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Abstract
Motivation: Recognizing cause–effect relationships is a fundamental inquiry in science. However, current causal inference methods often 
focus on directionality but not statistical significance. A ramification is chance patterns of uneven marginal distributions achieving a perfect di
rectionality score.
Results: To overcome such issues, we design the uniform exact function test with continuity correction (UEFTC) to detect functional depen
dency between two discrete random variables. The null hypothesis is two variables being statistically independent. Unique from related tests 
whose null populations use observed marginals, we define the null population by an embedded uniform square. We also present a fast 
algorithm to accomplish the test. On datasets with ground truth, the UEFTC exhibits accurate directionality, low biases, and robust statistical be
havior over alternatives. We found nonmonotonic response by gene TCB2 to beta-estradiol dosage in engineered yeast strains. In the human 
duodenum with environmental enteric dysfunction, we discovered pathology-dependent anti-co-methylated CpG sites in the vicinity of genes 
POU2AF1 and LSP1; such activity represents orchestrated methylation and demethylation along the same gene, unreported previously. The 
UEFTC has much improved effectiveness in exact model-free function inference for data-driven knowledge discovery.
Availability and implementation: An open-source R package “UniExactFunTest” implementing the presented uniform exact function tests is 
available via CRAN at doi: 10.32614/CRAN.package.UniExactFunTest. Computer code to reproduce figures can be found in supplementary file 
“UEFTC-main.zip.”

1 Introduction
Causality is central to scientific inquiries, such as in biology 
and medicine. Knowing cause and effect allows one to char
acterize mechanisms. Mutations in BRCA1 and BRCA2 
genes are causative factors for breast and ovarian cancers 
(Venkitaraman 2014). DNA methylation affects European 
lobster ageing (Fairfield et al. 2021), but not the other way 
round. Ageing and inflammation are highly correlated 
(Chung et al. 2009), yet how they are causally related 
remains unanswered (Jenny 2012, Pezone et al. 2023).

In contrast to experimental approaches that learn causality 
by perturbation, statistical causal inference often applies the 
causality-by-functionality principle (Simon and Rescher 
1966) to observational studies. Conditional entropy (CE) is 
the expected Shannon entropy of discrete random variable Y 
given discrete random variable X (Shannon 1948). CE has 
been used for model-free function inference, without assum
ing a parametric form: it is minimized to zero if and only if Y 
is a function of X. Its critical weakness is optimality on both 
constant and nonconstant functions. Evidently, a constant 
function does not support a causal relationship. For this rea
son, CE is not routinely used in statistical practice, though 
widely covered in textbooks. Other approaches attempt to 
improve. The fraction of information (FOI) (Cavallo and 

Pittarelli 1987) evaluates Y’s entropy change given X. 
Goodman–Kruskal’s tau (GKT) (Goodman and Kruskal 1963) 
is the proportion of Y’s variability explained by X. Still, these 
effect-size quantities, more mathematical than statistical, are 
insufficient to answer how likely the quantities are observed if 
X and Y are independent. They tend to exaggerate a chance 
functional pattern with nonuniform marginals.

On the other hand, statistically equipped association test
ing such as Pearson’s chi-squared test (Pearson 1900), 
Fisher’s exact test (Fisher 1922), and G-test (Woolf 1957) is 
symmetrical and thus cannot infer function direction. 
Additionally but importantly, they use a null population 
whose marginal distributions follow the observed contin
gency table formed by X and Y. In modern applications 
where numerous tables have to be prioritized, P-values 
of tables from such a test are not comparable, because each 
P-value is relative to a specific null population, leading to 
increased false positives promoted by nonuniformity in 
table marginals.

Recent efforts start to improve model-free function inference. 
The functional chi-squared test (FunChisq or FC) (Zhang and 
Song 2013) uses a null population with the observed marginal 
for X and the uniform marginal for Y to establish a null distri
bution where statistical significance can be approximated. 
However, FC is biased to landscape tables (Y having more 
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discrete levels than X) over portrait tables (Y having fewer dis
crete levels than X). Using FC’s test statistic, the exact function 
test (EFT) derives an exact null distribution with its null popu
lation defined by observed marginal counts (Zhong and Song 
2018). Although EFT does not present strong table-shape 
biases, it tends to be equivocal about directionality. 
Adjustments on FC’s test statistic have been made to correct 
such biases (Kumar and Song 2022), but the P-value calcula
tion remains inexact.

To overcome these challenges, we introduce the uniform 
exact function test with continuity correction (UEFTC) to in
fer function dependency on discrete data. In contrast to EFT, 
UEFTC uses a null population of uniform marginal counts; a 
square table is embedded in the original table. The P-value of 
an observed table is defined by the proportion of null tables 
with test statistic larger than or equal to the observed test sta
tistic. Furthermore, for small-sized tables, the number of null 
tables is low, leading to a low resolution in P-value. To over
come this issue, we introduce continuity correction on the 
P-value. Since exact P-value calculation implies an 
exponential-time algorithm, we present a fast algorithm that 
extends an accelerated EFT algorithm (Nguyen et al. 2020), 
using branch-and-bound with dynamic programming for ta
ble enumeration.

We comprehensively evaluate UEFTC and other methods 
for function direction, table-shape bias, and function 
strength. Function direction accuracy is evaluated on the 
cause–effect pair dataset (Mooij et al. 2016), which contains 
both real and simulated examples with ground truth. We also 
simulated data of various table sizes, sample sizes, and mar
ginal distributions under varying noise levels. They amount 
to hundreds of configurations and millions of tables to help 
us understand table-shape biases and function strength accu
racy. UEFTC shows an overall advantage, while other meth
ods demonstrate deficiencies in at least one aspect.

We applied UEFTC and other methods to identify func
tional relations in two biological studies. The first measured 
gene expression in engineered yeast strains responding to 
beta-estradiol dosage (Arita et al. 2021). The second quanti
fied methylation and expression of genes in the duodenum of 
children with environmental enteric dysfunction (Haberman 
et al. 2021). UEFTC prioritized functional relations that are 
well supported statistically, while other methods favored 
functional patterns likely arising by chance or from outliers. 
Most surprisingly, we present anti-co-methylation among 
CpG sites in the vicinity of a gene; these patterns are associ
ated with both gene expression and disease status. Although 
co-methylation is known (Guo et al. 2017) and detectable 
(Gatev et al. 2020), anti-co-methylation seems previously 
unreported in the literature. These results indicate the poten
tial of UEFTC for function inference to support the discovery 
of causal relationships in scientific research.

2 Materials and methods
We address the hypothesis testing problem of function infer
ence, which quantifies the extent random variable Y being a 
function of random variable X based on observed values of X 
and Y. Mathematically, Y is a function of X if and only if 
each value of X maps to a single value of Y. Here, we focus 
on X and Y being random discrete variables. We offer three 
methods that are model free—they do not assume a paramet
ric functional form from X to Y. They are closely related 

statistical tests and vary in theoretical and efficiency consider
ations, all distinct from other existing tests in the design of 
null population.

2.1 Null hypothesis and test statistic
We define the null hypothesis H0 that discrete random varia
bles X and Y are statistically independent. To quantify the 
function dependency of Y on X, all three tests share the same 
functional chi-squared test statistic (Zhang and Song 2013). 
We represent joint ðX;YÞ observations by a contingency table 
O, where X and Y are the row and column variables, respec
tively. Let r and s be the numbers of rows and columns in the 
table, respectively. Let N be the total count. Let ni� be the 
sum of row i. Let n�j be the sum of column j. Let nij be the en
try of O at row i and column j. The FunChisq statistic is first 
defined by (Zhang and Song 2013) and later studied in 
(Nguyen 2018, Zhong and Song 2018, Nguyen et al. 2020): 

χ2
f ðOÞ ¼

Xr

i¼1

Xs

j¼1

ðnij − ni�=sÞ
2

ni�=s
−
Xs

j¼1

ðn�j − N=sÞ2

N=s
(1) 

It has been demonstrated that χ2
f is maximized if and only 

if Y is a function of X given Y marginal counts (Zhang and 
Song 2013, Nguyen 2018). χ2

f is minimized to zero if X and Y 
are empirically independent (Zhang and Song 2013). Using a 
null population with Y being uniform, the statistic asymptoti
cally follows a chi-squared distribution (Zhang and Song 
2013).

In practice, FC works well for distinguishing function from 
independence, but it often favors a function from a variable 
of fewer levels to another of more levels over the inverse. We 
call this a direction bias. We offer solutions to reduce such 
biases next.

2.2 A uniform multinomial function test
We argue that direction biases can arise from the choice of 
null population by a function inference method. Thereby, we 
study new null populations defined differently from classical 
ones based on observed marginals. We require that a null 
population must be equivalent when testing Y ¼ f ðXÞ on 
table O and X¼ f ðYÞ on the transposed table O>. One such 
population is the embedded uniform square, where the popu
lation follows a joint uniform distribution on a k × k square 
subtable where k¼minðr; sÞ, with marginal probabilities pi�

of row i and p�j of column j given by 

pi� ¼ PrðX ¼ iÞ ¼

(
1=k 1 ≤ i ≤ k

0 k< i ≤ r

p�j ¼ PrðY ¼ jÞ ¼

(
1=k 1 ≤ j ≤ k

0 k< j ≤ s

(2) 

Let A be the set of all r × s tables with the same sample size 
N. Under the null hypothesis, counts in tables in A follow 
a multinomial distribution. So, the null probability of table 
A 2 A is 

PrðAÞ ¼
N!

Qr
i¼1
Qs

j¼1 nij!

Yr

i¼1

Ys

j¼1

ðpi�p�jÞ
nij (3) 

Thus, the P-value of observed table O is defined by 
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p–valueðOÞ ¼
X

χ2
f ðAÞ≥ χ2

f ðOÞ

PrðAÞ; where A 2 A (4) 

which constitutes the uniform multinomial function test 
(UMFT).

Although the null test statistics of χ2
f ðAÞ and χ2

f ðA
>Þ are 

not directly comparable, they follow mathematically equiva
lent distributions and thus overcoming direction biases. 
UMFT is exact in its P-values. However, its time complexity 
is OððrsÞNÞ, exponential in sample size due to table enumera
tion. So, UMFT provides a gold standard for small tables of 
moderate counts.

2.3 A uniform exact function test
To approximate UMFT at a lower computational cost, we re
duce the null population to include only tables with uniform 
row and column sums. Using this null population, we intro
duce the uniform exact function test (UEFT). Let B be the null 
population of all r × s tables of sample size N with uniform 
row and column sums. As N cannot always be divided by r 
and s with a zero remainder, we define approximately equal 
counts as uniform row sums by R0 ¼ ðR1; . . . ;RrÞ where 

Ri ¼

dN=ke 1 ≤ i ≤ ðN mod kÞ
bN=kc ðN mod kÞ< i ≤ k
0 k< i ≤ r

8
><

>:
(5) 

and uniform column sums by C0 ¼ ðC1; . . . ;CsÞ where 

Cj ¼

dN=ke 1 ≤ j ≤ ðN mod kÞ
bN=kc ðN mod kÞ< j ≤ k
0 k< j ≤ s

8
><

>:
(6) 

Under the null hypothesis of row (X) and column (Y) being 
statistically independent, the probability of B is given by the 
hypergeometric distribution: 

PrðBÞ ¼

Qr
i¼1 Ri

Qs
j¼1 Cj!

N!
Qr

i¼1
Qs

j¼1 nij!
(7) 

To detect functional patterns, we use the upper tail of null 
distribution to calculate the P-value by 

p–value ðOÞ ¼
X

χ2
f ðBÞ≥ χ2

f ðOÞ

PrðBÞ; where B 2 B (8) 

It is evident that B is a subset of A, the null population of 
UMFT, but it is not obvious that B can reach the same maxi
mum statistic on A, as established by Theorem 1.

Theorem 1. Let A be the set of all r × s tables of sample 
size N. Let B be a subset of A so that B contains 
those tables in A with uniform row and column sums. 
Both sets achieve the same maximum test statistic: 

max
B2B

χ2
f ðBÞ ¼ max

A2A
χ2

f ðAÞ (9) 

The proof and supporting lemmas are given in 
Supplementary Materials Section S1.   

2.4 A uniform exact function test with 
continuity correction
UEFT is much faster than UMFT but comes with reduced 
function inference accuracy. Uniform null marginal sums 
limit null test statistic variations, making exact P-values dis
crete for small-sized tables: many observed tables with differ
ent test statistics can share the same P-value. To address 
this limitation, we introduce continuity correction to the 
exact P-value of UEFT. We call this changed test UEFTC.

As the test statistic of an observed table O is not always 
achievable in null population B, our solution is to smooth the 
exact P-values of null test statistics (achievable in B) sur
rounding the observed one. Specifically, we find three neigh
bor tables Bl, Bv, and Bw from B such that 

χ2
f ðBlÞ ≤ χ2

f ðOÞ ≤ χ2
f ðBvÞ< χ2

f ðBwÞ (10) 

and no other test statistics from tables in B are in between 
but distinct from the four statistics in the equation. Let 
PUðBlÞ, PUðBvÞ, and PUðBwÞ be exact UEFT P-values 
[Equation (8)] of the three tables. Figure 1 illustrates P-value 
continuity correction via interpolation.

Given O, we first define its lower neighbor statistic χ2
f ðBlÞ. 

If χ2
f ðOÞ≥ minB2B χ2

f ðBÞ, we can always find some table Bl 2

B such that 

χ2
f ðBlÞ ¼ maxfχ2

f ðBÞ j χ
2
f ðBÞ ≤ χ2

f ðOÞ;B 2 Bg (11) 

In the case of χ2
f ðOÞ< min

B2B
χ2

f ðBÞ, we define χ2
f ðBlÞ ¼ 0 and 

PUðBlÞ ¼ 1. Second, we define O’s upper neighbor statistic 
χ2

f ðBvÞ. By Theorem 1, we can always find some table Bv 2 B

such that 

χ2
f ðBvÞ ¼ minfχ2

f ðBÞ j χ
2
f ðBÞ≥ χ2

f ðOÞ;B 2 Bg (12) 

which implies O0s UEFT P-value PUðOÞ ¼ PUðBvÞ. Third, we 
define O’s super neighbor statistic χ2

f ðBwÞ that must be 
greater than χ2

f ðBvÞ. In the case that χ2
f ðBvÞ is the maximum 

test statistic in B, we define PUðBwÞ ¼ 0. Otherwise, we can 
always find some table Bw 2 B such that 

χ2
f ðBwÞ ¼ minfχ2

f ðBÞ j χ
2
f ðBÞ> χ2

f ðBvÞ;B 2 Bg (13) 

Figure 1. P-value continuity correction via interpolation. Neighbors of 
observed table O in test statistic (horizontal axis) are tables Bv , Bl , and Bw 
in null population B, with exact P-values PUðBl Þ, PUðBv Þ, and PUðBw Þ

(vertical axis). Smoothed P-values Pl and Pv , of Bl and Bv , respectively, 
are used to interpolate a P-values Pc for table O.
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By averaging the exact P-values at the boundaries, we cor
rect P-values of Bl and Bv by 

Pl ¼
PUðBlÞþPUðOÞ

2
and Pv ¼

PUðOÞþPUðBwÞ

2
(14) 

which form a pair of neighboring points 

�
χ2

f ðBlÞ;Pl

�
and

�
χ2

f ðBvÞ;Pv

�
(15) 

In the boundary case of χ2
f ðOÞ ¼ 0, both the exact and cor

rected P-values are 1. In the case of χ2
f ðOÞ equaling a null test 

statistic, we must have χ2
f ðBlÞ ¼ χ2

f ðBvÞ and assign Pv to O0s 
P-value. Otherwise, we calculate the corrected P-value by lin
ear interpolation at χ2

f ðOÞ using the two neighboring points. 
Taking altogether, we obtain Pc, the continuity corrected 
P-value of O, by 

Pc ¼

1 χ2
f ðOÞ ¼ 0

Pv χ2
f ðBlÞ ¼ χ2

f ðOÞ ¼ χ2
f ðBvÞ 6¼ 0

Plþ
χ2

f ðOÞ− χ2
f ðBlÞ

χ2
f ðBvÞ− χ2

f ðBlÞ
� ðPv − PlÞ otherwise

8
>>>>><

>>>>>:

(16) 

which defines the P-value of the UEFTC test.

2.4.1 Improved null distribution
To understand the effect of continuity correction on the null 
distribution, we obtained P-values of UMFT, UEFT, UEFTC, 
and the chi-squared distribution (used by FC) for all possible 
3 × 3, 2 × 4, and 4 × 2 tables with sample size 9 (Fig. 2). 
UEFTC visibly improved P-value continuity with a null distri
bution closer to UMFT than UEFT. The chi-squared distribu
tion is close to UMFT for square tables; however, it deviates 
from UMFT for landscape tables more than the other tests; 
most dramatically, it over-estimates P-values for portrait 
tables.

2.4.2 Improved function directionality
To show the impact of continuity correction on function di
rection inference, we illustrate table-shape biases of seven 
methods (UEFTC, UEFT, EFT, FC, GKT, FOI, and CE) on 
nonmonotonic functions whose direction is unambiguous. As 
the examples (Fig. 3) are at low noise levels, a method failing 
on any suggests a serious deficiency. The first four methods 
are evaluated by P-values and by test statistics for GKT, FOI, 
and CE. Direction contrast, or the log ratio of test results be
tween X ! Y and Y ! X, is used to evaluate performance: a 
positive value indicates a correct direction decision. UEFT 
obtained correct directions on square and landscape tables 
but is ambiguous on the portrait table (Fig. 3c). UEFTC, fix
ing UEFT’s deficiency, shows high direction contrasts for all 
function patterns. Although GKT also identified correct 
directions for all examples, its direction contrast is much 
lower in the landscape table, suggesting a potential bias. In 
contrast, EFT only rated the landscape function high but is 
ambiguous about the other two (Fig. 3a and c). FC disquali
fied the portrait function. FOI and CE are ambiguous for the 
landscape function (Fig. 3b), carrying strong biases favoring 
portrait tables.

2.5 Computing the exact P value quickly
To speed up UEFT and UEFTC, we adapt a branch-and- 
bound method introduced earlier for EFT (Nguyen et al. 
2020). The main change is to modify EFT’s null population 
based on observed marginal counts to the embedded uniform 
square—the null population B defined for UEFT and UEFTC. 

(a)

(b)

(c)

Figure 2. Null test statistic distributions of UEFTC, UEFT, and UMFT. The 
chi-squared approximation (Chisq) is also provided for a contrast. 
Horizontal axes are test statistic. Null distributions shown are PðX ≥ xÞ
(vertical axis), instead of the cumulative distribution, to directly 
correspond to the P-values. The null population consists of all tables with 
given sample size (N¼9) and shapes. (a) 3 × 3 square tables. (b) 2 × 4 
landscape tables. (c) 4 × 2 portrait tables.
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Neighboring statistics of an observed test statistic are also 
returned to support continuity correction. The fast computa
tion integrates dynamic programming into reducing branches 
in P-value calculation (Supplementary Fig. S1). Method de
sign (Supplementary Algorithms S1–S4) and runtime 
(Supplementary Fig. S2) are presented with full details in 
Supplementary Materials Section S2.

3 Results
3.1 Performance evaluation
To quantify how well a method performs function inference, 
we identified or simulated datasets with ground truth. 
Specifically, we compared UEFT and UEFTC with other 
model-free methods, including FC, EFT, CE, FOI, and GKT. 
Fisher’s exact test and G-test are also included to study func
tion strength accuracy; however, both are symmetric tests 
and thus are excluded from the function directionality study. 
UMFT is omitted for its prohibitive runtime.

3.1.1 Overall performance summary
We evaluated the methods by both strength and direction of 
function. For strength on functional Y ¼ f ðXÞ versus indepen
dent X?Y patterns, the criterion is area under the precision- 
recall curve (AUPR) on simulated tables with various sample 
sizes, shapes, marginal distributions, and noise levels. For 
function direction on X ! Y versus Y ! X, we assessed the 
percentage of correct direction on the cause–effect pair data
set (Mooij et al. 2016) including both real-world and simu
lated examples. Fisher’s exact test and G-test are excluded as 
they do not assess function direction. The overall perfor
mance is summarized in Fig. 4. Both UEFTC and UEFT stand 
out without major deficiencies in either criterion. Specifically, 
UEFTC is the best in function direction accuracy and the sec
ond best in functional strength accuracy. Following UEFTC 
and UEFT, GKT performed well but is subject to outliers (see 
top but spurious patterns picked by GKT in Fig. 10). While 
FC and EFT performed well in function strength, they have 
deficiencies in function direction; in contrast, CE and FOI be
haved well in function direction but poorly in function 
strength. Therefore, our evaluation provides evidence that 
UEFTC and UEFT have advanced model-free function 
inference.

3.1.2 Function strength accuracy
To assess methods on inferring function strength, we simu
lated noisy functional (Y ¼ f ðXÞ) and independent (X?Y) 
patterns and generated receiver-operating characteristic 
(ROC) and precision-recall curves. Using the simulate_t
ables() function (Sharma et al. 2017) in R package 
“FunChisq,” we generated 280 000 independent tables with 
five table sizes, ten sample sizes, and uniform or nonuniform 
marginal distributions (Supplementary Table S1). The non
uniform marginal distribution is defined by PrðiÞ ¼
i8=
PM

m¼1 m8, where i is row/column index, and M is the num
ber of rows/columns. Next, we simulated 140 000 functional 
tables at seven noise levels (Zhang et al. 2015), various table 
sizes, and sample sizes (Supplementary Table S1); here, Y’s 
marginal cannot be configured because Y is a function of X 
and its marginal is determined by X’s marginal. We applied 
each method to rank tables in each setup so as to produce 
ROC and PR curves and collect AUROC and AUPR values. 
FunChisq and G-test achieved the best functional strength ac
curacy with the best ROC and PR curves (Fig. 5a and b) and 
the highest mean AUPR and AUROC including all setups 

Figure 3. Direction contrast of function inference methods. Two noisy and one perfect many-to-one function patterns Y ¼ fðX Þ cover (a) square, (b) 
landscape, and (c) portrait tables. Bar plots (bottom) show log ratios of test results between X ! Y and Y ! X , defined by − logðratioþ0:01Þþ logð1:01Þ, 
so that it is 0 if and only if test results are equal for both directions. A positive/negative bar indicates a correct/wrong direction, respectively.

Figure 4. Overall performance of seven model-free function inference 
methods. Function direction accuracy (vertical axis) is the probability of 
correct identification using cause–effect pair data. Function strength 
accuracy (horizontal axis) is the AUPR obtained on simulated functional 
versus independent tables.
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(Fig. 5c and d). Following G-test closely, UEFTC obtained 
the third highest AUROC and AURP, better than UEFT, indi
cating that our continuity correction is effective. The preci
sion of GKT at a low recall is not ideal. FOI and CE 
performed the worst—close to random guessing.

The marginal distribution has a major impact on func
tion inference, as shown by Supplementary Fig. S3. We sim
ulated tables grouped by marginal distributions using four 
configurations in Supplementary Tables S2–S5. At uniform 
row and column marginals, all methods are comparable 
but at relatively low functional strength accuracy in con
trast to other configurations. When one marginal is nonuni
form, only UEFTC, UEFT, G-test, and FC do not 
demonstrate evident deficiencies, while GKT, EFT, Fisher, 
FOI, and CE under-performed substantially in some 
configurations.

We also examined the statistical power and type 1 error of 
the methods, while fixing the declared significance level at 
0.05. GKT, FOI, and CE are excluded as they do not provide 
P-values. We studied the statistical power under noise levels 
0.01, 0.15, 0.3, 0.45, 0.6, 0.75, and 0.9, and sample sizes 8, 
12, 16, 20, 24, 28, 32, 36, 40, 44, in two configurations as 
described in Supplementary Tables S6 and S7. Figure 6a and 
b shows that UEFT, followed by UEFTC, achieved the high
est power (over both noise levels and sample sizes) among all 
methods. In Fig. 6c, the type 1 error rate of UEFT is the high
est, while UEFTC is closest to 0.05, the declared signifi
cance level.

3.1.3 Function direction accuracy
To assess methods on function direction inference, we used 
70 nonmonotonic functional patterns from the cause–effect 

(a) (b)

(c) (d)

Figure 5. Performance of nine methods on distinguishing functional from independent patterns. (a, b): ROC and PR curves of each method for 420 000 
simulated tables. (c, d): Violin plots of AUROC and AUPR distributions for each method, ordered by the mean of AURPC/AUPR. A white point represents 
a table setup. The black bar within each violin plot is the median of AUROC or AURP values.

(a) (b) (c)

Figure 6. Performance of six methods at various sample sizes and noise levels. (a) Statistical power over noise levels. (b) Statistical power over sample 
sizes. (c) Type 1 error rate over sample sizes.
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pair dataset (Mooij et al. 2016). Data variables were scaled 
by standard deviation. We used spherical Gaussian mixture 
models (“VII”) of 2–7 components via R package “mclust” 
v6.0.0 (Scrucca et al. 2016) to find clusters, based on which 
we discretized the data to create contingency tables by R 
package “GridOnClusters” v0.1.7 (Wang et al. 2020). To 
save CPU cycles, we randomly chose 50 points from each ta
ble. We repeated the sampling 50 times to obtain perfor
mance ranges. The direction of a table is determined by the 
stronger statistic between X ! Y (row to column) and Y !
X (column to row).

Fractions of correct directions are shown in Fig. 7. UEFTC 
outperformed other methods. Condition entropy, FOI, 
UEFT, and GKT followed. The median of EFT’s correct di
rection fraction is close to 0.5, suggesting loss of directional
ity. FC underperformed. In Fig. 8, we show the top three 
patterns returned by each method by difference in P-values or 
statistics between X ! Y and Y ! X directions. UEFCT, 
UEFT, and GKT are correct on their top three patterns. EFT 
and FOI are correct on two. Condition entropy has only one 
correct direction. FC is incorrect on all three. More impor
tantly, the top three patterns differ substantially among the 
methods, suggesting fundamental differences in principle.

3.1.4 Biases over function direction
Table-shape biases refer to that a method tends to favor either 
landscape (fewer rows than columns) over portrait (more rows 
than columns) tables or the other way round—a long- 
recognized issue, see Kumar and Song (2022) for example. To 
study how table-shape biases influence a method, we used R 
package “FunChisq” v2.5.3 to generate 100 functional land
scape and portrait tables randomly with sample size 30 at 
noise levels from 0.01 to 0.4. We study score variations of 
each method to assess table-shape biases. If biases are absent, 
the score distributions are expected to be similar between both 
table shapes. Figure 9 contrasts score distributions between 
landscape and portrait functional patterns for each method.

At low noise levels from 0.01 to 0.16, tables represent 
strong functional patterns. UEFT’s P-values exhibit visible 
biases at noise levels ≥ 0.08. UEFTC, correcting P-value dis
continuity, maintains minimal biases at all low noise levels. 
Other methods carry modest to high biases: FC and EFT pre
fer landscape tables, while FOI, CE, and GKT favor por
trait tables.

At high noise levels from 0.2 to 0.4, functional patterns 
turn independent. Biases of FOI, FC, GKT, and EFT become 
lower, though CE is still strongly biased against landscape 
tables. UEFTC also carries slight biases against landscape 
tables. As nearly independent patterns will yield P-values 
close to 1, accurate direction on such statistically insignificant 
tables may no longer be meaningful. So low biases of UEFTC 
on stronger functions (low noise) make it the best choice.

3.2 Engineered yeast gene expression in response 
to beta-estradiol dosage
Dynamic gene expression can present functional patterns in re
sponse to stimuli. Here, we demonstrate how our approaches 
can prioritize genes showing interesting dose response in genet
ically engineered yeast strains, while other approaches may re
turn uninteresting patterns. Via genetic engineering, artificial 
transcription factors called ZEVs become constitutive in modi
fied yeast strains (Arita et al. 2021). By binding to synthetic 
promoters inserted upstream of thousands of open-reading 
frames (ORFs) in the yeast genome, ZEVs can induce ORF ex
pression. Meanwhile, beta-estradiol dosage can control ZEV 
activity to manipulate gene expression.

We obtained RNA-seq data for 5655 genes from 19 yeast 
strains in response to multiple beta-estradiol dosages. The 
strains were selected according to 19 alleles, including ANY1, 
ARO1, ASC1, ATG4, BAT1, CAJ1, CLN2, HO, MET2, 
MET6, SHM2, SNF12, SRP40, SRS2, SNT1, THR1, TIP41, 
TRP4, and VMA3. There are a total of 192 samples with 10– 
12 samples per strain. Data were normalized to the log of 
transcripts per million (TPM), and further discretized to 2 to 
7 levels by R package “Ckmeans.1d.dp” (Wang and Song 
2011, Song and Zhong 2020). To reduce CPU cycles, 80 sam
ples were randomly selected from discretized values for each 
gene. Top three patterns by each method are shown 
in Fig. 10.

The top three returned by UEFTC are RNR2, TCB2, and 
YER078W-A. RNR2 showed a low-to-high dynamic ex
pression pattern over dosage, expected by the experimental 
design. However, both TCB2 and YER078W-A showed 
nonmonotonic responses. TCB2 reached maximum expres
sion at low dosage (0 nM), sharply dropped to minimum 
level, and then stayed at low and medium expression levels 
at high dosages; YER078W-A started with high expression, 
decreased to the minimum at dosage 16 nM, and eventually 
maximally expressed at the highest dosage. Thus, UEFTC 
recovered dynamic patterns invisible with the original data 
where outliers often dwarfed interesting expres
sion dynamic.

UEFTC, UEFT, and FC obtained similar dynamic patterns 
that can be either monotonic or nonmonotonic. EFT’s top 
gene pattern seems weak from both the original and the dis
cretized box plots. Figure 10 also reveals fundamental limita
tions of effect-sized based methods GKT, FOI, and CE. As 
demonstrated by the discretized patterns, they all promoted 
seemingly perfect functional patterns, most likely due to out
liers causing uneven marginal (gene expression) distributions. 

Figure 7. Performance on detecting function direction. Box plots show 
fractions of correct predictions (horizontal axis) using randomly sampled 
cause–effect pair data by the seven methods (vertical axis). The thick 
black bar inside each box is median fraction.
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Their top ranked patterns show either completely or nearly 
flat dose-response dynamics, making it highly questionable to 
use these methods on data with wide dynamic ranges.

Complementary to the original study (Arita et al. 2021) 
reporting monotonic dose response for all genes, our study, 
being model free, has thus picked up genes showing interest
ing nonmonotonic dose response.

3.3 Gene methylation-expression patterns 
dependent on pathology
To further demonstrate how UEFTC may discover novel pat
terns, we applied UEFTC and other methods to study how 
gene expression is a function of DNA methylation in the con
text of environmental enteric dysfunction (EED). We 
obtained DNA methylation beta values of CpG sites and 

Figure 8. Top three cause–effect patterns detected by each method. Patterns are ordered by absolute values of log-P-value ratios (UEFTC, UEFT, EFT, 
FC), log statistic ratios (GKT, FOI), or difference in statistic (CE). A check/X marks a correct/wrong causal direction.
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Figure 9. Biases over table shapes by seven methods. Landscape (2 × 7) versus portrait (7 × 2) functional tables subject to increasing noise levels 
(horizontal axes) are evaluated by each method. Vertical axes are log-scores of each method; lower values indicate stronger functions.

Figure 10. Top engineered yeast gene expression patterns in response to beta-estradiol dosage. Each column is a method and its top three genes. The 
horizontal axis represents 12 dosages of beta-estradiol, arranged from left to right as follows: two 0 nM dosages, 0.03125–0.125 nM, 0.5 nM, 1 nM, 4 nM, 
16 nM, 64 nM, 100 nM, 1000 nM, and two additional HO strains treated with 1000 nM. Vertical axes are the original (odd row) or discretized (even row) 
gene expression levels. Patterns are ordered by scores from low to high (UEFTC, UEFT, EFT, FC, CE) or high to low (GKT, FOI).
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RNA-seq TPMs of genes in the duodenum from 52 children 
diagnosed with EED and 42 control subjects (Haberman 
et al. 2021). Data were scaled by standard deviation and then 
discretized by R package “mclust” v6.0.0 using spherical 
Gaussian mixtures (model “VII”) (Scrucca et al. 2016) and 
“GridOnClusters” v0.1.7 (Wang et al. 2020). We examined 
all possible 726 148 relationships from a CpG site’s methyla
tion level to a nearby gene expression. Top four pairs by 
UEFTC, UEFT, FC, EFT, GKT, FOI and CE are shown in  
Fig. 11. Top four pairs from UEFTC and UEFT involve 
DTX1, EPHX1, PTPRCAP, and UGT2B17. The first three 
are positively associated with methylation levels of CpG sites, 
while UGT2B17 expression is nonmonotonic to methylation 
levels of a CpG site. Subjects are clustered by disease status, 
despite such information not being used in ranking the pairs, 
suggesting strong disease-dependent variations in 
methylation-expression dynamic. DTX1 (dinophysistoxin-1) 
is highly expressed in EED. A related marine lipophilic phy
cotoxin accumulates in the shellfish and may cause gastroin
testinal illness (Louzao et al. 2021). EPHX1 (microsomal 
epoxide hydrolase) functionally depends on cg03138928 

EPHX1_E152_F, associated with inflammatory bowel dis
ease (Lin et al. 2011). PTPRCAP is a methylation-driven key 
regulator related to gastric cancer (Yoo et al. 2020). 
UGT2B17 forms a nonmonotonic pattern with cg19481811. 
DNA methyltransferase inhibitor RG108 treatment decreases 
UGT2B17 expression (Shafiee-Kermani et al. 2021) in pros
tate cancer, indicating positively related expression and meth
ylation. Thus, all four genes are involved in either 
gastrointestinal function or methylation, supporting our find
ings. EFT and FC returned top four pairs arranged in differ
ent order and share three with UEFTC and UEFT. Top four 
pairs by FOI, CE, and GKT are identical but uninteresting, 
presenting a mixed subject cloud with outliers and no associ
ation with disease status.

Strikingly, we found orchestrated anti-co-methylation or 
co-methylation between CpG sites in the vicinity of a gene, 
associated with both gene expression and disease status, from 
UEFTC’s top 100 pairs. We showcase POU2AF1, LSP1, and 
KCNAB2 (Figs 12 and 13), all highly expressed in duodena 
of EED subjects relative to the control. This is consistent with 
their low expression in healthy human duodena, but notably 
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Figure 11. Top DNA methylation–gene expression patterns in human duodena with EED, as detected by seven methods. Environmental enteric 
dysfunction subjects are marked in dot and control subjects are in triangle. Each plot shows gene expression versus DNA methylation levels of a nearby 
CpG site. Vertical axes are original or discretized gene expression levels. Horizontal axes are original or discretized CpG-site methylation levels. Scores of 
each method are shown on top of each discretized pattern. Patterns are ordered from left to right by scores of each method from low to high (UEFTC, 
UEFT, EFT, FC, and CE) or high to low (GKT and FOI).
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Figure 12. DNA methylation of multiple CpG sites in the vicinity of a gene is associated with gene expression and environmental enteric dysfunction. 
Horizontal axes are methylation levels of specific CpG sites. Vertical axes are expression of gene in the vicinity of a CpG site. CpG sites are ordered by 
their locations along each gene from 50 to 30 end.
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Figure 13. Anti-co-methylation and co-methylation among CpG sites in the vicinity of a gene and association with disease. Axes are DNA methylation 
levels of CpG-site pairs in the vicinity of a gene. Dots denote subjects with environmental enteric dysfunction and triangles are control subjects. CpG-site 
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high expression in healthy lymph node, spleen, and appendix 
(Fagerberg et al. 2014).

POU2AF1 (POU class 2 homeobox associating factor 1) 
hosts four CpG sites that are anti-co- or co-methylated. Sites 
cg19602649, cg05905611, and cg18316498, upstream of all 
annotated transcripts of POU2AF1 (Kent et al. 2002), are all 
hypomethylated in EED, while being negatively associated 
with gene expression (Fig. 12). cg13582950, inside the last 
exon of a transcript, is hypermethylated in EED but nega
tively associated with gene expression (Fig. 12). Thus, the 
first three CpG sites form anti-co-methylation patterns with 
the last site (Fig. 13).

LSP1, lymphocyte specific protein 1, includes four CpG 
sites that are either anti-co- or co-methylated. cg07277017 is 
upstream of all annotated transcripts. cg26158194 is inside 
the first exon of two transcripts. cg09060789 is intronic to 
some transcripts but upstream of other transcripts. 
cg22043296 is in the first intron of some transcripts, the 
first exon of some transcripts, and also upstream of other 
transcripts.

KCNAB2, potassium voltage-gated channel subfamily A 
regulatory beta subunit 2, contains four CpG sites that are all 
hypermethylated in the EED subjects, while being positively 
associated with gene expression. cg13614083 is located up
stream of all annotated transcripts of the gene. cg25220769 
is more complex: it is within the intron of some transcripts 
and upstream of the start site of another transcript. 
cg23201052 is located in the intron of some transcripts. 
cg05450108 is in an intron of some transcripts and an exon 
of other transcripts. This situation is somehow unconven
tional for the lack of a hypomethylated promoter region to 
account for upregulation of gene expression in the EED 
subjects.

4 Discussion
The presented null distribution defined by embedded uniform 
squares allows us to use an equivalent distribution to evaluate 
the statistical significance of both portrait and landscape 
tables. This has greatly reduced table-shape biases in strong 
functional patterns even at low noise levels. We have shown 
that EFT and FC favor landscape tables, while GKT, FOI, 
and CE prefer portrait tables. We have proven that this null 
distribution does cover the maximum statistics possible. 
UEFTC further overcomes P-value discontinuity by smooth
ing exact P-values to fix exact but inaccurate P-values by 
UEFT due to a small null population size.

Our study on function direction inference shows that 
UEFTC outperformed all other methods. Our function 
strength study confirms that UEFTC does not lose power in 
function strength inference when compared with symmetrical 
methods including Fisher’s exact test and G-test, and other 
asymmetric methods. These make UEFTC the only viable op
tion with a high functional direction accuracy. We designed 
fast algorithms to improve time efficiency of UEFT and 
UEFTC, achieving comparable runtime with other exact 
tests. However, runtime is still a limiting factor for UEFTC’s 
application on datasets of large sample sizes.

Prioritizing many tables from biological data exposed limi
tations of other methods that may not be obvious in simula
tion studies. For example, GKT performed well in our 
simulation studies. However, along with FOI and CE, GKT is 
highly sensitive to outliers and their top patterns are close to 

constant functions, uninteresting both statistically and 
mathematically.

We further discovered anti-co-methylation patterns from 
DNA methylation data. This is striking biologically, as it may 
require orchestrated regulation of both methylation and de
methylation to take place at CpG sites in the vicinity of the 
same gene, in contrast to co-methylation where CpG sites are 
all methylated or all demethylated. As the observed anti-co- 
methylation depends on disease status, this contrast may of
fer a high quality signal to be used as a disease biomarker.

5 Conclusion
In summary, we have presented a statistical test UEFTC for 
discrete function inference without assuming a parametric 
mathematical model. As demonstrated by simulation studies 
and in biological pattern discovery, UEFTC exhibits the best 
combined performance in inferring function strength and di
rection, among other options to solve the same problem. 
Unique from other related tests using observed marginal dis
tributions or counts for the null population, UEFTC instead 
imposes embedded uniform squares. This design has not only 
reduced function direction biases due to variable cardinality 
or table shape, but also enhanced robustness to outliers often 
seen in data with large dynamic ranges. We expect to see 
applications of exact model-free function tests on pilot stud
ies which demand accurate P-value calculation, so as to gen
erate hypotheses on causal relationships in an ocean of 
overwhelming possibilities, populated by the ever increasing 
throughput of modern data acquisition such as in biology.

Acknowledgements
The authors would like to thank David Armas for sharing his 
experience on preprocessing the EED dataset (Haberman 
et al. 2021).

Author contributions
Yiyi Li (Methodology [equal], Software [lead], Visualization 
[lead], Writing—original draft [lead]) and Mingzhou Song 
(Conceptualization [lead], Funding acquisition [lead], 
Methodology [equal], Writing—review & editing [equal])

Supplementary data
Supplementary data are available at Bioinformatics online.

Conflict of interest: None declared.

Funding
The work was partially supported by the U.S. National 
Science Foundation [1661331].

Data availability
The cause-effect pairs data were downloaded from https:// 
webdav.tuebingen.mpg.de/cause-effect/ The yeast RNA-seq 
dataset was downloaded using NCBI GEO accession 
GSE158318. The EED methylation and RNA-seq data were 
downloaded using NCBI GEO accessions GSE157914 and 
GSE159495, respectively.

12                                                                                                                                                                                                                                  Li and Song 

https://academic.oup.com/bioinformatics/article-lookup/doi/10.1093/bioinformatics/btaf121#supplementary-data
https://webdav.tuebingen.mpg.de/cause-effect/
https://webdav.tuebingen.mpg.de/cause-effect/


References
Arita Y, Kim G, Li Z et al. A genome-scale yeast library with inducible 

expression of individual genes. Mol Syst Biol 2021;17:e10207.
Cavallo R, Pittarelli M. The theory of probabilistic databases. In: 

VLDB, Vol. 87, Brighton, England. Burlington, MA: Morgan 
Kaufmann Pub, 1987, 1–4.

Chung HY, Cesari M, Anton S et al. Molecular inflammation: under
pinnings of aging and age-related diseases. Ageing Res Rev 2009; 
8:18–30.

Fagerberg L, Hallstr€om BM, Oksvold P et al. Analysis of the human 
tissue-specific expression by genome-wide integration of transcrip
tomics and antibody-based proteomics. Mol Cell Proteomics 2014; 
13:397–406. https://doi.org/10.1074/mcp.M113.035600

Fairfield EA, Richardson DS, Daniels CL et al. Ageing European lob
sters (Homarus gammarus) using DNA methylation of evolution
arily conserved ribosomal DNA. Evol Appl 2021;14:2305–18.

Fisher RA. On the interpretation of χ2 from contingency tables, and the 
calculation of p. J R Stat Soc 1922;85:87–94.

Gatev E, Gladish N, Mostafavi S et al. CoMeBack: DNA methylation 
array data analysis for co-methylated regions. Bioinformatics 2020; 
36:2675–83. https://doi.org/10.1093/bioinformatics/btaa049

Goodman LA, Kruskal WH. Measures of association for cross classifi
cations III: approximate sampling theory. J Am Stat Assoc 1963; 
58:310–64.

Guo S, Diep D, Plongthongkum N et al. Identification of methylation 
haplotype blocks aids in deconvolution of heterogeneous tissue sam
ples and tumor tissue-of-origin mapping from plasma DNA. Nat 
Genet 2017;49:635–42. https://doi.org/10.1038/ng.3805

Haberman Y, Iqbal NT, Ghandikota S et al. Mucosal genomics 
implicate lymphocyte activation and lipid metabolism in refractory 
environmental enteric dysfunction. Gastroenterology 2021;160: 
2055–71.e0.

Jenny NS. Inflammation in aging: cause, effect, or both? Discov Med 
2012;13:451–60.

Kent WJ, Sugnet CW, Furey TS et al. The human genome browser at 
UCSC. Genome Res 2002;12:996–1006. https://doi.org/10.1101/ 
gr.229102

Kumar S, Song M. Overcoming biases in causal inference of molecular 
interactions. Bioinformatics 2022;38:2818–25. https://doi.org/10. 
1093/bioinformatics/btac206

Lin Z, Hegarty JP, Cappel JA et al. Identification of disease-associated 
DNA methylation in intestinal tissues from patients with inflamma
tory bowel disease. Clin Genet 2011;80:59–67.

Louzao MC, Abal P, Costas C et al. Dsp toxin distribution across 
organs in mice after acute oral administration. Mar Drugs 2021; 
19:23.

Mooij JM, Peters J, Janzing D et al. Distinguishing cause from effect us
ing observational data: methods and benchmarks. J Mach Learn 
Res 2016;17:1103–204.

Nguyen HH. Inference of functional dependency via asymmetric, 
optimal, and model-free statistics. PhD thesis, Department of 
Computer Science, New Mexico State University, Las Cruces, NM, 
USA, 2018.

Nguyen HH, Zhong H, Song M. Optimality, accuracy, and efficiency of 
an exact functional test. In: Proceedings of the 29th Int’l Joint Conf 
on Artificial Intelligence, IJCAI-20, Yokohama, Japan. Red Hook, 
NY: Curran Associates, Inc, 2020.

Pearson K. X. on the criterion that a given system of deviations from 
the probable in the case of a correlated system of variables is such 
that it can be reasonably supposed to have arisen from random sam
pling. London Edinburgh Dublin Philos Mag J Sci 1900;50:157–75.

Pezone A, Olivieri F, Napoli MV et al. Inflammation and DNA damage: 
cause, effect or both. Nat Rev Rheumatol 2023;19:200–11.

Scrucca L, Fop M, Murphy TB et al. mclust 5: clustering, classification 
and density estimation using Gaussian finite mixture models. R J 
2016;8:289–317. https://doi.org/10.32614/RJ-2016-021

Shafiee-Kermani F, Carney ST, Jima D et al. Expression of UDP glucur
onosyltransferases 2B15 and 2B17 is associated with methylation 
status in prostate cancer cells. Epigenetics 2021;16:289–99.

Shannon CE. A mathematical theory of communication. Bell Syst Tech 
J 1948;27:379–423.

Sharma R, Kumar S, Zhong H et al. Simulating noisy, nonparametric, 
and multivariate discrete patterns. R J 2017;9:366–77. https://doi. 
org/10.32614/RJ-2017-053

Simon HA, Rescher N. Cause and counterfactual. Philos of Sci 1966; 
33:323–40.

Song M, Zhong H. Efficient weighted univariate clustering maps out
standing dysregulated genomic zones in human cancers. 
Bioinformatics 2020;36:5027–36. https://doi.org/10.1093/bioinfor 
matics/btaa613

Venkitaraman AR. Cancer suppression by the chromosome custodians, 
BRCA1 and BRCA2. Science 2014;343:1470–5.

Wang H, Song M. Ckmeans.1d.dp: optimal k-means clustering in one 
dimension by dynamic programming. R J 2011;3:29–33. https://doi. 
org/10.32614/RJ-2011-015

Wang J, Kumar S, Song M. Joint grid discretization for biological pat
tern discovery. In: Proceedings of the 11th ACM International 
Conference on Bioinformatics, Computational Biology and Health 
Informatics, Virtual Event, USA. New York, NY: Association for 
Computing Machinery, 2020, 1–10.

Woolf B. The log likelihood ratio test (the g-test). Ann Hum Genet 
1957;21:397–409.

Yoo S, Chen Q, Wang L et al. Molecular and cellular heterogeneity of 
gastric cancer explained by methylation-driven key regulators. 
bioRxiv, https://doi.org/10.1101/2020.01.27.920744, 2020, pre
print: not peer reviewed.

Zhang Y, Song M. Deciphering interactions in causal networks without 
parametric assumptions. arXiv, arXiv:1311.2707, 2013, preprint: 
not peer reviewed.

Zhang Y, Liu ZL, Song M. Chinet uncovers rewired transcription sub
networks in tolerant yeast for advanced biofuels conversion. 
Nucleic Acids Res 2015;43:4393–407. https://doi.org/10.1093/ 
nar/gkv358

Zhong H, Song M. A fast exact functional test for directional associa
tion and cancer biology applications. IEEE/ACM Trans Comput 
Biol Bioinform 2018;16:818–26.

© The Author(s) 2025. Published by Oxford University Press.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits 
unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.
Bioinformatics, 2025, 41, 1–13
https://doi.org/10.1093/bioinformatics/btaf121
Original Paper

Exact model-free function inference                                                                                                                                                                                     13 

https://doi.org/10.1074/mcp.M113.035600
https://doi.org/10.1093/bioinformatics/btaa049
https://doi.org/10.1038/ng.3805
https://doi.org/10.1101/gr.229102
https://doi.org/10.1101/gr.229102
https://doi.org/10.1093/bioinformatics/btac206
https://doi.org/10.1093/bioinformatics/btac206
https://doi.org/10.32614/RJ-2016-021
https://doi.org/10.32614/RJ-2017-053
https://doi.org/10.32614/RJ-2017-053
https://doi.org/10.1093/bioinformatics/btaa613
https://doi.org/10.1093/bioinformatics/btaa613
https://doi.org/10.32614/RJ-2011-015
https://doi.org/10.32614/RJ-2011-015
https://doi.org/10.1093/nar/gkv358
https://doi.org/10.1093/nar/gkv358

	Active Content List
	1 Introduction
	2 Materials and methods
	3 Results
	4 Discussion
	5 Conclusion
	Acknowledgements
	Author contributions
	Supplementary data
	Funding
	Data availability
	References


