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A B S T R A C T .   

The author’s method of oligomer sums for analysis of oligomer compositions of eukaryotic and prokaryotic 
genomes is described. The use of this method revealed the existence of general rules for the cooperative oligo-
meric organization of a wide list of genomes. These rules are called hyperbolic because they are associated with 
hyperbolic sequences including the harmonic progression 1, 1/2, 1/3, .., 1/n. These rules are demonstrated by 
examples of quantitative analysis of many genomes from the human genome to the genomes of archaea and 
bacteria. The hyperbolic (harmonic) rules, speaking about the existence of algebraic invariants in full genomic 
sequences, are considered as candidates for the role of universal rules for the cooperative organization of ge-
nomes. The results concerns additionally the problem of the origin of life. The described phenomenological 
results were obtained as consequences of the previously published author’s quantum-information model of long 
DNA sequences. The oligomer sums method was also applied to the analysis of long genes and viruses including 
the COVID-19 virus; this revealed, in characteristics of many of them, the phenomenon of such rhythmically 
repeating deviations from model hyperbolic sequences, which are associated with DNA triplets. In addition, an 
application of the oligomer sums method is shown to the analysis of amino acid sequences in long proteins like 
the protein Titin. The topics of the algebraic harmony in living bodies and of the quantum-information approach 
in biology are discussed.   

1. Introduction 

Living bodies are huge sets of various molecules, which have an 
amazing ability to inherit biological traits of organisms to the next 
generations. G. Mendel, in his experiments with plant hybrids, found 
that the transmission of traits under the crossing of organisms occurs by 
certain algebraic rules, despite the colossal heterogeneity and 
complexity of molecular structures of their bodies. This article repre-
sents new results of studying hidden algebraic rules in molecular genetic 
information structures. 

One of the founders of quantum mechanics, who introduced also the 
term “quantum biology,” P. Jordan noted the main difference between 
living and inanimate objects: inanimate objects are controlled by the 
average random movement of their millions of particles, whose indi-
vidual influence is negligible, while in a living organism selected – ge-
netic - molecules have a dictatorial influence on the whole living 
organism (McFadden and Al-Khalili, 2018). Taking into account the 
dictatorial influence of DNA and RNA molecules on the whole body, the 
author focused his research on a special analysis of numeric parameters 

of nucleotide sequences in single-stranded DNA of different genomes 
and their parts. As a result of this research, a new method of analysis of 
nucleotide sequences was created, which has led to discovering new 
numeric rules of cooperative oligomer organization of eukaryotic and 
prokaryotic genomes. These materials are described below. All initial 
data on nucleotide sequences for this analysis were taken from the 
GenBank. 

It should be recalled that genomic nucleotide sequences are not 
random sequences. These sequences carry information transmitted in a 
noise-immune manner from generation to generation. They contain a 
great number of repeats and complementary palindromes. For example, 
in the human genome, about a third of DNA sequences are represented 
by complementary palindromes (Gusfield, 1997; McConkey, 1993). In 
evolutionary biology, the abundance of such complementary palin-
dromes in genomes is seen as evidence of not random DNA sequences, 
that is, their irreducibility to a set of random mutations (see additional 
data in (Fimmel et al., 2019; Petoukhov, Tolokonnikov, 2020)). 

For long nucleotide sequences of single-stranded DNA, the second 
Chargaff’s rule is well known, which states that in such sequences the 
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amount of guanine G is approximately equal to the amount of cytosine C 
and the amount of adenine A is approximately equal to the amount of 
thymine T. Many authors have devoted their works to the analysis and 
discussion of this rule (see, for example (Fimmel et al., 2019; Prabhu, 
1993; Rapoport, Trifonov, 2012; Rosandic et al., 2016; Shporer et al., 
2016; Yamagishi, 2017),). According to (Albrecht-Buehler, 2006), this 
rule applies to the eukaryotic chromosomes, the bacterial chromosomes, 
the double-stranded DNA viral genomes, and the archaeal chromosomes 
provided they are long enough. In connection with the hidden rules of 
long DNA sequences, Chargraff introduced the important term “a 
grammar of biology” (Chargaff, 1971), which is repeatedly used by his 
followers (see, for example (Yamagishi, 2017)). 

Regarding the quantitative analysis of DNA sequences, researchers 
usually study quantities and percentages (or probability, or frequencies) 
of separate n-plets (that is separate oligomers, having their length n). For 
example, the second Chargaff’s rule is based on such a study of the 
quantities of separate nucleotides A, T, C, and G. The work (Prahbu, 
1993) studies quantities of separate n-plets. In contrast to such analytic 
approaches, the author suggests for analysis of long nucleotide se-
quences another method called the oligomer sums method. It allows 
studying the oligomer cooperative organization by the comparative 
analysis of total amounts of all n-plets, having fixed length n, from the 
certain equivalence classes of oligomers. 

Below this analytic approach and the results of its application to 
many genomes and separate nucleotide sequences are represented. Be-
sides, the article additionally shows that the oligomer sums method can 
be usefully applied to the analysis not only genomic sequences of nu-
cleotides but also the analysis of amino acid sequences of long proteins. 
The presented study is a continuation of long term author’s researches 
on biological symmetries. 

2. The hyperbolic rule in the oligomer cooperative organization 
of all human nuclear chromosomes 

The term “oligomer” refers to a molecular complex of chemical that 
consists of a few repeating units. Nucleobases - adenine A, thymine T, 
cytosine C, and guanine G - serve as such repeated units in DNA oligo-
mers, which can have different lengths and which are also called n-plets, 
where n refers to the oligomer length. Each of nucleotide sequences in 
eukaryotic and prokaryotic genomes can be represented as a sequence of 
monomers (like as A-C-A-T-G-T- …), or a sequence of doublets (like as 
AC-AT-GT-GG- …), or a sequence of triplets (like as ACA-TGT-GGA- …), 
etc. In each of such fragmented representations, one can calculate total 
amounts of oligomers of various kinds in the analyzed sequence and then 
compare them. 

The article describes the numerical analysis of sets of n-plets, which 
belong - in such fragmented representations of long DNA sequences - to 
the equivalence classes (or cooperative groupings) of A1-oligomers, or 
T1-oligomers, or C1-oligomers, or G1-oligomers correspondingly (their 
index 1 indicates that all oligomers of each class start with the same 
nucleotide A, or T, or C, or G). For example, the class of the A1-oligomers 
contains the following n-plets: 4 doublets AA, AT, AC, and AG; 16 
triplets AAA, AAT, AAC, AAG, ATA, …, AGG; etc. The total amount of 
different kinds of n-plets, which start with the same nucleotide, under 
fixed n is equal to 4n− 1. 

To simplify a theoretical explanation, let us consider the example of 
an analysis of the oligomer cooperative organization of human chro-
mosome N◦1 by the author’s method of oligomer sums (abbreviation, 
the OS-method). The totality of data obtained by analyzing a nucleotide 
sequence by thе OS-method is called its OS-representations. This method 
gives numeric sequences called oligomer sums sequences (or briefly, OS- 
sequences). 

The application of the OS-method to the analysis of the human 
chromosome N◦1 includes the following steps, which are typical also for 
the analysis of other DNA and RNA sequences:  

• Firstly, the DNA sequence of this chromosome is represented in the 
mentioned form of a set of its fragmented sequences of oligomers of 
certain lengths n = 1, 2, 3, …; 

• Secondly, phenomenological quantities SA, ST, SC, and SG of mono-
mers A, T, C, and G correspondingly are calculated in the considered 
nucleotide sequence. In the human chromosome N◦ 1, the following 
quantities exist: SA = 67,070,277, ST = 67,244,164, SC =

48,055,043, SG = 48,111,528;  
• Thirdly, in each of the fragmented representations of the DNA 

sequence under n = 2, 3, 4, …, the corresponding total amounts 
ΣA,n,1, ΣT,n,1, ΣC,n,1, and ΣG,n,1 of n-plets are calculated in equivalence 
classes of A1-oligomers, T1-oligomers, C1-oligomers, and G1-oligo-
mers (here, for example, the symbol ΣA,3,1 refers to the total amount 
of triplets, which start with the nucleotide A). These total amounts 
regarding each of the classes are members of the appropriate OS- 
sequence of the class. For analysis of human chromosomes and 
various eukaryotic and prokaryotic genomes, the author usually 
takes n = 1, 2, 3, …, 19, 20 or, in special cases, n = 1, 2, 3, …, 99, 
100. 

One can remind here that genomic sequences in the GenBank sites 
usually contain some letters N, indicating that there can be any nucle-
otide in this place (https://www.ncbi.nlm.nih.gov/books/NBK21136/). 
By this reason, the total amount of all monomers A, T, C, G (that is the 
sum SA + ST + SC + SG), calculated for the sequence from the GenBank, is 
slightly less than the complete length of the DNA sequence, which is 
indicated in the GenBank. But practically this is not essential for the 
results of the application of the OS-method to analyze genomic 
sequences. 

For human chromosome N◦ 1, phenomenological values of the total 
amounts of n-plets from the class of A1-oligomers are shown in the 
graphical form for n = 1, 2, 3, …, 20 in Fig. 2.1 at left (in blue). Here the 
abscissa axis represents the values of n, and the ordinate axis represents 
the values of the total amounts ΣA,n,1 of n-plets, which start with the 
nucleotide A. The amazing result is that all 20 phenomenological points 
[n, ΣA,n,1] lie - with a high level of accuracy - along with the hyperbola 
HA,1 = SA/n = 67070277/n shown in red in Fig. 1, middle. Deviations of 
phenomenological quantities ΣA,n,1 from model values SA/n lie in the 
range − 0.030% ÷ 0.024%, that is, they comprise only one-hundredths 
of a percent (Fig. 1, right). Initial data on this chromosome were taken 
in the GenBank: https://www.ncbi.nlm.nih.gov/nuccore/NC_ 
000001.11. 

This result is striking because it shows that knowing only the number 
of nucleotides A, that is, only one member of the number series shown in 
Fig. 1, at left, one can predict with the high accuracy all other 19 
members, each of which is a sum of 4n− 1 possible kinds of n-plets. The 
number of possible kinds of n-plets in these sums is growing rapidly, 
becoming astronomically huge: 4, 16, 64, 256, 1024, …, 410, …, 419. Of 
course, in the human chromosome N◦1, for example, not all possible 419 

kinds of the mentioned 20-plets exist but the total amount of all those 
kinds of 20-plets, which exist in this chromosome, is practically equal to 
SA/20 with a high level of accuracy shown below. 

Similar results were obtained when studying in this chromosome the 
total amounts of n-plets, which start with the nucleotide T (Fig. 2, at 
left), and with the nucleotide C (Fig. 2, at middle), and with the 
nucleotide G (Fig. 2, at right). The phenomenological values of the total 
amounts ΣT,n,1, ΣC,n,1, and ΣG,n,1 of n-plets are also modeled effectively 
by appropriate hyperbolic progressions HT,1, HC,1, HG,1 (2.1), which 
differ from each other only by their numerators ST, SC, and SG:  

HT,1 = ST/n = 67244164/n, HC,1 = SC/n = 48055043/n, HG,1 = SG/n =
48111528/n                                                                                  (2.1) 

Fig. 3 shows phenomenological and model numeric values for the 
OS-representation of the classes of A1-, T1-, C1-, and G1-oligomers of the 
human chromosome N◦1 for n = 1, 2, 3, …, 20. The model values of the 
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total amounts of n-plets, which start with a certain nucleotide (A, T, C, or 
G), are calculated correspondingly as values of the hyperbolic pro-
gressions HA,1 = SA/n = 67070277/n, HT,1 = ST/n = 67244164/n, HC,1 
= SC/n = 48055043/n, and HG,1 = SG/n = 48111528/n. Deviations of 
phenomenological values from model values are also shown in percent 
in accordance with the expression: 100 (1 – (real value)/(model value)). 
One can see that these deviations are much lesser than 0,2% in all cases. 

The model hyperbolic progressions HA,1 = SA/n, HT,1 = ST/n, HC,1 =

SC/n, and HG,1 = SG/n serve as mathematical standards for the described 
phenomenological facts. These hyperbolic progressions differ from each 
other only in the magnitude of numerators in their expressions, and 
therefore they can be specified by the general expression (2.2):  

HN,1(n) = SN/n,                                                                            (2.2) 

where N refers to any of nucleotides A, T, C, or G; SN refers to the number 
of corresponding monomers A, T, C, or G in the analyzed nucleotide 
sequence. If you know the total quantity SN of the monomer N, you can 
predict - with a high level of accuracy - the total amounts of n-plets 
belonging to the class N1-oligomers by using the general expression 
(2.2). These phenomenological facts testify in favor of the cooperative 
entity of the nucleotide sequence in the human chromosome N◦1. 

By the corresponding compression of the ordinate axis in these 
Cartesian coordinate systems (that is by appropriate scaling of numer-
ators SA, ST, SC, and SG), each of these four hyperbolic sequences HA,1 =

SA/n, HT,1 = ST/n, HC,1 = SC/n, and HG,1 = SG/n reduces to the hyper-
bolic sequence (2.3):  

y = 1/n,                                                                                      (2.3) 

which we call the canonical (or reference) hyperbolic sequence of OS- 
representations (or the canonical OS-sequence) of nucleotide se-
quences. In mathematics, the sequence (2.4)  

1/1, 1/2, 1/3, 1/4, 1/5, …, 1/n                                                          (2.4) 

is known long ago as the harmonic progression (or the harmonic 
sequence) where each term is the harmonic mean of the neighboring 
terms. For this reason, the revealed hyperbolic sequences in genomes 
can be also called genomic harmonic progressions, and, in this mathe-
matical sense, one can talk about the harmonic rules and the harmonious 
organization of genomes described below. The historically famous name 
“the harmonic progression” comes from the connection (2.4) with the 
series of harmonics in music. The sums of the first members of the 
harmonic progression (2.4) are called harmonic numbers. The cross- 
ratio (or the double ratio), which is the basic invariant of projective 
geometry, is equal to 4/3 for any four adjacent terms of the harmonic 
progression (the harmonic progression is projectively equivalent to 
arithmetic progressions, in which the cross-ratio of any four adjacent 
terms is also equal to 4/3). This connection of the harmonic progression 
with the basic invariant of the projective geometry is interesting with 
respect to a wide theme of inherited non-Euclidean symmetries in bio-
logical objects (Petoukhov, 1989). 

The rich centuries-old history of the study of harmonic progressions 
and harmonic series is associated with the names of Pythagoras, Orem 
(d’Oresme), Leibniz, Newton, Euler, Fourier, Dirichlet, Riemann, and 
other researchers. The generalization of the harmonic series is known as 
the Riemann zeta function. Using musical terminology, where the term 
“timbre” refers to the totality of the set of sound frequencies in a pro-
longed sound, one can conditionally say that the oligomer sums method 
represents the analyzed nucleotide sequence as some “oligomer timbre”. 
The series of harmonic numbers serves as the discrete analog of the 
continuous function of natural logarithm ln(n) (Graham et al., 1994, p. 
276); this, in particular, connects the harmonic progression (2.4) with 
Weber-Fechner logarithmic law, which is the main psychophysical law 
and dictates informatic peculiarities for all inherited sensory channels - 
vision, hearing, smell, etc, whose organs (eyes, ears, nose, etc.) very 

Fig. 1. The graphs of data for the case of the OS-sequences of n-plets from the class A1-oligomers of the human chromosome N◦1. In these graphs, the abscissa axis 
represents the values n = 1, 2, 3, …, 20. Left: the ordinate axis represents the set of phenomenological total amounts ΣA,n,1 of n-plets beginning with the nucleotide A. 
Middle: the ordinate axis represents modeling values of the hyperbolic progression SA/n = 67070277/n. The dots with coordinates [n, SA/n] belong to the shown 
hyperbola HA,1 = SA/n = 67070277/n. Right: deviations of the real OS-sequence ΣA,n,1 from the model hyperbolic progression SA/n in percentages. 

Fig. 2. Additional graph data to the OS-representation of the human chromosome N◦1. The abscissa axes represent the values n = 1, 2, 3, …, 20. Тhe ordinate axes 
show model values HT,1(n), HC,1(n), and HG,1(n) (in red) from (2.1), which practically coincide phenomenological values ΣT,n,1, ΣC,n,1, and ΣG,n,1 of the total amount of 
n-plets, which start with the nucleotide T (at the left graph), the nucleotide C (at the middle graph), and the nucleotide G (at the right graph). The numerical data on 
this coincidence is shown below. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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differ each other in appearancе. This mathematical connection is that 
the natural logarithm is defined as the area under the hyperbola on the 
Cartesian plane (Conway, Guy, 1995, p. 250). It testifies that genetic and 
different psychophysical levels of inherited biological informatics are 
structurally interrelated on the algebra-harmonical basis (Petoukhov, 
2016, 2020b). 

Given the relationship of the harmonic progression (2.4) with the 
four OS-sequences for the four types of nucleotides A, T, C, and G, 
genomic sequences can be called tetra-harmonic sequences. Fig. 3 shows 
that the OS-sequences of the total amounts of n-plets from the classes of 
A1-oligomers and T1-oligomers differ little from each other. The same is 
true for the OS-sequences of the total amounts of n-plets from the classes 
of C1- and G1-oligomers. This fact is described by the expressions (2.5):  

ΣA,n,1 ≈ ΣT,n,1, ΣC,n,1 ≈ ΣG,n,1                                                        (2.5) 

In the particular case at n = 1, expressions (2.5) demonstrate the 
second Chargaff’s rule on the approximate equality between the 
amounts of nucleotides A and T, as well as C and G in long DNA se-
quences. Correspondingly the phenomenological fact, described by ex-
pressions (2.5), is a certain generalization of the second Chargaff’s rule. 

The results presented indicate, at least for the human chromosome 
N◦1, that there exist two general hyperbolic (or harmonic) rules 
regarding the total amounts of n-plets, which start with a certain 
nucleotide A, T, C, or G. 

The first hyperbolic rule (about interrelations of oligomers in in-
dividual chromosomes):  
• For any of classes of A1-, T1-, C1-, or G1-oligomers in individual 

chromosomes, the total amounts ΣN,n,1(n) of their n-plets, corre-
sponding different n, are interrelated each other through the 
general expression ΣN,n,1 ≈ SN/n with a high level of accuracy 
(here N refers to any of nucleotides A, T, C, or G; SN refers to the 
number of monomers N; n = 1, 2, 3, 4, …is not too large compared 
to the full length of the nucleotide sequence). The phenomeno-
logical points with coordinates [n, ΣN,n,1] practically lie on the 
hyperbola having points HN,1 = SN/n. 

The second hyperbolic rule (about the similarity in the pairs of OS- 
sequences):  
• In individual chromosomes, two numeric OS-sequences expressing 

the total amounts of n-plets, which start with the nucleotide A and 
with the nucleotide T, are approximately identical. The same is 
true for two numeric OS-sequences expressing the total amounts of 
n-plets, which start with the nucleotide C and with the nucleotide 
G (in accordance with the expressions (2.5)). Here n = 1, 2, 3, 4, … 
is not too large compared to the full length of the nucleotide 
sequence. 

The obtained results of the hyperbolic (or harmonic) interrelation-
ship of the amounts of n-plets, belonging to the indicated classes of 
oligomers, are not trivial. Theoretical counter-examples of artificial 

Fig. 3. Phenomenological and model values to the OS-representations of the classes of A1-, T1-, C1-, and G1-oligomers in human chromosome N◦1 are shown for n =
1, 2, …, 20. The real total amounts of n-plets, which start with a certain nucleotide (A, T, C, or G), are indicated (in blue) jointly with their model values HA,1(n), 
HT,1(n), HC,1(n), and HG,1(n) from (2.1) (in red). The symbol Δ% refers to deviations of real values from model values in percent (the model values are taken as 
100%). (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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nucleotide sequences, which have not such interrelation, can be indi-
cated. For example, for the case of the class of A1-oligomers, one can 
mentally construct a long nucleotide sequence that contains many nu-
cleotides A but does not have two adjacent nucleotides A, that is, does 
not contain a single AA doublet. Such a sequence does not have the 
hyperbolic interrelationship between the amounts of the nucleotide A 
and the total amounts of n-plets starting with A. It can be noted else that, 
in the same human chromosome N◦ 1, the comparison of amounts of 
different n-plets, consisting of only one type of nucleotides, for example, 
of the nucleotide A, shows the absence of the hyperbolic relationship 
between them. Really, in this case the amount of the nucleotide A is 
equal to 67,070,277, the amount of the doublets AA - 10,952,057, the 
amount of the triplets AAA – 2,837,038, the amount of the tetraplets 
AAAA – 856,207, and so on without their hyperbolic interrelation. 

Let us continue the description of obtained results of the analysis of 
the human genome, which contains 22 autosomes and 2 sex chromo-
somes X and Y. These chromosomes are very different from each other in 
length, molecular weight, gene content, etc. What can be said about the 
other 23 human chromosomes? Are there hyperbolic rules similar to 
formulated rules for the human chromosome N◦1? Yes, the author has 
got a positive answer to this question. For each of 24 human chromo-
somes, knowing its quantity SN of the monomer N (that is A, T, C, or G) 
allows you to calculate the total amounts of n-plets, which start with the 
oligomer N, with a high level of accuracy by using the general expression 
(2.2). Here n = 1, 2, 3, … but not very large in comparison with the 

length of the DNA sequence. Fig. 4 shows general confirmational results 
of studying all 24 human chromosomes by the OS-method under n = 1, 
2, 3, …, 20. 

These results demonstrate that both hyperbolic (or harmonic) rules 
N◦ 1 and N◦ 2 hold true for each of the human chromosomes with a high 
level of accuracy. 

One can show that the obtained phenomenological data also leads to 
the third hyperbolic rule related to normalized versions of the OS- 
sequences SA/n, ST/n, SC/n, and SG/n. Scaling the numerators SA, ST, 
SC, and SG by dividing by their total amount S = SA + ST + SC + SG, we 
obtain the corresponding scaling of all these OS-sequences, which are 
termed as “normalized OS-sequences” (2.6):  

SA/(nS), ST/(nS), SC/(nS), SG/(nS)                                                   (2.6) 

It turns out that the normalized OS-sequences of all human chro-
mosomes are similar to each other with a high level of accuracy as Fig. 5 
shows regarding the first main members SA/S, ST/S, SC/S, and SG/S of 
these hyperbolic sequences. 

The same results on the similarity of normalized OS-sequences SA/ 
nS, ST/nS, SC/nS, and SG/nS in all chromosomes of a particular genome 
were obtained by the author when studying the genomes of a number of 
eukaryotes (until now, without a single exception in analyzed cases). 
Below appropriate results for some eukaryotic genomes are described. 
These results allow proposing the third hyperbolic (or harmonic) rule on 

Fig. 4. Some results of the analysis of all 24 
human nuclear chromosomes by the olig-
omer sums method are represented. For each 
of the chromosomes, quantities SA, ST, SC, 
and SG of monomers A, T, C, and G are 
shown to define the model hyperbolic pro-
gressions (2.2). The columns «Range %" 
show ranges of deviations of real OS-series 
of corresponding n-plets (n = 1, 2, …, 20) 
from their appropriate model values SA/n, 
ST/n, SC/n, and SG/n in percentages (in each 
case, an appropriate model value is taken as 
100%). The left column shows chromosome 
numbers.   
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the total amounts of n-plets, which start with a certain nucleotide A, T, 
C, or G. 

The third hyperbolic rule (about the similarity of chromosomes):  
• All chromosomes of any individual eukaryotic genome have 

approximately the same normalized OS-sequences SA/nS, ST/nS, 
SC/nS, and SG/nS representing classes of A1-, T1-, C1-, and G1- 
oligomers (n = 1, 2, 3, 4, …is not too large compared to the full 
length of the nucleotide sequence). 

The author suggests that these hyperbolic rules are universal genetic 
rules. But at this stage of the study, they are only candidates for the role 
of universal rules, since the analysis of the widest variety of genomes is 
required to verify their universality. 

Let us return to the harmonic progression (2.4) and recall its relation 
with the well-known concept of the harmonic mean. The harmonic mean 
H of the positive real numbers x1, x2, …, xn, is defined to be 

H =
n

1
x1
+ 1

x2
+ ⋅⋅⋅ + 1

xn

(2.7) 

Knowing two neighboring members of the harmonic progression, 
one can calculate its next member by means of the harmonic mean 
relation. Here we can briefly mention that the harmonic mean is asso-
ciated with the Pythagorean teaching on the musical harmony and the 
aesthetics of proportions, presented in the famous numerical triangle 
published 2000 years ago by Nichomachus of Gerasa in his book 
“Introduction into arithmetic”. In accordance with this triangle, the 
Parthenon (Kappraff, 2006) and other great architectural objects were 
created because architecture was interpreted as the non-movement 
music, and the music was interpreted as the dynamic architecture (see 
more details in (Kappraff, 2000, 2002; Petoukhov, 2008; Petoukhov, He, 
2010, Section 2, Chapter 4)). Since the harmonic mean is related to the 
harmonic progression, the author indicates magnitudes of the harmonic 
mean in some figures of the article for the comparison analysis of 

OS-sequences in different nucleotide sequences (Fig. 5 and many 
others). 

Each genomic DNA sequence with its total amount S of all nucleo-
tides A, T, C, and G also contains total amounts S/n of n-plets (that is, S/2 
doublets, S/3 triplets, etc.). These total amounts are members of the 
hyperbolic progression S, S/2, S/3, …, S/n. Each member of this 
sequence S/n is the sum of the four OS-sequences SA/n, ST/n, SC/n, and 
SG/n (2.8):   

These linear superpositions are valid for a wide variety of genomes 
that differ only in individual coefficients SA, ST, SC, and SG. 

3. The hyperbolic rules in all chromosomes of a fruit fly 
Drosophila melanogaster and some other model eukaryotic 
species 

This Sections is devoted to the analysis - by the oligomer sums 
method (the OS-method) - of single-stranded DNA sequences of the 
complete sets of chromosomes of a few model eukaryotic organisms, 
which are used long ago in the study of genetics, development, and 
disease. Received results confirm that both hyperbolic (harmonic) rules 
regarding n-plets from the classes of A1-, T1-, C1-, and G1-oligomers hold 
for each of described chromosomes at n = 1, 2, 3, 4, …, 19, 20 (although 
these rules are also satisfied for larger values of n, at least up to n = 100, 
but the data tables for such large n are too cumbersome to include in the 
presentations). 

Let us start with a fruit fly Drosophila melanogaster, which is studied 
in biology labs for over eighty years. All initial data about its chromo-
somes were taken from the GenBank - https://www.ncbi.nlm.nih.gov/ 
genome/?term=drosophila+melanogaster. Resulting data in Fig. 6 
confirm that - for all the chromosomes - the model hyperbolic pro-
gressions HA,1(n) = SA/n, HT,1(n) = ST/n, HC,1(n) = SC/n, and HG,1(n) =
SN/n from the expression (2.2) practically coincide with the real se-
quences of total amounts of n-plets from the classes A1-, T1-, C1-, and G1- 
oligomers at n = 1, 2, 3, …, 20. In all shown cases, the deviations of real 
sequences from model hyperbolic progressions are less than 1% as data 
in the tabular columns « Range %» indicates. This means that the 
formulated hyperbolic (harmonic) rules are fulfilled in the considered 
genome. 

Fig. 5. Data for normalized OS-sequences SA/(nS), ST/(nS), SC/(nS), and SG/ 
(nS) of all human chromosomes are shown for comparison. Here SA, ST, SC, and 
SG refer to phenomenological quantities of nucleotides A, T, C, and G; S = SA +

ST + SC + SG. Harmonic means of the values SA/S, ST/S, SC/S, and SG/S in each 
chromosome are also indicated 

Fig. 6. The results of the analysis of all chromosomes of Drosophila melanogaster 
by the OS-method. The left column shows symbols of chromosomes. SA, ST, SC, 
and SG refer to the quantities of nucleotides A, T, C, and G in appropriate 
chromosomes. The columns “Range %” show deviations of real sequences from 
the model hyperbolic progressions HA,1(n) = SA/n, HT,1(n) = ST/n, HC,1(n) = SC/ 
n, and HG,1(n) = SG/n at n = 1, 2, 3, …, 20 (the model values are taken 
as 100%). 

SA/n + ST/n + SC/n + SG/n = S/n or SA/nS + ST/nS + SC/nS + SG/nS = 1/n                                                                                                        (2.8)  
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Fig. 7 shows data of normalized OS-sequences for all chromosomes of 
Drosophila melanogaster. 

Similar results, which confirm the hyperbolic rules in eukaryotic 
genomes, are received by the oligomer sums method for all the analyzed 
eukaryots including the following:  

• The free-living soil nematode Caenorhabditis elegans by the OS- 
method. This nematode is widely used as a model organism in ge-
netics for a long time. The Caenorhabditis elegans nuclear genome is 
approximately 100 Mb, distributed among 6 chromosomes;  

• the laboratory mouse Mus musculus, which has 21 chromosomes and 
is a major model organism for basic mammalian biology, human 
disease, and genome evolution; 

• a plant Arabidopsis thaliana. This small flowering plant has 5 chro-
mosomes and is used for over fifty years to study plant mutations and 
for classical genetic analysis. It became the first plant genome to be 
fully sequenced; it has a small genome of ~120 Mb. 

All initial data on these genomes were taken from the GenBank. 
Detailed numerical results of the analysis are presented in the preprint 
(Petoukhov, 2020e). 

4. Analysis of long genes by the oligomer sums method 

Before proceeding to the analysis of prokaryotic genomes, it is useful 
to show the applicability of the oligomer sums method to the analysis of 
genes whose sequences are much shorter than DNA sequences in chro-
mosomes. The application of the method unexpectedly reveals the 
phenomenon of regular rhythmic deviations of the sequences of real 
total sums of n-plets in the described genes from the corresponding 
model hyperbolic progressions. 

Let us first consider the human TTN gene encoding the largest known 
protein Titin. Titin, also known as connectin, is important in the 
contraction of striated muscle tissues. Figs. 8–9 show some results of the 
analysis - by the oligomer sums method - of the nucleotide sequence of 

the TTN gene (numeric results will be represented below). Initial data on 
its nucleotide sequence are taken in the GenBank https://www.ncbi. 
nlm.nih.gov/nuccore/X90568.1. This gene contains 26,373 nucleo-
tides A, 19569 nucleotides T, 17097 nucleotides C, and 18,901 nucle-
otides G, that is SA = 26,373, ST = 19,569, SC = 17,097, and SG = 18,901 
for the model hyperbolic progressions (2.2). It can be especially noted 
that, in this gene, the amounts of nucleotides A and T are significantly 
different (26,373 and 19,569), that is, the second Chargaff’s rule on 
their approximate equality in long sequences is not satisfied here since 
this nucleotide sequence is not enough long for the Chargaff’s rule. 

Fig. 8 shows the sequences of the highly regular significant de-
viations of the real total amounts of n-plets, which start with the 
nucleotide T and the nucleotide G, from model hyperbolic progressions 
ST/n = 19569/n and SG/n = 18901/n. One should note that all these 
significant deviations happen only at n = 3, 6, 9, …, 3m, that is only for 
cases of 3m-plets (here m = 1, 2, 3, …). Correspondingly these signifi-
cant deviations can be called « triplet-deviations». 

Fig. 9 shows the graph, which unites both graphs from Fig. 8 and 
demonstrates a few interesting features of the highly regular series of 
these triplet-deviations. 

Firstly, one can see in Fig. 9 that, in classes of T1-oligomers and G1- 
oligomers, the triplet-deviations happen in opposite directions (or, 
figuratively speaking, in antiphase):  

• in the class of T1-oligomers, they decrease real values compared with 
model values of the hyperbolic progression 19569/n; 

Fig. 7. Data of normalized OS-sequences SA/nS, ST/nS, SC/nS, and SG/nS of all 
chromosomes of Drosophila melanogaster are shown for comparison. Here S =
SA + ST + SC + SG. Harmonic means of the values SA/S, ST/S, SC/S, and SG/S in 
each chromosome are also indicated. 

Fig. 8. Graphical representations of the results of the analysis - by the oligomer sums method – of the human TTN gene. The OS-sequences of its total amounts of n- 
plets, which start with the nucleotide T (left) and the nucleotide G (right), are shown. The red lines refer to model hyperbolic progressions ST/n and SG/n corre-
spondingly, where ST = 19,569 and SG = 18,901 are quantities of nucleotides T and G in the gene; n = 1, 2, 3, …, 20 as shown at the abscissa axes. The blue line (left) 
and the green line (right) with dots on them refer to the real OS-sequences of the total amounts of such n-plets. Тhe ordinate axes indicate the total amounts of n-plets. 
(For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 9. The graph, uniting two graphs from Fig. 8 for the TNT gene, is shown. 
The blue dot line and the green dot lines correspond to those additional hy-
perbolic progressions 11979/n and 28788/n, which model real total amounts of 
3m-plets. Other parts of this united graph are the same as in Fig. 8. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 
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• in the class of G1-oligomers, they increase real values in comparison 
with model values of the hyperbolic progression 18901/n. 

Secondly, under triplet-deviations, real total amounts of 3m-plets 
from the classes of T1-oligomers and G1-oligomers belong correspond-
ingly to other hyperbolic progressions 11979/n and 28788/n. These 
hyperbolic progressions are indicated by the blue dot line and the green 
dot line in Fig. 9. Where did these numerators of model hyperbolas come 
from? Each of these numerators is associated with the total amount of 
triplets (n = 3) in an appropriate class of oligomers in this gene: the total 
amount of triplets starting with nucleotide T is equal to 3993, and the 
total amount of triplets starting with nucleotide G is equal to 9596. To 
calculate the first values of the model hyperbolas, each of these amounts 
of triplets must be tripled, giving the shown numerators 11,979 and 
28,788. 

Similar triplet-deviations exist in the OS-representations not only of 
the TTN gene but also of other long genes, prokaryotic genomes, and 
viruses in different degrees as the author has discovered in the analysis 
of a limited set of nucleotide series by the OS-method. In the genetic 
code system, triplets have an important meaning, which differs from 
other n-plets: they encode amino acids and punctuations of protein 
synthesis. One can believe that the phenomenon of the triplet-deviations 
is related to this special meaning of triplets. For this reason, the deeper 
analysis of triplet-deviations in different species can be useful to study 
the secrets of the genetic system and biological evolution. 

Fig. 9 demonstrated the highly regular rhythmic triplet-deviations 
for n = 1, 2, 3, …, 20, but similar rhythmic triplet-deviations exist in 
a much wider range of values n. 

Fig. 10 shows in graphical forms percentage values of the highly 
regular rhythmic deviations of the real total amounts of n-plets, which 
start with the nucleotide T and with the nucleotide G in the TTN gene, 
from the appropriate model values 19569/n and 18901/n. Two cases of 
the range of values n are represented there: n = 1, 2, 3, …, 20, and n = 1, 
2, 3, .., 100. 

The nucleobases T and G are keto-nucleobases. Figs. 9 and 10 draw 
attention to the phenomenon of long-range correlations in the TTN gene 
between sequences of the triplet-deviations in classes of T1-, and G1- 
oligomers: the triplet-deviations in these sequences happen in opposite 
directions as above mentioned. Such binary oppositions, which meet in 

different long genes, prokaryotic genomes, and viruses regarding the 
classes of different N1-oligomers (here N refers to A, T, C, or G), should 
be specially studied in future since they bear important information and 
are associated with other binary-opposition features of molecular ge-
netic systems. 

The following Fig. 11 shows the OS-sequences of the total amounts of 
n-plets, which start with two other nucleotides A and C in the TTN gene. 
This gene contains 26,373 nucleotides A and 17,097 nucleotides C; 
correspondingly SA = 26,373 and SC = 17,097 for the model hyperbolic 
progressions (2.2). 

One can see in Fig. 11 that the class of C1-oligomers has regular se-
quences of the significant triplet-deviations at 3m-plets shown by the 
blue line. The class of A1-oligomers has not such regular sequences of 
significant deviations; besides, its deviations are essentially less than 
deviations in the class of C1-oligomers. In the class of A1-oligomers, the 
real and model values differ little from each other, and therefore, in 
Fig. 11, the red line of model values covers the line of real values. 

Fig. 12 shows the numeric results of the analysis of the TTN gene by 
the oligomer sums method. 

The preprint (Petoukhov, 2020e) shows similar results of the analysis 
of some other genes, including one of the short genes of human histones, 
by the oligomer sums method. The author notes else that not all long 
genes have regular sequences of the pronounced triplet-deviations in 
their OS-representations. The comparison analysis of the 
OS-representations of different genes is a new research field. Certain 
triplet-deviations between real and model values under 3m-plets are also 
found in the OS-representations of entire chromosomes of humans and 
other organisms, but in a much less pronounced form than in cases of 
individual genes. 

5. The hyperbolic rules in bacterial genomes of different groups 
both from bacteria and archaea 

Let us turn now to prokaryotic genomes. The Section represents re-
sults of the analysis of nucleotide sequences of all 19 bacterial genomes 
of different groups both from Bacteria and Archaea, which are listed in 
the article on the second Chargaff’s rule (Rapoport, Trifonov, 2012, p. 
2): “Nucleotide disparities for prokaryotic coding sequences were taken from 
bacterial genomes of different groups both from Bacteria and Archea. All 

Fig. 10. Percentage representations of highly regular rhythmic sequences of the triplet-deviations of the real amounts of n-plets, which belong to classes of T1-, and 
G1-oligomers, from the appropriate model hyperbolic values 19569/n and 18901/n in the TTN gene. Here n = 1, 2, 3, …, 20 (upper row) and n = 1, 2, 3, …, 100 
(bottom row) as shown at the abscissa axes. The ordinate axes show percentages of the deviations (the model values are taken as 100%). 

S.V. Petoukhov                                                                                                                                                                                                                                  
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Fig. 11. Graphical representations of the 
results of the analysis - by the oligomer sums 
method – of the human TTN gene regarding 
the sequences of the total amounts of n-plets, 
which start with the nucleotide A (left) and 
the nucleotide C (right). Here n = 1, 2, 3, …, 
20 (at the absciss axes). Upper row: the red 
lines refer to model hyperbolic progressions 
SA/n = 26373/n and SC/n = 17097/n 
correspondingly. The ordinate axes show the 
total amounts of appropriate n-plets. The 
class of C1-oligomers has regular sequences 
of the significant triplet-deviations at 3m- 
plets shown by the blue line. Bottom row: 
percentage representations of the sequences 
of deviations of the real total amounts of n- 
plets of these classes from the appropriate 
model hyperbolic values 26373/n and 
17097/n (the ordinate axes show these per-
centages). The model values are taken as 
100%. (For interpretation of the references 
to color in this figure legend, the reader is 
referred to the Web version of this article.)   

Fig. 12. Real and model values to the OS-representations of the classes of A1-, T1-, C1-, and G1-oligomers in the human TTN gene are shown for n = 1, 2, …, 20. The 
real total amounts of n-plets, which start with a certain nucleotide (A, T, C, or G), are indicated jointly with their model values HA,1(n) = 26373/n, HT,1(n) = 19569/n, 
HC,1(n) = 17097/n, and HG,1(n) = 18901/n (in red). The symbol Δ% refers to deviations of real values from model values in percent (the model values are taken as 
100%). (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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together 19 genomes were used: Aquifex aeolicus, Acidobacteria bacterium, 
Bradyrhizobium japonicum, Bacillus subtilis, Chlamydia trachomatis, 
Chromobacterium violaceum, Dehalococcoides ethenogenes, Escherichia coli, 
Flavobacterium psychrophilum, Gloeobacter violaceus, Helicobacter pilory, 
Methanosarcina acetivorans, Nanoarchaeum equitans, Syntrophus acid-
itrophicus, Streptomyces coelicolor, Sulfolobus solfataricus, Treponema 
denticola, Thermotoga maritima and Thermus thermophiles”. 

Fig. 13 shows the results of the analysis of the first three prokaryotic 
genomes form this list by the oligomer sums method. Similar results of 
the analysisi of all other genomes from the list are shown in the preprint 
(Petoukhov, 2020e). These results demonstrate that the hyperbolic rule 
No. 1 is fulfilled for all the listed genomes of prokaryotes: the model 
hyperbolic progressions HA,1(n) = SA/n, HT,1(n) = ST/n, HC,1(n) = SC/n, 
and HG,1(n) = SG/n from the expression (2.2) practically coincide with 
the OS-sequences of real total amounts of n-plets from the classes A1-, 
T1-, C1-, and G1-oligomers at n = 1, 2, 3, …, 20. Because of this coin-
cidence, the model hyperbolic progressions, which are represented by 
red lines in the graphs of Fig. 13, almost completely cover the sequences 
of real values (the blue lines in the lower graphs show in percent slight 
alternating deviations of real values from model values). 

The initial data on these prokaryotic genomes were taken from the 
GenBank:  

1) Aquifex aeolicus VF5, complete genome, 1,551,335 bp, accession 
AE000657, version AE000657.1, HYPERLINK “https://www.ncbi. 

nlm.nih.gov/nuccore/AE000657.1?report = genbank” https://www 
.ncbi.nlm.nih.gov/nuccore/AE000657.1?report=genbank;  

2) Bradyrhizobium japonicum strain E109, complete genome, 
9,224,208 bp, accession CP010313, HYPERLINK “https://www. 
ncbi.nlm.nih.gov/nuccore/CP010313.1?report = genbank” 
https://www.ncbi.nlm.nih.gov/nuccore/CP010313.1?report=gen 
bank. 

Similar results, received in the analysis of other 17 genomes of 
bacteria and archaea by the OS-method, are presented in the preprint 
(Petoukhov, 2020e). 

6. Analysis of genomes of microorganisms living in extreme 
environments 

Of particular interest is the analysis of the genetic characteristics of 
microorganisms (extremophiles) living under extreme conditions of 
high and low temperatures, radiation, acidic and alkaline environments, 
drying, etc. Study of extremophiles is useful for many practical and 
theoretical problems. The https://en.wikipedia.org/wiki/Extremophile 
website contains a table of extremophiles. For the analysis of their ge-
nomes by the oligomer sums method, the author used 1–2 organisms 
from each category of the table. Thus, the genomic data of the following 
extremophiles were taken in the GenBank and analyzed: 1) Pyrolobus 
fumarii 1A, which lives in submarine hydrothermal vents; 2) 

Fig. 13. Graphical representations of the results of the analysis - by the oligomer sums method – of the following bacterial genomes mentioned in (Rapoport, 
Trifonov, 2012, p. 2): 1) Aquifex aeolicus; 2) Bradyrhizobium japonicum. For each of genomes two rows of resulting data are shown at n = 1, 2, …, 20 plotted along the 
abscissа axes: the top rows demonstrate that model hyperbolic progressions SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of 
phenomenological values (the ordinate axes show appropriate values); the bottom blue lines show in percent slight alternating deviations of phenomenological 
values from model values. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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Synechococcus lividus PCC 6715, which lives in low temperature condi-
tions; 3) Chroococcidiopsis thermalis PCC 7203, which lives in conditions 
of desiccation; 4) Pyrococcus furiosus DSM 3638, which lives in subma-
rine hydrothermal vents; 5) Psychrobacter alimentarius strain PAMC 
27889, which lives in soda lakes; 6) Clostridium paradoxum JW-YL-7 =
DSM 7308 strain JW-YL-7 ctg1, which lives in volcanic springs, acid 
mine drainage; 7) Deinococcus radiodurans R1, which lives in conditions 
of cosmic rays, X-rays, radioactive decay; 8) Halobacterium sp. NRC-1, 
which lives in conditions of high salt concentration. 

The results of the analysis of these genomic data shows the fulfill-
ment of the hyperbolic rule N◦1 of oligomeric sums for all listed 
extremophiles. The extremal living conditions of these microorganisms 
do not affect the subordination of their genomes to the described hy-
perbolic (harmonic) rules of the algebraic invariance, which are true for 
the genomes of other prokaryotes and eukaryotes. 

Fig. 14 shows the results of the analysis for the first two extrem-
ophiles from the list. Similar results for all other listed extremophiles are 
presented in the preprint (Petoukhov, 2020e). 

7. Analysis of giant viruses by the oligomer sums method 

This Section represents examples of studying genomes of different 
viruses by the oligomer sums method. The focus is on giant viruses 
(Fig. 15). 

The results, presented in this Section, show the fulfillment of the 
hyperbolic (harmonic) rule N◦ 1 for the viruses considered and provide 
material for comparative analysis of different OS-sequences in genetics. 

8. Analysis of the COVID-19 virus by the oligomer sums method 

Let us turn now to the analysis - by the oligomeric sums method - of 
the COVID-19 virus, which led to a pandemic. The initial data on its 
nucleotide sequence was taken by the author from the site https://www. 
ncbi.nlm.nih.gov/nuccore/MN908947.3, where the following is written 
about it: severe acute respiratory syndrome coronavirus 2 isolate 
Wuhan-Hu-1, complete genome, GenBank: MN908947.3, LOCUS 
MN908947, 29,903 bp ss-RNA linear VRL 18-MAR-2020. 

Figs. 16–17 show some results of such an analysis of the virus. 
In particular, Figs. 16 and 17 show that this virus in its OS- 

representations has under n = 3, 6, 9, …, 3m such deviations of 

Fig. 14. The results of the analysis the following extremophiles: 1) Pyrolobus fumarii 1A, complete genome, 1843267 bp, https://www.ncbi.nlm.nih.gov/nuccore/ 
NC_015931.1; 2) Synechococcus lividus PCC 6715 chromosome, complete genome, 2,659,739 bp, https://www.ncbi.nlm.nih.gov/nuccore/NZ_CP018092.1 All ab-
scissa axes show the values n = 1, 2, …, 20. The red hyperboliс lines demonstrate model hyperbolic progressions SA/n, ST/n, SC/n, SG/n, which almost completely 
cover the OS-sequences of phenomenological values (the ordinate axes show appropriate values). Blue lines show in percent slight alternating deviations of 
phenomenological values of the OS-sequences from model values SA/n, ST/n, SC/n, SG/n (here SA, ST, SC, and SG denote number of nucleotides A, T, C, and G in the 
genomes). (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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phenomenological values from model values, which resemble the 
triplet-deviations in human genes, which were described above in 
Fig. 4.1-4.5. Perhaps the harmfulness of this virus to humans is related to 
this similarity. It should also be noted that - in the classes of pyrimidines 
C1- and T1-oligomers - these deviations occur in opposite directions in a 
coordinated manner, which indicates a particular consistency in the 
structure of the nucleotide sequence of this virus concerning pyrimidines 
classes. 

9. DNA epi-chains and the hyperbolic rules for oligomer sums 

This Section presents some results of the study of special sub-
sequences of long nucleotide sequences in single-stranded DNA by the 
oligomer sums method. These subsequences are termed «DNA epi- 
chains» (Petoukhov, 2019a). The author’s initial results testify that the 
above described hyperbolic rules of oligomer sums for genomes are also 
fulfielld for these epi-chains; it gives new materials to a known theme of 
fractal-like structures in genetics. 

By definition, in a nucleotide sequence N1 of any DNA strand with 
sequentially numbered nucleotides 1, 2, 3, 4, … (Fig. 18a), epi-chains of 
different orders k are such subsequences that contain only those nucle-
otides, whose numeration differ from each other by natural number k =
1, 2, 3, …. For example, in any single-stranded DNA, epi-chains of the 
second order are two nucleotide subsequences N2/1 and N2/2 in which 

their nucleotide sequence numbers differ by k = 2: the epi-chain N2/1 
contains nucleotides with odd numerations 1, 3, 5, …(Fig. 18b), and the 
epi-chain N2/2 contains nucleotides with even numerations 2, 4, 6, … 
(Fig. 18c). By analogy, epi-chains of the third order are those three 
nucleotide subsequences N3/1, N3/2, and N3/3, each of which has 
sequence numbers that differ by k = 3: these epi-chains contain nucle-
otides with numerations 1, 4, 7, … or 2, 5, 8, … or 3, 6, 9, …, respec-
tively (Fig. 18d-а). The epi-chain of the first order N1 coincides with the 
nucleotide sequence of the DNA strand (Fig. 18a). 

The term “epi-chain” was coined from the Ancient Greek prefix epi-, 
implying features that are “on top of” DNA strands. In any DNA strand, 
each nucleotide belongs to many epi-chains having different orders k. 
The symbol “N” in the designation of DNA epi-chains corresponds to the 
first letter in the word “nucleotides”. In the designation “Nk/m” of single- 
stranded DNA epi-chains, the numerator “k" in the index indicates the 
order of the epi-chain, and the denominator “m" indicates the numera-
tion of the initial nucleotide of this epi-chain along the DNA strand 
(Fig. 18a). For example, the symbol N3/2 refers to the epi-chain of the 
third order with the initial nucleotide having the number 2 in the DNA 
strand: 2-5-8- … (Fig. 18e). 

Each DNA epi-chain of k-th order (if k = 2, 3, 4, ….) contains k times 
fewer nucleotides than the DNA strand and has its own arrangements of 
nucleobases A, T, C, and G. But unexpectedly, despite on these differ-
ences, OS-sequences of the total amounts of those n-plets, which start 

Fig. 15. The results of the analysis - by the oligomer sums method – the following giant viruses: 1) Megavirus chiliensis, complete genome, 1,259,197 bp, NCBI 
Reference Sequence: NC_016072.1, https://www.ncbi.nlm.nih.gov/nuccore/NC_016072.1; 2) Cafeteria roenbergensis virus BV-PW1, complete genome, 617,453 bp, 
NCBI Reference Sequence: NC_014637.1, https://www.ncbi.nlm.nih.gov/nuccore/NC_014637.1. All abscissa axes show the values n = 1, 2, …, 20. The red hy-
perbolic lines demonstrate that model hyperbolic progressions SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of phenomenological 
values (the ordinate axes show appropriate values). Blue lines show in percent slight alternating deviations of real values of the OS-sequences from model values SA/ 
n, ST/n, SC/n, SG/n (here SA, ST, SC, and SG denote number of nucleotides A, T, C, and G in these viruses). (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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with a nucleotide A, or T, or C, or G, are modeled by very similar hy-
perbolic progressions as in the complete DNA strand and as in its epi- 
chains (at this stage of the research, the author studied OS- 
representations of epi-chains only in cases of epi-chains with relatively 
small orders k). 

Figs. 19–23 explain these results in graphical forms by examples of 
the OS-representations of epi-chains N2/1, N3/1, N4/1, N10/1, and N50/1 in 
the human chromosome N◦1 (the OS-representation of this complete 
chromosome was presented above in Figs. 1–3). 

Figs. 19–23 show that in these epi-chains, which are sparse sub-
sequences of the complete DNA sequence, the same hyperbolic rule No. 
1 is fulfilled, which was formulated above for complete DNA sequences 
in eukaryotic and prokaryotic genomes. The rule is fulfilled in these epi- 
chains with the same high accuracy as in the complete DNA of the 
sequence. 

Similar results were obtained by the author in study of epi-chains in 
the single-stranded DNA of other analyzed genomes (see some corre-
sponding data in (Petoukhov, 2019a)). These results allow formulating 
the fourth hyperbolic (or harmonic) rule of eukaryotic and prokaryotic 
genomes, which is considered by the author as a candidate for the role of 
a universal genetic rule (it is necessary to further investigate the widest 
variety of genomes to verify a degree of its universality). 

The fourth hyperbolic rule (about interrelations of oligomers in 
epi-chains of long DNA sequences): 
• In any nuclear chromosome of eukaryotic genomes and in pro-

karyotic genomes, the hyperbolic rules N◦N◦ 1 and 2 are fulfielld 
not only for the complete nucleotide sequences but also for their 
epi-chains of the order k (where k = 2, 3, 4, …is not too large 
compared to the full length of the nucleotide sequence). 

Fig. 16. The graphs for the cases of the OS-sequences of n-plets from the classes of A1-oligomers (rows 1) and T1-oligomers (rows 2) of the coronavirus 2 isolate 
Wuhan-Hu-1, complete genome, GenBank: MN908947.3, LOCUS MN908947, 29,903 bp. The abscissa axes represent the values n = 1, 2, 3, …, 20 and n = 1, 2, 3, …, 
100. In the graphs with red lines the ordinate axes represent the set of phenomenological total amounts ΣA,n,1 and ΣT,n,1 of n-plets beginning with the nucleotides A 
and T. The graphs with blue lines show deviations of phenomenological OS-sequences ΣA,n,1 and ΣT,n,1 from the model hyperbolic progressions SA/n = 8954/n and 
ST/n = 9594/n in percentages. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

S.V. Petoukhov                                                                                                                                                                                                                                  



BioSystems 198 (2020) 104273

14

The numeric data, which determine the graphs in Figs. 19–23, are 
represented in the preprint [Petoukhov, 2020e]. 

Fig. 24 shows that normalized values of amounts SA, ST, SC, and SG of 
each of nucleotides A, T, C, and G are practically identical in all 
considered epi-chains of the human chromosome N◦1, that is, they are 
independent of the epi-chain order. 

10. The representation of the DNA alphabets by their binary- 
oppositional traits in matrix genetics 

The described phenomenological rules in the genetic systems were 
discovered as a result of the development of a matrix-algebraic approach 
to modeling the genetic coding system. Some features of this author’s 
model approach are presented below. 

Science does not know why the DNA alphabet of nucleotides consists 

of only 4 relatively simple molecules A, T, C, and G. But science knows 
that this alphabet is endowed with a system of binary-opposition traits 
(or indicators):  

- 1) in the double helix of DNA, there are two complementary pairs of 
nucleotides: the nucleotides C and G of the first pair are connected by 
three hydrogen bonds, and the nucleotides A and T of the second pair 
by two hydrogen bonds. Given these oppositional indicators, one can 
represent C = G = 1 and A = T = 0;  

- 2) the two nucleotides are keto molecules (G and T), and the other 
two are amino molecules (A and C). Given these oppositional in-
dicators, one can represent G = T = 1 and A = C = 0. 

Taking this into account, it is convenient to represent DNA alphabets 
of 4 nucleotides, 16 doublets and 64 triplets in the form of square tables, 

Fig. 17. The graphs for the cases of the OS-sequences of n-plets from the classes of C1-oligomers (rows 1) and G1-oligomers (rows 2) of the coronavirus 2 isolate 
Wuhan-Hu-1, complete genome, GenBank: MN908947.3, LOCUS MN908947, 29,903 bp. The abscissa axes represent the values n = 1, 2, 3, …, 20 and n = 1, 2, 3, …, 
100. In the graphs with red lines the ordinate axes represent the set of phenomenological total amounts ΣC,n,1 and ΣG,n,1 of n-plets beginning with the nucleotides C 
and G correspondingly. The graphs with blue lines show deviations of phenomenological OS-sequences ΣC,n,1 and ΣG,n,1 from the model hyperbolic progressions SС/n 
= 5492/n and SG/n = 5863/n in percentages. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of 
this article.) 
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Fig. 18. A schematic representation of a 
single-stranded DNA and its initial epi- 
chains of nucleotides, denoted by black cir-
cles. a, a sequence N1 of numerated nucleo-
tides of the DNA strand. b, an epi-chain of 
the second order N2/1 beginning with 
nucleotide number 1. с, an epi-chain of the 
second order N2/2 beginning with nucleotide 
number 2. d, an epi-chain of the third order 
N3/1 beginning with nucleotide number 1. e, 
an epi-chain of the third order N3/2 begin-
ning with nucleotide number 2. f, an epi- 
chain of the third order N3/3 beginning 
with nucleotide number 3.   

Fig. 19. The results of the analysis - by the oligomer sums method – the nucleotide sequence of the epi-chain of the second order N2/1 (Fig. 18b), which consists of 
nucleotides with serial numerations 1-3-5-7-9- … in the DNA sequence of the human chromosome N◦ 1. All abscissa axes show the values n = 1, 2, …, 20. The top 
row demonstrates that the model hyperbolic progressions SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of real total amounts of those 
n-plets, which start with a nucleotide A, or T, or C, or G in this epi-chain correspondingly (the ordinate axes show appropriate amounts). The bottom row shows in 
percent slight alternating deviations of phenomenological values of the OS-sequences from model values. (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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the columns of which are numbered in accordance with oppositional 
indicators “3 or 2 hydrogen bonds” (C = G = 1, A = T = 0), and the rows 
in accordance with oppositional indicators “amino or keto” (С = А = 0, 
G = T = 1). In such tables, all letters, doublets, and triplets automatically 
occupy their strictly individual places (Fig. 25). 

These three tables (Fig. 25) are not only simple tables but they are 
members of the tensor family of matrices: the second and the third 
tensor (Kronecker) powers of the matrix [G, T; C, A] generate similar 
arrangements of 16 doublets and 64 triplets inside matrices [G, T; C, 
A](2) and [G, T; C, A](3) as shown in Fig. 25. One can note here that the 
classes of G1-, T1-, C1-, and A1-oligomers, analyzed in the previous 

Section as related to the hyperbolic rules, are connected by a special 
manner with the tensor family of the matrices [G, T; C, A](n) where the 
symbol (n) refers to an appropriate tensor power. More precisely, in 
Fig. 25, each of (2*2)-quadrants of the matrix [G, T; C, A](2) contains a 
complete set of 4 doublets, which start with one of nucleotides G, T, C, 
and A; each of (22*22)-quadrants of the matrix [G, T; C, A](3) contains a 
complete set of 16 triplets, which start with one of the nucleotides G, T, 
C, and A. In general, each of (2n− 1*2n− 1)-quadrants of the matrix [G, T; 
C, A](n) contains a complete set of 4n− 1 n-plets, which start with one of 
the nucleotides G, T, C, and A. 

The genetic code is called a “degenerate code” because 64 triplets 

Fig. 20. The results of the analysis - by the oligomer sums method – the nucleotide sequence of the epi-chain of the third order N3/1 (Fig. 18d), which consists of 
nucleotides with serial numerations 1-4-7-10-13- … in the DNA sequence of the human chromosome N◦ 1. The top row demonstrates that the model hyperbolic 
progressions SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of real total amounts of those n-plets, which start with a nucleotide A, or T, 
or C, or G in this epi-chain correspondingly. The bottom row shows in percent slight alternating deviations of real values of the OS-sequences from model values. All 
denotations are the same as in Fig. 19. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 21. The results of the analysis - by the oligomer sums method – the nucleotide sequence of the epi-chain of the 4th order N4/1, which consists of nucleotides with 
serial numerations 1-5-9-13- … in the DNA sequence of the human chromosome N◦ 1. The top row demonstrates that the model hyperbolic progressions SA/n, ST/n, 
SC/n, SG/n (red lines) almost completely cover the OS-sequences of real total amounts of those n-plets, which start with a nucleotide A, or T, or C, or G in this epi- 
chain correspondingly. The bottom row shows in percent slight alternating deviations of real values of the OS-sequences from model values. All denotations are the 
same as in Fig. 19. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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Fig. 22. The results of the analysis - by the oligomer sums method – the nucleotide sequence of the epi-chain of the 10th order N10/1, which consists of nucleotides 
with serial numerations 1-11-21-31-41- … in the DNA sequence of the human chromosome N◦ 1. The top row demonstrates that the model hyperbolic progressions 
SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of real total amounts of those n-plets, which start with a nucleotide A, or T, or C, or G in 
this epi-chain correspondingly. The bottom row shows in percent slight alternating deviations of real values of the OS-sequences from model values. All denotations 
are the same as in Fig. 19. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 23. The results of the analysis - by the oligomer sums method – the nucleotide sequence of the epi-chain of the 50th order N50/1, which consists of nucleotides 
with serial numerations 1-51-101-151-201- … in the DNA sequence of the human chromosome N◦ 1. The top row demonstrates that the model hyperbolic pro-
gressions SA/n, ST/n, SC/n, SG/n (red lines) almost completely cover the OS-sequences of real total amounts of those n-plets, which start with a nucleotide A, or T, or 
C, or G in this epi-chain correspondingly. The bottom row shows in percent slight alternating deviations of real values of the OS-sequences from model values. All 
denotations are the same as in Fig. 19. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 24. The normalized values SP/(SA + ST + SC + SG) of amounts SA, ST, SC, and SG of each nucleotide A, T, C, and G are practically identical in all considered epi- 
chains of different orders 1, 2, 3, 10, and 50 in the human chromosome N◦ 1, that is, they are independent of the epi-chain orders. 
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encode 20 amino acids and stop-codons so that several triplets can 
encode each amino acid at once, and each triplet necessarily encodes 
only a single amino acid or a stop-codon. The (8*8)-matrix of 64 triplets 
(Fig. 25) was built formally without any mention of amino acids and 
stop-codons. Nothing data preliminary exist on a possible correspon-
dence between triplets and amino acids. How can these 20 amino acids 
and stop-codons be located in this matrix of 64 triplets? There are a huge 
number of possible options for the location and repetition of separate 
amino acids and stop-codons in 64 cells of this matrix. More precisely, 
the number of these options is much more than 10100 (for comparison, 
the entire time of the Universe existence is estimated in modern physics 
at 1017 s). But Nature uses - from this huge number of options - only a 
very specific repetition and arrangement of separate amino acids and 
stop-codons, the analysis of which is important for revealing the 

structural organization of the information foundations of living matter. 
Fig. 26 shows the real repetition and location of amino acids and 

stop-codons in the case of the Vertebrate Mitochondrial Code, which is 
the most symmetrical among known dialects on the genetic code. This 
genetic code is called the most ancient and “ideal” in genetics (Frank--
Kamenetskii, 1988) (other dialects of the genetic code have small dif-
ferences from this one, which is considered in the theory of symmetries 
as the basis from the structural point of view). 

The location and repetition of all amino acids and stop-codons in the 
matrix of 64 triplets have the following algebraic feature (Fig. 26):  

• Each of sixteen (2*2)-sub-quadrants, forming this genetic matrix and 
denoted by bold frames, is bisymmetrical: each of its both diagonals 
contains an identical kind of amino acids or stop-codon. 

Such bisymmetric (2*2)-matrices [a, b; b, a] are well known in 
algebra as matrix representations of two-dimensional hypercomplex 
numbers called hyperbolic numbers: a+bj where “a” and “b” are real 
numbers, and the imaginary unit j satisfies j2 = +1 (Kantor, Solo-
dovnikov, 1989). Hyperbolic numbers are used in physics and mathe-
matics and they have also synonymical names: “split-complex numbers”, 
“double numbers” and “perplex numbers”. The collection of all hyper-
bolic numbers forms algebra over the field of real numbers (Harkin, 
Harkin, 2004; Kantor, Solodovnikov, 1989). The algebra is not a division 
algebra or field since it contains zero divisors. Addition and multipli-
cation of hyperbolic numbers are defined by the expressions (10.1):  

Fig. 25. The square tables of DNA-alphabets of 4 nucleotides, 16 doublets, and 64 triplets with a strict arrangement of all components. Each of the tables is con-
structed in line with the principle of binary numeration of its column and rows on the basis of binary-oppositional indicators of nucleobases G, T, C, and A (see 
explanations in the text). 

Fig. 26. The location and repetition of 20 amino acids and 4 stop-codons 
(denoted by bold) in the matrix of 64 triplets [C, A; G, T](3) (Fig. 25) for the 
Vertebrate Mitochondrial Code. The symbol “stop” refers to stop-codons. 

Fig. 27. The decomposition of the bisymmetric matrix [a, b; b, a] into two 
sparse matrices representing real and imaginary units of hyperbolic numbers 
correspondingly. 
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This multiplication is commutative, associative, and distributes over 
addition. 

Hyperbolic numbers have the matrix form of their representation in a 
form of bisymmetric matrix [a, b; b, a]. Fig. 27 shows the decomposition 
of such matrix into two sparse matrices, the first of which is the matrix 
representation of the real unit and the second one is the matrix repre-
sentation of the imaginary unit j. 

a*1+ b*j ⇔
⃒
⃒
⃒
⃒
a, b
b a

⃒
⃒
⃒
⃒= a

⃒
⃒
⃒
⃒

1, 0
0 1

⃒
⃒
⃒
⃒+ b

⃒
⃒
⃒
⃒
0, 1
1 0

⃒
⃒
⃒
⃒

Regarding the hyperbolas from the hyperbolic rules formulated 
above (Figs. 1 and 2, etc.), it can be noted the following:  

- 1) the transformation of one point of the hyperbola to another point 
is determined by the transformation of the hyperbolic rotation, in 
which the hyperbole glides along with itself. Such a transformation is 
determined by a special bisymmetric matrix [a, b; b, a] representing 
a special form of hyperbolic numbers (the hyperbolic rotations are 
known in the special theory of relativity under the name of the 
Lorentz transformation); 

- 2) in the hyperbolic sequence S/n, each its member can be consid-
ered as a point at the hyperbolic plane and interpreted as a corre-
sponding hyperbolic number S/n + nj having its matrix 
representation [S/n, n; n, S/n]. 

If each amino acid and stop-codon is represented by some charac-
teristic parameter (for example, the number of carbon atoms in these 
organic formations or numbers of protons in its molecular structure, 
etc.), then a numerical (8*8)-matrix arises (Fig. 28) with bisymmetric 
(2*2)-sub-quadrants representing hyperbolic numbers a+bj. In other 
words, this phenomenologic arrangement of amino acids and stop- 
codons in the matrix of 64 triplets is associated to the multiblock 
union of matrix presentations of 16 two-dimensional hyperbolic 
numbers. 

An additional confirmation of the relationship of DNA alphabets with 
bisymmetric matrices, representing hyperbolic numbers, is given by 
returning to the tensor family of genetic matrices (Fig. 26), which were 
constructed very formally on the basis of binary-oppositional attributes 
of the four nucleotides A, G, C, and T. Taking into account that two 
nucleotides are purines (A and G) and the other two are pyrimidines (C 
and T), one can replace in these matrices the nucleotides A and G with 
the traditional symbol of purines R, and the nucleotides C and T with the 
traditional symbol of pyrimidines Y. In such representation of the 
considered genetic matrices, a tensor family of bisymmetric matrices 
arises, whose entries are combinations of purines R and pyrimidines Y 
(Fig. 29). These bisymmetric matrices represent 2-dimensional, 4- 

dimensional, and 8-dimensional hyperbolic numbers (10.2):  

R + j1Y; RR + j1RY + j2YR + j3YY; RRR + j1RRY + j2RYR + j3RYY +
j4YRR + j5YRY + j6YYR + j7YYY                                             (10.2) 

where all jk are imaginary units of these hyperbolic numbers with the 
property jk2 = +1. The algebras of these 2-, 4-, and 8-dimensional hy-
perbolic numbers, which are called also as hyperbolic matrions, have 
corresponding multiplication tables for their basis units (Petoukhov, 
2008; Petoukhov, He, 2010). 

It should be noted two following aspects. Firstly, the multiplication 
table of the algebra of 2n-dimensional hyperbolic numbers has a fractal- 
like character since it contains multiplication tables of the algebras of 
2n− 1-, 2n− 2-, …, 2-dimensional hyperbolic numbers (Fig. 29 shows an 
example of this). 2n-dimensional hyperbolic numbers can be generated 
by the tensor power (n) of the 2-dimensional bisymmetric matrix [R, Y; 
Y, R](n). Secondly, coordinates of hyperbolic numbers in (25) have some 
relation to analysis of genomes by the oligomer sums method and by its 
modifications. For example, in 2-dimensional hyperbolic number R +
j1Y, the coordinate R is equal to total number of purines A and G, and the 
coordinate Y is equal to total number of pyrimidines C and T in the 
considered DNA sequence. The coordinate RY in the expression (10.2) is 
equal to the total amounts of doublets, which start with purines A and G 
and end with pyrimidines C and T, and so on. 

The presented algebraic features of the genetiс coding system sup-
plement the following statement in a number of author’s publications 
(Petoukhov, 2008, 2016, 2018a; Petoukhov, He, 2010, etc.). The genetic 
code is not just a mapping of one set of elements to other sets of elements 
by type, for example, of a phone book in which phone numbers encode 
names of people. But the genetic code is inherently an algebraic code, 
akin to a certain degree to those algebraic codes that are used in modern 
communication theory for noise-immune transmission of information. 
Algebraic features of the genetic code are related to the noise-immune 
properties of this code and the whole genetic system. 

One can explain the meaning and possibilities of algebraic codes by 
the example of transmitting a photograph of the Martian surface from 
Mars to Earth using electromagnetic signals. On the way to the Earth, 
these signals travel millions of kilometers of interference and arrive at 

Fig. 28. The numeric analog of the symbolic (8*8)-matrix of amino acids and 
stop-codons from Fig. 26 for the case of representing each of amino acids by 
numbers of its carbon atoms (stop-codons are conditionally represented 
by zero). 

Fig. 29. Top: the tensor family of bisymmetric genetic matrices [R, Y; Y, R](n) 

received from the tensor family of matrices in Fig. 26 by the replacement there 
of purines A and G by the symbol R, and of pyrimidines C and T by the symbol 
Y. Bottom: the multiplication table of basis units 1 and jk of the algebra of 8- 
dimensional hyperbolic numbers, which contains multiplication tables, 
marked by bold lines, of the algebras of 2- and 4-dimensional hyperbolic 
numbers (Petoukhov, 2008; Petoukhov, He, 2010). 

(x + jy)+(u + jv)=(x + u)+j(y + v); (x + jy) (u + jv)=(xu + yv)+j(xv + yu)                                                                                                      (10.1)  
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the Earth in a very weakened and distorted form. But, magically, based 
on these mutilated signals on Earth, a high-quality photograph of the 
surface of Mars is recreated. The secret of this magic lies in the fact that 
from Mars not the information signals about this photo are sent, but 
algebraically encoded versions of these signals that are quite other. At 
receivers on Earth, these algebraically encoded signals are algebraically 
decoded into signals, which recreate the original photographic image of 
the surface of Mars. It should be emphasized that algebraic coding of 
information in the theory of noise-immune communication actively uses 
the mathematical apparatus of matrices, which is also used in quantum 
informatics and quantum mechanics as matrix operators. The author’s 
works are aimed at studying algebraic properties of the genetic coding 
system for revealing hidden information rules algebraically encoded in 
the molecular genetic system. This article is part of a set of long-term 
author’s studies of the genetic system by the methods of matrix anal-
ysis and modeling combined under the general name “matrix genetics” 
(Petoukhov, 2008, 2011, 2016, 2017, 2019b,c; Petoukhov, He, 2010; 
Petoukhov, Petukhova, 2017a,b). 

Let’s continue the presentation of confirmational data on the exis-
tence of hyperbolic (or harmonic) rules in the cooperative oligomeric 
organization of the eukaryotic and prokaryotic genomes. 

11. The quantum-information model of the oligomer 
cooperative organization in genomes and its confirmed 
predictions 

The Section is devoted to the connections of the described 
phenomenological hyperbolic (harmonic) rules in genomes with the 
concepts and mathematical formalisms of quantum informatics. 

One of the creators of quantum mechanics P.Jordan in his work on 
quantum biology claimed that life’s missing laws were the rules of 
chance and probability of the quantum world (Jordan, 1932; McFadden, 
Al-Khalili, 2018). From the standpoint of Jordan’s statement, the study 
of probabilities or frequencies of n-plets (monoplets, doublets, triplets, 
etc.) in long DNA sequences is important for discovering hidden bio-
logical laws and for developing quantum biology. The phenomenolog-
ical hyperbolic rules about the total amounts of certain oligomers in the 
genomes described above allow us to study their connection with the 
probability rules of these groups of oligomers in the genomes. Let us 
explain this. 

Till now we considered the total amounts ΣN,n,1 of certain n-plets, 
which start with the first nucleotide N (A, T, С, or G), and we discovered 
that, in different genomes, these amounts correspond to hyperbolic OS- 
sequences SN/n with a high accuracy, where SN refers to the total 
number of the nucleotide N. The whole sequence of all nucleotides in a 
long single-stranded DNA can be considered as a sequence of oligomers 
of a certain length n, whose amount is equal to S/n. Each such oligomer 
starts with one of four nucleotides A, T, C, or G. Therefore the total 
amount S/n of consecutive oligomers of length n in the analyzed DNA 
sequence is the sum of all oligomers of length n starting with A, or T, or 
C, or G:  

S/n = ΣA,n,1 + ΣT,n,1 + ΣC,n,1 + ΣG,n,1                                           (11.1) 

The collective probability (percentage, or frequency) Pn(N1) of all ΣN, 

n,1 n-plets starting with the nucleotide N, relative to the amount S/n 
(11.1), is determined by the expression (11.2):  

Pn(N1) = ΣN,n,1/(S/n) ≈ (SN/n)/(S/n) = SN/S = P(N)                        (11.2) 

The expression (11.2) shows that the collective probability Pn(N1) is 
independent of n and is approximately equal to the probability (fre-
quency) P(N) = SN/S of the nucleotide N in the genomic sequence 
having S nucleotides. 

For example, the human chromosome N◦1, which was considered 
above (Figs. 1–3), has the total amount of nucleotides S = SA + ST + SC 
+ SG = 67,070,277 + 67,244,164 + 48,055,043 + 48,111,528 =

230,481,012. The probability P(A) of the nucleotide A is equal to SA/S =
67,070,277/230,481,012 ≈ 0.2910. From the data in Fig. 3, one can 
verify that, in this chromosome, the collective probabilities Pn(A1) of 
total amounts of n-plets (n = 2, 3, …, 20) starting with the nucleotide A 
are also equal to this value P(A) = 0.2910 with a high level of accuracy 
independently of n. A similar situation holds with respect to the nucle-
otides T, C, and G. 

It is also useful to note the opposite: if, for a genome, the phenom-
enological probabilities of n-plets Pn(N1) (where n = 1, 2, 3, …) are 
initially known, and their compliance with the rule - of type P(N) ≈
Pn(N1) - of approximate equality of collective probability of n-plets is 
also known, then connection (11.2) allows us to construct a hyperbolic 
OS-sequence of the sums ΣN,n,1 of n-plets (11.3):  

ΣN,n,1 = Pn(N1)*S/n                                                                   (11.3a) 

This is noted here because the author previously discovered and 
published (Petoukhov, 2018b) the rules of the approximate equality of 
the collective probabilities of n-plets for n = 1, 2, 3, … Given the ex-
pressions (11.2) and (11.3), the hyperbolic rules of the OS-sequences 
and these rules for the approximate equality of the collective probabil-
ities of n-plets are equivalent. Both of them reflect in different languages 
the oligomer cooperative organization of genomes. This is useful to note 
because the author has published an effective mathematical model for 
the rules of collective probability, which is obviously applicable also to 
the above formulated hyperbolic rule N◦ 1 (Petoukhov, 2018b; Petou-
khov et al., 2019). 

One should emphasize the following important aspect of the OS- 
representations of genomic sequences. Each nucleotide of a DNA 
sequence is a participant of those sets of its different n-plets (doublets, 
triplets, etc.), whose total amounts are members of OS-sequences of this 
DNA; in other words, each DNA nucleotide makes its small contribution 
immediately to many members of the OS-sequences. Figuratively 
speaking, each DNA nucleotide is “smeared” (or distributed) over many 
members of the DNA OS-sequence (this “smearing” over many members 
of the OS-sequence is also true for each DNA doublet, triplet, etc.). 
Correspondingly, OS-sequences reflect a sort of an interrelation over all 
n-plets in DNA sequences. Or, in other words, thе oligomer sums method 
represents any long nucleotide sequence as a multi-partite (or many- 
body) system having a cooperative state regarding many its interre-
lated oligomers of different lengths n = 1, 2, 3, … 

This has some analogies with the well-known problem of multi- 
partite entanglement in quantum informatics described, for example, 
in (Walter et al., 2017; Horodecki et al., 2009; Gühne, Tóth, 2009; 
Amico et al., 2008). 

Quantum entanglement is the physical phenomenon that occurs 
when a pair or group of particles is generated, interact, or share spatial 
proximity in a way such that the quantum state of each particle of the 
pair or group cannot be described independently of the state of the 
others. In quantum informatics, entangled states play very important 
roles. The study and use of entangled states are one of the main problems 
of quantum computing: “… entanglement is a key element in effects such as 
quantum teleportation, fast quantum algorithms, and quantum error- 
correction. It is, in short, a resource of great utility in quantum computa-
tion and quantum information. … entangled states play a crucial role in 
quantum computation and quantum information” (Nielsen, Chuang, 2010, 
p. XXIII and p. 96). 

Quantum systems with many degrees of freedom are ubiquitous in 
nature, particularly in the context of condensed matter theory. “It is 
hence not surprising that important classes of states, such as ground states of 
local Hamiltonians, are multi-partite entangled states. … Recent years have 
seen an enormous increase in interest at the intersection of quantum infor-
mation and condensed matter theory that stems from the insight that notions 
of entanglement are crucial in the understanding of quantum phases of matter 
…. Another family of quantum many-body states that can be efficiently 
described is the classes of bosonic and fermionic Gaussian states. They both 
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arise naturally in the context of quantum many-body models in condensed 
matter physics, but their bosonic variant is also highly useful in quantum 
optics when it comes to describing systems constituted of several quantum 
modes of light …. Relatedly, multi-partite entangled states serve as resources 
to a number of important protocols in quantum information theory in which 
more than two parties come together. A prominent example of such a multi- 
party quantum protocol is quantum secret sharing, in which a message is 
distributed to several parties in such a way that no subset is able to read the 
message, but the entire collection of parties is. …. Multi-partite entanglement 
does not only facilitate processing or transmission of information but also 
allow for applications in metrology” (Walter et al., 2017, pp. 15, 18, 20, 
23). The entanglement refers to the nonlocal properties of quantum 
states that cannot be explained classically. 

Distinguish entanglement of distinguishable and indistinguishable 
(identical) particles. The state of system K of distinguishable particles in 
a pure state is determined by the state vector |ψ> in the Hilbert space Н, 
which is the tensor product of the subspaces corresponding to each 
particle: 

H =H1 ⊗ H2 ⊗ … ⊗ HK (11.3b) 

If the particles are not entangled, then the state of the system is 
defined as the tensor product of the state vectors |ψ (i)> of the 
subsystems: 

|ψ > =
⃒
⃒ψ (1) > ⊗ ψ (2) > ⊗ … ⊗

⃒
⃒ψ (K) > (11.4) 

If the vector cannot be expressed in this form (11.4), then they say 
that the particles are quantum entangled. 

The tensor product gives a way of putting separate vector spaces 
together to form larger vector spaces and it is one of the basis in-
struments in quantum informatics. The following quotation speaks 
about the meaning of the tensor product: “This construction is crucial to 
understanding the quantum mechanics of multiparticle systems” (Nielsen, 
Chuang, 2010, p. 71) But above Section 3 described that the DNA al-
phabets of 4 nucleotides, 16 doublets, 64 triplets, …, 4n n-plets, which 
have binary-oppositional systems of molecular traits, are interrelated by 
the tensor product of matrices representing them: these genetic matrices 
of DNA alphabets are members of a single tensor family [G, T; C, A](n) 

(Fig. 25). This fact is one of the arguments in favor of the adequacy of the 
quantum-information approach to the study of genetic informatics and 
living bodies as informational entities. 

The author believes that in eukaryotic and prokaryotic genomes we 
have some special case of multi-partite entangled states in genomic 
systems of many oligomers (in some analogy with the case of groups of 
many particles). This can be termed as “the genomic entanglement” or as 
“the genomic tetra-entanglement” since genomic sequences contain 4 
kinds of nucleotides A, T, C, and G. It should be emphasized that the 
author doesn’t declare an existence of ordinary physical quantum 
entanglement in the genomes, but only that the mathematical apparatus 
of the theory of quantum informatics is suitable for a modeling the 
considered genetic sequences. Any long DNA sequence of nucleotides 
can be analyzed as a multicomponent quantum system, whose quantum 
state is determined by the tensor product of the quantum states of its 
subsystems, represented by sets of oligomers of different fixed length n 
where n = 1, 2, 3, … 

Let us turn to the above-mentioned author’s model of properties of 
genomic sequences expressed by the expressions (11.2) and (11.3) 
(Petoukhov, 2018b; Petoukhov et al., 2019). This model is based on the 
tensor products and some other formalisms of quantum informatics and 
concerns, first of all, the hyperbolic rule N◦1 of the oligomer cooperative 
organization of genomes. The model introduced the notion “genetic 
qubits” based on different pairs of binary-oppositional molecular traits 
of adenine A, guanine G, cytosine C, and thymine T. Appropriate 
2n-qubit systems in separable pure states were constructed, where nu-
cleotides A, T, C, and G (and also DNA doublets and other n-plets) were 
represented by appropriate computational basis states in Hilbert spaces 

of corresponding dimensionalities. For example, cytosine C was repre-
sented as the computational basis state |00> of the 2-qubit system in the 
4-dimensional Hilbert space, thymine T - as the computational basis 
state |01>, guanine G – as the computational basis state |10>, and 
adenine A - as the computational basis state |11> of the same 2-qubit 
system. Correspondingly, 16 doublets were represented as 16 compu-
tational basis states of the 4-qubit system in the 16-dimensional Hilbert 
space: for example, the doublet CC was represented as the computa-
tional basis state |0000>, the doublet CT – as |0001>, …, etc. This 
model can be used for a deeper understanding of the genomic 
entanglement. 

An effective model should not only explain known phenomenolog-
ical data but also predict unknown data to search them in natural sys-
tems. Let us show now that the proposed quantum-informational model 
has predictive power, allowing us to open previously unknown proper-
ties of genomic DNA sequences. Really, the noted model allowed a 
prediction not only the hyperbolic rule N◦1 described above but also 
many other non-trivial interrelations in genomic structures. In a limited 
volume of this article, the author can show only a few following brief 
examples. 

11.1. About additional confirmations of the model predictions 

For example, the model predicts the following. Till now we consid-
ered OS-sequences, whose members are total amounts of n-plets, which 
start with a certain « attributive » nucleotide, for example, with the 
nucleotide A. In this case, we calculate the total amounts of oligomers in 
the following sets: 4 doublets AT, AC, AG, AA; 16 triplets ATT, ATC, 
ATG, ACC, …; and so on. But what results arise if one calculates, in the 
same genome, the total amounts in quite other sets of n-plets having the 
same attributive nucleotide A at their second positions, that is the 
following sets: 4 doublets TA, CA, GA, AA; 16 triplets TAT, TAC, TAG, 
CAC, …; and so on for n = 2, 3, 4, …? And what results arise if one 
calculates, in the same genome, total amounts in the sets of n-plets, 
which have the same nucleotide at their third positions, that is the 
following sets: 16 triplets TTA, TCA, TGA, CCA, …; 64 tetraplets TTTA, 
TCTA, TGCA, …; and so on for n = 3, 4, 5, …? The quantum-information 
model predicts that in all such cases the resulting OS-sequences will be 
practically identical to the hyperbolic-like OS-sequence of the total 
amounts of n-plets with the same attributive nucleotide at their first 
position. These model predictions also apply to cases of sets of n-plets, 
which have the same attributive nucleotide at their 4th, 5th, 6th, …, kth 
positions for n = k, k+1, k+2, …(here k is not too large compared to the 
full length of the genomic sequence). 

These model predictions are confirmed by direct calculations of total 
amounts of corresponding sets of n-plets in different genomes. Figs. 30 
and 31 show examples of such confirmations by the comparisons of 
different OS-sequences calculated for the human chromosome N◦1 in 
three cases of locations of attributive nucleotides in its n-plets: 1) at the 
first position in n-plets (data on the appropriate OS-sequences are taken 
from Fig. 3); 2) at the second position; 3) at the third position. One can 
see from the shown results that the differences Δ% of the corresponding 
members of these three OS-sequences from each other are less than 
0.1%, that is these OS-sequences are practically identical. These differ-
ences were calculated for each n by formulas Δ% = 100 (1 - Pos1/ 
Pos2)% and Δ% = 100 (1 - Pos1/Pos3)% where Pos1, Pos2, and Pos3 
refer to values indicated in the rows Pos. 1, Pos. 2, and Pos. 3. Here the 
results are presented only for n = 2, 3, 4, …, 10 but similar situations of 
practical coincidences of the corresponding members of the considered 
OS-sequences are also true for larger n. 

These predictions about the oligomer cooperative organization and 
their confirmations in eukaryotic and prokaryotic genomes give a sig-
nificant extension to the hyperbolic rule N◦1 regarding the hyperbolic- 
like OS-sequences of the total amounts of n-plets, which have the same 
attributive nucleotide at their kth position (not only in their first posi-
tion). These results and the extended rules additionally open up the deep 
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connections of genomic sequences with the harmonic progression (2.4) 
and discover new aspects of the algebraic harmony of living bodies. 

Another large bunch of predictions about genomic sequences is given 
by the quantum-information model for quantitative interrelations of 
different n-plets, which start from the same doublet, or from the same 
triplet, etc. The model predicts, in particular, that the amount S2 of any 
of 16 doublets NN is algebra-harmonically interrelated with the total 
amounts S3, S4, S5, …of oligomers in the following sets: 4 triplets, which 
start with this attributive doublet NN; 16 tetraplets, which start with this 
attributive doublet NN; 64 pentaplets, which start with this attributive 
doublet NN; and so on. This interrelation is again based on the harmonic 
progression (2.4). More precisely, according to the model prediction, the 
ratios of these total amounts S2/S3, S2/S4, S2/S5, …should be corre-
spondingly equal to the ratios of the second member 1/2 of the harmonic 

progression (2.4) to its subsequent members 1/3, 1/4, 1/5, … that is to 
values 3/2, 4/2, 5/2, …. 

Fig. 32 presents the confirmation of this model prediction by the 
comparison of the amount S2 of each of 16 doublets to the total amounts 
S3, S4, S5 of n-plets (n = 3, 4, 5), which start with this doublet, in the 
human chromosome N◦1. 

The rows in the left part of Fig. 32 shows very different numeric 
series of total amounts, which are individual in each of rows. But the 
right part shows that in each row its amounts are interrelated identically 
based on the numeric series of the ratios 1.5, 2.0, and 2.5, which serves 
here as a general invariant for the cases of all 16 doublets. But this 
sequence of ratios exists in the harmonic progression (2.4): 1, 1/2, 1/3, 
1/4, 1/5, …, where the ratios of its second member 1/2 to its third, 
fourth and fifth members (that is, 1/3, 1/4, and 1/5) give this series 3/2, 

Fig. 30. The comparison of the OS-sequences of the total amounts of n-plets, which have the nucleotide N (A, T, C, or G) at their first position (the row “Pos. 1”) and 
at their second position (the row “Pos. 2”) in the human chromosome N◦1. Δ% shows the percentage of differences between the corresponding total amounts of n- 
plets from each other. The comparison begins with doublets, since there is no second position in monoplets. 

Fig. 31. The comparison of the OS-sequences of the total amounts of n-plets, which have the nucleotide N (A, T, C, or G) at their first position (the row “Pos. 1”) and 
at their third position (the row “Pos. 3”) in the human chromosome N◦1. Δ% shows the percentage of differences of the corresponding total amounts of n-plets from 
each other. The comparison begins with triplets since there is no third position in monoplets and doublets. 
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4/2, and 5/2. Similar results are true for all other human chromosomes 
and for all those genomes, which were analyzed by the author. 

The model predicts similarly the following numeric interconnections 
in the complete genomic sequences:  

• The amount S3 of any of 64 triplets NNN is algebra-harmonically 
interrelated with the total amounts S4, S5, S6, … of oligomers in 
the following sets: 64 tetraplets, which start with this attributive 
triplet NNN; 256 pentaplets, which start with this attributive triplet 
NNN; 1024 six-plets, which start with this attributive triplet NNN; …. 
The ratios of these total amounts S3/S4, S3/S5, S3/S6, …should be 
correspondingly equal to the ratios of the third member 1/3 of the 
harmonic progression (2.4) to its subsequent members 1/4, 1/5, 1/6, 
…, that is to values 4/3, 5/3, 6/3, …  

• The amount S4 of any of 256 tetraplets NNNN is algebra- 
harmonically interrelated with the total amounts of S5, S6, S7, …of 
oligomers in the following sets: 256 pentaplets, which start with this 
attributive tetraplet NNNN; 1024 six-plets, which start with this 
attributive tetraplets NNNN; 4906 seven-plets, which start with this 
attributive tetraplets NNNN, …. The rations of these total amounts 
S4/S5, S4/S6, S4/S7, … should be correspondingly equal to the ratios 
of the fourth member 1/4 of the harmonic progression (2.4) to its 
subsequent members 1/5, 1/6, 1/7, …, that is to values 5/4, 6/4, 7/ 
4, …  

• And so on (the length of attributive oligomers NN…N in the 
considered sets of n-plets should not be too large compared to the full 
length of the genomic sequence). 

Similar model predictions exist not only for the listed cases, when the 
considered attributive nucleotides, or attributive doublets, or attributive 
triplets, etc. occupy the first positions in n-plets of the considered sets, 
but also for cases when these attributive nucleotides or oligomers 

occupy there the second positions, or the third positions, etc (see cor-
responding rules about collective probabilities in oligomer tetra-groups 
for cases of locations of attributive oligomers in different positions of n- 
plets in the article (Petoukhov, 2018b)). 

Most of the long list of predictions, stemming from this quantum 
information model, is still awaiting their checking through analysis of 
various genomes. So far, the author has conducted only a relatively 
small number of checks of such predictions and has not found a single 
case of a phenomenological refutation of these predictions. The author 
will be grateful to those members of the scientific community who will 
try to find in the full-length sequences of different genomes such cases 
where these model predictions are not fulfilled. 

These and other confirmed predictions of the model enlarge signifi-
cantly the list of hyperbolic rules in genomes and lead to new tools and 
opportunities to study genetic structures. The obtained phenomeno-
logical data and the set of confirmed predictions of the quantum- 
information model testify that the eukaryotic and prokaryotic ge-
nomes represent a regular algebraic fractal-like net with important 
participation of the harmonic progression (2.4) in interconnections of its 
parts. This allows us to say about the algebraic harmony in living bodies. 
In theoretical biology, the quantum-information model has appeared, 
which allows predicting with high accuracy a large number of quanti-
tative interconnections between different kinds and sets of oligomers in 
eukaryotic and prokaryotic genomes (predictions “at the tip of the pen”). 

12. Regarding the application of the oligomer sums method to 
long protein sequences 

Till now we considered applications of the oligomer sums method to 
the analysis of long single-stranded DNA sequences of nucleotides. Such 
DNA sequences consist of 4 kinds of nucleotides, and corresponding 4 
equivalency classes of A1-, T1-, C1-, G1-oligomers are analyzed. This 
Section discusses opportunities to apply this method for the similar 
revealing of possible algebra-harmonic features of primary structures of 
sequences of 20 amino acids in long proteins. 

Each long sequence of amino acids (for example, ArgSerThrGly-
PheLysLeuSer MetAla …) can be also represented in the form of frag-
mented sequences of different kinds: as a sequence of monomers (Arg- 
Ser-Thr-Gly-Phe-Lys-Leu-Ser-Met-Ala- …), or as a sequence of amino 
acid doublets (ArgSer-ThrGly-PheLys-LeuSer-MetAla- …), or as a 
sequence of amino acid triplets (ArgSerThr-GlyPheLys-LeuSerMet- …) , 
and so on. Analyzing above long DNA sequences of nucleotides, which 
consist of 4 kinds of nucleotides A, T, C, and G, we considered 4 
equivalency classes of A1-, T1-, C1-, G1-oligomers. By analogy, in the case 
of sequences of 20 types of amino acids, we will analyze 20 equivalency 
classes, each of which is defined by corresponding amino acid and 
combines all oligomers, which start with this amino acid. For example, 
the amino acid Ala defines the equivalency class of Ala1-oligomers, 
which includes all n-plets starting with this amino acid: the set of Ala1- 
doublets contains all 20 doublets, which start with the Ala (AlaAla, 
AlaArg, AlaAsn, …, AlaCys); the set of Ala1-triplets contains all 400 
triplets, which start with the Ala (AlaAlaAla, AlaAlaArg, …., AlaCysCys), 
and so on. 

The application of the oligomer sums method to the analysis of any 
long amino acid sequence and their 20 classes of the oligomer equiva-
lency is as follows (by analogy with the above-described application of 
the method to analyze long nucleotide sequences and their 4 classes of 
the oligomer equivalency):  

• Firstly, a considered amino acid sequence is represented in the form 
of a set of its fragmented sequences of oligomers (that is, fragments) 
of certain lengths n = 1, 2, 3, …;  

• Secondly, phenomenological quantities of each of 20 types of amino 
acids are calculated in the considered sequence;  

• Thirdly, in each of the fragmented representations of the amino acid 
sequence under n = 2, 3, 4, …, for any of the 20 classes of the 

Fig. 32. The comparison of total amounts S2 = Σ(NN) of each of 16 doublets 
NN to the total amounts S3 of 4 triplets, S4 of 16 tetraplets, and S5 of 64 pen-
taplets, which start with such attributive doublet NN, is shown for the human 
chromosome N◦1. The left part of the table indicates the values of the corre-
sponding total amounts. The right part contains appropriate values of the ratios 
S2/S3, S2/S4, and S2/S5, which are equal to the same magnitudes 1.5, 2.0, and 
2.5 for the cases of all 16 doublets. Here N refers to any of nucleotides A, T, C, 
and G. 
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Fig. 33. Graphs of analysis results of the human protein Titin by the oligomer sums method for each of 20 equivalency classes, which are defined by its 20 types of 
amino acids. Each graph shows a sequence (in blue) of real total amounts of n-plets, which start with this amino acid, and also a model hyperbolic sequence Σ/n (in 
red), where Σ refers to a number of this amino acid (n = 1, 2, …, 10). The abscissa axes show the values n; the ordinate axes show total amounts of the corresponding 
n-plets, which start with this amino acid. Initial data on this protein are taken on the site https://www.ncbi.nlm.nih.gov/protein/ACN81321.1. (For interpretation of 
the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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oligomeric equivalency, the total amount Σ of its defining amino acid 
and also total amounts of all those n-plets (n = 2, 3, 4, …), that have 
this acid in their first position (or in other fixed position), are 
calculated;  

• The sequence of these phenomenological amounts is compared with 
the model hyperbolic sequence Σ/n of this equivalency class, where 
n = 1, 2, 3, … 

Let us explain the proposed application of the OS-method by an 
example of the analysis of the primary amino acid sequence of the 
protein Titin, which is one of the longest proteins. Titin is important in 
the contraction of striated muscle fibers and is the third most abundant 
protein in the muscle (after myosin and actin). Below some results of the 
author’s analysis of the human protein Titin by the OS-method are 
presented. Fig. 33 shows 20 graphs demonstrating the OS-sequences for 
each of 20 amino acids combined in the single general amino acid 
sequence of the Titin. Each of these 20 graphs presents data for one of 
the types of amino acids and shows number Σ of this amino acid in Titin 
and also two sequences: one of them (in blue) corresponds to the 
sequence of the real total amounts of those n-plets, which start with this 
amino acid, and the second sequence (in red) corresponds to the model 
hyperbolic sequence Σ/n (here n = 1, 2, 3, …, 10). 

One can see from Fig. 33 that, in the protein Titin, for each of all 20 
amino acids its sequence (in blue) of phenomenological values of total 
amounts of those n-plets, which start with this amino acid, approxi-
mately coincides with the corresponding model hyperbolic sequence 
Σ/n (in red) or slightly fluctuates around it. In the considered case of 
Titin, the accuracy of the coincidence of the sequences of phenomeno-
logical and model values is lower than in the case of genomes described 
above. This seems to be due to the relatively short length of the titin 
amino acid sequence compared to the lengths of genomic nucleotide 
sequences. The graphs in Fig. 33 show that the largest deviations of the 
sequences of real values from sequences of model values occur in cases 
of amino acids, whose number is minimal: the number of amino acids 
His is 463, Met - 384, Trp - 462, Cys - 498. Moreover, the deviations of 
the phenomenological values of oligomer sums from model values are 
relatively small for small values n = 2, 3, but with an increase in the 
length of oligomers at n = 4, 5, …, 10, these deviations can increase (the 
number of corresponding n-plets decreases with increasing n). 

Fig. 34 gives examples of phenomenological and model numeric 
values for the classes Ala1-and Arg1-oligomers from the first graphs in 
Fig. 33. 

The study of the amino acid sequences of long proteins by this OS- 
method should be continued to allow the comparative analysis of 
various proteins. 

Some concluding remarks 

As is known, mutations and the pressure of natural selection influ-
ence the genomic sequences of nucleotides. For these reasons, one can 
assume that as a result of many millions of years of biological evolution, 
genomic sequences, due to various influences, receive a completely 

random structure as a whole. This article provides pieces of evidence 
that, despite mutations, the pressure of natural selection, and other 
evolutionary factors, the nucleotide sequences of the eukaryotic and 
prokaryotic genomes have universal algebraic invariants. One can 
believe that the algebraic unity of living organisms is found (this should 
be tested further and further on more and more number of genomes). 
New mathematical tools and approaches for an in-depth study of this 
genetic world and its evolution appear. 

The discovery of the algebraic genomic invariants gives new 
knowledge about the unity of the world of all living organisms and the 
features of biological evolution. This concerns additionally the problem 
of the origin of life, since the following natural question arises: where 
and how did these genomic algebraic invariants come from, which are 
expressed in the described hyperbolic (harmonic) rules and related to 
the quantum-information model if they exist even in the genomes of 
archaea and bacteria? The received results are interesting also for dis-
cussions concerning various well-known theories of biological evolu-
tion: Darwinism, nomogenesis, orthogenesis, etc. Some of these results 
are briefly described in the author’s letter (Petoukhov, 2020d). 

Living matter appears as an algebraic-harmonic entity. One can 
separately note the result on that the cooperative system of oligomers in 
the genomes are associated with the harmonic progression, which is 
widely known in connection with musical harmony and the frequency 
system of musical overtones. But the harmonic progression is important 
not only in music. At least from the time of the Pythagorean doctrine of 
the aesthetics of proportions, the following idea exists: “the aesthetic 
principle is the same in every art; only the material differs” (Schumann, 
1969). In light of this, architecture has long been interpreted as frozen 
music, and music as dynamic architecture. Additional speculation about 
the possible genetic basis of some aesthetic parallels in various arts 
arises though the very idea of the connection between the feeling of 
beauty and the genetic system is not new: it is reflected, for example, in 
the title of the article “Beauty is in the genes of the beholder” about a 
connection of some parameters of the DNA double helix with the golden 
section (Harel et al., 1986). These problems are discussed at the Inter-
national interdisciplinary seminar “Algebraic Biology and Theory of 
Systems” in Moscow (Petoukhov, Tolokonnikov, 2020). 

The genomic invariants, described in the article, are connected with 
hyperbolic sequences and transformations of hyperbolic rotations that 
shift the hyperbolic sequence along with itself. Hyperbolic rotations, 
which are also called Lorentz transformations and known in the special 
theory of relativity, draw attention to the structural connection of ge-
netic phenomena with the hyperbolic geometry of the Minkowski plane. 
One of the well-known models of two-dimensional hyperbolic geometry 
is the Poincaré disk model, also called the conformal disk model. The 
Poincaré disk model is connected with split-quaternions by J. Cockle and 
seems to be interesting for studying some genetic structures and 
inherited physiological phenomena as it was mentioned in previous 
author’s publications on matrix genetics (see, for example (Petoukhov, 
2012)). 

Living organisms are informational entities, in which everything is 
subordinate to the task of reliably transmitting genetic information to 
descendants. All inherited physiological systems, as parts of a whole 
organism, must be structurally coupled with a genetic code for trans-
mission to descendants in encoded form. The question on a possible deep 
connection of physiology and brain functioning with principles of 
quantum informatics is considered in publications on many authors 
(Abbott et al., 2008; Altaisky, Filatov, 2001; Fimmel, Petoukhov, 2020; 
Igamberdiev, 1993, 2004; Matsuno, Paton, 2000; Patel, 2001a-c; Pen-
rose, 1996; Petoukhov, 2018a, 2019b). The results presented in this 
article give new essential materials to this perspective direction of 
thoughts. For such thoughts about possible connections of brain activ-
ities with the mathematics of quantum mechanics, these oligomer sums 
method, algebra-harmonic hyperbolic rules, and the mentioned author’s 
quantum-information model give new effective research instruments 
and phenomenological materials. 

Fig. 34. Examples of numeric data about OS-sequences concerning two 
equivalency classes of Ala1-oligomers and Arg1-oligomers in the human protein 
Titin. Graphic representations of corresponding OS-sequences are shown in 
Fig. 33 at the very top. 
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Researchers of the genetic system study the Nature system of storage, 
processing, and transmission of information, which has no direct anal-
ogies in modern science and technology, but which is studied on the 
basis of analogies with their achievements. The disclosure of informa-
tional patents of living nature can make an important contribution to 
scientific and technological progress. 

It should be noted that the genomic hyperbolic rules are cardinally 
different from well-known hyperbolic Zipf’s law. Zipf’s law was origi-
nally formulated in terms of quantitative linguistics, stating that given 
some corpus of natural language utterances, the frequency of any word 
is inversely proportional to its rank in the frequency table (see, for 
example (Fagan, Gençay, 2010; Manin, 2013a,b)). In linguistics and 
other fields, Zipf’s law speaks on the frequency of encounter of separate 
words or other separate objects. In contrast, the hyperbolic rules of the 
genomes focus on OS-sequences of the total amounts of n-plets and the 
genomic tetra-entanglement, that is, on the relative number of not 
separate oligomers, but the whole sums of sets of different n-plets 
distributed inside the genomic sequence, where each separate nucleo-
tide is a part of many oligomers set existing simultaneously (each 
nucleotide is a distributed participant of many members of the appro-
priate genomic OS-sequence at once and makes a contribution to each of 
them). From the quantum-information model, OS-sequences serve as 
quantum-information characteristics of genomic sequences. 

The proposed oligomer sums method and the quantum-information 
model give new opportunities to study genetic systems and the inheri-
ted algebra-harmonic organization of living bodies. The modern situa-
tion in the theoretic field of genetic informatics, where many millions of 
nucleotide sequences are described, can be characterized by the 
following citation: “We are in the position of Johann Kepler when he first 
began looking for patterns in the volumes of data that Tycho Brahe had spent 
his life accumulating. We have the program that runs the cellular machinery, 
but we know very little about how to read it.” (Fickett and Burks, 1989). 
Kepler did not make his astronomic observations, but he found – in the 
huge astronomic data of Tycho Brahe - his Kepler’s laws of symmetric 
movements of planets relative to the Sun along ellipses. The author is 
convinced that further studies of symmetries in genetic and other 
physiological structures will reveal many more wonderful secrets of 
living matter. 

The presented study is a continuation of the author’s researches on 
symmetries in biological objects described in his publications (see Ref-
erences below). This study further illustrates the effectiveness of sym-
metry analysis in natural systems. No wonder the theory of symmetries 
is one of the foundations of modern mathematical natural science. The 
presented results reveal the existence of a new broad class of symmetries 
in eukaryotic and prokaryotic genomes. They are connected with pre-
vious rules of a generalized symmetry for collective probabilities of sub- 
alphabets of n-plets in long DNA sequences, which were described by the 
author in the article (Petoukhov, 2018b) and whose importance were 
noted in the article “Petoukhov’s rules on symmetries in long DNA-texts” 
(Darvas, 2018). In this article, the head of the International Institute 
“Symmetrion” (Budapest, Hungary) proposed to launch a corresponding 
international project: “Now, Petoukhov’s above rules of symmetries are 
candidates for the role of universal rules of long DNA-texts in living bodies. 
Further researches are needed to determine the degree of universality of these 
rules. Taking into account the huge number of species and long DNA-texts to 
be tested in these relations, I propose to launch an international project to 
study these genetic symmetries. Symmetrion initiates and can take part as a 
center of such an international project” (Darvas, 2018). 
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