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Mathematical models can estimate the success rate of assisted reproductive technology (ART) and 
determine which treatment suits the best. In this study, the authors introduce two new dynamic 
models that can predict the success rate of ART models for each individual based on the etiology of 
their infertility, clinical findings, and lab tests. The study shows that the equilibrium point free of 
disease is asymptotically stable and forward bifurcation occurs. Our dynamical models evaluate ART 
success rates in our subgroups considering couples under Intrauterine insemination (IUI), In Vitro 
Fertilization–Embryo Transfer (IVF), Intra–Cytoplasmic Sperm Injection (ICSI) treatment methods. 
Sensitivity analysis of parameters suggests that an increase in infertile couples who use IUI and ICSI 
treatment methods can result in better disease control and a more favorable outcome. It should be 
noted that the proposed models provide a systematic framework for simulating the dynamics of 
infertility and assessing the effectiveness of various ART. From a clinical perspective, these models 
have the potential to enhance decision-making by predicting the probability of ART success under 
diverse treatment scenarios. Such predictions may facilitate the personalization of treatment 
strategies based on individual patient profiles and contribute to more efficient resource allocation and 
planning within fertility centers.
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Modelling and mathematics has always gained from its involvement with developing sciences. Biomedical 
science is clearly the premier science of the foreseeable future. Therefore mathematicians must become involved 
with biology1. It is well understood that mathematical, data mining, and statistical modeling and analysis are 
the keys to future breakthroughs in areas including the understanding of biological systems, the treatment of 
diseases, drug development, and targeted clinical trials. This is due to the fact that those enable us to come up 
with experiments that are both useful and efficient, uncover trends in data, and develop models that help in 
predicting and, hence, controlling the future outcomes.

The most common application of mathematics in medicine and pharmacology are machine learning and 
statistics. This manuscript prioritizes mathematical modeling over machine learning and statistical approaches, as 
it offers transparent, dynamic, and actionable insights that are essential for clinical decision-making. In contrast, 
machine learning methods for pattern recognition typically require large datasets, and statistical models often 
fail to capture the dynamic interactions among multiple factors. Indeed, the studies of mathematical modeling 
play a considerable role in analyzing the factors that may affect the spreading of the disease (see2–8). In this 
regard, dynamic models that are closer to reality are less commonly used. In a typical traditional approach, 
data are phenomenologically analyzed by applying a regression model consisting of merely observed variables, 
not deeply considering the mechanism lying behind them. In contrast, in a dynamical model, we incorporate 
variables of the number of susceptible individuals that are not available or at least very difficult to obtain. Also, 
dynamic models are invaluable because they allow us to examine relationships that could not be sorted out by 
purely experimental methods and to make forecasts that cannot be made strictly by extrapolating from data. 
They are often used to the mathematical modeling of infectious diseases9, Ross and Hudson10,11, Kermack and 
McKendrick12, and Kendall13.
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Accordingly, mathematical modeling can play a crucial role in advancing our understanding of male infertility 
and optimizing assisted reproductive technology (ART) outcomes. Given the multifactorial nature of male 
infertility, traditional statistical models often fall short in capturing the dynamic interactions between clinical, 
hormonal, and genetic factors influencing reproductive success. In this study, we propose two novel dynamic 
models that integrate these complexities to more accurately predict ART success rates. These models provide 
a framework for assessing the impact of various infertility treatments, including Intrauterine Insemination 
(IUI), In Vitro Fertilization-Embryo Transfer (IVF), and Intra-Cytoplasmic Sperm Injection (ICSI), on patient 
outcomes. By incorporating sensitivity analysis and stability evaluation, our approach offers a more systematic 
method for identifying key parameters that affect treatment efficacy. The application of mathematical models in 
reproductive medicine is essential for refining treatment strategies, minimizing trial-and-error approaches, and 
ultimately improving clinical decision-making for couples undergoing ART. The primary aim of this study is to 
develop and analyze these models for male infertility, with the objective of accurately predicting ART success 
rates and supporting clinical decision-making in treatment planning. We hypothesize that dynamic modeling 
of the underlying biological processes can enhance predictive accuracy and inform clinical strategies. Through 
sensitivity analysis and model validation, we aim to evaluate the practical utility of these models in real-world 
fertility treatment scenarios. The first model presented in this study analyzes the dynamics of infertility treatment 
in couples with mild oligospermia and severe male factor infertility. The second model, developed specifically 
for male infertility, introduces a more comprehensive framework that accounts for sperm sampling methods in 
infertile couples. These models assess ART success rates in defined subgroups by considering the effectiveness of 
IUI, IVF, and ICSI treatment methods.

Infertility is a multifactorial disease affecting about 50 million couples worldwide; in half of the cases, a male 
factor contributes to or is solely responsible for the failure to conceive14. Male infertility can be classified into 
four major etiological groups15. 

	1.	 Hypothalamic pituitary axis dysfunction.
	2.	 Quantitative alterations of spermatogenesis.
	3.	 Qualitative alterations of spermatogenesis.
	4.	 Ductal obstruction/ dysfunction.

There are many known origins linked to male infertility, such as age, stress, individual genetics, lifestyle 
(obesity, smoking, and alcohol), immunological disorders, environmental factors, and other causes congenital 
or acquired urogenital dysfunctions, varicocele, endocrine imbalance and infections16,17. Semen analysis is the 
cornerstone for laboratory evaluation of male infertility and plays a vital role in understanding the cause of 
infertility18. Importantly, it emphasizes that semen analysis alone cannot predict fertility because the couple’s 
fertility potential determines whether they are fertile or infertile. However, it does not reduce the fundamental 
role of semen analysis19. Semen analysis results cannot accurately predict fertility, and men with seemingly 
low-quality semen samples can still achieve pregnancy20. The fertility potential of the couple determines the 
likelihood of conceiving, and a higher motile sperm count increases the chances of pregnancy but does not 
guarantee it. As, fertile men have been found to have low sperm counts, and men with oligospermia can still 
achieve pregnancy without ART21. It reflects the production of spermatozoa in the testes, the patency of the duct 
system, and the glandular secretory activity22. The total number of spermatozoa per ejaculate and the sperm 
concentration is associated with fertility outcomes, such as conception, time to pregnancy, and pregnancy 
rates23. As a diagnostic test, conventional semen analysis allows for the detection of absolute cases of male 
infertility, such as oligospermia, azoospermia, and teratospermia. Based on this, absolute cases of male infertility 
such as oligospermia (mild: 10-15 million sperm per ml, moderate: 5 to 10 million sperm per ml, and severe: 
less than 5 million sperm per ml), azoospermia (complete absence of sperm)24, and teratospermia (higher 
ratio of morphologically abnormal sperm) are diagnosed25. Azoospermia or oligospermia due to disruption of 
spermatogenesis are common causes of human male infertility26.

Management and specific treatment methods for the causes of male infertility are less evaluated than female 
infertility. Despite this gap, there are still several proven methods that can optimize male fertility potential27. 
The basic foundation of the treatments of male infertility is the lifestyle of men, and they continue with medical 
treatments and then surgery. All of these treatments aim to improve male fertility potential by improving 
Total Motile Sperm Count, which can improve all aspects of male reproduction, including IVF and ICSI28. 
However, as a next step when treatments are not effective, ART programs may be recommended. Various factors 
are involved in the decision to perform ART, including the degree of impairment in the couple’s conception 
potential (mother’s age, ovarian reserve, cause of infertility), sexual function and duration of infertility. They 
should be done jointly by gynecologists and andrologists29. IUI is often the first ART performed an infertile 
couple30. Indications of using IUI are based on erectile dysfunction or other sexual or ejaculatory dysfunction, 
Mild to moderate seminal alteration (not otherwise treatable or failed treatment), Sexually transmitted diseases 
(i.e., HIV), and Idiopathic infertility (normozoospermia)31. IVF is used for the treatment of male infertility in 
patients with moderate oligospermia. However, in severe oligospermia and poor sperm motility, the fertilization 
rate of the oocytes is much less32. On the other hand, after an IUI failure, IVF Could be our choice. ICSI has 
revolutionized the treatment and improved the prognosis for infertile men with very severe oligospermia33.

Obstructive and non-obstructive azoospermia (testicular or epidydimal sperm), Immotile sperm Antisperm 
antibodies, Necrozoopermia, and Globozoospermia are the other indications for ICSI34. IUI as a first-line 
strategy in cases of unexplained and mild/moderate male infertility remains controversial. In conclusion, it is 
vital to determine which method suits the best for the infertile couple. Although the male factor seems to be less 
critical than the female one, it is still preferable to improve spermatogenesis before launching the IVF process, 
carefully anticipating the true ameliorative potentials of any treatment and determining the “window of time 
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available” to achieve this goal by prioritizing maternal age and ovarian reserve as more important factors35,36. 
Finally, confounding variables such as age, reproductive history, length of infertility, and lifestyle can influence 
the results of IVF treatment. These variables should all be taken into account for an accurate prediction of IVF 
effectiveness.37,38.

In this paper, two new dynamical models of male factor infertility are introduced. The inclusion criteria 
include couples suffering infertility due to mild or severe male factors, and those who did not meet these criteria 
were excluded. Based on this goal, the study was performed on the records for IVF, IUI, and ICSI treatments.

Methods
Dynamical models are simplified representations of some real-world entity in equations. These models are 
called dynamic because they describe how system properties change over time. Since mathematical modeling is 
needed to understand the dynamics of diseases, many studies in biology or medicine use them. In this paper, two 
dynamic models for describing couples’ infertility focusing on men’s causes are considered.

First model formulation and its analysis
In this model, the population is divided into six groups as follows: 

	1.	 Susceptible (S) persons include those couples who have just been referred to the clinic but whose illness has 
not been confirmed.

	2.	 Infertile couples (I) are those who have visited the doctor and taken preliminary tests, and the cause of infer-
tility has been diagnosed as being related to men.

	3.	 People who are under treatment using IUI (T1).
	4.	 People who have received IVF treatment (T2).
	5.	 People who have undergone testicle biopsy using ICSI (T3).
	6.	 Couples who have received treatment and become fertile (R).

The proposed model consists of seven equations. The first two equations of the model show a susceptible-
infected (SI) model. The next three equations of the model denote the treatment model (T) of infertile people. 
Finally, the sixth equation shows the recovered model (R). Based on, the first model is named a basic SITR model 
for infertile couples. The mathematical model of this biological phenomenon is designed in the following form:

	




dS
dt

= L − αS − β(δ1T1 + δ2T2)S,

dI
dt

= β(δ1T1 + δ2T2)S − (η1 + η2 + η3 + α)I,

dT1
dt

= η1I − (δ1 + α)T1,

dT2
dt

= η2I + khδ1T1 − (α + (r1 + r2)δ2)T2,

dT3
dt

= η3I + (1 − k)hδ1T1 + r2δ2T2 − (δ3 + α)T3,

dR
dt

= (1 − h)δ1T1 + r1δ2T2 + uδ3T3 − αR,

dN
dt

= L − αN − (1 − u)δ3T3.

� (1)

Table 1 provides descriptions and ratio values of the parameters of the first dynamical model, which are obtained 
according to the data of the problem per day. The parameters in the model are derived from clinical studies and 
population-level data on infertility and ART success rates for both mild and severe oligospermia. Below, we 
provide a detailed explanation of the key parameters and their biological rationale: 

	1.	 Rate of death (α): This parameter accounts for couples who discontinue treatment without achieving preg-
nancy or who experience natural mortality. The values of α are based on dropout rates observed in ART 
clinics and general population mortality rates39.

	2.	 Rate of birth (L):This parameter represents the rate at which new couples seek infertility evaluation. The 
values are estimated from demographic data on infertility prevalence and referral rates to fertility clinics27.

	3.	 Rate of illness return (β): This parameter reflects the probability of infertility recurrence in couples with 
male factor infertility. The values are derived from longitudinal studies tracking infertility relapse following 
treatment40.

	4.	 Treatment rates (δ1, δ2, δ3): These parameters denote the rates at which couples undergo IUI, IVF, and ICSI 
treatments, respectively. The values are informed by clinical guidelines and ART success data.

	5.	 Recovery rates (r1, r2): These parameters capture the success rates of IVF and ICSI treatments. The values 
are based on meta-analyses of ART outcomes41.

	6.	 Transition probabilities (h, k, u): These parameters describe the likelihood of transitioning between treat-
ment stages (e.g., from IUI to IVF or ICSI). The values are informed by clinical decision-making pathways in 
ART clinics42.

The architecture of the new dynamical model of the couples infertility with men’s causes is shown in Fig. 1.
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Stability of the first model
Regarding the biological hypotheses of the first model, the investigation space of the model is as follows:

	 E = {(S, I, T1, T2, T3, N)| 0 ≤ S + I + T1 + T2 + T3 ≤ N}.

In this model, the basic reproductive number R0 is shown with RB0 . There is a tendency to calculate RB0 , 
which is the number of secondary patients who have returned to the illness during the illness period43. The RB0  
is got by using the next generation matrix as follows:

	
RB0 = β δ1 η1 S0

a22a33
+ β k h η1 δ1 δ2 S0

a22a33a44
+ β δ2 η2 S0

a22a44
,� (2)

where

	 a22 = η1 + η2 + η3 + α, a33 = δ1 + α, a44 = α + (r1 + r2)δ2.

To understand the system behavior, only variables S, I, T1 and T2 are used because the rest of the variables 
can be obtained by them. According to this, the Jacobin matrix in the equilibrium point free of disease 
EB0 = (S0, 0, 0, 0) is considered as follows:

Fig. 1.  Architecture of the first model for men’s infertility.

 

Notation Description of parameter Mild oligospermia Severe oligospermia

α rate of death (the rate of couples who left the clinic without any results) 0.42 0.68

L rate of birth (the rate of couples who have referred to the clinic) 0.45 0.07

β The rate of the return of the illness in each couple with the men’s causes 0.62 0.5

δ1 The rate of treatment of people chosen for IUI treatment in time unit 0.035 0.016

δ2 the rate of treatment of people chosen for IVF treatment in time unit 0.066 0.003

δ3 The rate of treatment of people chosen for ICSI treatment in time unit 0.34 0.052

r1 The rate of recovery in δ2 T2 0.36 0

r2 A fraction of δ2 T2  who have got no result from IVF and hence, are under ICSI treatment 0.64 1

h A percentage of δ1 T1  who have received IVF in time t 0.85 0.84

1 − h A percentage of δ1 T1  who have received IUI and have recovered in time 0.15 0.16

k A percentage of h δ1 T1  who have entered T2  treatment 0.12 0.27

1 − k A percentage of h δ1 T1  who have entered T3  treatment 0.87 0.72

u The percentage of δ3T3  who have received ICSI treatment and have recovered in time t 0.29 0.06

1 − u A fraction of δ3T3  who have not become fertile due to menopause, Azoospermia or old age 0.71 0.93

and have left the treatment

η1 The percentage of I who have received IUI treatment in time t. 0.07 0.22

η2 The percentage of I who have received IVF treatment in time t 0.14 0.05

η3 The percentage of I who have received ICSI treatment in time t 0.75 0.73

Table 1.  Description and ratio values of the parameters in the first dynamical model.
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JB0 =




−α 0 −βS0δ1 −βS0δ2
0 −a22 βS0δ1 βS0δ2
0 η1 −a33 0
0 η2 khδ1 −a44


 .

The famous threshold criterion then states that the disease can invade if RB0 > 1, whereas it cannot if RB0 < 1. 
Therefore, we have the following result.

Theorem 1  The disease-free equilibrium point of the system (1) is asymptotically stable provided RB0 < 1. If 
RB0 > 1, then it is unstable.

Proof  The characteristic equation of matrix JB0  is obtained as follows:

	
P4(λ) =

(
λ + α

)(
a0λ3 + a1λ2 + a2λ + a3

)
,

where

	

a0 = 1,

a1 = a22 + a33 + a44,

a2 = a33a44 + (a22a33 − βδ1η1S0) + (a22a44 − βδ2η2S0),
a3 = (1 − RB0 )a22a33a44.

The eigenvalue λ1 = −α < 0. So it suffices to show that the roots of (a0λ3 + a1λ2 + a2λ + a3) are negative. 
Since it is difficult to determine the roots of this polynomial, by using the Lienard–Chipart rule as a stability 
criterion in Definition 1 of Appendix A, which is the result of Routh–Hurwitz stability criterion.

So we have to show ai > 0 for i = 1, 2, 3 and ∆2 > 0. It is obvious a1 > 0. Therefore, in the following, we 
first show that a2 > 0. For this purpose, we use the assumption RB0 < 1. According to this assumption and Eq. 
(2), we conclude that

	
β δ1 η1 S0

a22a33
< 1 =⇒ a22a33 − β δ1 η1 S0 > 0. � (3)

	
β δ2 η2 S0

a22a44
< 1 =⇒ a22a44 − β δ2 η2 S0 > 0. � (4)

Therefore, the inequality a2 > 0 holds. Since RB0 < 1, it follows a3 > 0.
Finally, by using the Lienard–Chipart rule, it is enough to show ∆2 = a1a2 − a3a0 > 0. For this purpose, 

according to the definition of ∆2, we have

	

∆2 =
(

a22 + a33 + a44

)(
a33a44 + (a22a33 − β δ1 η1 S0)

+ (a22a44 − β δ2 η2 S0)
)

+ (RB0 − 1).

From (3), (4), and RB0 < 1, one can conclude ∆2 > 0, and it completes the proof. □

Forward bifurcation
Throughout the domain of dynamic modeling, the term forward bifurcation relates to a considerable change 
in the qualitative characteristics of a system, frequently arising from variations in the parameters of the model. 
Forward bifurcation relates to the occurrence of novel dynamics or changes in stability characteristics that can 
be initiated by modifications in the fundamental factors. This phenomenon holds significant importance in 
comprehending the behavior of complicated systems, specifically those that model biological processes.

Conversely, the concept of an equilibrium point free of disease within a dynamic model suggests a condition 
of stability wherein the system stays unimpacted by pathogenic factors or disruptions. Within the realm of health 
and disease, the equilibrium point indicates a situation in which the system, whether it relates to biology or other 
domains, achieves a state of equilibrium and optimal functioning, free of any adverse effects. The examination of 
these concepts within a dynamic model facilitates researchers in acquiring a more comprehensive understanding 
of how systems react to alterations, particularly in the realm of preserving well-being or comprehending the 
elements that contribute to the dynamics of diseases.

It can be shown that the system of the basic SITR model has an endemic equilibrium point

	 EB∗ = [sB∗, IB∗, T B∗
1 , T B∗

2 , T B∗
3 , NB∗],

where
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sB∗ = S0
RB0

,

T B∗
1 = η1IB∗

a33
,

T B∗
2 =

(
η2

a44
+ khδ1η1

a33a44

)
IB∗,

T B∗
3 = IB∗

a55

(
η3 + 1−khδ1η1

a33
+ r2δ2η2

a44
+ r2δ2khδ1η1

a33a44

)
,

NB∗ = (1−u)δ3
a66

T B∗
3 ,

IB∗ = LRB0−αS0
a22RB0

,

In the following, we show that the forward bifurcation occurs for the first model.

Theorem 2  The first model in the endemic equilibrium EB∗ has a forward bifurcation.

Proof  From Equation RB0 = 1, the parameter β∗ is obtained as follows:

	
β∗ = a22a33a44

a44 δ1 η1 S0 + k h η1 δ1 δ2 S0 + a33 δ2 η2 S0
.� (5)

Now, one of the eigenvalues of the Jacobian matrix J(EB∗, β∗) is −α and the other eigenvalues are the roots of 
the following polynomials:

	 a0λ3 + a1λ2 + a2λ + a3 = 0.

If RB0 = 1, then a3 = 0, and Jacobian matrix has a eigenvalue equal to zero and the characteristic equation 
becomes as λ2 + a1λ + a2 = 0.

Therefore zero is a simple eigenvalue of the Jacobian matrix J(EB∗, β∗) and since a1 and a2 are positive 
all other eigenvalues of the Jacobian matrix J(EB∗, β∗) have negative real parts. Therefore, condition (i) of 
Proposition 1 is satisfied.

Suppose that w = (w1, w2, w3, w4) is a right eigenvector of the Jacobian matrix J(EB∗, β∗) corresponding 
to the eigenvalue of zero. In this case, the right eigenvector w =

(
w1, a33

η1
, 1, w4

)
 is gotten, where

	

w1 = −βδ1s0
α

− −βδ2s0
α

( η2a33
η1a44

+ khδ1
a44

),

w4 = η2a33
η1a44

+ khδ1
a44

.

In the same way, if v = (v1, v2, v3, v4) is left eigenvector of the Jacobian matrix J(EB∗, β∗) corresponds to the 
eigenvalue of zero, then v = (0, 1, v3, v4), where

	 v3 = a22a44−βz
η1a44

, v4 = βδ2s0
a44

.

According to the values of w and v, we get

	

a =
∑n

k,i,j=1 vkwiwj
∂2Fk

∂xi∂xj
(0, 0)

= βB∗(δ1w1 + δ2w1w4) < 0,

b =
∑n

k,i=1 vkwi
∂2Fk
∂xi∂ϕ

(0, 0) = s0(δ1 + δ2w4) > 0.

Therefore, according to the case (d) of Proposition 1 in Appendix A, the system has a forward bifurcation. □

Second model formulation and its analysis
Considering the details, a more complete form of the proposed model for male infertility can be introduced. In 
this model, in addition to considering the assumptions of the first model, sperm sampling of infertile couples 
is also considered. Sperm sampling of these individuals is done by three methods: Ejaculation (K1), testicular 
sperm extraction (TESE) (K2), and microscopic testicular sperm extraction (micro TESE) (K3).

The proposed model consists of ten equations. The first five equations of the model show an SI model. The 
next three equations of the model denote the treatment model (T) of infertile people. Finally, the ninth equation 
also shows the recovered model (R). This model is named a complementary SITR model that is a developed form 
of the basic SITR model. The dynamical model of this biological phenomenon is designed as follows:
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



dS
dt

= L − αS − β(δ1T1 + δ2T2)S,

dI
dt

= β(δ1T1 + δ2T2)S − (ν1 + ν2 + ν3 + α)I,

dK1
dt

= ν1I − (η1 + η2 + η3 + α)K1,

dK2
dt

= ν2I − (η4 + η5 + α)K2,

dK3
dt

= ν3I − (η6 + η7 + α)K3,

dT1
dt

= η1K1 − (δ1 + α)T1,

dT2
dt

= η2K1 + η4K2 + η6K3 + khδ1T1
−((r1 + r2)δ2 + α)T2,

dT3
dt

= η3K1 + η5K2 + η7K3 + r2δ2T2 + (1 − k)hδ1T1
−(δ3 + α)T3,

dR
dt

= (1 − h)δ1T1 + r1δ2T2 + u3δ3T3 − αR,

dN
dt

= L − αN − (1 − u3)δ3T3.

� (6)

Table 2 provides descriptions and ratio values of the parameters in the second dynamic model, which are 
obtained according to the data of the problem per day.

The architecture of the second model of the couples’s infertility with men’s causes described by Eq. (6), is 
shown in Fig. 2.

Stability of the second model
Similar to the first SITR model, the linearization matrix of the second SITR model at an equilibrium point is as 
follows:

	

JC0 =




−α 0 0 0 0 −βS0δ1 −βS0δ2
0 −b22 0 0 0 βS0δ1 βS0δ2
0 γ1 −b33 0 0 0 0
0 γ2 0 −b44 0 0 0
0 γ3 0 0 −b55 0 0
0 0 η1 0 0 −b66 0
0 0 η2 η4 η6 khδ1 −b77




,

where

	

b22 = v1 + v2 + v3 + α, b33 = η1 + η2 + η3 + α,
b44 = η4 + η5 + α, b55 = η6 + η7 + α,
b66 = δ1 + α, b77 = (r1 + r2)δ2 + α.

In the second model, the basic reproductive number R0 is shown by RC0, which is obtained as follows:

	

RC0 =βδ1S0η1ν1

b22b33b66
+ βδ1δ2S0khη1ν1

b22b33b66b77
+ βδ2S0η2ν1

b22b33b77

+ βδ2S0η4ν2

b22b44b77
+ βδ2S0η6ν3

b22b55b77
.

In this case, the disease can invade if RC0 > 1, whereas it cannot if RC0 < 1. Therefore, we have the following 
result.

Theorem 3  Let EC0 = (S0, 0, 0, 0, 0, 0, N0) be the free equilibrium point of the second model. If RC0 < 1, then 
EC0 is asymptotically stable.

Proof  The characteristic equation of matrix JC0 is obtained as follows:

	
P7(λ) =

(
λ + α

)(
λ6 + b1λ5 + b2λ4 + b3λ3 + b4λ2 + b5λ + b6

)
;

see the constants of bi (i = 1, . . . , 6) in Appendix B. Since λ1 = −α is one negative root of the characteristic 
equation, it suffices to show that the roots of

	 λ6 + b1λ5 + b2λ4 + b3λ3 + b4λ2 + b5λ + b6 = 0
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are negative. Since it is difficult to determine the roots of this polynomial, we use the Lienard–Chipart rule as a 
stability criterion in Definition 1 of Appendix A, which is the result of Routh–Hurwitz stability criterion.

So we have to show bi > 0 for i = 1, 2, 3, 4, 5, 6 and ∆1, ∆3, ∆5 > 0. Since all parameters are positive, 
therefore bjj > 0, for each j ∈ {1, 2, 3, 4, 5, 6, 7}. Also, according to RC0 < 1, we conclude that

Fig. 2.  Architecture of the second model for men’s infertility.

 

Notation Description of parameter Mild oligospermia Severe oligospermia

α rate of death (the rate of couples who left the clinic without any results) 0.24 0.12

L rate of birth (the rate of couples who have referred to the clinic) 0.4

m1 rate of death (the rate of I1  who left the clinic without any results) 0.24 0.12

m2 rate of death (the rate of I2  who left the clinic without any results) 0.86 0.9

β The rate of the return of the illness in each couple with the men’s causes 0.4 0.2

δ1 The rate of treatment of people chosen for IUI treatment in time unit 0.01 0.01

δ2 the rate of treatment of people chosen for IVF treatment in time unit 0.18 0.005

δ3 The rate of treatment of people chosen for ICSI treatment in time unit 0.8 0.9

ν1 Rate of transmission from I to K1 0.97 0.53

ν2 Rate of transmission from I to K2 0 0.08

ν3 Rate of transmission from I to K3 0.02 0.36

m3 A fraction of K1  who have left the clinic without any results 0.88 0.92

m4 A fraction of K2  who have left the clinic without any results 0.16 0.75

m5 A fraction of K3  who have left the clinic without any results 0.13 0.72

h A percentage of δ1 T1  who have received IVF in time t 0.84 0.83

1 − h A percentage of δ1 T1  who have received IUI and have recovered in time 0.15 0.16

k A percentage of h δ1 T1  who have entered T2  treatment 0.11 0.014

1 − k A percentage of h δ1 T1  who have entered T3  treatment 0.88 0.98

u3 The percentage of δ3T3  who have received ICSI treatment and have recovered in time t 0.84 0.018

1 − u3 A fraction of δ3T3  who have not become fertile due to menopause, Azoospermia or old age 0.16 0.98

and have left the treatment

η1 The percentage of K1  who have received IUI treatment in time t 0.01 0.02

η2 The percentage of K1  who have received IVF treatment in time t 0.19 0.125

η3 The percentage of K1  who have received ICSI treatment in time t 0.83 0.029

η4 The percentage of K2  who have received IVF treatment in time t 0 0.0625

η5 The percentage of K2  who have received ICSI treatment in time t 0 0.096

η6 The percentage of K3  who have received IVF treatment in time t 0.114 1

η7 The percentage of K3  who have received ICSI treatment in time t 0.026 0.40

m6 rate of death (the rate of T1  who left the clinic without any results) 0.25 1

m7 rate of death (the rate of T2  who left the clinic without any results) 0.11 0.98

m8 rate of death (the rate of T3  who left the clinic without any results) 0.119 0.98

m9 rate of death (the rate of who left the clinic without any results or die naturally) 0.25 0.127

Table 2.  Description and ratio values of the parameters in the second dynamic model.
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βδ1S0η1v1
b22b33b66

< 1, βδ1δ2S0khη1v1
b22b33b66b77

< 1, βδ2S0η2v1
b22b33b77

< 1,

βδ2S0η4v2
b22b44b77

< 1, βδ2S0η6v3
b22b55b77

< 1.

According to the introduced assumptions, after simplifying the obtained expressions and arranging them, 
similar to Theorem 1, we showed that

	 b0, b1, b2, b3, b4, b5, b6, ∆1, ∆3, ∆5 > 0,

and it completes the proof. □

Forward bifurcation
In this section, we show that the system of the second model has an endemic equilibrium point as follows:

	 EC∗ = [sC∗, IC∗, KC∗
1 , KC∗

2 , KC∗
3 , T C∗

1 , T C∗
2 , T C∗

3 ]

see the components of EC∗, in Appendix C.
In the following, using Proposition 1 in Appendix A, the forward bifurcation occurs for the second model.

Theorem 4  The second model in the endemic equilibrium EC∗ has a forward bifurcation.

Proof  From equation RC0 = 1, the parameter β∗ is obtained as follows:

	
β∗ = b22b33b44b55b66b77

E
,

where

	

E = βδ1s0η1v1b44b55b77 + βδ1δ2s0khη1v1b44b55
+βδ2s0η2v1b44b55b66 + βδ2s0η4v2b33b55b66
+βδ2s0η6v3b33b44b66.

Now, one of the eigenvalues of the Jacobian matrix J(EC∗, β∗) is −α, and the other eigenvalues are the roots of 
the polynomials λ5 + p1λ4 + p2λ3 + p3λ2 + p4λ + p5 = 0; see the constants of pi, (i = 1,..., 5) in Appendix 
D.

It can be shown that eigenvalues of of the Jacobian matrix J(EC∗, β∗) have negative real parts. Therefore, 
condition (i) of Proposition 1 is satisfied. Suppose that w = (w1, w2, w3, w4, w5, w6, w7) is a right eigenvector 
of the Jacobian matrix J(EC∗, β∗) corresponding to the eigenvalue of zero. In this case, we have

	 w = (w1, 1, ν1
b33

, ν2
b44

, ν3
b55

, η1v1
b33b66

, w7),

where

	

w1 = − βδ1s0w6+βδ2s0w7
α

,

w7 = δ1η1r1
βδ2s0

(b22 − βs0).

If v = (v1, v2, v3, v4, v5, v6, v7) is a left eigenvector of the Jacobian matrix J(EC∗, β∗) corresponding to the 
eigenvalue of zero, then the eigenvector is obtained as follows:

	
v = (0,

b77

βδ2s0
,

η1 + η2

b33
,

η4

b44
,

η6

b55
, 1, 1).

According to values of w and v, we get
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a =
n∑

k,i,j=1

vkwiwj
∂2Fk

∂xi∂xj
(0, 0)

= −b77

αδ2
(η1r1δ1

b33b66
+ δ1δ2η1r1(b22 − βs0)

βδ2s0
)

× (η1r1βδ1

b33b66
+ δ1η1r1(b22 − βs0)) < 0,

b =
n∑

k,i=1

vkwi
∂2Fk

∂xi∂ϕ
(0, 0)

= b77

βδ2
(η1r1δ1

b33b66
+ δ1η1r1(b22 − βs0)

βs0
) > 0.

Therefore, according to the case (d) of Proposition 1 in Appendix A, the system has a forward bifurcation. □

Data and statistical analysis
Data from 2474 cycles performed were collected. The data analyzed during the current study are not publicly 
available due to privacy and legal restrictions, but we confirm that all experimental protocols were approved by 
the Ethics Committee of Yazd University (Approval Number: IR.YAZD.REC.1401.019). Also, We confirm that 
all methods were carried out in accordance with relevant guidelines and regulations, and we emphasize that 
informed consent was obtained from all individuals participating or their legal guardian in this study.

We were selected only those couples for whom source of infertility were oligospermia and sever oligospermia. 
The collected demographic and clinical variables consist of infertility type (primary, secondary), women’s ages, 
body mass index (BMI), infertility duration (years), type of ART, total number of retrieved oocytes, number of 
injected oocytes, number of embryos, number of transferred embryos, spermogram, maturation rate oocyte, 
fertilization rate after ICSI and data on embryo quality (grade A, grade B, and grade C).

The data’s descriptive characteristics were presented using the mean (standard error) for continuous 
variables and frequency (percentage) for categorical variables. To compare the means of the variables across 
response categories, we employed the independent samples T-test after verifying the normality of the data 
distribution. Additionally, we utilized the chi-square test to evaluate the independence between categorical 
variables and the outcome. Among the assessed cycles, 1100 without spermogram (Data set 1 in Table 3) 
and 1374 with spermogram (Data set 2 in Table 3) were reported. Couples who were experiencing infertility 
caused by mild oligospermia or severe oligospermia were included as per the criteria, while those who did 
not meet these criteria were excluded from the study. Based on this goal, the study was performed on the 
records for IVF, IUI and ICSI including. The average rate of infertility subjects in with negative Beta human 
chorionic gonadotropin (Beta-HCG) sub-samples in Table 3 are significantly lower than the positive Beta-HCG 
(0.60 ± 0.27vs.0.72 ± 0.19, p − value = 0.006) and (0.46 ± 0.26vs.0.58 ± 0.29, p − value < 0.001) in 
mild oligospermia and sever oligospermia, respectively. A comparison was made between the quality of embryos 
in the mild oligospermia group, specifically in the positive and negative Beta-HCG groups. The results indicated 
a higher success rate in terms of embryo quality in the positive Beta-HCG group compared to the negative 
Beta-HCG group (P = 0.007). Table 3 lists the mean or frequency of the variables for both successful (positive 
Beta-HCG) and unsuccessful (negative Beta-HCG) data. The unadjusted results are shown using the T-test and 
chi-square test for continuous and categorical variables, respectively. Table 3 provides additional details of the 
patients’ characteristics. It should be noted that in this paper the data set 1 is used for the results obtained in the 
first model and the data set 2 is used for the results obtained in the second model.

Results
Our dynamic models evaluate ART success rates in our subgroups considering IUI, IVF, and ICSI treatment 
methods. Furthermore, ICSI was more promising for male factors infertility. In all the methods of sperm collection, 
couples with mild oligospermia infertile use the ICSI method more than couples with severe oligospermia. The 
study shows that the disease-free equilibrium point is asymptotically stable, and that forward bifurcation occurs. 
The primary reproduction number must be reduced to less than one to eradicate the disease, which depends on 
the possibility of recovery. Sensitivity analysis of parameters suggests that an increase in infertile couples who 
use IUI and ICSI treatment methods can result in better disease control and a more favorable outcome.

In the first model, to check the possibility of our examination, to explain the dynamical conduct of the 
framework, we have directed numerical recreations with the assistance ode45 of MATLAB programming. 
Accompanying arrangement of parameter esteems are picked for simulation. Infertile couples are divided into 
two groups:

	i)	 infertility couples due to of mild oligospermia,
	ii)	 infertility couples due to of severe oligospermia.

Figs. 3 and 4 show the model simulations of infertility couples for mild oligospermia and severe oligospermia 
by the first model, respectively. For example, curve R(t) in these figures show that the recovery rate in severe 
oligospermia is lower than in mild oligospermia or curve T3(t) show that the ICSI treatment method is more 
commonly used for treatment than the two other methods and the recovery rate in the ICSI method in the first 
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group is almost five times that of the second group. Also, curves of T2 show the recovery rate in the IVF method 
for the first group is 36 times that of the second group.

The recovery rate in couples who use the IVF treatment is 36% in the first group and zero in the second 
group. That is, infertile couples in the second group are not treated with IVF at all (coefficient δ2 in Table 1).

On the other hand, 64% of the couples in the first group do not benefit from IVF and chose the ICSI treatment 
method, and 100% of the couples in the second group do not get results from IVF and chose ICSI. Moreover, the 
couples in the second group are not treated with IVF at all (coefficient r2 in Table 1).

Sensitivity parameters are those that have a significant impact on the dynamics of disease. Table 4 shows the 
sensitivity indices for parameters in the first model. The negative sensitivity index has an inverse proportional 
relationship with the basic reproduction number R0; an increase in this parameter will bring about a decrease 
in the basic reproduction number R0. However, the size of the increase will be proportionally smaller than 
parameter β. If the sensitivity index is zero, it has no effect on disease control (fertility of couples).

Fig. 3.  Model simulations of infertility couples for mild oligospermia in the first model.

 

Data set 1: Among 1100 eligible participants without spermogram

Variables Mild Oligospermia (n=499) P-Value Severe Oligospermia (n=80) P-Value

Beta-HCG+ (n=143) Beta-HCG- (n=365) Beta-HCG+ (n=7) Beta-HCG- (n=73)

T1( IUI) 6(15.4%) 33(84.6%) 3(16.7%) 15(83.3%)

T2( IVF) 27(42.9%) 46(57.1%) 0.090 0(0%) 4(100%) 0.360

T3( ICSI) 110(29.1%) 268(70.9%) 4(6.9%) 54(93.1%)

Age 28.73 ± 4.55 29.58 ± 5.24 0.089 29.71 ± 8.97 33.22 ± 5.74 0.347

Rate of infertility 0.64 ± 0.22 0.68 ± 0.24 0.107 0.77 ± 0.20 0.85 ± 0.18 0.434

Maturation rate oocyte 0.84 ± 0.24 0.88 ± 0.37 0.527 1.45 ± 0.65 0.0.95 ± 0.55 0.088

BMI 26.16 ± 2.13 25.60 ± 2.72 0.637 24.33 ± 2.08 0.24.73 ± 3.53 0.854

 Grade

A 52(42.3%) 71(57.7%) 1(8.3%) 11(91.7%)

B 70(28.1%) 179(71.9%) 0.007 2(7.1%) 26(92.9%) 0.931

C 15(23.4%) 49(76.6%) 1(11.1%) 8(88.9%)

Data set 2: Among 1374 eligible participants with spermogram

Variables Mild Oligospermia (n=370) P-Value Severe Oligospermia (n=183) P-Value

Beta-HCG+ (n=41) Beta-HCG- (n=323) Beta-HCG+ (n=18)
Beta-HCG- 
(n=165)

T1( IUI) 0(0%) 4(100%) - 0(0%) 2(100%) -

T2( IVF) 41(12%) 330(88%) 0.74 18(9.9%) 163(90.1%) 0.74

T3( ICSI) 41(11.1%) 329(88.9%) 0.06 18(9.9%) 164(90.1%) 0.06

K1 = Ejaculation 41(11.1%) 319(88.9%) 7(7.1%) 92(92.9%)

K2 = TESE 0(0%) 6(100%) 0.59 4(10.2%) 35(89.7%) 0.74

K3 = Micro TESE 0(0%) 2(100%) 3(10.7%) 25(89.3%)

Age 31.29 ± 5.23 31.08 ± 5.00 0.57 31.44 + 4.55 30.21 + 5.44 0.57

Rate of infertility 0.72 ± 0.19 0.60 ± 0.27 0.006 0.58 ± 0.29 0.46 ± 0.26 <0.001

Maturation rate oocyte 0.83 ± 0.15 0.86 ± 0.44 0.68 0.80 ± 0.17 0.83 ± 0.17 0.68

 Grade

A 26(12.3%) 186(87.7%) 11(10.8%) 91(89.9%)

B 6(11.3%) 47(88.7%) 0.47 3(9.4%) 29(90.6%) 0.49

C 0(0%) 3(100%) 0(0%) 4(100%)

Table 3.  Results of statistical analysis for continuous and categorical variables.
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The positive sensitivity index has a directly proportional relationship with the basic reproduction number 
R0; an increase in this parameter will bring about an increase in the basic reproduction numberR0. However, the 
size of the increase will be proportionally smaller than parameter β. By increasing the recovery rate of couples 
who choose IVF (increasing δ2) and decreasing the recovery rate of couples in δ2T2( decreasing r1), then the 
basic reproduction number R0 will increase, and the number of infertile couples will increase. The sensitivity 
indices of δ2 and η2 are positive. Moreover, δ2 is the rate of recovery for people chosen for IVF treatment, and η2 
is the percentage of infertile couples who have received IVF treatment. The sensitivity index of δ2 is greater than 
the sensitivity index of η2. This means that the recovery rate, δ2, is a more effective parameter than receiving IVF 
treatment, η2, on couples’ fertility.

In Table 4, the sensitivity indices of parameters show that the parameter β has the greatest impact on the 
value of R0, where β is the rate of the return of the disease in each couple. Specifically, if β increases, R0 will also 
increase proportionally. Similarly, a decrease in β will result in a proportional decrease in R0. In other words, 
the relationship between β and R0 is directly proportional. After the parameter β, the sensitivity index of η3 
has the most effect in controlling the disease. When the doctor has to choose the ICSI method for the infertile 
couple, it means that the severity of the disease in the infertile couple was high, and it was difficult to control the 
disease (fertility of couples).

The objective of infertile couples at the clinic is to address their infertility. Consequently, the key parameters 
doctors focus on are denoted as r1 and r2. Also, r1 represents the recovery rate for couples undergoing the IVF 
treatment method, while r2 represents the recovery rate for couples utilizing the ICSI treatment method.

The sensitivity index of this model shows that prioritizing reducing the need for couples to return to the clinic 
is more beneficial than relying on any specific method of pregnancy assistance to treat infertile couples. Basically, 
it shows that prevention of frequent abortions is preferable to treatment in this field.

In the second model, Figs. 5–10 show predicted the evolution of infertile couples with two causes of infertility, 
mild oligospermia and severe oligospermia, for different sperm sampling of them.

The turquoise blue curve in Figs. 5–10 is increasing with mild oligospermia and almost constant in the 
severe oligospermia, and the number of recovered couples with the mild oligospermia is almost 2.5 times that 
of the severe oligospermia (see curve R(t) in Figs. 5–10). Moreover, a comparison of the K2(t) and K3(t) 
curves reveals that TESE is more frequently utilized in cases of severe oligospermia during the first two months, 
whereas micro-TESE becomes the predominant method after the second month.

In Figs. 5 and 6, the IUI treatment method is considered. Couples with the mild oligospermia use 
spermography 1.8 times more than those with severe oligospermia (coefficient ν1 in Table 2).

At the beginning of the period, the number of couples with the mild oligospermia who use IVF treatment is 
two times that of severe oligospermia (curve T2 in Figs. 7 and 8). The recovery rate of IVF treatment for the mild 
oligospermia is almost 36 times that of severe oligospermia (coefficient δ2 in Table 2). The slope of the curve I(t) 
(the number of infertile couples) is higher in severe oligospermia than mild oligospermia. Thus, in the severe 
oligospermia group, the choice of treatment method and conclusion is faster than the mild oligospermia group.

The recovery rate in the mild oligospermia is 4.5 times that of severe oligospermia. The percentage of δ3 T3, 
who have received ICSI treatment and have recovered, is 84% of the couples with the mild oligospermia and 

Parameters Mild oligospermia Severe oligospermia

β 1 1

δ2 0.6740431795 0.04183941046

η2 0.3461220993 0.1490679256

η3 -0.6842239760 -0.4345238095

r1 -0.03813158560 0

r2 -0.06778948552 -0.0001845856344

Table 4.  Sensitivity indices for parameters of the first model.

 

Fig. 4.  Model simulations of infertility couples for severe oligospermia in the first model.
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Fig. 8.  Model simulations of infertility couples for the severe oligospermia with IVF treatment in the second 
model.

 

Fig. 7.  Model simulations of infertility couples for the mild oligospermia with IVF treatment in the second 
model.

 

Fig. 6.  Model simulations of infertility couples for the severe oligospermia with IUI treatment in the second 
model.

 

Fig. 5.  Model simulations of infertility couples for the mild oligospermia with IUI treatment in the second 
model.
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1.8% of the couples in severe oligospermia. That is, ICSI treatment was better with the mild oligospermia than 
in severe oligospermia (coefficient u3 in Table 2).

The rate of transmission from infertile couples to the class of couples who use micro TESE testicular biopsy 
and ICSI treatment in the first group is lower than the second group (coefficient ν3 in Table 2).

According to the results presented in Table 5, similar to the first model, the sensitivity index of the parameters 
is checked. Patients whose spermogram is TESE get better results than micro TESE, and more couples are 
fertilized. Parameters r1 and r2 are the rates of recovery in couples using the IVF and ICSI treatment method, 
respectively. Like the first model, prevention of repeated abortions is better than reusing contraceptive methods.

Discussion
It is important to note that these findings are derived from a theoretical mathematical framework and lack 
direct clinical validation. Mathematical models, by design, identify influential parameters but do not establish 
causal relationships. Therefore, these results should not be interpreted as definitive clinical recommendations. 
Nonetheless, the proposed models provide a structured framework for simulating infertility dynamics and 
evaluating the potential impact of various ART interventions. From a clinical perspective, these models may 
support decision-making by predicting the likelihood of ART success under different treatment scenarios, 
thereby assisting clinicians in tailoring treatment strategies to individual patients. Moreover, they may contribute 
to improved resource allocation and planning within fertility clinics.

This study presents a comprehensive analysis of two dynamic models related to male infertility, specifically 
focusing on oligospermia. Low sperm count, or oligospermia, is a common cause of male infertility and can 
significantly affect a couple’s ability to conceive naturally. The findings derived from this investigation enhance 
the existing scholarly understanding of male infertility and potential methods for treatment. The success rates 
of ART techniques, namely IUI, IVF, and ICSI, were assessed using the proposed models. The findings indicated 
that ICSI demonstrated greater potential in addressing various etiologies associated with male factor infertility. 
Infertile couples diagnosed with oligospermia exhibited a higher tendency to use IVF and ICSI techniques 
compared to those with severe oligospermia. This observation aligns with previous research that has identified 
IVF and ICSI as often selected options for couples affected by oligospermia44. Nevertheless, it is crucial to 
acknowledge that the selection of treatment options can be intricate and contingent upon several variables, such 
as the extent of oligospermia and the fertility potential of the female counterpart.

The study also showed that the equilibrium point free of disease exhibited asymptotic stability, and a forward 
bifurcation occurred. The findings from the sensitivity analysis indicate that an increase in the utilization of IUI 
and ICSI treatment procedures by infertile couples may lead to enhanced disease control and more favorable 
outcomes. It should be emphasized, however, that sensitivity analysis does not establish causal relationships. 
Instead, it serves as a tool to identify key parameters that significantly influence the outcomes of infertility 
treatments. Studies offer significant insights into the efficacy of ART techniques and the determinants that may 
impact their success rates. These results can provide valuable insights for healthcare professionals in making 
informed decisions on treatment options for couples experiencing infertility. Additionally, these findings 
may contribute to enhanced disease management strategies and ultimately lead to more positive outcomes. 
Nevertheless, further investigation is required to comprehensively understand the intricate interaction of 
variables that may impact the success rates of ART and to formulate more efficacious therapeutic approaches for 
couples experiencing infertility.

The first model in this study analyzed the dynamics of infertility treatment in couples with mild oligospermia 
and severe male factor infertility. The findings indicated that the percentage of successful pregnancies among 
couples who underwent IVF therapy was 36% in the first group, which consisted of individuals experiencing 
infertility caused by mild oligospermia. Conversely, the second group, comprising individuals with infertility 
attributed to severe oligospermia, exhibited a complete absence of successful conception. This finding suggests 
that the couples in the second group did not experience any positive effects from undergoing IVF therapy. 

Parameters Mild oligospermia Severe oligospermia

β 1 1

δ2 0.6853471285 0.3677797932

η2 0.5957772792 -0.01686891733

η3 -0.2675112095 -0.2094653346

η4 0.01624929687 0.06930273377

η5 -0.001015581055 -0.04554179647

η6 0.002876328662 0.04786908195

η7 0.002876328662 0.04786908195

ν1 0.2665647987 0.2805208620

ν2 -0.05626453384 -0.09103782274

ν3 -0.03382967663 -0.07183598048

r1 -0.005140103464 -0.0001532415805

r2 -0.2415848629 -0.01501767489

Table 5.  Sensitivity indices of parameters of the second model.
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Instead, they opted for ICSI as an alternate approach. Within the first group, a majority of 64% of the couples 
were unable to achieve favorable outcomes through IVF and subsequently chose to undergo ICSI treatment. 
Conversely, all couples in the second group exclusively pursued ICSI treatment. The observed recovery rate in 
the first group undergoing ICSI was about five times higher than that of the second group, indicating that ICSI 
may be a potentially more efficacious therapeutic alternative for couples experiencing severe oligospermia. To 
confirm these results, the success rates of IVF and ICSI in couples with severe male factor infertility exhibit 
variability across several research investigations45,46. However, it is important to consider the complex interplay 
of factors that can influence treatment success rates and develop more effective treatment strategies for infertile 
couples. Further research is needed to fully understand the impact of various parameters on disease control and 
to optimize treatment approaches for couples with different degrees of oligospermia.

The second model proposed for male infertility incorporates essential details, introducing a more 
comprehensive framework that includes sperm sampling methods in infertile couples. A baseline examination 
for sperm collection in cases of severe male factor infertility involves semen analysis, which is the first test to 
obtain in a couple presenting with infertility. The decision between TESE and micro-TESE is critical to the 
outcome of treatment in cases of severe male factor infertility. According to research, males with severe male 
factor infertility may benefit more from micro-TESE. However, a reproductive doctor should be consulted before 
deciding between TESE and micro-TESE based on the unique characteristics of each patient. To properly prove 
the superiority of micro-TESE over TESE in the context of severe male factor infertility and ICSI treatment, 
more investigation and clinical data are required47. According to a research study comparing micro-TESE and 
TESE for severe male factor infertility, patients who underwent TESE obtained better results than those who 
underwent micro-TESE, and more couples conceived. The second group experienced a higher rate of transition 
from infertile couples to those receiving ICSI treatment and micro-TESE testicular biopsy than the first group. 
This suggests that the surgical method used for sperm retrieval in cases of severe male factor infertility is essential 
to the therapeutic outcome48–50. The results suggest that micro-TESE might be a good choice for sperm retrieval 
in cases of severe male factor, especially if ICSI is being explored. However, a reproductive doctor should be 
consulted before deciding between TESE and micro-TESE based on the unique characteristics of each patient. 
To properly prove the superiority of micro-TESE over TESE in the context of severe oligospermia and ICSI 
treatment, more investigation and clinical data are required. The variables influencing the success rate of micro-
TESE and TESE in cases of severe male factor infertility require further study. This could aid in the creation of 
more effective treatment plans for couples whose infertility is caused by this particular issue.

The predicted evolution of infertile couples with both male factor and severe male factor infertility, considering 
different sperm sampling methods, showed that the turquoise blue graph in Figs. 5–910 demonstrates an increase 
in the first group and relative constancy in the second group. This indicates a higher treatment rate for the first 

Fig. 10.  Model simulations of infertility couples for the severe oligospermia with ICSI treatment in the second 
model.

 

Fig. 9.  Model simulations of infertility couples for the mild oligospermia with ICSI treatment in the second 
model.
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group. Also, in analyzing the ICSI method (Fig. 9 and Fig. 10), the first group initially has a higher rate, but the 
second group catches up, eventually surpassing the first group. This emphasizes that treatment method selection 
and its outcomes occur more rapidly in the second group.

Limitations
The dynamical models for male infertility presented in this article show promise but are subject to specific 
limitations. Male infertility is a highly complex disorder with a wide range of presentations among infertile 
men. This complexity arises from the dynamic transcription of approximately 4000 genes in different subtypes 
of germ cells during human spermatogenesis. The intricate nature of these models can restrict their ability to 
make accurate predictions. Furthermore, the models are based on the current understanding of male infertility 
and require further refinement to improve their predictive capabilities. Infertility is an evolving field of study. 
For instance, the cause of infertility remains unknown in approximately 40% of infertile men, and identifying 
new genetic variables associated with unexplained male infertility is a major focus of current research51. 
Consequently, the models presented may not fully account for all the factors contributing to male infertility. 
Additionally, the implementation of these models in clinical settings has been limited due to a lack of confidence 
in their efficacy and challenges in integrating them into clinical protocols52. This study emphasizes theoretical 
modeling and sensitivity analysis; however, we acknowledge that validation using real-world clinical data is 
essential to assess the models’ reliability. The credibility of our approach would be significantly enhanced by 
directly comparing model predictions with observed ART success rates across diverse data sets. To improve 
model accuracy and predictive performance, future research should aim to incorporate clinical data into the 
modeling process. It is also important to recognize several potential limitations. First, accurate model calibration 
depends on the availability of high-quality, individualized clinical data, which may not always be accessible. 
Second, inherent biological variability among patients can limit the generalizability of the model’s outcomes. 
Finally, integrating such models into routine clinical practice presents challenges related to interpretability, user 
acceptance, and regulatory approval. Addressing these challenges will be essential for translating theoretical 
models into practical tools in reproductive medicine.

Future directions
Future research into male infertility could benefit from adopting a multi-omics approach, which integrates 
genomics, transcriptomics, proteomics, and metabolomics. This comprehensive method would offer a deeper 
understanding of the treatment process53, potentially improving the accuracy of dynamic models and facilitating 
the identification of new biomarkers and treatments for male infertility.

Our current models utilize clinical and laboratory parameters to estimate ART success rates. However, 
integrating genetic markers associated with sperm function and quality could enable more precise stratification 
of patient subgroups. In the current modeling framework, transitions between infertility states (e.g., untreated, 
undergoing IUI, IVF, or ICSI) are primarily driven by empirical treatment success rates (see54–57). For instance, 
the identification of genetic variants linked to infertility through genomic analyses could facilitate the 
classification of couples into subgroups with distinct treatment pathways and success probabilities. Similarly, 
characterizing sperm metabolic profiles may enhance the prediction of ART outcomes and support the 
development of personalized treatment strategies54. Moreover, the analysis of sperm ribonucleic acid (RNA) and 
protein expression can offer insights into sperm quality and fertilization potential, which may help refine key 
model parameters such as δ1, δ2, and δ3.

Furthermore, developing more tailored models specific to local populations could enhance the prognosis-
based strategy for unexplained infertility52. Future research should focus on identifying new genetic variables 
associated with idiopathic male infertility51. For instance, male infertility is often influenced by genetic 
abnormalities, such as Y-chromosome microdeletions, chromosomal rearrangements, and single-gene 
mutations58. These factors can significantly impact sperm production, motility, and fertilization potential. 
Incorporating genetic data into the SITR models enables more refined classification of infertile couples and 
enhances the accuracy of treatment outcome predictions. For example, couples with specific microdeletions 
may exhibit lower success rates with conventional IVF and might require ICSI as a first-line treatment. This can 
be modeled by adjusting the transition probabilities (η2 and η3) in the treatment equations. Moreover, gene 
mutations can influence the selection of sperm retrieval techniques, which can be reflected in parameters K2 
and K359. By incorporating genetic predispositions as weighting factors in these transition rates, the models 
may provide more personalized and biologically informed predictions. For example, patients with protamine-1 
and protamine-2 deficiencies, which are known to affect sperm chromatin packaging may exhibit altered 
probabilities of success with ICSI. These genetic effects can be quantitatively integrated into the bifurcation 
analysis of the proposed models (see60,61).

Similarly, hormonal factors such as low testosterone or elevated follicle stimulating hormone (FSH) levels 
are commonly observed in men with infertility62. These factors can influence both sperm production and the 
response to ART treatments. By incorporating hormonal profiles into the SITR model, the recovery rates (r1 
and r2) can be adjusted based on individual hormonal status. For instance, men with normal testosterone levels 
may experience higher IVF success rates compared to those with hormonal deficiencies. The integration of 
genetic, hormonal, and multi-omics data into the SITR framework offers several clinical applications, including 
personalized treatment planning, predictive modeling, and resource allocation. Incorporating these advanced 
methodologies may enable the SITR models to evolve into powerful tools for understanding and addressing the 
multifactorial nature of infertility. By treating hormonal levels as dynamic variables rather than static parameters, 
it becomes possible to introduce feedback mechanisms in which hormonal fluctuations actively influence the 
probability of ART success over time.
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From a computational standpoint, the models can be extended to incorporate multi-omics-informed 
transition rates, allowing for real-time adaptations based on patient-specific biological profiles. Furthermore, 
integrating machine learning techniques with the mathematical models may assist in determining optimal 
threshold values for these biomarkers, thereby enhancing clinical decision-making. Future research should focus 
on extending the dynamical framework by incorporating these biological insights, ensuring that the models 
remain clinically relevant and adaptable to emerging infertility diagnostics. Finally, it is essential to work toward 
increasing the adoption of these models in clinical practice by fostering trust in their efficacy and overcoming 
the practical obstacles associated with their implementation.

Conclusion
In the present research, two new dynamic models for infertility of couples with men’s factors were presented. 
In the first model, the study population is divided into six groups: infertile susceptible couples, infertile men, 
couples under IUI treatment, couples receiving in vitro fertilization treatment, men taking ICSI treatment, and 
recovered couples. In the second model, sperm sampling of infertile couples is also considered. The advantage of 
the second model over the first model is that sperm sampling is considered. In the second model, the effects and 
type of sperm sample obtained in recovery and the type of treatment were investigated in more detail. Infertile 
couples who have Oligospermia infertility and whose sperm sample was obtained by ejaculation use IVF (ICSI) 
treatment almost 1.5 (28) times more than those with severe Oligospermia.

A basic reproduction number was determined. It was proved that the disease-free equilibrium point for the 
model is locally stable but not asymptotically stable. It was also shown that the equilibrium point does not have 
a sign stable. Therefore, the return of diseases disappears, and nonpregnancy and failure in all kinds of treatment 
no longer remain in the infertile society. Finally, the model was presented graphically. The main achievement of 
this study is that in the case where oligospermia patients under treatment end up with the treatment T3, they 
will remain in this state. Examining the sensitivity index in the first and second models showed that if the return 
rate of infertile couples increases, abortions increase, and fewer couples become fertile, then disease control 
becomes difficult.

In conclusion, while the dynamical models for male infertility present a significant advancement in the field, 
there is still much work to be done. Future research should aim to address the limitations of these models and 
explore new methodologies and approaches to improve their predictive power and clinical applicability.

Data and materials availability
The data sets analyzed during the current study are not publicly available due to privacy and legal restrictions, 
but they may be obtained from the corresponding author upon reasonable request and subject to institutional 
approval.

Appendix A
Definition 1  63 The Routh Hurwitz stability criterion expresses that a system having a characteristic equation 
as follows:

	 Pn(λ) = a0λn + a1λn−1 + · · · + an−1λ + an,

the matrix

	

Hn =




a1 a0 0 0 0 0 · · · 0
a3 a2 a1 a0 0 0 · · · 0
a5 a4 a3 a2 a1 a0 · · · 0
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 · · · an




is named the Hurwitz matrix, associated with Pn(λ).
The main diagonal of the matrix contains elements a1, a2, . . . , an. The first column contains numbers with odd 
indices a1, a3, a5, . . .. In each row, the index of each following number (counting from left to right) is less than 
the index of its predecessor. All other coefficients with indices greater than n or less than 0 are replaced by zeros. 
To be asymptotically stable of system, all the principal minors of the Hn must be positive, where the principle 
minors are as follows:

	

∆1 =|a1|,

∆2 =
∣∣∣ a1 a0

a3 a2

∣∣∣ ,

∆3 =

∣∣∣∣∣
a1 a0 0
a3 a2 a1
a5 a4 a3

∣∣∣∣∣ ,

...
∆n =|Hn|.
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Liénard and Chipart64 demonstrated that if all the coefficients in the characteristic equation are positive (ai > 0 
for i = 1, . . . , n), then the system is asymptotically stable if either 

a)	∆1 > 0, ∆3 > 0, . . .or 

b)	∆2 > 0, ∆4 > 0, . . . .In the following, a theory is described that can not only determine the local stability of 
the non-hyperbolic equilibrium, but also settle the question of the existence of another equilibrium (bifur-
cated from the non-hyperbolic equilibrium). Below proposition of Chavez and Song65 refers to it.

Proposition 1  Consider a general system of ordinary differential equations with a parameter ϕ as follows:

	

dX

dt
= F (X, ϕ),

F : Rn × R −→ Rn,

F ∈ C2(Rn × R).

� (7)

Now, consider the following assumptions:

i) B is the linearization matrix of System (7) nearby the equilibrium 0 with ϕ evaluated at 0. Zero is a simple 
eigenvalue of B, and all other eigenvalues of B have negative real parts.
ii) Matrix B has a nonnegative right eigenvector r and a left eigenvector  corresponding to the zero eigenvalue.

Let Fk  be the kth component of F and let

	
a =

n∑
k,i,j=1

lkrirj
∂2Fk

∂xi∂xj
(0, 0), � (8)

	
b =

n∑
k,i=1

lkri
∂2Fk

∂xi∂ϕ
(0, 0). � (9)

The local dynamics of system (7) around the equilibrium 0 are totally determined by the constants of a and b as 
follows: 

a)	a > 0, b > 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is locally asymptotically stable, and there exists a positive unstable 
equilibrium; when 0 < |ϕ| ≪ 1, 0 is unstable and there exists a negative and locally asymptotically stable 
equilibrium.

b)	a < 0, b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable; when 0 < |ϕ| ≪ 1, 0 is locally asymptotically stable, 
and there exists a positive unstable equilibrium;

c)	a > 0, b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and there exists a locally asymptotically stable negative 
equilibrium; when 0 < |ϕ| ≪ 1, 0 is stable, and a positive unstable equilibrium appears;

d)	a < 0, b > 0. When ϕ changes from negative to positive, 0 changes its stability from stable to unstable. Cor-
respondingly a negative unstable equilibrium becomes positive and locally asymptotically stable.

Appendix B
The Constants of characteristic equation of matrix JC0 in Theorem 3.
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b1 =b22 + b33 + b44 + b55 + b66 + b77,

b2 =b22(b33 + b44 + b55 + b66 + b77)
+ b33(b44 + b55 + b66 + b77) + b44(b55 + b66 + b77)
+ b55(b66 + b77) + b66b77,

b3 = − S0β(δ1η1ν1 + δ2η2ν1 + δ2η4ν2 + δ2η6ν3)
+ b22b33(b44 + b55 + b66 + b77)
+ b22b44(b55 + b66 + b77)
+ b22b55(b66 + b77)
+ b22b66b77 + b33b44(b55 + b66 + b77)
+ b33b55(b66 + b77) + b33b66b77 + b44b55(b66 + b77)
+ b44b66b77 + b55b66b77,

b4 = − S0β(hkδ1δ2η1ν1 + b33δ2η4ν2 + b33δ2η6ν3

+ b44δ1η1ν1 + b44δ2η2ν1 + b44δ2η6ν3 + b55δ1η1ν1

+ b55δ2η2ν1 + b55δ2η4ν2 + b66δ2η2ν1 + b66δ2η4ν2

+ b66δ2η6ν3 + b77δ1η1ν1)
+ b22b33b44(b55 + b66 + b77) + b22b33b55(b66 + b77)
+ b22b33b66b77 + b22b44b55(b66 + b77)
+ b22b44b66b77 + b22b55b66b77 + b33b44b55(b66 + b77)
+ b33b44b66b77 + b33b55b66b77 + b44b55b66b77,

b5 = − S0β(hkb44δ1δ2η1ν1 + hkb55δ1δ2η1ν1

+ b33b44δ2η6ν3 + b33b55δ2η4ν2 + b33b66δ2η4ν2

+ b33b66δ2η6ν3 + b44b55δ1η1ν1 + b44b55δ2η2ν1

+ b44b66δ2η2ν1 + b44b66δ2η6ν3 + b44b77δ1η1ν1

+ b55b66δ2η2ν1 + b55b66δ2η4ν2 + b55b77δ1η1ν1)
+ b22b33b44b55(b66 + b77) + b22b33b44b66b77

+ b22b33b55b66b77 + b22b44b55b66b77

+ b33b44b55b66b77,

b6 =(1 − RC0)b22b33b44b55b66b77.

Appendix C
The components of endemic equilibrium point EC∗.
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sC∗ = S0

RC0
, KC∗

1 = ν1IC∗

b22
,

KC∗
2 = ν2IC∗

b44
, KC∗

3 = ν3IC∗

b55
,

T C∗
1 = ν1η1IC∗

b33b66
,

T C∗
2 =

(
b22IC∗

βδ2s0

) (
RC0 − β

δ 1
η1s0ν1b22b33b66

)
,

T C∗
3 =

(
IC∗

δ3 + α

) (
ν1η3

b33
+ ν2η5

b44
+ ν3η7

b55

+ν2δ2T C∗
2 + (1 − k)hδ1ν1η1

b33b66

)
,

IC∗ = LRC0 − αS0

b22
,

Appendix D
The Constants of characteristic equation of matrix J(EC∗, β∗) in Theorem 4.

	

p1 =b22 + b33 + b44 + b55 + b66 + b77,

p2 =b22(b33 + b44 + b55 + b66 + b77)
+ b33(b44 + b55 + b66 + b77)
+ b44(b55 + b66 + b77) + b55(b66 + b77) + b66b77,

p3 = − S0β(δ1η1v1 + δ2η2v1 + δ2η4v2 + δ2η6v3)
+ b22b33(b44 + b55 + b66 + b77)
+ b22b44(b55 + b66 + b77) + b22b55(b66 + b77)
+ b22b66b77 + b33b44(b55 + b66 + b77)
+ b33b55(b66 + b77) + b33b66b77 + b44b55(b66 + b77)
+ b44b66b77 + b55b66b77,

p4 = − S0β(hkδ1δ2η1v1 + b33δ2η4v2 + b33δ2η6v3

+ b44δ1η1v1 + b44δ2η2v1 + b44δ2η6v3 + b55δ1η1v1

+ b55δ2η2v1 + b55δ2η4v2 + b66δ2η2v1 + b66δ2η4v2

+ b66δ2η6v3 + b77δ1η1v1)
+ b22b33b44(b55 + b66 + b77) + b22b33b55(b66 + b77)
+ b22b33b66b77 + b22b44b55(b66 + b77) + b22b44b66b77

+ b22b55b66b77 + b33b44b55(b66 + b77)
+ b33b44b66b77 + b33b55b66b77 + b44b55b66b77,

p5 = − S0β(hkb44δ1δ2η1v1 + hkb55δ1δ2η1v1

+ b33b44δ2η6v3 + b33b55δ2η4v2 + b33b66δ2η4v2

+ b33b66δ2η6v3 + b44b55δ1η1v1 + b44b55δ2η2v1

+ b44b66δ2η2v1 + b44b66δ2η6v3 + b44b77δ1η1v1

+ b55b66δ2η2v1 + b55b66δ2η4v2 + b55b77δ1η1v1)
+ b22b33b44b55(b66 + b77) + b22b33b44b66b77

+ b22b33b55b66b77 + b22b44b55b66b77

+ b33b44b55b66b77.
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