilities for these components rather
than the mean.

We incorporate leakage into the simulator from two
different sources. First, we assume that leakage is gener-
ated on the high frequency qubit of a CZ gate (e.g., due
to qubit dephasing during CZ operation) with a nominal
probability of

pCZ
2 = 0.25 pt = 2.0× 10−4, (18)

where we assume pt = 8 × 10−4 for all CZ s (see
Sec. IV A3) and the factor 0.25 is the probability that
both qubits are in state |11⟩ during a CZ gate. Sec-
ond, we assume leakage can be generated from a non-
equilibrium “heating” process on each qubit, character-
ized by the parameter Γ1→2. For our analysis, we assume
that each qubit has a heating rate Γ1→2 = 1/(700µs),
which is the mean value from experimental measure-
ments. While Γ1→2 is the varied parameter for sensitivity
analysis, in Table I we report a typical leakage error due
to heating per QEC cycle as

pheating2 = 0.5Γ1→2 tcycle ≈ 6.6× 10−4, (19)

where the factor 0.5 is the probability that the qubit is
in state |1⟩ during one QEC cycle.

Finally, we also estimate the sensitivity of logical er-
ror per cycle to stray interactions during simultaneous
operation of the CZ gates. These unwanted interactions
originate from the tunable coupler design and heavily de-
pend on the frequency configuration of both qubits and
couplers [111]. Unlike the control crosstalk discussed in
Sec. I F, crosstalk due to stray interactions cannot be
mitigated with active cancellation since the strengths of
the stray interactions are dependent on the state of the
qubits. While stray interactions can in principle occur
during single qubit gate and data-qubit idling, we focus
only on the CZ gate crosstalk, where interaction crosstalk
is the most pronounced since both the qubit and coupler
frequencies are modulated. To estimate the crosstalk op-
erating point, for each CZ we compute the error due to
interactions with each of the states in the qubits neigh-
boring the CZ pair, some of which may also be execut-
ing CZ gates. Then, we average over all CZ pairs and
crosstalk error sources, yielding a mean additional Pauli
error probability of

pcrosstalkCZ = 9.5× 10−4, (20)

which is roughly 15% of the measured total CZ er-
ror. The computed crosstalk error is largely consistent
with the observed difference between isolated and par-
allel CZ errors. Possible limitations in our calculations
of crosstalk include imprecise estimations of the coupler
frequencies, since we cannot directly probe the coupler.
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Component sensitivity (d3) sensitivity (d5)
SQ gates 6.2± 0.3 8.4± 0.2
CZ gates 2.13± 0.08 4.0± 0.2
Data qubit idle 0.91± 0.02 1.05± 0.03
Readout or reset 0.26± 0.01 0.41± 0.02
Leakage (heating) 2.3± 0.3 3.9± 0.8
CZ crosstalk 5.0± 0.5 6.5± 0.6

TABLE II. Logical error per cycle sensitivities at the experi-
mental operation point.

B. Logical error per cycle sensitivities for
distance-3/5 surface codes

Figure S20 shows the result of simulating logical error
per cycle while sweeping each component error rate for
the distance-3 code. Figure S21 likewise shows the simu-
lation results for the distance-5 code. Table II shows the
sensitivity coefficients for the distance-3 and distance-5
logical error per cycle as obtained by linear regression
of the simulation results. We observe that the distance-5
surface code is more sensitive to errors than the distance-
3 surface code, consistent with the experimental obser-
vation in Fig. 3 that distance-5 logical performance im-
proved more quickly than distance-3 when component
errors were improved. The results also indicate that log-
ical error per cycle is most sensitive to gate error, CZ
crosstalk, and leakage.

C. Logical error per cycle sensitivity vs 1/Λ3/5

sensitivity

To build the error budget presented in Fig. 4a, we ad-
ditionally analyzed the component error sensitivity of the
inverse of the error suppression factor, 1/Λ3/5. This anal-
ysis proceeds similarly to the logical error per cycle sen-
sitivity analysis, with two primary differences. First, we
assume that all component errors of the same type have
the same error rate. Second, following the methodology
of Ref. [44], the sensitivities are evaluated at the half-
operation point - in other words, all component errors
of the same type will have an error probability that is
0.5 times the error probability shown in Table I). As ex-
plained in Ref. [44], the choice of half-operation point
is based on the assumption that 1/Λ3/5 is a second-
order function of component errors. The contributions
to 1/Λ3/5 for each error type are then computed by mul-
tiplying the simulated sensitivity and the mean error
rate at the experimental operation point (not the half-
operation point).

VI. DIAGNOSTICS USING pij OF SURFACE
CODES

We analyze the pairwise detection event correlations
in the surface code data using the pij correlation matrix
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FIG. S20. Simulation of logical error per cycle for a distance-3
surface code while varying component errors of various types.
The depicted logical error per cycle values are averaged over
the four distance-3 surface code grids. The variable δperror
is the additive change of the corresponding error probability
for each qubit (SQ error, data qubit idle error, readout error,
leakage from heating) or pair of qubits (CZ error and CZ
crosstalk). Dashed lines are linear fits to the simulation data
(markers) and their slopes are the sensitivities reported in
Table II.

method that was introduced in [44, 51, 52]. This method
quantifies the probability pij of simultaneously triggering
two detection events at the error detection nodes i and j.
The pij probability of an edge between nodes i and j is
approximately equal to the sum of the probabilities of all
error processes that produce clusters of detection events
including the nodes i and j. In Sec. VIC we discuss how
to estimate the probability of clusters of arbitrary size,
while in this section we focus on edges, which are used
for surface code diagnostics. We note that the extension
to larger clusters helps filter the probability of pij down
to only those error processes that trigger nodes i and j
exactly, which is used for decoding. The pij probability
of an edge between the nodes i and j is given by

pij =
1

2
− 1

2

√
1− 4 (⟨xixj⟩ − ⟨xi⟩⟨xj⟩)

1− 2⟨xi⟩ − 2⟨xj⟩+ 4⟨xixj⟩
, (21)

where xi = 0 if there is no detection event at the node
i; otherwise, xi = 1. The derivation of formula (21) is
given in Ref. [44]. The averages ⟨xi⟩, ⟨xj⟩ and ⟨xixj⟩
are evaluated from detection event data, which in our
surface code experiments consist of 50,000 experimental
realizations. In our experiments pij ≪ 1 so that (21) can
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FIG. S21. Simulation of logical error per cycle for a distance-5
surface code while varying component errors of various types..
Similarly to Fig. S20, dashed lines are linear fits to the sim-
ulation data (markers) and their slopes are the sensitivities
reported in Table II.

be approximated as

pij ≈
⟨xixj⟩ − ⟨xi⟩⟨xj⟩

(1− 2⟨xi⟩)(1− 2⟨xj⟩)
. (22)

One can then think of pij as the usual covariance, nor-
malized by (1− 2⟨xi⟩)(1− 2⟨xj⟩).

The probability piB of a boundary edge at the node i
is estimated by the formula

piB =
⟨xi⟩ − pi,Σ
1− 2pi,Σ

, (23)

where pi,Σ is the sum of pij probabilities of all edges
connected to the node i,

pi,Σ = g(pijk , ... g(pij3 , g(pij2 , pij1))...), (24)
g(p, q) ≡ p(1− q) + (1− p)q = p+ q − 2pq, (25)

with g(p, q) being the effective sum of probabilities p and
q. Note that g(p, q) ≈ p + q if the probabilities p and q
are small. In practice, we use the standard circuit-level
error model to determine the boundary edges and the
bulk edges that connect to the boundary nodes. We then
use Eq. (21) and Eqs. (23)–(25) to evaluate the boundary
edge probabilities.

The pij method provides the correlation probability for
any pair of nodes i and j, but we will focus here on the
dominant pairwise correlations that we observe in the
data: timelike, spacelike, and spacetimelike (diagonal)
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FIG. S22. Correlation matrix pij . Panel (a) illustrates the
600 × 600 symmetric correlation matrix pij for a 25-cycle
distance-5 Z-basis surface code experiment. Each detection
node i = (t, s) has time coordinate t indicated by the minor
tick and a spatial coordinate s indicated by the measure qubit
labels (s = q2_5, q4_3, ... q9_6). Panel (b) illustrates the
difference of the pij correlation matrices between the experi-
mental and simulation Pauli+ data. The ellipses indicate the
main discrepancies between the experiment and simulation,
which are likely due to excess leakage accumulation in a pair
of data qubits (2_6 and 2_4) during the surface code exper-
iment. Dotted lines in panel (a) indicate the matrix elements
that are affected by idle Y errors on the middle data qubit
5_5.
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edges. We also compare the experiment and Pauli+ sim-
ulation pij correlation matrices. The experimental data
that is used to compare against simulations is from the
25 cycle, distance-5 surface code experiment with data
qubits prepared in the Z basis.

A. Experiment vs. Pauli+ pij correlation matrices

Panel (a) of Fig. S22 is a graphical representation of
the 600 × 600 symmetric correlation matrix pij for the
considered distance-5, 25 cycle, Z-basis experiment. The
number of detection nodes i is 12× 26 + 12× 24 = 600,
since for the twelve measure qubits that measure the
Z stabilisers, we have 26 detectors (an additional layer
comes from the final data qubit measurements), while
for the remaining twelve measure qubits that measure
the X stabilisers, we have 24 detectors (since the values
of the X-stabiliser measurements are initially random).
The detectors i = (t, s) have a time, space coordinate
t, s. In Fig. S22(a), the minor ticks indicate time coor-
dinates while the major ticks indicate space coordinates,
e.g. s = q2_5(Z) for the measure qubit 2_5 that mea-
sures a Z-stabiliser. Note that although we use the ZXXZ
variant of the surface code, all notations for stabilizers
here assume the traditional surface code labels.

There are two distinct types of features in the pij corre-
lation matrix illustrated in Fig. S22(a). Narrow reddish
features (e.g. the one inside the qubit-qubit block q8_5–
q6_5) can be explained by conventional Pauli errors in
the surface code circuit. Such conventional errors mani-
fest in the pij matrix as one-pixel-wide reddish features
since these errors produce detection events separated in
time by 0 or 1 cycles. This includes Pauli errors that pro-
duce many-body clusters of detection events (e.g., idle Y -
type data qubit errors). For instance, idle Y -errors on the
middle data qubit 5_5 increase the pij matrix elements
indicated by the black dotted lines in the upper panel of
Fig. S22. In addition, we also see some broader reddish
features (e.g. qubit-qubit block q1_4–q2_5) that indi-
cate the presence of long-lived time correlations between
detection events. Such correlations are likely caused by
leakage accumulation in the data qubits.

Panel (b) of Fig. S22 shows the difference between
the pij correlation matrices from experimental data and
Pauli+ simulation data used in the main text. We see
that the pij matrix difference looks much cleaner (with
fainter reddish regions than the experimental pij ma-
trix shown in Fig. S22(a)). This indicates that Pauli+
simulation does a good job in capturing most of the
detection event correlations that are present in the ex-
periment. There are, however, some spatial/temporal
correlations that are significantly stronger in the exper-
iment than in the simulation, indicated by the ellipses
in the pij matrix difference. We attribute these features
to stronger-than-usual leakage in two data qubits: 2_4
and 2_6. Leakage accumulation in these data qubits
leads to detection events that may be correlated locally

FIG. S23. Main pairwise detection event correlations in the
surface code. The red dots indicate detection events. The con-
sidered pairwise correlations (edges) are timelike (T) edges,
spacelike (S) and spacetimelike (ST) edges. These correla-
tions are mainly caused by readout/reset errors, idle data
qubit errors, and CZ errors, respectively.

in space (with detection events at neighboring measure
qubits) but nonlocally in time (with a correlation time
of roughly T1/2 ≈ 10µs). These correlations produce
the reddish regions indicated by the magenta and blue
ellipses for leakage accumulation in data qubits 2_4 and
2_6, respectively. We stress that the Pauli+ simulation
can capture these missing correlations by properly ad-
justing the simulation parameters related to leakage gen-
eration. Besides the broad reddish regions indicated by
the ellipses in Fig. S22(b), we also notice some faint nar-
row reddish features in the pij matrix difference. These
features indicate short temporal correlations of detection
events separated in time by 0 or 1 cycles - they can be un-
derstood as a discrepancy between the actual component
error probabilities during the surface code experiment
and the component error probabilities used in the simu-
lation. To quantify this discrepancy, we need to compare
the pij probabilities for the edges of the surface code error
graph.

B. Probabilities in pij of main error edges in the
surface code

In this section we examine the probabilities of the main
pairwise correlations (error edges) in the distance-5 sur-
face code. These error edges are depicted in Fig. S23.
Timelike edges (T-edges) indicate correlations between
detection events occurring at the same measure qubit
and separated in time by 1 cycle. In our experiments,
T-edges are mainly caused by readout/reset errors, and
to a lesser extent, by SQ- and CZ -errors. In addition,
leakage and crosstalk can also contribute to the T-edge
probabilities. Note that since leakage states in the data
qubits survive for several rounds ( with an approximate
lifetime of 10µs), leakage in the data qubits not only
leads to T-edges but also to correlations between nodes
separated in time by more than 1 cycle. Spacelike edges
(S-edges) indicate correlations between detection events
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occurring in the same cycle at two measure qubits of the
same type (X or Z). We consider two types of spacelike
edges, namely SX (spacelike edges between X measure
qubits) and SZ edges (spacelike edges between Z mea-
sure qubits). In the ZXXZ surface code implementation,
SZ edges mainly come from idle T1 errors in roughly half
of the data qubits and idle T2 errors in the remaining data
qubits (see e.g. the labels T1 and T2 in Fig. S26). SQ-
and CZ -errors as well as leakage and crosstalk also con-
tribute to spacelike edges. Finally, spacetimelike edges
indicate correlations between detection events separated
in time by 1 cycle and occurring on different measure
qubits. Spacetimelike edges that come from Pauli CZ
errors are denoted as ST edges, while other spacetime-
like edges that are not expected from usual CZ errors
are denoted as ST’ edges. The latter are likely due to
leakage or crosstalk errors.

1. Timelike edges

The probability of T-edges are obtained from the pij
correlation matrix with i = (t, s) and j = (t+1, s), where
the space coordinate s refers to one of the measure qubits.
It is convenient to average over time t and present the
time-averaged T-edge probabilities as shown at the top
panel heatmap of Fig. S24. This way of presenting the
pij data for the T-edges is particularly useful to spot
measure qubits with good or bad readout/reset errors.
We reemphasize that, although readout/reset errors are
the main contributors to the T-edges in our experiment,
other physical errors can also contribute to the T-edge
probabilities.

The average T-edge probability averaging over all
qubits and cycles are

pT−edge,mean
ij =3.85× 10−2 (26)

[Pauli+ sim = 3.7× 10−2,

Pauli sim = 3.0× 10−2].

The lower panel heatmap of Fig. S24 shows the differ-
ence between the time-averaged T-edge probabilities in
experiment and Pauli+ simulation. We see that the dif-
ference is relatively small, indicating a good agreement
between experiment and simulation. The biggest discrep-
ancy between experiment and simulation is for T-edges
on measure qubits 1_4, 3_4, 2_5, 2_9, which are spa-
tially close to the leaky data qubits 2_4 and 2_6. Thus,
the reason for this discrepancy is most likely leakage accu-
mulation in these data qubits, as discussed in Sec. VIA.

The upper heatmap in Fig. S24 illustrates the useful-
ness of the pij method as an error-diagnostic tool: it
indicates which qubits or gates are underperforming.

FIG. S24. Top panel: timelike edge probabilities. Each value
in the heatmaps represents the median of the T-edge prob-
abilities of a measure qubit. Measure qubits that measure
X- or Z-stabilisers are indicated by X or Z. The Top panel
shows the time-averaged T-edge probabilities for the 25 cycles
distance-5 surface code experiment with data qubits initial-
ized in the Z-basis. Bottom panel shows the difference of
T-edge probabilities between experiment and Pauli+ simula-
tion.

2. Spacelike edges

The heatmap at the top panel of Fig. S25 shows the
time-averaged probabilities of SX edges for the distance-
5 surface code experiment in the Z-basis. To explain the
information displayed in this heatmap, let us consider the
middle data qubit 5_5. A phase-flip error in this data
qubit during idle time produces two detection events at
the neighboring X measure qubits 5_4 and 5_6 (see hor-
izontal red edge in Fig. S25) at some cycle t. The number
0.043 labeling the middle tile (5, 5) is the median (over
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cycles) of the pij probabilities of all SX edges between
these two X measure qubits. Idle Y errors on data qubit
5_5 also contribute to the displayed probability 0.043;
for this reason, we write ’T2’ below 0.043 to remind us
that this SX edge probability may come from Z or Y idle
errors (and likely more error mechanisms). Let us con-
sider another example: an idle X error (due to T1 qubit
decay) in data qubit 6_4 produces an SX edge between
the X measure qubits 5_4 and 7_4 (vertical red edge in
Fig. S25).
Idle errors along the boundary data qubits of the sur-
face code grid sometimes produce a single detection event
(i.e. a boundary edge). For instance, an idle Z error
on data qubit 1_5 produces only one detection event at
X measure qubit 1_4. We evaluate the probabilities of
the boundary edges at the X measure qubit 1_4 using
Eq. (23) for all times t, and then the time-averaged value
(0.029) is indicated in tile (1, 5) of the upper heatmap of
Fig. S25. Finally, we can also have idle errors in two dif-
ferent boundary data qubits produce the same detection
event or boundary edge. For instance, an X error in data
qubit 6_2 and a Z error in data qubit 5_1 both produce
the same boundary edge at the X measure qubit 5_2.
In this ambiguous situation, we divide the probability of
the boundary edge (given by Eq. (23)) at the X mea-
sure qubit 5_2 among these data qubits (in this example
0.03 in the tiles (5, 1) and (6, 2)), with asterisks denoting
those data qubit tiles.

Figure S26 is complementary to Fig. S25 - it displays
the time-averaged SZ edge probabilities. For instance,
for the middle data qubit 5_5, we read an SX edge prob-
ability of 0.043 from Fig. S25, and an SZ edge probability
of 0.031 from Fig. S26. The bottom panels of Figs. S25
and S26 show the difference between the experimental
and simulated values, which is relatively small.

The average spacelike edge probabilities are

pSX−edge,mean
ij =3.4× 10−2 (27)

[Pauli+ sim =3.3× 10−2,

Pauli sim =3.1× 10−2],

and,

pSZ−edge,mean
ij =3.2× 10−2 (28)

[Pauli+ sim =3.0× 10−2

Pauli sim =2.9× 10−2].

3. Spacetimelike edges

Within the standard circuit error model, spacetimelike
edges are due to CZ errors. Those spacetimelike edges
are referred to as ST-edges. In the experiment and in the
Pauli+ simulations, we also find other unexpected space-
timelike edges that we denote as ST’ edges, which are
mainly due to leakage accumulation in the data qubits.

FIG. S25. Top panel: time-averaged pij probabilities of SX
edges. Pink tiles with an X indicate X-measure qubits, empty
pink tiles indicate Z-measure qubits. The red horizontal edge
indicates an SX edge between the X measure qubits 5_4 and
5_6. Their probabilities are obtained from the pij matrix
with i = (s, t) and j = (s′, t), and s = q5_4 and s′ = q5_6.
After averaging over time t, we write the result in the middle
data qubit tile (5,5) since phase-flip errors in the data qubit
5_5 would produce such SX edges. Asterisks indicate am-
biguous data qubits (e.g., the pair 5_1 and 6_2) with idle er-
rors that produce the same boundary edge (see Sec. VI B 2).
Lower panel: the difference between the time-averaged SX
edge probabilities in the experiment and the Pauli+ sim-
ulation. Labels T1 and T2 at the tiles indicate the type
of idle data qubit error that give rise to the SX edges (see
Sec. VI B 2).

We expect that leakage in the data qubits should increase
the ST- and ST’-edges by roughly the same amount, and
this is indeed validated by the experimental and simula-
tion data, as shown below.
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FIG. S26. Top panel: time-averaged pij probabilities of SZ
edges. Description of the information displayed is similar to
that of Fig. S25. Lower panel: the difference between the
time-averaged SZ edge probabilities in the experiment and
the Pauli+ simulation.

The top panel of Fig. S27 shows the time-averaged ST-
edge probabilities for all ST edges (expected due to CZ
errors) for experimental data. The lower panel shows the
discrepancy between experiment and Pauli+ simulation.

The mean ST-edge probability for the distance-5 sur-
face code experiment is

pST−edge,mean
ij =1.3× 10−2 (29)

[Pauli+ sim = 1.1× 10−2,

Pauli sim = 0.8× 10−2].

We see that the ST-edge probability that is expected from
the conventional Pauli error model is 0.8×10−2; however,
the actual ST-edge probability is higher by 0.5× 10−2 in

FIG. S27. Time-averaged pij probabilities of ST-edges. In
the top panel, each number is the time average of ST edges
from i = (t, si) to j = (t + 1, sj). We only include pairwise
correlations i-j that are expected from Pauli CZ errors. In the
lower panel, we show the difference of the time-averaged ST-
edges between experiment and Pauli+ simulation. Numbers
that are smaller in magnitude than 2.5× 10−3 are not shown.

the experiment and by 0.3 × 10−2 in the Pauli+ simu-
lation. This excess of ST-edge probability turns out to
be similar to the average probability of the unexpected
ST’-edges:

pST
′−edge,mean

ij = 0.6× 10−2 [Pauli+ sim = 0.35× 10−2].

A significant difference here indicates that we most likely



30

FIG. S28. Time-averaged pij probabilities of spacetimelike
edges not expected from Pauli CZ errors (ST’ edges). These
unexpected pairwise correlations are mainly caused by leak-
age. Top panel shows the ST’-edge probabilities from the
distance-5 experiment, and the lower panel shows the dis-
crepancy between the experiment and the Pauli+ simulation.
Numbers that are smaller in magnitude than 2.5 × 10−3 are
not shown.

underestimate leakage in the simulation.
The time-averaged probability of all ST’ edges for the

experimental data is shown at the top panel of Fig. S28,
and the lower panel shows the discrepancy between ex-
periment and simulation. We note that the largest dis-
crepancies are present in ST’-edges between measure
qubits that are spatially close to the data qubits 2_4

and 2_6, which exhibit more leakage accumulation in
the experiment than in the simulation (see lower panel
of Fig. S22).

C. Probability using generalized pij of clusters of
detection events

In the surface code, there are physical errors that can
produce more than two detection events. To characterize
such physical processes using experimental error detec-
tion data, we use a generalized version of the pij corre-
lation matrix method [44] that allows us to calculate the
probability of clusters of detection events. To explain this
method, let us consider a physical error process that can
produce a three-body cluster of detection events; that is,
it can simultaneously flip the state of three error graph
nodes, denoted as i = 1, 2, 3. Our goal is to find the
probability of the considered error process from the ex-
perimentally accessible averages: ⟨x1⟩, ⟨x2⟩, ⟨x3⟩, ⟨x1x2⟩,
⟨x1x3⟩, ⟨x2x3⟩ and ⟨x1x2x3⟩. To do this, we model the
statistics of the three nodes in terms of seven indepen-
dent effective error processes. Three of these processes
act individually on the nodes i with unknown probabili-
ties p̃i. These individual processes account for other er-
ror processes that produce detection event clusters that
have only one node in common with the three-body clus-
ter under consideration. The statistical model also in-
cludes three effective processes that separately act on the
edges 1-2, 1-3 and 2-3 of the considered three-body clus-
ter with probabilities p̃12, p̃13 and p̃23. These effective
processes account for the error processes that yield clus-
ters that have two nodes in common with the considered
three-body cluster. Finally, the statistical model includes
the error process of interest that simultaneously flips the
state of the three nodes 1, 2, 3 with a probability p123.
The next step is to express the above seven experimental
averages in terms of the seven unknown probabilities p̃1,
p̃2, p̃3, p̃12, p̃13, p̃23 and p123. For instance, ⟨x1⟩ can be
expressed as

⟨x1⟩ = p̃1(1− p̃12)(1− p̃13)(1− p123) + (1− p̃1)p̃12p̃13p123

+ p̃12(1− p̃1)(1− p̃13)(1− p123) + (1− p̃12)p̃1p̃13p123

+ p̃13(1− p̃12)(1− p̃1)(1− p123) + (1− p̃13)p̃12p̃1p123

+ p123(1− p̃12)(1− p̃13)(1− p̃1) + (1− p123)p̃12p̃13p̃1.

We assume that initially the three nodes do not exhibit
detection events (i.e., xi = 0). The first term describes
the case in which the final state of node 1 is x1 = 1 due
to occurrence of the p̃1-process, and no occurrence of the
p̃12-, p̃13- and p123-processes. The second term describes
the case in which the final state of node 1 is x1 = 1 due
to occurrence of the p̃12-, p̃13- and p123-processes, along
with no occurrence of the p̃1-process. The interpretation
of the other terms proceeds similarly.

The final step in the calculation of the sought proba-
bility p123 is to solve the system of seven nonlinear equa-
tions with seven unknowns using an appropriate numeri-
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Component p
(i)
expt wi 1/Λ3/5 contrib.

SQ gates 1.09×10−3 78.7 0.086 (9.6%)
CZ gates 4.9×10−3 54.5 0.267 (29.7%)
Data qubit idle 2.46×10−2 7.0 0.172 (19.1%)
Readout 1.96×10−2 5.6 0.11 (12.2%)
Reset 1.86×10−3 5.6 0.0104 (1.1%)
Leakage (heating) 6.6×10−4 121 0.08 (8.9%)
CZ leakage 2.0×10−4 121 0.024 (2.7%)
CZ crosstalk 9.5×10−4 158 0.15 (16.7%)

TABLE III. Calculation of the error budget for 1/Λ3/5.
We multiply the component errors p

(i)
expt by the sensitivities

(weights) wi at the half-operation point, resulting in the con-
tributions to 1/Λ3/5 shown in the right column.

cal solver. This generalized pij method can be applied to
analyze processes that can produce arbitrary number n
of detection events. In this case, we would need to solve
2n − 1 nonlinear equations with the same number of un-
known probabilities, one of which being the probability
of the n-body process.

We have used the generalized pij method to do error
diagnostics of higher order processes (e.g., Y data qubit
errors) using the experimental error detection data. We
also use the cluster probabilities provided by the gener-
alized pij method to set the priors for decoders, as dis-
cussed in Sec. II.

We point out that if we use the pij-formula (21) on
the edge between e.g. nodes 1 and 2 of the above con-
sidered three-body cluster, the pij probability would be
p12 = p̃12(1 − p123) + (1 − p̃12)p123 ≈ p̃12 + p123, where
we have used the effective sum rule Eq. (25). This ap-
proximation is valid for sufficiently small probabilities,
which are typical in our experiments. So, when we apply
the pij-formula (21) on detection event data to find edge
probabilities, the resulting pij-probability for a given
edge i-j is approximately the sum of the probabilities of
all error processes that produce detection event clusters
that include the edge i-j. For this reason, the pij prob-
abilities of e.g. spacelike edges obtained from Eq. (21)
include the contribution of idle Y -type data qubit errors.
If we wish to separate such errors from error processes
that lead only to spacelike edges, we need to use the gen-
eralized pij method.

VII. SURFACE CODE 1/Λ3/5 ERROR BUDGET

In this section we discuss the procedure to obtain the
surface code error budget for 1/Λ3/5, which is presented
as the bar chart in Fig. 4a of the main text. Following
Ref. [44], we write 1/Λ3/5 as a sum of contributions from
each error channel i that is considered in the Pauli+ sim-
ulation,

(Λ3/5)
−1 =

∑
i

wi p
(i)
expt = w · pexpt, (30)

where pexpt is the vector of component error probabil-
ities at the experimental operation point and w is the
vector of weights. The latter is obtained from the gra-
dient (sensitivities) of the nonlinear function [1/Λ3/5](p)
at p = pexpt/2, which we refer to as the “half-operation
point.”

The half-operation point is defined as half of the exper-
imentally measured component error probabilities for SQ
gates, CZ gates, data qubit idle, reset and readout – see
Table I. Additionally, the simulation leakage parameters
become 1/(1.4ms) for the heating rate and 1.0×10−4 for
the probability of leakage generation from qubit dephas-
ing during CZ s (CZ leakage), and the crosstalk unitaries
are rescaled from UI to (UI)

1/
√
2 at half-operation point.

The third column in Table III shows the sensitivities
of 1/Λ3/5 at the half-operation point for the eight error
channels that are considered in the simulations. These
sensitivities are then used as the weight parameters wi in
Eq. (30) to obtain the contribution of each error channel
to 1/Λ3/5. The resulting contributions are shown in the
right column of Table III. Note that for the CZ error
channel, we use an error probability 4.9×10−3 instead of
6.05 × 10−3 in Table I to avoid double counting the CZ
error coming from crosstalk and CZ leakage: we subtract
the contribution of 9.5 × 10−4 from crosstalk and the
contribution of 2 × 10−4 from CZ leakage. Also note
that for the sensitivity to CZ, leakage we use the same
value as for the sensitivity to heating-induced leakage.

The values from the right column of Table III are used
in Fig. 4a of the main text. The sum of these values is
approximately 0.90, which is very close to the inverse of
the simulated value Λ3/5 = 1.10.
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VIII. OVERVIEW OF ERROR CORRECTION EXPERIMENTS

TABLE IV. Summary of various error correction and error detection experiments. Experiments using “classical" codes (i.e.
codes that only detect one type of error e.g. only phase flips or only bit flips) use [n, k, d] code notation instead of quantum
[[n, k, d]] code notation. Entries with an N/A are experiments related to embedding error correction into the subspace of an
oscillator.

Paper Year Code name [[#data,#logical,distance]] Physical qubits Rounds Physical qubit type
[112] 1998 Repetition Code [3,1,3] 3 single shot NMR
[113] 2001 Perfect Code [[5,1,3]] 5 single shot NMR
[114] 2011 Repetition Code [3,1,3] 3 3 Ion trap
[115] 2011 Repetition Code [3,1,3] 3 2 NMR
[116] 2011 Repetition Code [3,1,3] 3 single shot NMR
[117] 2012 Repetition Code [3,1,3] 3 single shot Superconducting
[118] 2012 Perfect Code [[5,1,3]] 5 single shot NMR
[119] 2014 Surface Code [[4,1,2]] 4 single shot Photons
[68] 2014 Repetition Code [3,1,3]-[5,1,5] 9 8 Superconducting
[120] 2014 Color Code [[7,1,3]] 7 single shot Ion trap
[121] 2014 Repetition Code [[3,1,3]] 4 single shot NV center
[122] 2015 Repetition Code [3,1,3] 5 single shot Superconducting
[123] 2015 Bell State [[2,0,2]] 4 single shot Superconducting
[124] 2016 Repetition Code [3,1,3] 4 1-3 Superconducting
[26] 2016 Cat States N/A 1 1-6 3D cavity
[125] 2017 Color Code [[4,2,2]] 5 single shot Superconducting
[126] 2017 Color Code [[4,2,2]] 5 single shot Ion trap
[127] 2018 Repetition Code [3,1,3]-[8,1,8] 15 single shot Superconducting
[128] 2019 Bell State [[2,0,2]] 3 1-12 Superconducting
[129] 2019 Perfect Code [[5,1,3]] 5 single shot Superconducting
[130] 2019 Binomial Bosonic States N/A 1 1-19 3D cavity
[131] 2020 Repetition Code [3,1,3]-[22,1,22] 5-43 single shot Superconducting
[132] 2020 Surface Code [[4,1,2]] 7 1-11 Superconducting
[133] 2020 Bell State [[2,0,2]] 3 1-26 Superconducting
[20] 2020 Bacon-Shor Code [[9,1,3]] 15 single shot Ion trap
[134] 2020 Bacon-Shor Code [[9,1,3]] 11 single shot Photons
[28] 2020 GKP States N/A 1 1-200 3D cavity
[44] 2020 Repetition Code [3,1,3]-[11,1,11], [[4,1,2]] 5-21 1-50 Superconducting
[21] 2021 Color Code [[7,1,3]] 10 2-12 Ion trap
[22] 2022 Perfect Code [[5,1,3]] 7 1-11 NV center
[24] 2022 Surface Code [[9,1,3]] 17 1-16 Superconducting
[25] 2022 Surface Code [[9,1,3]] 17 1-11 Superconducting
[135] 2022 Surface Code [[4,1,2]] 7 1-15 Superconducting
[23] 2022 Subsystem Code [[9,1,3]] 23 1-10 Superconducting
[136] 2022 Surface Code [[13, 1, 3]] 19 1 Rydberg
[136] 2022 Toric Code [[16, 2, 2]] 24 1 Rydberg

This work 2022 Repetition Code [3,1,3]-[25,1,25] 5-49 50 Superconducting
This work 2022 Surface Code [[9,1,3]]-[[25,1,5]] 17-49 1-25 Superconducting

IX. ADDITIONAL PLOTS OF SURFACE CODE DATA
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FIG. S29. Detection probabilities for individual codes.
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FIG. S30. Logical error probabilities vs quantum error correction cycle for the distance-5 code for four scenarios, from left
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logical fidelities plotted on logscale.
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FIG. S31. Logical error probabilities vs quantum error correction cycle for the top left distance-3 code for four scenarios, from
left to right: experimental data with belief-matching, experimental data with tensor network decoding, Pauli+ simulation with
belief-matching, and Pauli+ with tensor network decoding. Top row: logical errors plotted on normal scale. Bottom row:
logical fidelities plotted on logscale.
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FIG. S32. Logical error probabilities vs quantum error correction cycle for the top right distance-3 code for four scenarios,
from left to right: experimental data with belief-matching, experimental data with tensor network decoding, Pauli+ simulation
with belief-matching, and Pauli+ with tensor network decoding. Top row: logical errors plotted on normal scale. Bottom row:
logical fidelities plotted on logscale.
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FIG. S33. Logical error probabilities vs quantum error correction cycle for the bottom left distance-3 code for four scenarios,
from left to right: experimental data with belief-matching, experimental data with tensor network decoding, Pauli+ simulation
with belief-matching, and Pauli+ with tensor network decoding. Top row: logical errors plotted on normal scale. Bottom row:
logical fidelities plotted on logscale.
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