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Plasma channel undulator excited
by high-order laser modes

J.W.Wang3, C. B. Schroeder?, R. L3, M. Zepfl"*> & S. G. Rykovanov!

The possibility of utilizing plasma undulators and plasma accelerators to produce compact ultraviolet
. and X-ray sources, has attracted considerable interest for a few decades. This interest has been driven
Accepted: 19 November 2017 . by the great potential to decrease the threshold for accessing such sources, which are mainly provided
Published online: 04 December 2017 : by afew dedicated large-scale synchrotron or free-electron laser (FEL) facilities. However, the broad

© radiation bandwidth of such plasma devices limits the source brightness and makes it difficult for the FEL
instability to develop. Here, using multi-dimensional particle-in-cell (PIC) simulations, we demonstrate
that a plasma undulator generated by the beating of a mixture of high-order laser modes propagating
inside a plasma channel, leads to a few percent radiation bandwidth. The strength of the undulator
can reach unity, the period can be less than a millimeter, and the number of undulator periods can be
significantly increased by a phase locking technique based on the longitudinal tapering. Polarization
control of such an undulator can be achieved by appropriately choosing the phase of the modes.
According to our results, in the fully beam loaded regime, the electron current in the plasma undulator
can reach 0.3 kA level, making such an undulator a potential candidate towards a table-top FEL.
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X-ray radiation sources have important applications in biology, medicine, industry and fundamental science
because of their capability of resolving the structure and dynamics of matter on the molecular and atomic scales'=>.
For the past twenty years, the third-generation synchrotron facilities have been the workhorse X-ray sources®. By
the virtue of an electron beam instability called microbunching®, much brighter, shorter, and fully coherent XUV
and X-ray pulses can be generated in the devices called free-electron lasers (FELs)>~”. The excellent FEL radiation
properties make it possible to time-resolve molecular structural dynamics and obtain high-resolution images.
However, synchrotron and FEL facilities are typically large, expensive, and oversubscribed for the users.

It has been demonstrated that schemes based on laser-plasma interaction are able to produce ultrashort and
bright radiation®'. In a typical scenario, electrons accelerated by a laser-excited wakefield'”'®, oscillate either in
the focusing fields of the wake or inside an (external) undulator, emitting bright radiation with a fundamental
wavelength of A\ = A (1 + K 212)/ (2702) on axis, where )\, is the undulator wavelength, -, is the Lorentz factor of
the electron, and K is the so-called undulator strength parameter. Compared to a conventional magnetic undula-
tor!>!3, the period of a plasma-based undulator is short and can be less than a millimeter. Therefore, a laser-created
plasma undulator together with a laser-plasma electron accelerator (LPA) make it possible to construct an eco-
nomical and compact incoherent XUV or X-ray source for university laboratories, hospitals, and even commer-
cial applications'>". Plasma undulators can be realized by ultra-intense laser plasma interactions in the bubble
regime®-1, a laser pulse propagating in plasma perpendicularly to the electron beam propagation direction®, a
laser pulse interaction with a nanowire array?!, or using laser pulse offset injection in a matched plasma chan-
nel**=2*, However, it is still an open question whether these plasma undulators can be used as an FEL. In general,
not all undulators are suitable for the onset of the FEL instability. For example, in magnetic undulators matching
and field uniformity are critical. In the case of plasma undulators one of the major challenges is the large radiation
spread caused by varying values of undulator strength K throughout the beam or by strong focusing and hence
large electron beam divergence inside the wakefield, while for the FEL process to develop a very narrow band-
width is required®!®. Another challenge is that the phase slippage between the electrons and the wakefield limits
the length of a plasma undulator. Furthermore, it is not generally the case in plasma undulators that the electron
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Figure 1. Schematic of the plasma channel undulator. As an example, three y-polarized Hermite-Gaussian
modes, |0, 0), |0, 1), and |1, 0), propagate in a matched parabolic plasma channel. In both the (x, z) plane and
the (, z) plane, the profile of the total intensity oscillates with a wavelength proportional to the Rayleigh length
of the pulse, and can be controlled by choosing the mode numbers. The ellipticity of the laser pulse oscillations
can be controlled by the phase difference between the modes |0, 1) and |1, 0). The focusing fields of the induced
plasma wakefield serve as an undulator. Electrons injected into the wakefield will experience undulator
oscillations and emit bright radiation.

trajectories are independent of the injection positions. We show for the first time that a solution exists for a
plasma undulator that meets the stringent conditions required for the FEL lasing.

Here we propose a phase-locked plasma undulator created by the wakefields of a combination of high-order
laser modes propagating in a parabolic plasma channel. We demonstrate that the undulator fields can be made
uniform along the transverse direction by choosing appropriate intensities of the laser modes. This enables all
the electrons to oscillate with the same strength parameter K on the order of unity for a few tens of undulator
periods. The plasma density in the channel can be tapered to lock the phase between the electrons and the
wakefield, which significantly increases the number of electron oscillations, i.e. the total undulator length. As
a result, X-ray radiation with high brightness and narrow bandwidth is generated when a high-energy electron
beam is injected into the present plasma undulator. The beam loading limit indicates that the current of the
beam can reach approximately 0.3 kilo- Ampere for typical laser-plasma parameters. These properties imply that
such a plasma undulator is a miniaturised electron device naturally matching the extremely compact scale of
a plasma accelerator, similar in significance to the recent breakthrough development of plasma lenses?*%’, and
plasma accelerator staging?®?, and may have great potential in incoherent XUV and X-ray sources or future
compact FELs.

Results

Principles of the plasma channel undulator. Laser pulse guiding for distances much larger than the
Rayleigh length of the laser pulse are necessary in LPAs for achieving GeV level of electron energy. Typically a
plasma channel that has a parabolic (or close to parabolic) transverse density distribution is used in LPA experi-
ments for laser guiding®. For laser power below the critical power!'8, laser pulses with transverse profile given by
Hermite-Gaussian (or Laguerre-Gaussian) modes will propagate inside the channel without changing their trans-
verse shape given that their spotsize is matched to the channel radius. Plasma undulator can be generated by
propagating a mixture of different Hermite-Gaussian laser modes in a matched plasma channel, as shown by the
schematic in Fig. 1. An oscillatory behaviour of intensity envelope appears when the modes with the same polar-
ization co-propagate in the plasma channel, since the phase velocities for different modes are dependent on the
mode numbers. For example, the wavelength of the oscillations of the total intensity of a mixture of two modes
|mqg, po) and |my, p,) is 2w Zy/|(my + py) — (m, + p;)|*!, where the quantum ket notation |m, p) indicates a Hermite-
Gaussian mode with an order number m in x direction and an order number p in y direction, and Z, = 7wy/\;
is the Rayleigh length with w, the laser spot size and A the wavelength of the laser pulses, which is assumed to be
the same for all the modes. It is also important to mention that to obtain the desired undulator fields one has to
create an asymmetric initial transverse intensity distribution of the modes mixture, which is achieved by mixing
even and odd mode numbers. The wakefield generated by the two modes will also oscillate while propagating in
the channel, which provides an additional control of the focusing field. Consider a two-dimensional case, then the
transverse wakefield generated by two y-polarized modes m, and m, can be expressed as (see Methods for the
calculation of the wakefield)

_ ECldagx n 4a, cos z(my — m,)
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where (=z—ct,C = (J7 kPL/4)exp( —k;L2/4), E,= meczkp/ e, L is the laser pulse longitudinal length, kp is the
plasma wave number, e is the electron charge, m, is the electron mass and c is the light speed in vacuum. As can
be seen from equation (1), the transverse wakefield is separated into two parts: the betatron part which is linearly
proportional to the transverse coordinate x, and the undulator part which is a simple cosine function of the lon-
gitudinal coordinate z. The strengths of these two parts o5 and «, are determined by both the laser modes inten-
sities and order numbers. Electrons with Lorentz factor -, injected in such a wakefield will experience two kinds
of oscillations: betatron oscillations with a wave number k; = . / 4lag|C/ yows and undulator oscillations with a
wave number k, = |m, — m,|/Z. Such a plasma wakefield structure serves as an undulator (or wiggler) and leads
to electron oscillations and generation of synchrotron radiation. In contrast to the plasma undulator generated by
an off-axis injected laser pulse??, in which case it is difficult to suppress the strong focusing field (large o), in the
plasma undulator created by high-order modes one can eliminate the betatron part by choosing appropriate laser
intensities a,, and a,, to satisfy a ;=0 in equation (2). Physically, the focusing field disappears because the sum of
the intensities of the two modes keeps constant near the axis, and thus the transverse gradient of the potential
reduces to zero. As a result, electrons injected into such a particular wakefield will oscillate only with the undula-
tor frequency k,. This significantly enhances the undulator radiation, which is more interesting because its energy
can be located in the soft or even hard X-ray range and its radiation bandwidth is very narrow. It is also worth
noting that the undulator strength parameter here K=4mwCc,w,/ A, is independent of the electron transverse
positions, unlike the typical betatron case®-'**. This property is helpful for decreasing the undulator radiation
bandwidth, which should be smaller than the Pierce parameter p for the FEL application®®1°.

Electron dynamics and radiation. The transverse electric field experienced by the electrons and the tra-
jectories of test electrons from 2D PIC simulations are presented in Fig. 2(a). In the simulation, the fundamental
Gaussian mode (a,=0.14) and the first-order Hermite-Gaussian mode (a, =0.1) co-propagate in a matched
plasma channel. Detailed parameters are given in the Methods. One can see that the transverse field is periodic
with time and almost uniform in transverse coordinate x in a range of 2\;, analogous to the distribution of the
magnetic field in a magnetic undulator®”. The trajectories of the test electrons are almost the same, although they
are injected into the undulator with different initial transverse positions, which is completely different from the
case of electrons undergoing betatron oscillations in a plasma wakefield®-'. As a result, the on-axis radiation
spectra of the test electrons, shown in Fig. 2(b) are almost identical. The frequency of the first harmonic of the
on-axis radiation is located at w = 27w, /(1 + K*/2) ~ 1900 w;, where K=0.44 is the strength parameter and
w, = ¢/Zy is the undulator frequency, corresponding to approximately millimeter undulator period. For A\, =1
pm, the radiation wavelength is 0.5 nm, which is in the soft x-ray range. Theoretically, higher photon energies,
even reaching the hard X-ray region, can be achieved by co-propagating even higher order modes together with
the fundamental Gaussian mode. The undulator strength parameter K can be increased by changing the intensi-
ties of the laser pulses. In the above discussions the injected electrons are assumed to be locked at a certain phase.
However, such condition can not be satisfied in most cases, because the injected high-energy electrons always run
faster than the wakefield, which is referred to as dephasing in laser wakefield acceleration'®. For an electron ini-
tially injected into the phase k,(= —57/2, its phase will slip forward to k,{ = —27 after a dephasing length L. For
a highly relativistic electron v, ~ ¢ traveling in a plasma channel, the dephasing length is given by L, = A,/

[4(1 —v,/c)], where v, = c/\/ 1 - w; Jw} — (4c*)/(wiwg) is approximately the phase velocity of the plasma wave,
w is the laser frequency, w, is the plasma frequency and A, is the plasma wavelength. In the simulation presented
in Fig. 2, the on-axis plasma density is 7,0 = 0.001 . and electron initial energy -, = 1000, leading to the dephas-
ing length L, ~ 5000;. Dephasing sets a limitation to the number of undulator periods and, hence, reduces the
radiation brightness. Moreover, varying of the electron energy broadens the radiation spectrum. This could be a
limitation should this undulator be used for a compact FEL. In order to avoid dephasing and obtain radiation
with high brightness and narrow-band spectrum, it is necessary to lock the phase of the electrons in the wakefield.
In this work, phase-locking by longitudinally tapering the plasma channel is used (see Methods)®. As the elec-
trons slip forward with respect to the driver laser pulses, the plasma density is increased, reducing the plasma
wavelength and maintaining the phase of the electrons inside the plasma wave bucket.

We now investigate the dynamics of an electron beam propagating in the phase-locked plasma undulator.
Parameters of the electron beam can be found in the Methods. The evolution of the beam is shown in Fig. 3(a). One
can see that the beam keeps a constant radius while oscillating in the undulator with the wavelength ). Because the
plasma channel has been tapered to lock the phase of the beam in the wakefield, the electron beam can stably prop-
agate in the undulator for approximately 20000 \;, corresponding to the number of undulator periods N, = 20. The
radiation spectrum emitted by the beam is shown with the red solid line in Fig. 3(b). The spectrum bandwidth is as

narrow as 6%, which is very close to the theoretical bandwidth \/ (I/Nu)2 + (2 Ay/ 70)2 + (70A0)4 /163, where
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Figure 2. Distribution of the undulator field, test electron trajectories and their on-axis radiation spectrum. (a)
The distribution of the transverse electric field normalized by mc’k,/e in the space (x, ct) for a fixed position
k,(=—5m/2. The wakefield is created by two linearly polarized modes m, =0 and m, = 1, with intensities
ay=0.14 and a, =0.1, spot radius w, =7\, and duration 7= 15T}, in a plasma channel with an on-axis density
of 0.0017,, where n, = m,w?/(4me>)is the critical plasma density with w; the laser frequency. The blue lines
represent the trajectories of the test electrons. (b) The corresponding on-axis radiation spectra for the test
electrons with different initial transverse positions. Only the first harmonic is considered here.

A~y >~ 2.35 g is the FWHM electron beam energy spread, and Af ~ 2.35 g, is the FWHM electron beam angular
spread. Also minor betatron radiation located at w = 400w; can be seen in the spectrum, which comes from the
electrons far from the axis where c; = 0. The radiation of an electron beam in an untapered plasma channel is also
presented with the blue dash-dot line in Fig. 3(b). The spectrum exhibits a two-peak structure with a larger band-
width and a much lower brightness. This is because the un-phase-locked electrons oscillate in two different plasma
wave buckets, then escape from the undulator with an angle and become lost finally. As we stated before, higher
frequency radiation can be obtained by using higher order mode mixed with the fundamental mode. The green
dashed line in Fig. 3(b) shows the radiation spectrum of the same electron beam in an undulator generated by
modes m, = 0 and m, = 3. One can see that the central frequency of the radiation has increased to 5750 w;, which
is approaching the hard X-ray region. The bandwidth becomes even narrower because the electron beam experi-
ences more undulator periods during the same propagation length.

It should be mentioned that tapering does not remove the mode slippage that appears due to different group
velocities of the laser modes, and can become a main factor limiting the total undulator length. One can estimate
the mode slippage length as the length it takes for two modes with numbers m, and m, to be separated by the
longitudinal length L of each of the modes; hence, the mode slippage lengthis L, ; ~ L(k;w)*/(2|m, — my)). For
the parameters of our simulations, this estimate gives the mode slippage length roughly equal to 14 mm, close to
the 20 mm slippage length obtained from the numerical simulations. One solution for increasing the mode slip-
page length and extending the overlap of the laser modes is to employ longer pulses albeit with higher intensities.
For the applications in FELs, the required number of periods is on the order of 1/p (p ~ 0.001), which is still
much larger than that of the plasma undulator. A multiple-stage scheme could be considered to extend the num-
ber of periods. In Fig. 4(a) a schematic for a staged plasma undulator system is presented. The electron beam from
the first undulator is transported to the second undulator by a discharge capillary, which acts as an active plasma
lens?>?8. An azimuthal focusing magnetic field is produced when an axial discharge current is introduced in the
gas-filled capillary. It was reported that the field gradient could be larger than 3000 T/m?, enabling cm-scale focal
length for GeV-level beam energies. The second undulator can be excited by the second pair of high-order laser
modes reflected by a tape-based plasma mirror?. The trajectory of the electron beam in the two-stage plasma
undulator obtained from PIC simulations is presented in Fig. 4(b). Each stage has 18 periods. Such a two-stage
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Figure 3. Trajectory and radiation spectrum of the electron beam propagating through the plasma
undulator(s). (a) The trajectory of the beam in the plasma undulator. The electron density of the beam has

been normalized. The parameters of the laser pulses and plasma are the same as in Fig. 2 except that the plasma
density has been tapered to lock the phase of the electrons inside the plasma wakefield. (b) The on-axis radiation
spectra of the electron beam with taper (red solid line) and without taper (blue dash-dot line) using modes m, =
0 and m, = 1. The green dashed line corresponds to the case of the modes m, = 0 and m, = 3 with taper. (c) The
on-axis radiation spectra from a single undulator (red line) and two phase-matched undulators (magenta line).

undulator also works in a 3D geometry, as shown by the typical trajectories of one electron in a linear undulator
(Fig. 4(c)) and in a circular undulator (Fig. 4(d)). An important point that should be mentioned here is that in
order to preserve the phase of the electrons with respect to the radiation field, one needs to carefully design the
distance between the two undulators. For an electron with a gamma factor of -y, the phase shift after alength L in
the radiation field is 5 = L/(27;). For proper phase matching & should be an integral multiple of the radiation
wavelength . For our case here, 7, = 1000 and A = 0.53 nm, the required distance is L = 1.061 mm, where 7)is an
integer. In the simulation we choose L = 1.06 mm and get the on-axis radiation for an electron beam, as shown in
Fig. 3(c). The radiation brightness in a two-stage phase-matched undulator is almost 4 times higher than in a
single undulator. Also the bandwidth decreases from 6% to 3%. Such a multi-stage scheme provides the possibil-
ity to realize an FEL by employing many segments of plasma undulator.

Radiation polarization control. The polarization control of the X-ray is motivated by the applications
in studying the dynamics of magnetization®® and polarization-dependent X-ray absorption spectroscopy™. For
the present plasma undulator, the flexibility of the radiation polarization can be achieved by controlling the laser
pulse phases. Consider three Hermite-Gaussian modes in a three dimensional geometry, |0, 0), |0, 1) and |1, 0),
propagating in a matched plasma channel. The mixture of modes |0, 0) and |1, 0) makes the laser pulse oscillate
in the x direction, while |0, 0) and |0, 1) leads to oscillations in the y direction. Different phases of these two
orthogonal oscillations, determined by the phase difference of the two modes |0, 1) and |1, 0), and assuming that
the amplitudes of these two modes are the same, control the polarization of the laser pulse centroid oscillation,
and, hence, the polarization of the wakefield, electron oscillations, and radiation. Figure 5 shows the 3D PIC sim-
ulation results of the spatial distribution and polarization distribution of the radiation for the circular and linear
polarization cases. Schematically the circular polarization case is presented in Fig. 1. When ¢y, — ¢,y = £7/2, the
far field of the radiation concentrates in a circular region with a radius less than one milliradian. Here ¢, and ¢,
indicate the phase of the mode |0, 1) and |1, 0), respectively. According to Fig. 5(b), on-axis the radiation is almost
perfectly circularly polarized, while it becomes elliptically polarized when the angle 6 between the observer and
the z axis increases. Finally, at § = 1/+,, the radiation is linearly polarized.

When ¢y — ¢, =0 or 7, the radiation is linearly polarized, as shown in Fig. 5(d). The spatial distribution also
demonstrates a linear structure in Fig. 5(c). In general, fine tunability of the distribution of the radiation intensity
and polarization can be obtained by controlling the phases between the modes.
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Figure 4. Staging of two plasma undulators using a plasma lens. (a) Scheme of two-stage undulator system.
The electron beam from the first undulator is transported to the second undulator by a plasma lens. The
second plasma undulator is created by the second pair of high-order laser modes which are injected via a
plasma-mirror tape. The distance of the two undulators is carefully designed to preserve the optical phase of
the electrons. (b) The trajectory of an electron beam in the two-stage plasma undulator. Each undulator has 18
periods. (c) A typical trajectory of an electron in a 3D two-stage linear undulator. (d) A typical trajectory of an
electron in a 3D two-stage circular undulator.

Beam loading limit and radiation brightness. A high current electron beam is beneficial for the FEL
process'>*2. For the plasma undulator, one needs to consider the beam loading limit since the electron beam
will generate its own wakefield when propagating in the plasma?®”*. This undesirable wakefield will affect the
wakefield generated by the laser pulses, and can even destroy the undulator if it is strong enough. The beam-driven
wakefield is zero at the head of the bunch and increases toward the tail. To avoid the breakdown of the undulator,
the amplitude of the wakefield generated by the bunch should be smaller than that generated by the laser pulses
at the bunch tail. For an electron bunch with Heaviside step-function profiles in radial and axial directions, the
beam loading density limit, i.e., when the beam-driven wake amplitude equals the amplitude of the laser-driven
transverse wakefield, can be written as (see Methods)

4 Ca,
) Mo
kpworb(l - coskab)Kl(kprb)Il(kprb) (4)

My

where I; and K are the first-order modified Bessel function of the first and second kind, n,,, is the on-axis plasma
density, r,, is the transverse radius of the bunch and L, is the longitudinal length of the bunch. As an example, in a
plasma undulator created by a fundamental Gaussian mode and a first-order Hermite-Gaussian mode with a, =

0.1,ay=.2a,,C=038, )\, =1 um, wy=7 pm, r, = 0.5 um, L, = 1 pm, fy0 = 0.001n,, the limit of the electron
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Figure 5. Distributions of the radiation intensity and polarization. The spatial distribution (a) and polarization
distribution (b) of circularly polarized radiation generated when the phase difference between the modes |0,1)
and [1,0) is 71/2. (c) and (d) are the spatial distribution and polarization distribution, respectively, for the linearly
polarized radiation, generated when the phase difference between the two modes is 0. In figures (a) and (c), the
unit of the polar angle ¢ is milliradian, while the unit of the azimuthal angle ¢ is degree. In figures (b) and (d)
the color-coded image represents the normalized energy-angular spectrum, while the contour lines represent
the radiation ellipticity, with ellipticity equal to 1 corresponding to circular polarization and 0 corresponding to
linear polarization.

density n, is 161,. Figure 6(a) plots different radiation spectra for different bunch densities. When the bunch
density approaches the density limit, the undulator radiation becomes weaker as the undulator is suppressed. To
keep a high performance of the plasma undulator, the applicable electron bunch density can be chosen as around
1% of n,, as shown in Fig. 6(a). Theoretically, by the choice of the undulator parameters and electron bunch shap-
ing, the current can approach kA limit. For instance, with the same parameters stated above but higher laser
intensities of @, = 1.0 and a, = ~/2, the 1% of the beam loading limit 71, reaches 0.008,, which corresponds to an
electron number of 0.6 x 107 and a current of 0.3KkA.

From the simulation, one can obtain the peak energy radiated per unit solid angle per unit frequency interval
d’1/dwdQ =10~% J/Hz for one electron. Then the brightness of the radiation emitted by the electron beam in the
simulation can be estimated as 10" photons/(s mrad> mm? 0.1%BW), while the electron bunch density here is
0.01 1,9 (see Methods for the calculation of the electron radiation). When the bunch density increases to 0.167,,
(1% of ny,), the radiation brightness increases to 7 x 10'° photons/(s mrad?> mm? 0.1% BW). The dependence of
the brightness on the laser intensity is presented in Fig. 6(b), where the bunch density is chosen as 1% of n,,. With
laser pulses with amplitudes a, = 1 and a, = +/2, the peak brightness of the undulator radiation is about 1022
photons/(s mrad? mm? 0.1% BW).

Discussion
It is interesting to compare the main parameters of a permanent magnetic undulator, a plasma undulator and an RF
undulator (see Table 1). Plasma undulator has a notably shorter period (about 1 mm or even less by using higher
modes) as compared to the other two, whose period is typically more than 10 mm. The undulator strength param-
eter K of the plasma undulator can be tuned in a broad range by changing the laser normalized intensity a, of the
laser pulse. The main disadvantage of a plasma undulator is the number of periods per segment which is around
20, while the number is on the order of 100 for a magnetic or an RF undulator. Thus a multi-stage scheme (Fig. 4) is
very important for the FEL instability to develop. It should be mentioned that when we calculate the shortest wave-
length of the radiation from a plasma undulator, we use the highest energy of electrons from an LPA at present?.
It is also very interesting to calculate the FEL parameters for the plasma undulator. The ideal 1D power gain
length can be calculated by L, = )\u/(47rﬁ), where p = 1.78 x IO_SAMZB)\um[cm] 1121/3[cm_3]/’y0 is the Pierce
parameter, A, = K[Jo(x) — J,(x)1/+/2 with x = K%/(4 + 2K?), K is the strength parameter and J, J, are the Bessel
functions of the first kind. Using the parameters in the simulation, A, = 0.97 mm, 7, = 1000, K = 0.44, n, = 0.001
% 10*" cm™?, we get p = 1.7 x 107 and Ly, = 27 mm = 27\, which is less than the length of 2 segments of the
present plasma undulator. It should be noted that many effects such as electron beam energy spread and emit-
tance, space charge, finite bunch length and radiation diffraction will increase the gain length up to L, = 2L,
The power of the radiation P oc exp(z/L,) becomes saturated after a saturation length L = 20L,. Therefore, the
length of the present plasma undulator required to reach saturation is roughly L, ~ 1 m, corresponding to N, ~
1000 undulator periods or 50 plasma undulator segments. We can then estimate the peak brightness of FEL radi-
ation after a saturation length as 10> x exp((L, — L,)/L,) =~ 10* photons/(s mrad* mm?* 0.1% BW), where L, is the
length of one undulator.
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Figure 6. Beam loading effect and brightness scaling. (a) The on-axis radiation spectra for different bunch
densities: 1,y = 0.01 1, (red solid line), n,y = 0.1, (blue dashed line), 1, = 0.2 11, (black dotted line), n, =

L n,, (green dash-dot line). (b) The dependence of radiation peak brightness on laser intensity. In the calculation
the electron bunch density has been chosen as 1% of the beam loading limit #,.

The stability of a plasma undulator system is an important issue which should be considered in practical appli-
cations. Since a plasma undulator is essentially a wakefield generated by lasers, the stability of a plasma undulator
is hence strongly dependent on the laser and plasma stability. The period of the plasma undulator is determined
by the laser spot size while the strength parameter K is mainly determined by the laser power and plasma den-
sity. Note that the fluctuation of K caused by the plasma density error is much smaller than that caused by the
laser error when the laser duration is around the optimized value, which can be deduced from the expression of
C parameter in equation (1). Thus the fluctuation of the radiation fundamental wavelength can be expressed as

A \/ [ Sw, ]2
—_ = —_— —+
A w,

SCIENTIFICREPORTS |7: 16884 | DOI:10.1038/s41598-017-16971-5 8

2
2K* 6P

1+ K2 P

>

)




www.nature.com/scientificreports/

Number of periods 50 ~ 200 20~ 30 ~100
Period length 20 ~80mm | ~1mm ~14mm
Strength parameter 0.7~3.0 0.3~3.0 02~0.7
Wavelength range of | 0.05 ~ 0.008 ~ 0.05 ~
potential use* 100nm 100 nm 100 nm
Baqdwldth of on-axis | 1% 5% ~1%
radiation

Table 1. Comparison between a magnet undulator, a plasma undulator and an RF undulator. “The parameters
of a magnet undulator come from FLASH and European XFEL*2. "The parameters of an RF undulator come
from S. Tantawi’s work®’. *The radiation wavelength strongly depends on the beam energy.

where w, is the radius of the laser spot and P is the laser power. For a standalone undulator, its parameters are
quite stable because éw, ~ 0 and 6P ~~ 0 when laser propagating in the underdense plasma. However, for a
multiple-stage scheme, the matching between separate undulators becomes important. Technologically, each laser
pulse driving an undulator should be generated by beam splitters from a single laser pulse, thus ensuring stability.
For the FEL instability to develop, the fundamental wavelength has to be tuned with an accuracy given by 6\/A <
p. Thus stable and precise control of beam splitter mirrors and focus mirrors is important for the FEL instability
to occur, while shot-to-shot laser fluctuations are less critical as they only change the final radiation wavelength.

In conclusion, we have demonstrated a plasma undulator excited by high-order laser modes in a matched
plasma channel, in which high-quality electron beams can make undulator oscillations with a few tens of cycles
and emit bright X-ray radiation with a narrow bandwith. The advantages of the plasma undulator rely on match-
ing the intensity relationship between the modes to suppress the betatron oscillation, and tapering the density of
the plasma channel to lock the phase of the electron beam in the undulator. The polarization of the radiation can
be controlled by changing the phase difference of the modes. The beam loading limit indicates that the tolerated
beam charge can lead to currents as high as 0.3 kA, theoretically approaching the kA level. Such a plasma undula-
tor, together with a laser-plasma accelerator, may open the way to realize an extremely compact FEL.

Methods
Calculation of the wakefield by two modes. The Hermite-Gaussian laser beams are guided in a matched
plasma channel with a parabolic transverse profile as

2
n (r = + An
)=t B ©)

where 7 is the transverse coordinate, n,, is the on-axis electron density, An, = (rr,w3) ' is the critical channel
depth, r, = €?/m,c? is the classical electron radius'®. In 2D, a guided Hermite-Gaussian mode can be expressed as®!

2
a(m)(x) Z) = aimmH )\/_x eXp—x + 10
(m12™) W, Wy (7)
where H,, is the Hermite polynomial of order m and 6, —z/2 k)[K2 4 22 m + 1)/ woz] is the phase, k; is the

laser wave number and k, is the plasma wave number. From the phase 9‘7 one can see that different modes propa—
gate with different phase velocities. The phase speed for a specificmode misv,, /c ~ 1 + [k2 + 2(2m + 1)/wi1/2k}.
Consider two modes with the same linear polarization (y direction) and the same frequency, the total normahzed
intensity reads

(my — m))z
Zy ’

I=aal =|a,, [ +la,,F +2a,,/a ICOS{
}’mo J’ml (8)

One can see that the total intensity oscillates with a wavelength of 2w Z/|m, — m, |. The wakefield generated by the
two modes will also oscillate while propagating in the matched channel. Assuming two modes with mode numbers
my (even) and m, (odd) and with the same Gaussian profiles in all dimensions (i.e., I < exp[—¢ 221%)] exp (— r? w02 )
and g aj < 1, the laser-excited, normalized wake potential is!8

¢(¢, x, z) = —Cajat sin(kpg“), 9)
and
E/E, = -V ¢k, (10)

yielding equation (1). Note that the second and higher order terms are omitted here, which implies that the area
of interest is close to the axis (x? < Wo)
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Particle-in-cell simulations. The simulations have been performed on JURECA® at Jiilich Supercomputing

Centre using 2D/3D PIC code LAPINE®. Two y-polarized laser modes, the fundamental Gaussian mode and the

first-order Hermite-Gaussian mode, propagate into a plasma channel from the left boundary. The normalized peak
v )

intensities are ay = 0.85 x 102,/ I,(W/ cm’ I;(m) = 0.14 for the fundamental Gaussian mode and a, = 0.1 for the
first-order Hermite-Gaussian mode, respectively. The spot radius w, = 7 A}, duration FWHM (full width at half max-
imum) 7= 15 T}, laser wavelength \; = 1 um and laser period T} = 3.33 fs are the same for the both. The transverse
profile of the plasma channel is designed according to equation (6), in order to guide the laser pulses. The plasma
density along the propagation axis is 1, = 0.001n,, where n, = mwil(4me”) = 1.1 x 10*'\;(um)/cm’ is the criti-
cal density. Test electrons with -y, = 1000 are injected into the plasma channel at a longitudinal position with phase
k,¢ = —5/2. For the electron beam, the transverse density distribution is n,(x) = n,, exp(—x°/20;) with 7, = 0.5
pmand 1,5 = 0.01 1., and the density distribution in the momentum space isn(p, /m,c) = my expl—(p./ mec)z/Za;x
with ,,, = 0.05, corresponding to normalized emittance €, = 0.025 um. The rms energy spread of the électron beam
is 0,/ = 1% with y, = 1000. The density distribution of the electron beam in longitudinal direction is uniform with
alength of L, = 1 ym. In the 2D simulations, a moving window consisting of 600(x) x 1800(z) grids with 9 electrons
and 9 protons per cell is used to follow the long-distance propagation. The resolutions are dx = 0.1 A, and dz =
0.05 \;. In the 3D simulations, the laser pulse mixture propagates only 2700 laser periods because of the limitation
due the computing time. The size of the simulation box is 30\ (x) x 30A;(y) % 90\, (z) corresponding to grids 150(x)
x 150(y) x 900(z), with 8 macro-particles per cell for the background plasma and 64 macro-particles per cell for the
injected electrons.

In the plasma channel, to maintain a constant phase in the transverse field the plasma density has been tapered

as33

dyfnyln. ”po/”c[ 1 Mo/ 1,

d(z/ ;) 9ol | 2720w/ A\ 4 [ a1
where 1, = k,((z = 0, t = 0) is the initial phase.

Calculation of the wakefield by an electron beam. According to the theory of beam-driven plasma
wakefield*”%, the transverse field excited by an electron beam with a number density n,(r, ¢) = n,e)(r)f({) can
be expressed as

¢ 00
WL(r, ¢) = 4 mek,my fo dc’ fo Fr 8, L (k,r K (ke )f (Csink, (¢ — O), 12

where I, and K] are the first-order modified Bessel function of the first and second kind, #(r) and f{() are the density
profiles in radial and axial directions, respectively, r - = min(r, ) and r . = max(r, r). For a electron bunch with
Heaviside step-function profiles in both radial and axial directions, 1(r) = H(r, — r), f({) = H(—QH(C + L),
ry is the radius of the electron bunch and L, is the longitudinal length of the electron bunch, the radial wakefield in
the body of the bunch (r < r,, —L, < { < 0) can be written as

n
W, (r, ¢) = Egk,n,2(1 — cosk,O)I(k,n)Ky(k,r;)-
Mpo (13)
Let the amplitude of W equal to the amplitude of the transverse wakefield in equation (1), one can obtain the
beam loading limit in equation (4).
Calculation of the electron radiation.  The radiation is calculated using the trajectories from PIC simula-
tions. We computed the radiation spectra in the far field by*!

2

& I n x (0 = B) *x B jue-nrioy,
3 =3 ¢

dw dQ) 16 m7gyc | V- (a —5")2 (14)
The radiation spectra of the electron beam is calculated by incoherent adding all the spectra of the 1100

macro-particles. The estimation of the radiation peak brightness [in unit of photons/(s mrad* mm?0.1% BW)] is

as follows. We first multiply the term d2N,;,/dw dQ of one electron by the total electron number 1,77, L, in the

bunch, then we divide it by the bunch duration L,/c and the sectional area 777, and then multiply it by 0.1% BW

and 107 due to conversion from square radians to squared milliradians.

Data availability. The data that support the findings of this study are available from the corresponding
authors upon request.

References

1. Neutze, R,, Wouts, R., van der Spoel, D., Weckert, E. & Hajdu, J. Potential for biomolecular imaging with femtosecond X-ray pulses.
Nature 406, 752-757 (2000).

2. Rousse, A. et al. Non-thermal melting in semiconductors measured at femtosecond resolution. Nature (London) 410, 65 (2001).

3. Kern, J. et al. Taking snapshots of photosynthetic water oxidation using femtosecond X-ray diffraction and spectroscopy. Nat.
Commun. 5,4371 (2014).

4. Bilderback, D. H., Elleaume, P. & Weckert, E. Review of third and next generation synchrotron light sources. J. Phys. B: At. Mol. Opt.
Phys. 38, 8773-S797 (2005).

SCIENTIFICREPORTS |7: 16884 | DOI:10.1038/s41598-017-16971-5 10



www.nature.com/scientificreports/

5. Pellegrini, C., Marinelli, A. & Reiche, S. The physics of x-ray free-electron lasers. Rev. Mod. Phys. 88, 015006 (2016). and references therein.
6. Ackermann, W. et al. Operation of a free-electron laser from the extreme ultraviolet to the water window. Nat. Photon. 1, 336-342 (2007).
7. Emma, P. et al. First lasing and operation of an dngsrtom-wavelength freeelectron laser. Nat. Photon. 4, 641-647 (2010).
8. Esarey, E., Shadwick, B. A., Catravas, P. & Leemans, W. P. Synchrotron radiation from electron beams in plasma-focusing channels.
Phys. Rev. E 65, 056505 (2002).
9. Kiselev, S., Pukhov, A. & Kostyukov, I. X-ray Generation in Strongly Nonlinear Plasma Waves. Phys. Rev. Lett. 93, 135004 (2004).
10. Rousse, A. et al. Production of a keV X-Ray beam from synchrotron radiation in relativistic laser-plasma interaction. Phys. Rev. Lett.
93, 135005 (2004).
11. Malka, V. et al. Principles and applications of compact laser-plasma accelerators. Nat. Phys. 4, 447-453 (2008).
12. Schlenvoigt, H.-P. et al. A compact synchrotron radiation source driven by a laser-plasma wakefield accelerator. Nat. Phys. 4,
130-133 (2008).
13. Fuchs, M. et al. Laser-driven soft-x-ray undulator source. Nat. Phys. 5, 826-829 (2009).
14. Kneip, S. et al. Bright spatially coherent synchrotron X-rays from a table-top source. Nat. Phys. 6, 980-983 (2010).
15. Corde, S. et al. Femtosecond x rays from laser-plasma accelerators. Rev. Mod. Phys. 85, 1-48 (2013).
16. Schnell, M. et al. Optical control of hard X-ray polarization by electron injection in a laser wakefield accelerator. Nat. Commun. 4,
2421 (2013).
17. Tajima, T. & Dawson, J. M. Laser Electron Accelerator. Phys. Rev. Lett. 43, 267 (1979).
18. Esarey, E., Schroeder, C. B. & Leemans, W. P. Physics of laser-driven plasma-based electron accelerators. Rev. Mod. Phys. 81,
1229-1285 (2009).
19. Bucksbaum, P. H. & Berrah, N. Brighter and faster: The promise and challenge of the x-ray free-electron laser. Phys. Today 68, 26-32
(2015).
20. Joshi, C., Katsouleas, T., Dawson, J. M., Yan, Y. T. & Slater, J. M. Plasma wave wigglers for free-electron lasers. IEEE J. Quantum
Electron. 23,1571-1577 (1987).
21. Andriyash, I. A. et al. An ultracompact X-ray source based on a laser-plasma undulator. Nat. Commun. 5, 4736 (2014).
22. Rykovanov, S. G., Schroeder, C. B., Esarey, E., Geddes, C. G. R. & Leemans, W. P. Plasma undulator based on laser excitation of
wakefields in a plasma channel. Phys. Rev. Lett. 114, 145003 (2015).
23. Rykovanov, S. G. et al. Tunable polarization plasma channel undulator for narrow bandwidth photon emission. Phys. Rev. Accel.
Beams 19, 090703 (2016).
24. Chen, M. et al. Tunable synchrotron-like radiation from centimeter scale plasma channels. Light: Science & Applications 5, e16015
(2016).
25. Tilborg, J. V. et al. Active Plasma Lensing for Relativistic Laser-Plasma-Accelerated Electron Beams. Phys. Rev. Lett. 115, 184802
(2015).
26. Thaury, C. et al. Demonstration of relativistic electron beam focusing by a laser-plasma lens. Nat. Commun. 6, 6860 (2015).
27. Kuschel, S. et al. Demonstration of passive plasma lensing of a laser wakefield accelerated electron bunch. Phys. Rev. Accel. Beams 19,
071301 (2016).
28. Steinke, S. et al. Multistage coupling of independent laser-plasma accelerators. Nature 530, 190 (2016).
29. Chou, S. et al. Collective Deceleration of Laser-Driven Electron Bunches. Phys. Rev. Lett. 117, 144801 (2016).
30. Leemans, W. P. et al. Multi-GeV Electron Beams from Capillary-Discharge-Guided Subpetawatt Laser Pulses in the Self-Trapping
Regime. Phys. Rev. Lett. 113, 245002 (2014).
31. Cormier-Michel, E. et al. Control of focusing fields in laser-plasma accelerators using higher-order modes. Phys. Rev. ST Accel.
Beams 14, 031303 (2011).
32. Schmiiser, P,, Dohlus, M. & Rossbach, J. Ultraviolet and Soft X-Ray Free-Elecron Lasers (Springer, Berlin, 2008).
33. Rittershofer, W., Schroeder, C. B., Esarey, E., Griiner, E J. & Leemans, W. P. Tapered plasma channels to phase-lock accelerating and
focusing forces in laser-plasma accelerators. Phys. Plasmas 17, 063104 (2010).
34. Thompson, A. et al. X-Ray Data Booklet 3rd edn (Lawrence Berkeley National Laboratory, Berkeley, California, 2009).
35. Stohr, J. NEXAFS Spectroscopy (Springer, 1992).
36. Lamberti, C. et al. Oxide/metal interface distance and epitaxial strain in the NiO/Ag(001) system. Phys. Rev. Lett. 91, 046101
(2003).
37. Katsouleas, T., Wilks, S., Chen, S., Dawson, ]. M. & Su, J. J. Beam loading in plasma accelerators. Part. Accel. 22, 81-99 (1987).
38. Keinigs, R. & Jones, M. E. Two-dimensional dynamics of the plasma wakefield accelerator. Phys. Fluids 30, 252 (1987).
39. Forschungszentrum Jiilich. JURECA: General-purpose supercomputer at Jillich Supercomputing Centre. Journal of large-scale
research facilities, 2, A62 (2016).
40. Xu, H. et al. Parallel programming of 2 1/2-dimensional PIC under distributed-memory parallel environments. Chin. J. Comput.
Phys. 19 305 (in Chinese) (2002).
41. Jackson, J. D. Classical Electrodynamic 3rd edn (Wiley, 2002).
42. Available at https://flash.desy.de/ and http://www.xfel.eu/overview/facts_and_figures/.
43. Tantawi, S. et al. Experimental Demonstration of a Tunable Microwave Undulator. Phys. Rev. Lett. 112, 164802 (2014).

Acknowledgements

We are grateful to Eric Esarey, Cameron Geddes, Wim Leemans, Vasily Kharin, Sizhong Wu, Bifeng Lei for
fruitful discussions. This work was supported by the Helmholtz Association (Young Investigators Group VH-
NG-1037) and in part by the NSFC (11674341). Work at LBNL was supported by the Director, Office of Science,
Office of High Energy Physics, of the U.S. Department of Energy under Contract No. DEAC02-05CH11231. The
authors gratefully acknowledge the computing time granted by the John von Neumann Institute for Computing
(NIC) and provided on the supercomputer JURECA at Jiilich Supercomputing Centre (JSC).

Author Contributions

All authors designed the concept. . W.W. carried out the simulations and calculations, and drafted the manuscript.
S.G.R, M.Z,R.L. and C.B.S. contributed to analysing of the results and writing of the manuscript. All authors
discussed the results and commented on the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-017-16971-5.
Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

SCIENTIFICREPORTS |7: 16884 | DOI:10.1038/s41598-017-16971-5 11


https://flash.desy.de/
http://www.xfel.eu/overview/facts_and_figures/
http://dx.doi.org/10.1038/s41598-017-16971-5

www.nature.com/scientificreports/

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
CE ] icense, which permits use, sharing, adaptation, distribution and reproduction in any medium or

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS |7: 16884 | DOI:10.1038/s41598-017-16971-5 12


http://creativecommons.org/licenses/by/4.0/

	Plasma channel undulator excited by high-order laser modes

	Results

	Principles of the plasma channel undulator. 
	Electron dynamics and radiation. 
	Radiation polarization control. 
	Beam loading limit and radiation brightness. 

	Discussion

	Methods

	Calculation of the wakefield by two modes. 
	Particle-in-cell simulations. 
	Calculation of the wakefield by an electron beam. 
	Calculation of the electron radiation. 
	Data availability. 

	Acknowledgements

	Figure 1 Schematic of the plasma channel undulator.
	Figure 2 Distribution of the undulator field, test electron trajectories and their on-axis radiation spectrum.
	Figure 3 Trajectory and radiation spectrum of the electron beam propagating through the plasma undulator(s).
	﻿Figure 4 Staging of two plasma undulators using a plasma lens.
	﻿Figure 5 Distributions of the radiation intensity and polarization.
	Fi﻿gure 6 Beam loading effect and brightness scaling.
	Table 1 Comparison between a magnet undulator, a plasma undulator and an RF undulator.




