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The principal motive of this work is to evolve and initiate an extension from interval-valued 
fuzzy sets to type-2 interval-valued fuzzy sets (T2IVFS) related to weighted aggregation functions 
containing the Einstein operator. The chief reason for this extension is that the constancy of the 
terms can also be taken into data during the aggregation operation. The main goal of this article is 
to compose the aggregation operators and their characteristics such as the Type-2 interval-valued 
fuzzy Einstein weighted arithmetic aggregating operator (T2IVFEWA), Type-2 interval-valued 
fuzzy Einstein weighted geometric aggregating operator (T2IVFEWG), and the characteristics 
are expressed. At last, to intimate the effectiveness of the suggested approach and explicate the 
purpose of these operators, a hybrid multi-criteria decision-making problem (MCDM) to select the 
best risk factor for Tuberculosis (TB) is considered and the result is compared with the outcome 
of the existing operators and methods. Additionally, a sensitivity analysis was conducted to verify 
the robustness of the proposed decision-making process.

1. Introduction

Human beings, as integral components of the ecosystem have always been susceptible to bacterial and viral infectious diseases 
originating from other organisms. Over the past three years, the COVID-19 virus has profoundly impacted human health, presenting 
unprecedented challenges to medical practitioners and scientists. The rapid spread and high mortality rate of COVID-19 have captured 
global attention, but it is important to recognize that numerous other infectious agents exhibit similar lethality, albeit with differing 
rates and durations. One such example is tuberculosis (TB), caused by Mycobacterium tuberculosis, which continues to be a significant 
health concern worldwide.

The World Health Organization (WHO) [42] reported that more than 1.6 million people died from TB in 2021. India has been 
working to reduce the incidence of TB for the last five decades, yet it continues to be one of the most severe diseases. Every year, 
480,000 people die from TB in India, which translates to more than 1,400 deaths every day.

TB found worldwide, is a curable disease that impacts communities across all continents. Despite its prevalence, effective treat-
ments are available to manage and alleviate the symptoms of TB, offering hope for those affected. Awareness and access to healthcare 
resources play crucial roles in combating the spread of this infectious illness on a global scale. TB affects the human lungs (Pulmonary 
TB) and gradually other parts of the body. In 2017, Churchyard et al. [8] explained the transmission of TB and how it spreads from 
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person to person. They particularly expounded on who can get TB easily under various circumstances. The following year, Nechaeva et 
al. [38] conducted research on TB patients in Russia, predicting the progression of TB at various levels of infection. In 2020, Makarov 
et al. [33] developed the maczone injection for TB, designed to prevent bacterial infections and provide effective protection. Makarov 
highlighted the challenges of manufacturing injections for bacterial diseases, especially TB. Natarajan et al. [37] provided a compre-
hensive review of TB, classifying it into seven types: Military TB, TB lymphadenitis, pleural TB, abdominal TB, CNS TB, skeletal TB, 
and genito-urinary TB. They also explained the molecular methods to cure TB. In 2021, Nyarko et al. [39] presented an overview of 
TB, describing it as a global disease affecting people in every country. Behera [4] illustrated the impact of TB during the COVID-19 
era in India, noting that the COVID-19 pandemic increased the incidence of TB.

Analysis of prior research articles reveals that TB is characterized by unpredictability, with its manifestation influenced by diverse 
immune systems. Understanding these complexities is essential for devising effective strategies for TB prevention and treatment. Al-
though TB impacts the health systems of every country, it is a treatable disease. Identifying the risk of TB involves certain unidentified 
factors, where fuzzy systems can be effectively employed.

The concept of fuzzy sets was first established by Zadeh [59] to address the uncertainty of elements in the set, extending clas-
sical sets. Fuzzy set theory measures uncertainty using a membership function for each value in the real unit interval [0, 1]. Zadeh 
extended the type-1 fuzzy set into the type-2 fuzzy set in 1975 [60], with type-2 fuzzy sets offering inconsistent membership values, 
allowing for a more nuanced representation of uncertainty. Type-2 fuzzy sets are crucial for handling higher levels of uncertainty and 
imprecision in data compared to type-1 fuzzy sets. They offer enhanced modeling flexibility by accommodating the uncertainty in the 
membership functions themselves. This makes them particularly valuable in complex real-world applications, such as control systems, 
decision-making, and medical diagnosis. Their ability to manage uncertainty leads to more robust and reliable system performance. 
Additionally, type-2 fuzzy sets provide a more accurate representation of ambiguous information, improving the quality of results in 
fuzzy logic-based systems.

In 1970, Bellman and Zadeh [5] introduced the fuzzy multi-criteria decision-making (MCDM) technique, utilizing linguistic vari-
ables for estimation. MCDM is divided into multi-attribute decision-making (MADM) and multi-objective decision-making (MODM), 
with significant applications in decision-making processes. MCDM is essential for evaluating and prioritizing multiple conflicting cri-
teria in complex decision-making scenarios. It aids in systematically comparing alternatives, enhancing objectivity and transparency 
in the decision process. MCDM techniques are widely used in various fields, such as business, engineering, and environmental manage-
ment, to optimize resource allocation and achieve balanced outcomes. They help decision-makers handle trade-offs and uncertainties 
effectively, leading to more informed and rational choices.

Recently, Liao et al. [30] reviewed extensions of fuzzy numbers with MCDM techniques, highlighting recent applications. Notable 
examples include in recent works, fuzzy relation inequalities [58] have been employed to model systems with uncertain information 
[56]. The authors [17] introduce a novel approach to group decision-making. The method utilizes the cubic Fermatean Einstein fuzzy 
weighted operator to aggregate individual opinions while effectively handling uncertainty and imprecision in the decision-making 
process. This technique is particularly advantageous for complex scenarios where traditional methods may fall short. The authors 
[34] propose a novel MCDM method tailored for cubic hesitant fuzzy sets. This method leverages Einstein’s operational laws to 
effectively aggregate and compare multiple criteria in decision-making processes. The approach enhances the handling of hesitancy 
and uncertainty in fuzzy data, offering a more flexible and accurate decision-making framework. The paper provides theoretical 
foundations and practical applications, showcasing the method’s efficiency and robustness in various decision-making scenarios. 
These techniques enhance decision-making based on the Einstein aggregation operator on fuzzy information.

However, these techniques have not fully addressed the complexity of medical diagnosis systems. TB is often confirmed only 
in later stages due to its common symptoms, such as cough, headache, and weight loss, making early detection challenging. Fuzzy 
techniques can predict TB stages based on symptom severity. Determining accurate risk factors for TB involves addressing the chaotic 
situations faced by patients and doctors in identifying the risk environment. MCDM methods are employed to find precise results for 
TB risk factors.

When joining type-2 fuzzy sets and MCDM methods some recent advancements offer a powerful characterization of uncertainty, 
enabling more accurate decision-making in complex environments. For example, Abdul et al. [2] enhanced TB detection using a 
GIS-based model with 76% accuracy, and De et al. [10] used a weighted linear combination to rank TB risk factors. Cui et al. [9]
reviewed TB in India, China, and the US using joint point analysis, and Mousquer et al. [36] analyzed hybrid TB and COVID-19 cases 
in crowded areas.

According to these known reviews, the integration of type-2 fuzzy numbers with MCDM methods demonstrates significant po-
tential. This combination effectively addresses the complexities associated with uncertainty and imprecision in decision-making 
scenarios. Consequently, it enhances the accuracy and reliability of the outcomes, making it a valuable approach in various multi-
criteria decision-making applications. This work intended to analyze the risk factors of TB with Type-2 trapezoidal fuzzy numbers with 
Einstein aggregation in Analytic hierarchy process (AHP) [48], Technique for order preference by similarity to ideal solution (TOPSIS) 
[23], and VIsekriterijumsko KOmpromisno Rangiranje (VIKOR) [41] enhances decision-making by integrating comprehensive risk 
assessments, fostering more effective prevention and treatment strategies.

1.1. Review on AHP, TOPSIS and VIKOR methods

AHP provides a systematic approach for organizing and analyzing complex decisions by breaking them down into a hierarchy of 
subproblems. It allows for the incorporation of both qualitative and quantitative data, making it versatile for various decision contexts. 
2

The authors [6] discuss how AHP can provide insights into the factors contributing to the complexity of medical diagnoses, such as 
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the number of symptoms, rarity of the condition, diagnostic uncertainty, and treatment options. [31] contributes to advancing both 
theoretical understanding and practical applications in healthcare decision-making, with a specific focus on enhancing diagnostic 
processes for bladder patients with hematuria. The authors [53] introduce an AHP-based model for improving the diagnostic process 
of typhoid fever. The study aims to systematically prioritize diagnostic criteria such as symptoms, laboratory tests, and patient history 
using AHP’s hierarchical decision-making framework.

TOPSIS is used to identify solutions from a finite set of alternatives that are closest to the ideal solution and farthest from the 
negative ideal solution (NIS). It provides a simple ranking of alternatives based on their relative closeness to the ideal solution. The 
authors [13] integrate the Particle Swarm optimization algorithm with the TOPSIS to enhance decision-making processes and the 
hybrid approach aims to optimize MCDM by effectively selecting the best solutions from a set of alternatives. The study demonstrates 
improved accuracy and efficiency in solving complex optimization problems using this combined method.

Piegat et al. [43] using TOPSIS and AHP to prioritize liver transplants, Ali et al. [3] analyzing vector-borne diseases with geospatial 
techniques, and Ghorui et al. [21] identifying COVID-19 risk factors with hybrid techniques. Combined MCDM methods, such as fuzzy 
TOPSIS with entropy [18], and generalized interval-valued bipolar neutrosophic Einstein fuzzy aggregation operators [12], offer 
robust decision-making capabilities. By using the TOPSIS method the authors [63] propose a systematic approach to evaluate and 
select medical clinics based on multiple criteria, such as expertise, equipment, location, and patient satisfaction. By employing TOPSIS, 
the study aims to assist patients and healthcare providers in making informed decisions regarding clinic selection for disease diagnosis, 
thereby optimizing healthcare service delivery and patient outcomes. The author [15] presents the triangular cubic linguistic uncertain 
fuzzy TOPSIS method, an advanced decision-making approach integrating triangular cubic fuzzy numbers and linguistic variables to 
handle uncertainty in group decision-making contexts. The method enhances the traditional TOPSIS by incorporating fuzzy logic to 
better capture the ambiguity in human judgment.

VIKOR can effectively deal with incomplete information, making it robust in real-world scenarios with data limitations. It supports 
group decision-making by aggregating individual preferences into a collective decision. The authors [16] propose a cubic fuzzy 
MADM approach using an extended VIKOR method. This method incorporates cubic fuzzy numbers to better handle uncertainty and 
imprecision in the decision-making process. The approach is applied to a practical problem of plant location selection, demonstrating 
how it effectively integrates multiple criteria and group preferences to identify the most suitable site. By extending the traditional 
VIKOR method with cubic fuzzy logic, the authors enhance its capability to provide balanced and accurate decisions in complex, 
uncertain environments.

The authors [22] introduce a novel doctors ranking system utilizing the VIKOR method to evaluate and rank medical professionals. 
This system integrates multiple performance criteria to address conflicting aspects of doctor assessments, providing a balanced and 
comprehensive ranking. The VIKOR method’s ability to determine compromise solutions is leveraged to rank doctors in a way that 
considers both the best and worst performance scenarios. The study demonstrates the effectiveness of this method through practical 
application, showcasing improved decision accuracy and reliability in the medical field. Through this literature review, we recognize 
the significance of these methods, thereby determining their potential applicability and effectiveness in the medical diagnosis field.

1.2. Motivation

• Early detection and treatment:
– Understanding the risk factors for TB in India is crucial due to its endemic nature and persistent burden on public health. Unlike 

COVID-19, which emerged as a pandemic, TB has been a longstanding health issue in India, causing significant morbidity and 
mortality annually. Knowing TB risk factors helps in targeted interventions to reduce transmission, improve early diagnosis, 
and optimize treatment outcomes, thereby alleviating the long-term burden on healthcare resources and improving overall 
population health.

– Knowing the risk factors aids in early detection and timely treatment. Health professionals can monitor high-risk populations 
more closely, ensuring that TB cases are identified and treated promptly, thereby reducing the spread of the disease.

• Integration of Fuzzy Sets and Aggregation Operators:
– The combination of fuzzy sets with aggregation operators has expanded rapidly in recent years.
– Type-2 fuzzy sets introduced by Zadeh [61], offers a more nuanced representation of uncertainty, leading to accurate modeling 

of complex systems.
• Survey and Role of Aggregation Operators:

– Valdez et al. [54] emphasized the critical role of aggregation operators in systems through their survey on type-2 fuzzy logic 
controller design with optimization methods.

• Research on Aggregation Operators:
– Various researchers have explored Einstein aggregation operators for different fuzzy sets:

* Fermatean fuzzy sets [45]
* Q-rung ortho-pair fuzzy sets [64]
* Pythagorean fuzzy hypersoft sets [65]
* Trapezoidal cubic fuzzy sets [14]

• Extension and New Functions:
– Extension operators for type-2 fuzzy sets were analyzed by [25], and [57] presented a new type-2 function for decision-making 
3

problems.
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• Adaptability and Performance:
– The flexibility of Type-2 fuzzy logic systems with the Einstein aggregation operator allows adaptation to dynamic environments.
– This adaptability ensures effective performance even under changing circumstances.

• Research Gap:
– While various types of operators have been applied to different fuzzy sets, there is a need for higher expressiveness in capturing 

uncertainty in real-world systems.
– Therefore, the Einstein aggregation operators are utilized in conjunction with type-2 interval-valued trapezoidal fuzzy numbers 
(𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁).

1.3. Significance of the study

Analyzing and ranking the risk factors for TB, employing 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 with Einstein Aggregation Operators in MCDM Methods 
offers several distinct advantages:

• Enhanced Uncertainty Modeling:
– T2IVTrFN provides a sophisticated mechanism to capture higher degrees of uncertainty and variability in data. Unlike tra-

ditional Type-1 fuzzy sets, T2IVTrFN accommodates a broader range of membership values, thus offering a more accurate 
representation of uncertain parameters associated with TB risk factors.

• Superior Aggregation with Einstein Operators:
– Einstein aggregation operators enhance the integration of multiple criteria by effectively handling the non-linearity and 

interaction effects among criteria. This ensures that the aggregation process considers the complex relationships and depen-
dencies between different TB risk factors, leading to more robust and reliable rankings.

• Applicability of Advanced MCDM Methods:
– AHP: AHP helps in structuring complex decision problems into a hierarchy, making it easier to quantify the relative importance 

of each TB risk factor and prioritize them systematically.
– TOPSIS: TOPSIS identifies solutions that are closest to the ideal solution and farthest from the worst-case scenario, thus 

providing a clear ranking of TB risk factors based on their relative performance.
– VIKOR: VIKOR focuses on ranking and selecting from a set of alternatives, addressing conflicting criteria, and aiming for a 

compromise solution. It is particularly useful in scenarios where decision-makers need to balance multiple risk factors simul-
taneously.

• Significance in Combatting TB:
– Stopping the Spread of TB: By accurately ranking TB risk factors, healthcare providers can prioritize interventions, allocate 

resources more effectively, and implement targeted strategies to mitigate the most significant risks. This proactive approach 
is crucial in preventing the spread of TB and reducing its incidence.

– Shaping a Healthy India: Implementing these advanced decision-making tools can significantly contribute to public health 
efforts in India, where TB remains a major health challenge. By enhancing the precision and effectiveness of TB control 
measures, these methods can help achieve the goal of a TB-free India.

– Global Impact: The methodologies and insights derived from this approach are not limited to India. They can be adapted 
and applied to other developing countries facing similar TB challenges, thus contributing to global health improvements and 
supporting international efforts to combat TB.

The integration of Type-2 Interval-Valued Trapezoidal Numbers with Einstein aggregation operators into MCDM methods such as 
AHP, TOPSIS, and VIKOR represents a significant advancement in the analysis and ranking of TB risk factors. This approach offers 
a precise and effective framework for decision-making, ultimately contributing to the eradication of TB and promoting healthier 
communities both in India and worldwide.

1.4. Contribution

A type-2 interval-valued fuzzy set, defined here requires the mirroring of trapezoidal numbers. When it comes to the real-life 
execution of decision-making, it proves that interdisciplinary collaboration can lead to a richer understanding of fuzzy systems and 
their applications. Type-2 fuzzy trapezoidal numbers introduce a higher level of complexity compared to type-1 fuzzy numbers. This 
complexity can be intellectually stimulating and provide opportunities for innovative problem-solving.

1. The combination of type-2 fuzzy trapezoidal number and Einstein aggregation operators can enhance the robustness of decision-
making processes. By aggregating information from type-2 fuzzy sets using Einstein aggregation operators, decision-makers can 
obtain more reliable and comprehensive results, even in situations with conflicting and ambiguous information.

2. Aggregating operators for the 𝑇 2𝐼𝑉 𝐹𝑇 𝑟𝑁 are derived and their properties are provided.
3. AHP, TOPSIS, and VIKOR methods utilized and modified for 𝑇 2𝐼𝑉 𝐹𝑇 𝑟𝑁 with Einstein aggregating operators.
4. A decision-making problem is taken as a case study to find the competence and performance of the proposed method.
4

5. When comparing with other existing works [45] and [55], this work provides the accuracy for each alternative.
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Fig. 1. Type-2 fuzzy number representation with heights.

1.5. Structure

This article is structured as: Section 2 expounds the fundamental concepts of 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 with arithmetic operations. Section 3
explores the basic concepts of new 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 ′𝑠 with Einstein aggregating operators. Section 4 explains type-2 interval-valued 
trapezoidal fuzzy Einstein weighted arithmetic operations with examples. Section 5 describes type-2 interval-valued trapezoidal fuzzy 
Einstein weighted geometric operations with example. Section 6 explicates the algorithm of AHP, TOPSIS, and VIKOR to find the 
rankings risk factors of TB. Section 7 illustrates the case study problem which is demonstrated with type-2 fuzzy trapezoidal number 
with Einstein aggregating operators. At last, Section 8 clarifies the rankings of AHP, TOPSIS, and VIKOR with a fuzzy inference system.

2. Preliminaries

In this section, a few fundamental definitions and the mathematical expressions of 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 were proposed based on Einstein 
aggregation operators.

Definition 1. [60] proposed the origination of type-n fuzzy sets. Which is defined as follows:

A set 
≈
𝐹 is defined as a fuzzy set whose element has membership between [0,1].

≈
𝐹 = {(𝑥, 𝑢), 𝜇 ≈

𝐹
(𝑥, 𝑢)|∀𝑥 ∈𝑋,∀𝑢 ∈𝑈𝑥 ⊆ [0,1],

0 ≤ 𝜇 ≈
𝐹
(𝑥, 𝑢) ≤ 1}.

Where, 𝑈𝑥 denotes an interval in [0, 1]. Moreover, the type-2 fuzzy set 
≈
𝐴 also can be represented as follows

≈
𝑆 = ∫

𝑥∈𝑆
∫

𝑢∈𝑈𝑥

𝜇 ≈
𝐹
(𝑥, 𝑢)∕(𝑥, 𝑢)

Where, 𝑈𝑥 ⊆ [0, 1] and ∫ ∫ denotes union over all admissible 𝑥 and 𝑢.

Definition 2. Let 
≈
𝑆 be a type-2 fuzzy set [35] in the universe of discourse 𝑆 represented by the type-2 membership function 𝜇 ≈

𝑆
. If 

all 𝜇 ≈
𝑆
(𝑥, 𝑢) = 1, then 

≈
𝑆 is called an interval type-2 fuzzy set. An interval type-2 fuzzy set 

≈
𝑆 could be esteemed as a particular case of 

a type-2 fuzzy set, illustrated as follows:

≈
𝑆 = ∫

𝑥∈𝑆
∫

𝑢∈𝑈𝑥

1∕(𝑥, 𝑢).

Where, 𝑈𝑥 ⊆ [0, 1].

The upper membership function and the lower membership function of an interval type-2 fuzzy set are type-1 membership func-
tions, respectively. Fig. 2 shows a trapezoidal interval type-2 fuzzy number. 𝐻1 and 𝐻2 denotes the lower and upper heights of 
𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 and denoted in the Fig. 1

≈ ≈ ≈
5

𝑆𝑖 = (𝑆𝐿
𝑖 ,𝑆

𝑈
𝑖 ),
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Fig. 2. 3 dimensional view of type-2 fuzzy trapezoidal number.

(
≈
𝑆𝐿
𝑖 ,

≈
𝑆𝑈
𝑖 ) = ((𝑠𝑙

𝑖1, 𝑠
𝑙
𝑖2, 𝑠

𝑙
𝑖3, 𝑠

𝑙
𝑖4;𝐻1(𝑆𝑙

𝑖 ),𝐻2(𝑆𝑙
𝑖 )), ((𝑠

𝑢
𝑖1, 𝑠

𝑢
𝑖2, 𝑠

𝑢
𝑖3, 𝑠

𝑢
𝑖4;𝐻1(𝑆𝑢

𝑖 ),𝐻2(𝑆𝑢
𝑖 ))).

2.1. Arithmetic operations on type-2 fuzzy sets

Definition 3. Let 
≈
𝑆1 and 

≈
𝑆2 be two 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 defined as [29] follows:

≈
𝑆1 = (

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 ),

= (𝑠𝑙11, 𝑠
𝑙
12, 𝑠

𝑙
13, 𝑠

𝑙
14;𝐻1(𝑆𝑙

1),𝐻2(𝑆𝑙
1)), (𝑠

𝑢
11, 𝑠

𝑢
12, 𝑠

𝑢
13, 𝑠

𝑢
14;𝐻1(𝑆𝑢

1 ),𝐻2(𝑆𝑢
1 )),

≈
𝑆2 = (

≈
𝑆2

𝐿,
≈
𝑆2

𝑈 ),

= (𝑠𝑙21, 𝑠
𝑙
22, 𝑠

𝑙
23, 𝑠

𝑙
24;𝐻1(𝑆𝑙

2),𝐻2(𝑆𝑙
2)), (𝑠

𝑢
21, 𝑠

𝑢
22, 𝑠

𝑢
23, 𝑠

𝑢
24;𝐻1(𝑆𝑢

2 ),𝐻2(𝑆𝑢
2 )),

≈
𝑆1 ⊕

≈
𝑆2 = ((𝑠𝑙11 + 𝑠𝑙21, 𝑠

𝑙
12 + 𝑠𝑙22, 𝑠

𝑙
13 + 𝑠𝑙23, 𝑠

𝑙
14 + 𝑠𝑙24);min(𝐻1(𝑆𝑙

1),𝐻1(𝑆𝑙
2)),max(𝐻2(𝑆𝑙

1),𝐻2(𝑆𝑙
2))),

((𝑠𝑢11 + 𝑠𝑢21, 𝑠
𝑢
12 + 𝑠𝑢22, 𝑠

𝑢
13 + 𝑠𝑢23, 𝑠

𝑢
14 + 𝑠𝑢24);min(𝐻2(𝑆𝑢

1 ),𝐻1(𝑆𝑢
2 )),max(𝐻2(𝑆𝑢

1 ),𝐻2(𝑆𝑢
2 ))

≈
𝑆1 ⊖

≈
𝑆2 = (

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 )⊖ (
≈
𝑆2

𝐿,
≈
𝑆2

𝑈 ),

= ((𝑠𝑙11 − 𝑠𝑙24, 𝑠
𝑙
12 − 𝑠𝑙23, 𝑠

𝑙
13 − 𝑠𝑙22, 𝑠

𝑙
14 − 𝑠𝑙21);min(𝐻1(𝑆𝑙

1),𝐻1(𝑆𝑙
2)),max(𝐻2(𝑆𝑙

1),𝐻2(𝑆𝑙
2))),

((𝑠𝑢11 − 𝑠𝑢24, 𝑠
𝑢
12 − 𝑠𝑢23, 𝑠

𝑢
13 − 𝑠𝑢22, 𝑠

𝑢
14 − 𝑠𝑢21);min(𝐻1(𝑆𝑢

1 ),𝐻1(𝑆𝑢
2 )),max(𝐻2(𝑆𝑢

1 ),𝐻2(𝑆𝑢
2 ))),

≈
𝑆1 ⊗

≈
𝑆2 = (

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 )⊗ (
≈
𝑆2

𝐿,
≈
𝑆2

𝑈 ),

= ((𝑠𝑙11 × 𝑠𝑙21, 𝑠
𝑙
12 × 𝑠𝑙22, 𝑠

𝑙
13 × 𝑠𝑙23, 𝑠

𝑙
14 × 𝑠𝑙24);min(𝐻1(𝑆𝑙

1),𝐻1(𝑆𝑙
2))),

((𝑠𝑢11 × 𝑠𝑢21, 𝑠
𝑢
12 × 𝑠𝑢22, 𝑠

𝑢
13 × 𝑠𝑢23, 𝑠

𝑢
14 × 𝑠𝑢24);max(𝐻2(𝑆𝑢

1 ),𝐻2(𝑆𝑢
2 ))).

≈
𝑆1 ⊗𝑞 = (

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 )⊗ (𝑞)

= ((𝑠𝑙11 × 𝑞, 𝑠𝑙12 × 𝑞, 𝑠𝑙13 × 𝑞, 𝑠𝑙14 × 𝑞); (𝐻1(𝑆𝑙
1),𝐻1(𝑆𝑙

2))),

((𝑠𝑢11 × 𝑞, 𝑠𝑢12 × 𝑞, 𝑠𝑢13 × 𝑞, 𝑠𝑢14 × 𝑞; (𝐻2(𝑆𝑢
1 ),𝐻2(𝑆𝑢

2 ))),
≈
𝑆1
𝑞

=
(

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 )
𝑞

= (1
𝑞
× 𝑠𝑙11,

1
𝑞
× 𝑠𝑙12,

1
𝑞
× 𝑠𝑙13,

1
𝑞
× 𝑠𝑙14;𝐻1(𝑆𝑙

1),𝐻2(𝑆𝑙
1)).

( 1
𝑞
× 𝑠𝑢11,

1
𝑞
× 𝑠𝑢12,

1
𝑞
× 𝑠𝑢13,

1
𝑞
× 𝑠𝑢14;𝐻1(𝑆𝑢

1 ),𝐻2(𝑆𝑢
1 )),
6

where 𝑞 > 0.
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2.2. t-norm and t-co norm

To inspect the membership functions of the two 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 , the generic Einstein t-norm and t-conorm [62] for two real numbers 
𝑎1 and 𝑎2 are defined as,

𝑇 (𝑎1, 𝑎2) =
𝑎1 + 𝑎2
1 + 𝑎1𝑎2

𝑆(𝑎1, 𝑎2) =
𝑎1𝑎2

1 − (1 − 𝑎1)(1 − 𝑎2)
In Section 3, formulations employing the Einstein aggregation operator were developed to address the MCDM problem using 
𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 ′𝑠.

3. Arithmetic operations on 𝑻 𝟐𝑰𝑽 𝑻 𝒓𝑭𝑵 with Einstein aggregation operator

This section expounds on the arithmetic operations of 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 through the Einstein aggregating operator.

Definition 4. Let 
≈
𝑆1 and 

≈
𝑆2 be two 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 with Einstein aggregation operator is defined as, 

≈
𝑆1 +

≈
𝑆2

≈
𝑆1 = (

≈
𝑆1

𝐿,
≈
𝑆1

𝑈 ),

= (𝑠𝑙11, 𝑠
𝑙
12, 𝑠

𝑙
13, 𝑠

𝑙
14;𝐻1(𝑆𝑙

1),𝐻2(𝑆𝑙
1)), (𝑠

𝑢
11, 𝑠

𝑢
12, 𝑠

𝑢
13, 𝑠

𝑢
14;𝐻1(𝑆𝑢

1 ),𝐻2(𝑆𝑢
1 )),

≈
𝑆2 = (

≈
𝑆2

𝐿,
≈
𝑆2

𝑈 ),

= (𝑠𝑙21, 𝑠
𝑙
22, 𝑠

𝑙
23, 𝑠

𝑙
24;𝐻1(𝑆𝑙

2),𝐻2(𝑆𝑙
2)), (𝑠

𝑢
21, 𝑠

𝑢
22, 𝑠

𝑢
23, 𝑠

𝑢
24;𝐻1(𝑆𝑢

2 ),𝐻2(𝑆𝑢
2 )),

≈
𝑆1 +

≈
𝑆2 = {< (

𝑠𝑙11 + 𝑠𝑙21

1 + 𝑠𝑙11𝑠
𝑙
21

), (
𝑠𝑙12 + 𝑠𝑙22

1 + 𝑠𝑙12𝑠
𝑙
22

), (
𝑠𝑙13 + 𝑠𝑙23

1 + 𝑠𝑙13𝑠
𝑙
23

), (
𝑠𝑙14 + 𝑠𝑙24

1 + 𝑠𝑙14𝑠
𝑙
24

),

min(𝐻1(𝑆𝑙
1),𝐻1(𝑆𝑙

2),max(𝐻2(𝑆𝑙
1),𝐻2(𝑆𝑙

2)) >,

< (
𝑠𝑢11 + 𝑠𝑢21
1 + 𝑠𝑢11𝑠

𝑢
21
), (

𝑠𝑢12 + 𝑠𝑢22
1 + 𝑠𝑢12𝑠

𝑢
22
), (

𝑠𝑢13 + 𝑠𝑢23
1 + 𝑠𝑢13𝑠

𝑢
23
), (

𝑠𝑢14 + 𝑠𝑢24
1 + 𝑠𝑢14𝑠

𝑢
24
),

min(𝐻1(𝑆𝑢
1 ),𝐻1(𝑆𝑢

2 ),max(𝐻2(𝑆𝑢
1 ),𝐻2(𝑆𝑢

2 )) >}

≈
𝑆1 ∗

≈
𝑆2 = {< (

𝑠𝑙11 × 𝑠𝑙21

1 − (1 − 𝑠𝑙11)(1 − 𝑠𝑙21)
), (

𝑠𝑙12 × 𝑠𝑙22

1 − (1 − 𝑠𝑙12)(1 − 𝑠𝑙22)
), (

𝑠𝑙13 × 𝑠𝑙23

1 + 𝑠𝑙13𝑠
𝑙
23

), (
𝑠𝑙14 × 𝑠𝑙24

1 − (1 − 𝑠𝑙14)(1 − 𝑠𝑙24)
),

min((𝐻1(𝑆𝑙
1),𝐻1(𝑆𝑙

2)),max(𝐻2(𝑆𝑙
1),𝐻2(𝑆𝑙

2)) >,

< (
𝑠𝑢11 × 𝑠𝑢21

1 − (1 − 𝑠𝑢11)(1 − 𝑠𝑢21)
), (

𝑠𝑢12 × 𝑠𝑢22
1 − (1 − 𝑠𝑢12)(1 − 𝑠𝑢22)

), (
𝑠𝑢13 × (𝑠𝑢23

1 − (1 − 𝑠𝑢13)(1 − 𝑠𝑢23
), (

𝑠𝑢14 × 𝑠𝑢24
1 − (1 − 𝑠𝑢14)(1 − 𝑠𝑢24)

),

min(𝐻1(𝑆𝑢
1 ),𝐻1(𝑆𝑢

2 )),max(𝐻2(𝑆𝑢
1 ),𝐻2(𝑆𝑢

2 )) >}

4. Type-2 interval valued fuzzy Einstein weighted arithmetic aggregating operator

This section is providing the Type-2 interval valued fuzzy weighted arithmetic aggregation operator and some properties of 
corresponding operator.

Definition 5. Consider a set of 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠
≈
𝛼𝑎1, 

≈
𝛼𝑎2, 

≈
𝛼𝑎3, … , ≈𝛼𝑎𝑚 in a universe of discourse 

≈
𝐴. The vectors 𝜆1, ⃗𝜆2, ⃗𝜆3, … , ⃗𝜆𝑚 are 

aggregated using the function 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴,

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴 =
≈
𝐴𝑛 ↦

≈
𝐴

The operator is defined by

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚) =

𝑚∑
𝑗=1

(𝜆𝑗
≈
𝛼𝑚𝑗 )

Where 𝜆 = 𝜆1, ⃗𝜆2, ⃗𝜆3, … ⃗𝜆𝑚 is the weight vector in which 𝜆𝑗 ∈ [0, 1] and 
∑𝑚

𝑗=1 𝜆𝑗 = 1. The aggregation operator can also written as

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚) =

𝑚∑
𝜆𝑗 (

≈
𝛼𝑢1𝑗 ,

≈
𝛼𝑙1𝑗 ).
7

𝑗=1
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The 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴 operator can be made into an arithmetic average operator when we consider the weight as 1
𝑛

which is written 
as

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑊 𝐴(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚) =

1
𝑛

𝑚∑
𝑗=1

(≈𝑎𝑢1𝑗 ,
≈
𝑎𝑙1𝑗 )

Einstein aggregation operators are introduced to capitalize on the distinctive characteristics of Einstein operations when managing 
ambiguous data. It is well-known that the Einstein operations, which are derived from the Einstein sum and product, are capable 
of preserving boundedness and smoothness, which are essential for addressing complex and uncertain data. These properties assist 
in mitigating the overestimation and underestimation issues that may arise during conventional arithmetic operations. Furthermore, 
Einstein’s operations offer a more generalized and adaptable framework for combining imprecise data, enabling more effective con-
sideration of the inherent uncertainties and interdependencies among attributes in decision-making scenarios.

Theorem 1. Take 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 {
≈
𝛼1, 

≈
𝛼2, 

≈
𝛼3, … ≈𝛼𝑚}; the valuation acquired after aggregating these 𝑚 𝑇 2𝐼𝑉 𝐼𝑇 𝑟𝐹𝑁𝑠 by the Einstein 

aggregation operator is again a 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 .

Proof. Identifying that |≈𝛼𝑚𝑗 | ≤ 1 for all 𝑗 = 1, 2, … , 𝑚 and
∑𝑚

𝑗=1 𝜆𝑗 = 1, it is captured as follows

|𝜆1 ≈
𝛼𝑘1 + 𝜆1

≈
𝛼𝑘2 + 𝜆1

≈
𝛼𝑘3 +…𝜆1

≈
𝛼𝑘𝑚| ≤ 𝜆1.|≈𝛼𝑘1|+ 𝜆2.|≈𝛼𝑘2|+ 𝜆3.|≈𝛼𝑘3|+…+ 𝜆𝑚.|≈𝛼𝑘𝑚|

≤ 𝜆1 + 𝜆2 + 𝜆3 +…+ 𝜆𝑚

= 1.

It is simple that 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑊 𝐴(𝜆1.|≈𝛼𝑘1| + 𝜆2.|≈𝛼𝑘2| + 𝜆3.|≈𝛼𝑘3| +… + 𝜆𝑞.|≈𝛼𝑘𝑞|) ≤ 1 is also a 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 . □

Theorem 2. Take 𝜆1|≈𝛼𝑎1| + 𝜆2|≈𝛼𝑎2| + 𝜆3|≈𝛼𝑎3| … + 𝜆𝑚|≈𝛼𝑎𝑚| to be 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 and 
∑𝑚

𝑗=1 𝜆𝑗 = 1, then the following holds,

1. (Idempotency) When ≈𝛼𝑎1 =
≈
𝛼𝑎2 =

≈
𝛼𝑎3… ≈𝛼𝑎𝑘 =

≈
𝛼, the operator becomes

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3…

≈
𝛼𝑎𝑘) =

≈
𝛼

2. (Boundedness) Examine 𝑝 =max𝑗 |≈𝛼𝑚𝑗 |, then 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴(|≈𝛼𝑎1, ≈𝛼𝑎2, ≈𝛼𝑎3, … , ≈𝛼𝑎𝑘|) ≤ 𝑝

4.1. Example

Consider the example for addition with ≈𝛼1 and ≈𝛼2 with weights 𝜆1 = 0.5 and 𝜆2 = 0.5

≈
𝛼1 = {(0.1,0.25,0.25,0.45; (1,1), (0.24,0.3,0.3,0.45; (0.9,0.9))}
≈
𝛼2 = {(0.2,0.25,0.25,0.4; (1,1), (0.15,0.35,0.35,0.4; (0.9,0.9))}

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐴(≈𝛼1,
≈
𝛼2) =

2∑
𝑗=1

𝜆𝑗
≈
𝛼𝑗

= {(0.25,0.38,0.38,0.54; (1,1)), (0.31,0.46,0.46,0.55; (0.9,0.9))}

5. Type-2 interval valued fuzzy Einstein weighted geometric aggregating operator

Definition 6. Take a set of 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠
≈
𝛼𝑎1, 

≈
𝛼𝑎2, 

≈
𝛼𝑎3, … , ≈𝛼𝑎𝑚 in a universe of discourse 

≈
𝐴. The vectors ≈𝛼𝑎1, 

≈
𝛼𝑎2, 

≈
𝛼𝑎3, … , ≈𝛼𝑎𝑚 are 

aggregated using the function 𝑇 2𝐼𝑉 𝑇 𝑟𝐸𝑊 𝐺

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺 =
≈
𝐴↦

≈
𝐴

The operator is defined by,

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚) =

𝑚∏
𝑗=1

(≈𝛼𝑚𝑗 )𝜆𝑗

Where 𝜆 = 𝜆1, ⃗𝜆2, ⃗𝜆3, … ⃗𝜆𝑚 is the weight vector in which 𝜆𝑗 ∈ [0, 1] and 
∑𝑚

𝑗=1 𝜆𝑗 = 1. The aggregation operator can also written as

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺(≈𝛼 ,
≈
𝛼 ,

≈
𝛼 ,… ,

≈
𝛼 ) =

𝑚∏
(≈𝑎𝑢 ,

≈
𝑎𝑙 )𝜆𝑗 .
8

𝑎1 𝑎2 𝑎3 𝑎𝑚

𝑗=1
1𝑗 1𝑗
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The 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺 operator can be made into a geometric average operator when we consider the weight as 1
𝑛

which is written as

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚) =

𝑛
√

(≈𝛼𝑎1,
≈
𝛼𝑎2,

≈
𝛼𝑎3,… ,

≈
𝛼𝑎𝑚

Theorem 3. Take 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 {≈
𝑎1, 

≈
𝑎2, 

≈
𝑎3, … ≈𝑎𝑚} the valuation acquired after aggregating these 𝑚 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 by the Einstein 

multiplication operator is again a 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 .

Proof. Consider |≈𝛼𝑚𝑗 | ≤ 1 for all 𝑗 = 1, 2, … 𝑚 and 
∑𝑚

𝑗=1 𝜆𝑗 = 1, it is obtained as follows

|(≈𝛼𝑎1)𝜆1 ⋅ (≈𝛼𝑎2)𝜆2 ⋅ (≈𝛼𝑎3)𝜆3 …(≈𝛼𝑎𝑚)𝜆𝑚 | = |(≈𝛼𝑎1)𝜆1 | ⋅ |(≈𝛼𝑎2)𝜆2 | ⋅ |(≈𝛼𝑎3)𝜆3 |… |(≈𝛼𝑎𝑚)𝜆𝑚 |
≤ 1𝜆1+𝜆2+𝜆3+…+𝜆𝑚

= 1

It is proved that the |𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺(≈𝑎1, 
≈
𝑎2, 

≈
𝑎3, … ≈𝑎𝑚)| ≤ 1 is also 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 □

Theorem 4. Consider 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠
≈
𝛼𝑎1, 

≈
𝛼𝑎2, 

≈
𝛼𝑎3, … ≈𝛼𝑎𝑚 are aggregated using 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺, weights to be real values which satisfied 

𝜆𝑗 ∈ [0, 1] and 
∑𝑚

𝑗=1 𝜆𝑗 = 1 as following holds

1. (Idempotency) When ≈𝛼𝑎1 =
≈
𝛼𝑎2 =

≈
𝛼𝑎3 =… = ≈

𝛼𝑎𝑚 the operator becomes,

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊𝐺(≈𝛼𝑘1 =
≈
𝛼𝑘2 =

≈
𝛼𝑘3 =… = ≈

𝛼𝑘𝑞) =
≈
𝛼

2. (Boundedness) Consider 𝑝 =𝑚𝑎𝑥𝑗 |≈𝛼𝑚𝑗 | then, |𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊𝐺(≈𝛼𝑘1 =
≈
𝛼𝑘2 =

≈
𝛼𝑘3 =… = ≈

𝛼𝑚𝑗 )| ≤ 𝑝

Proof. Consider the values,

1. As ≈𝛼𝑎1 =
≈
𝛼𝑎2 =

≈
𝛼𝑎3 =… = ≈

𝛼 and 
∑𝑚

𝑗=1 𝜆𝑗 = 1, we get

(≈𝛼𝑎1)𝜆1 (
≈
𝛼𝑎2)𝜆2 (

≈
𝛼𝑎3)𝜆3 …(≈𝛼𝑎𝑚)𝜆𝑚 = (≈𝛼𝑎1)𝜆1 .(

≈
𝛼𝑎2)𝜆2 .(

≈
𝛼𝑎3)𝜆3 .…(≈𝛼𝑎𝑚)𝜆𝑚

= ≈
𝛼(𝜆1+𝜆2+𝜆3+…𝜆𝑚)

= ≈
𝛼

2. As 𝑝 =max𝑗 |≈𝛼𝑘𝑗 | and 𝜆𝑗 ∈ [0, 1] for every 𝑗 = 1, 2, … 𝑘 we get

|(≈𝛼𝑎1)𝜆1 .(≈𝛼𝑎2)𝜆2 .(≈𝛼𝑎3)𝜆3 …(≈𝛼𝑎𝑚)𝜆𝑚 | = |(≈𝛼𝑎1)𝜆1 |.|(≈𝛼𝑎2)𝜆2 |.|(≈𝛼𝑎3)𝜆3 |.… |(≈𝛼𝑎𝑚)𝜆𝑚 |
≤ 𝑝𝜆1 .𝑝𝜆2 .𝑝𝜆3 .… .𝑝𝜆𝑚

= 𝑝(𝜆1+𝜆2+𝜆3+⋯+𝜆𝑚)

= 𝑝 □

5.1. Example

Consider the problem with ≈𝛼1 and ≈𝛼2 with weights 𝜆1 = 0.4 and 𝜆2 = 0.6

≈
𝛼1 = {(0.05,0.23,0.23,0.3; (1,1), (0.2,0.32,0.32,0.41; (0.9,0.9))}
≈
𝛼2 = {(0.1,0.25,0.25,0.3; (1,1), (0.15,0.28,0.28,0.35; (0.9,0.9))}

𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝐸𝑊 𝐺(≈𝛼1,
≈
𝛼2) =

2∏
𝑗=1

(≈𝛼𝑗 )𝜆𝑗

= {(0.16,0.32,0.32,0.37; (1,1)), (0.25,0.37,0.37,0.43; (0.9,0.9))}

6. Algorithm

This section consists of the pseudocode for the weighted MCDM method AHP, distance-based MCDM method TOPSIS, and out-
ranking method VIKOR. Algorithm 1 is providing the combined AHP and TOPSIS method and Algorithm 2 is showing the VIKOR 
9

method. Both algorithms are expounded by the flowchart in Fig. 3.
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Fig. 3. Flow chart of proposed algorithm.
10
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Algorithm 1 Choose the best risk factor from 𝑅 =𝑅1, 𝑅2, … 𝑅12.

Require: 𝑖, 𝑗 > 0, ∑𝑛

𝑖=1
≈
𝑤𝑖𝑗 = 1

Ensure: 𝑅 = {𝑅1, 𝑅2, … 𝑅12}, 𝐶 = {𝐶1 , 𝐶2, 𝐶3, 𝐶4}
1: Construct the weighted values
2: if 𝑖, 𝑗 > 0 then

3: Construct the relative importance with linguistic variables
4: 𝐶𝑖𝑗 = 1∕𝐶𝑗𝑖

5: else[𝐶𝑖𝑗 = 𝐶𝑗𝑖 = 1]
6: Calculate ∑𝑛

𝑗=1 𝐶𝑖𝑗 =
≈
𝑤𝑗

7:
∑𝑛

𝑗=1
≈
𝑤𝑗 = 1

8: end if

9: Frame the decision matrix ≈
𝑆𝑘 = (

≈
𝑓𝑖𝑗 )𝑚×𝑛 1 ≤ 𝑖 ≤𝑚, 1 ≤ 𝑗 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑝

10: Construct the weighted matrix �̄�𝑝 = ( ≈
𝑤𝑖)1×𝑚

11: Frame ≈
𝑣𝑖𝑗 =

≈
𝑤𝑖 ⊗

≈
𝑓𝑖𝑗 , 1 ≤ 𝑖 ≤𝑚 and 1 ≤ 𝑗 ≤ 𝑛.

12: Calculate �̄�∗
𝑤
= (𝑅𝑎𝑛𝑘( ≈

𝑣𝑖𝑗 ))𝑚×𝑛
13: Determine PIS and NIS

𝑦+
𝑖
=

{
𝑚𝑎𝑥{𝑅𝑎𝑛𝑘( ≈

𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉1

𝑚𝑖𝑛{𝑅𝑎𝑛𝑘( ≈
𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉2

𝑦−
𝑖
=

{
𝑚𝑖𝑛{𝑅𝑎𝑛𝑘( ≈

𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉1

𝑚𝑎𝑥{𝑅𝑎𝑛𝑘( ≈
𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉2

14: Compute 𝑑+(𝑦𝑗 ) and 𝑑−(𝑦𝑗 )

𝑑+(𝑦𝑗 ) =

√√√√ 𝑚∑
𝑖=1

(𝑅𝑎𝑛𝑘( ≈
𝑣𝑖𝑗 ) − 𝑣+

𝑖
)2, 𝑑−(𝑦𝑗 ) =

√√√√ 𝑚∑
𝑖=1

(𝑅𝑎𝑛𝑘( ≈
𝑣𝑖𝑗 ) − 𝑣−

𝑖
)2.

15: Calculate 𝐶(𝑦𝑗 ) =
𝑑−(𝑦𝑗 )

𝑑+(𝑦𝑗 )+𝑑−(𝑦𝑗 )

Algorithm 2 Choose the best risk factor from 𝑅 =𝑅1, 𝑅2, … , 𝑅12 (VIKOR).
Require: 𝑖 > 0 ∀𝑗 > 0
Ensure: 𝑅 = {𝑅1, 𝑅2, … 𝑅𝑖}, 𝐶 = {𝐶1, 𝐶2, … , 𝐶𝑗}
1: % Determine best and worst
2: 𝑣∗

𝑖
=max(𝑣𝑖𝑗 ) and 𝑣−

𝑖
=min(𝑣𝑖𝑗 )

3: % Utility measure (𝑆𝑖)
4: 𝑆𝑖 =

∑𝑛

𝑗=1 𝑤𝑗 ∗ (
𝑣∗
𝑗
−𝑣𝑖𝑗

𝑣∗
𝑗
−𝑣−

𝑗

)
5: % Regret measure (𝑅𝑖)
6: 𝑅𝑖 =max𝑗 (𝑆𝑖𝑗 )
7: % Compute VIKOR index
8: 𝑄𝑖 = 𝑣( 𝑆𝑖−𝑆−

𝑆∗−𝑆− ) + (1 − 𝑣)( 𝑅𝑖−𝑅−

𝑅∗−𝑅− )
9: % Make the rankings in ascending order.

Table 1

Risk factors of TB.

Riskfactors Notation

Diabetes 𝑅1
Immune problem 𝑅2
Malnutrition 𝑅3
Alcohol 𝑅4
Active smoking 𝑅5
Crowded places 𝑅6
HIV infection 𝑅7
Air pollution 𝑅8
Kidney diseases and Cancer 𝑅9
Health care worker (In TB risk areas) 𝑅10
Medical treatments such as corticosteroids or organ transplant 𝑅11
Silicosis 𝑅12

7. Type-2 interval valued Einstein aggregating operators with extension to MCDM-case study

Fig. 4, developing a hierarchical structure by choosing the risk factor at the top level, attributes (or) criteria at the second level, 
and the risk factors at the third level.

The notation in Fig. 4 explained by the Table 1. Construct the relative importance between attributes. Attributes are explained 
11

through the Table 2.
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Fig. 4. Developing a hierarchical structure.

Table 2

Stages on TB.

Criteria Notation

Early infection 𝐶1
Early primary progressive (Infective) 𝐶2
Late primary progressive (Infective) 𝐶3
Latent 𝐶4

7.1. Fuzzy AHP algorithm

In this subsection fuzzy AHP algorithm is utilized to get weights of each criterion by the way of [26].
Step-1 Developing a hierarchical structure.
Step-2 Construct the pairwise comparison matrix. In this step, construct the relative importance of different levels of attributes 
concerning choosing the risk factors.

𝑆𝑘 =

⎡⎢⎢⎢⎢⎢⎣

1
≈
𝑓𝑘
12

≈
𝑓𝑘
13 …

≈
𝑓𝑘
1𝑛

≈
𝑓𝑘
21 1

≈
𝑓𝑘
23 …

≈
𝑓𝑘
2𝑛

⋮ ⋮ ⋮ ⋱ ⋮
≈
𝑓𝑘
𝑛1

≈
𝑓𝑘
𝑛2

≈
𝑓𝑘
𝑛3 … 1

⎤⎥⎥⎥⎥⎥⎦
,

Step-3 Find the values of the pairwise comparison matrix by using the importance values of linguistic terms.
Step-4 Normalize the pairwise comparison matrix by utilizing the geometric mean.

7.2. Fuzzy TOPSIS algorithm

In this part type-2 fuzzy TOPSIS was utilized to find the rankings through the algorithm of the article [7],
Step-5 Frame the decision matrix 𝐴𝑘 of the 𝑘𝑡ℎ decision maker and frame the average decision matrix �̄�, subsequently, shown as 
follows:

𝑆𝑘 =

⎡⎢⎢⎢⎢⎢⎣

≈
𝑓𝑘
11

≈
𝑓𝑘
12

≈
𝑓𝑘
13 …

≈
𝑓𝑘
1𝑛

≈
𝑓𝑘
21

≈
𝑓𝑘
22

≈
𝑓𝑘
23 …

≈
𝑓𝑘
2𝑛

⋮ ⋮ ⋮ ⋱ ⋮
≈
𝑓𝑘
𝑚1

≈
𝑓𝑘
𝑚2

≈
𝑓𝑘
𝑚3 …

≈
𝑓𝑘
𝑚𝑛

⎤⎥⎥⎥⎥⎥⎦
,

≈

12

𝑆𝑘 = (𝑓𝑖𝑗 )𝑚×𝑛,
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where 
≈
𝑓𝑖𝑗 = (

≈
𝑓11⊕

≈
𝑓12⊕

≈
𝑓13⊕…⊕

≈
𝑓𝑖𝑗

𝑘
), 

≈
𝑓𝑖𝑗 is an interval type-2 fuzzy set, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑝 and 𝑝 denotes the number of 

decision makers.
Step-6 Construct the weighted matrix 𝑊𝑝 of the criteria of 𝑝𝑡ℎ decision maker and frame the average weighted matrix �̄� , respectively 
shown as follows:

𝑊𝑘 =
[ ≈
𝑤𝑘

11
≈
𝑤𝑘

12
≈
𝑤𝑘

13 … ≈
𝑤𝑘

1𝑛
]
,

�̄�𝑝 = (𝑤𝑖)1×𝑛,

where ≈
𝑤𝑖 = (

≈
𝑤1
𝑖
⊕

≈
𝑤2
𝑖
⊕

≈
𝑤𝑘
𝑖
⊕…⊕

≈
𝑤𝑘
𝑖

𝑘
), 𝑤𝑖 is an interval type-2 fuzzy set, 1 ≤ 𝑖 ≤𝑚, 1 ≤ 𝑘 ≤ 𝑛, and 𝑛 denotes the number of decision makers.

Step-7 Make the weighted decision matrix �̄�𝑤,

�̄�𝑤 =

⎡⎢⎢⎢⎢⎣

≈
𝑣𝑘11

≈
𝑣𝑘12

≈
𝑣𝑘13 … ≈

𝑣𝑘1𝑛
≈
𝑣𝑘21

≈
𝑣𝑘22

≈
𝑣𝑘23 … ≈

𝑣𝑘2𝑛
⋮ ⋮ ⋮ ⋱ ⋮

≈
𝑣𝑘
𝑚1

≈
𝑣𝑘
𝑚2

≈
𝑣𝑘
𝑚3 … ≈

𝑣𝑘𝑚𝑛

⎤⎥⎥⎥⎥⎦
,

where ≈𝑣𝑖𝑗 =
≈
𝑤𝑖 ⊗

≈
𝑓𝑖𝑗 , 1 ≤ 𝑖 ≤𝑚 and 1 ≤ 𝑗 ≤ 𝑛.

Step-8 Depending upon the step-3, estimate the ranking values 𝑅𝑎𝑛𝑘(≈𝑣𝑖𝑗 ) of type-2 interval valued fuzzy set ≈𝑣𝑖𝑗 and frame the ranking 
weighted decision matrix �̄�∗

𝑤,
�̄�∗
𝑤 = (𝑅𝑎𝑛𝑘(≈𝑣𝑖𝑗 ))𝑚×𝑛.

𝑅𝑎𝑛𝑘(≈𝑣𝑖𝑗 ) is obtained as,

𝑅𝑎𝑛𝑘
≈

(𝑣𝑖𝑗 ) = 𝑉1(�̃�𝑈𝑖𝑗 ) + 𝑉1(�̃�𝐿𝑖𝑗 ) + 𝑉2(�̃�𝐿𝑖𝑗 ) + 𝑉2(�̃�𝐿𝑖𝑗 ) + 𝑉3(�̃�𝑈𝑖𝑗 ) + 𝑉3(�̃�𝐿𝑖𝑗 )

− 1
4
(𝑃1(�̃�𝑈𝑖𝑗 ) + 𝑃1(�̃�𝐿𝑖𝑗 ) + 𝑃2(�̃�𝑈𝑖𝑗 ) + 𝑃2(�̃�𝐿𝑖𝑗 )

+ 𝑃3(�̃�𝑈𝑖𝑗 ) + 𝑃3(�̃�𝐿𝑖𝑗 ) + 𝑃4(�̃�𝑈𝑖𝑗 ) + 𝑃4(�̃�𝐿𝑖𝑗 ))

+𝐻1(�̃�𝑈𝑖𝑗 ) +𝐻1(�̃�𝐿𝑖𝑗 ) +𝐻2(�̃�𝑈𝑖𝑗 ) +𝐻2(�̃�𝐿𝑖𝑗 )

For instance,

≈
(𝑣11)= (0.63,0.9,0.9,1; 1,1), (0.76,0.9,0.9,0.95; 0.9,0.9)

𝑅𝑎𝑛𝑘( ≈
𝑣11)= 0.76 + 0.83 + 0.9 + 0.9 + 0.95 + 0.925 − 1

4
(0.135 + 0.07 + 0 + 0 + 0.05

+0.025 + 0.137 + 0.070) + 1 + 1 + 0.9 + 0.9

= 8.947

where 𝑉𝑝(�̃�
𝑗
𝑖
) designates the average of the elements 𝑠𝑗

𝑖𝑝
and 𝑠𝑗

𝑖(𝑝+1)∕2, 1 ≤ 𝑝 ≤ 3, 𝑃𝑞(�̃�
𝑗
𝑖
) designates the standard deviation of the 

components 𝑠𝑗
𝑖𝑞

and 𝑠𝑗
𝑖(𝑝+1),

𝑃𝑞(
̃
𝑆
𝑗
𝑖
) =

√
1
2
∑𝑞+1

𝑚=𝑞(𝑠
𝑗
𝑖𝑚

− 1
2
∑𝑞+1

𝑚=𝑞 𝑠
𝑗

𝑖𝑘
)2, and 1 ≤ 𝑞 ≤ 3,

𝑃4(
̃
𝑆
𝑗
𝑖
) =

√
1
4
∑4

𝑚=1(𝑠
𝑗
𝑖𝑚

− 1
4
∑4

𝑚=1 𝑠
𝑗

𝑖𝑘
)2. 𝐻𝑝(𝑠

𝑗
𝑖
) designates the height of membership function of type-2 trapezoidal fuzzy number.

Step-9 Determine the positive ideal solution 𝑦+ = max(𝑦+1 , 𝑦
+
2 , 𝑦

+
3 , … , 𝑦+𝑚) and negative ideal solution 𝑦− = min(𝑦−1 , 𝑦

−
2 , 𝑦

−
3 , … , 𝑦−𝑚), 

where

𝑦+
𝑖
=

{
max{𝑅𝑎𝑛𝑘(≈𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉1
min{𝑅𝑎𝑛𝑘(≈𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉2

and

𝑦−𝑖 =

{
min{𝑅𝑎𝑛𝑘(≈𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉1
max{𝑅𝑎𝑛𝑘(≈𝑣(𝑖𝑗))}, if 𝑣𝑖 ∈ 𝑉2

where 𝑉1 designates the set of borderline criteria and 𝑉2 designates the set of latent line criteria and 1 ≤ 𝑖 ≤𝑚.
Step-10 Compute the distance 𝑑+(𝑦𝑗 ) between every risk factor 𝑦𝑗 and the positive ideal solution 𝑦+, shown as follows:

𝑑+(𝑦 ) =

√√√√ 𝑚∑
(𝑅𝑎𝑛𝑘(≈𝑣 ) − 𝑣+)2,
13

𝑗

𝑖=1
𝑖𝑗 𝑖
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Table 3

Relative importance and its values.

Scale of relative importance Values

Very low importance ((0.0,0,0.1; 1,1), (0,0,0,0.05; 0.9,0.9))
Low importance ((0.0,0.1,0.1,0.3; 1,1), (0.05,0.1,0.1,0.2; 0.9,0.9))
Moderate importance ((0.3,0.5,0.5,0.7; 1,1), (0.4,0.5,0.5,0.6; 0.9,0.9))
Strong importance ((0.5,0.7,0.7,0.9; 1,1), (0.6,0.7,0.7,0.8; 0.9,0.9))
Very strong importance ((0.7,0.9,0.9,1; 1,1), (0.8,0.9,0.9,0.95; 0.9,0.9))
Extreme importance ((0.9,1,1,1; 1,1), (0.95,1,1,1; 0.9,0.9))
Equal importance ((1,1,1,1; 1,1), (1,1,1,1; 1,1))

Table 4

Relative importance between attributes.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝐶1 EE S M M
𝐶2 1/S EE S VS
𝐶3 1/M 1/S EE E
𝐶4 1/M 1/VS 1/E EE

Table 5

Collective weights from decision makers for 
the Riskfactors of TB.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝐷𝑀1 VH H M L
𝐷𝑀2 VH VH L L
𝐷𝑀3 VH H M M

𝑑−(𝑦𝑗 ) =

√√√√ 𝑚∑
𝑖=1

(𝑅𝑎𝑛𝑘(≈𝑣𝑖𝑗 ) − 𝑣−
𝑖
)2.

Step-11 Calculate the relative degree of closeness 𝐶(𝑦𝑗 ) with respect to the positive ideal solution 𝑦+, shown as follows:

𝐶(𝑦𝑗 ) =
𝑑−(𝑦𝑗 )

𝑑+(𝑦𝑗 ) + 𝑑−(𝑦𝑗 )
,

Step-12 Arrange the values of 𝐶(𝑦𝑗 ) in descending sequence, where 1 ≤ 𝑗 ≤ 𝑛. The larger value of 𝐶(𝑦𝑗 ), got the higher preference of 
the alternative 𝑦𝑗 .

Find the relative importance between attributes. Relative importance and its values are referred to by Table 3. Relative importance 
between attributes is explained in the Table 4.

where

≈
𝑤1 = ((0.9,1,1,1; 1,1), (0.95,1,1,1; 0.9,0.9)),
≈
𝑤2 = ((0.221,0.235,0.235,0.248; 1,1), (0.222,0.235,0.235,0.243; 0.9,0.9)),
≈
𝑤3 = ((0.302,0.314,0.314,0.278; 1,1), (0.331,0.314,0.314,0.295; 0.9,0.9)),
≈
𝑤4 = ((0.366,0.295,0.295,0.271; 1,1), (0.316,0.295,0.295,0.283; 0.9,0.9)).

Table 6, 7 and Table 8 provide the opinions of decision-makers about risk factors of TB. Table 9 shows the average value of three 
decision-makers opinion. Continuing this the average decision matrix multiplied with weighted values, explained in Table 10.

Table 5 provides opinions about the weighted values of the decision matrix. Table 10 is multiplied by the weighted values which 
found from Table 5.

By following this value, each alternative distance value is manifest through the coming Table 11 In the same way, we can get and 
substitute in Table 12. Hence we can get the values of alternatives with weightage.

7.3. Fuzzy VIKOR algorithm

In this part, type-2 fuzzy VIKOR is utilized to find the rankings through an algorithm of the work [20]
Step-13 Determine the best 𝜙+

𝑗
and worst value 𝜙+

𝑗
of each attribute
14

𝜙+
𝑗
=max(𝑅𝑎𝑛𝑘(𝑣𝑖𝑗 ))∀𝑖 = 1,2,… ,12
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Table 6

First decision maker opinion.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1 VH H H MH
𝑅2 H MH MH M
𝑅3 VH H H MH
𝑅4 VH H H MH
𝑅5 H MH MH M
𝑅6 VH VH VH H
𝑅7 H MH MH M
𝑅8 VH MH MH M
𝑅9 H MH MH M
𝑅10 H MH MH M
𝑅11 H MH MH M
𝑅12 H H H M

Table 7

Second decision maker opinion about TB.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1 VH VH H M
𝑅2 H H MH L
𝑅3 MH MH L VL
𝑅4 MH MH M L
𝑅5 M ML VL VL
𝑅6 MH M ML L
𝑅7 M ML L L
𝑅8 MH M L VL
𝑅9 H MH M L
𝑅10 M H L M
𝑅11 MH M L VL
𝑅12 MH ML L VL

Table 8

Third decision maker opinion about TB.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1 VH VL MH MH
𝑅2 VH H MH M
𝑅3 VH H MH L
𝑅4 VH VH MH M
𝑅5 VH H ML ML
𝑅6 VH H H M
𝑅7 MH H ML M
𝑅8 MH H ML L
𝑅9 VH MH ML VL
𝑅10 VH M ML VL
𝑅11 VH M MH VL
𝑅12 VH H MH L

Table 9

Average decision matrix.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1
≈
𝑓11

≈
𝑓12

≈
𝑓13

≈
𝑓14

𝑅2
≈
𝑓21

≈
𝑓22

≈
𝑓23

≈
𝑓24

𝑅3
≈
𝑓31

≈
𝑓32

≈
𝑓33

≈
𝑓34

𝑅4
≈
𝑓41

≈
𝑓42

≈
𝑓43

≈
𝑓44

𝑅5
≈
𝑓51

≈
𝑓52

≈
𝑓53

≈
𝑓54

𝑅6
≈
𝑓61

≈
𝑓62

≈
𝑓63

≈
𝑓64

𝑅7
≈
𝑓71

≈
𝑓72

≈
𝑓73

≈
𝑓74

𝑅8
≈
𝑓81

≈
𝑓82

≈
𝑓83

≈
𝑓84

𝑅9
≈
𝑓91

≈
𝑓92

≈
𝑓93

≈
𝑓94

𝑅10
≈
𝑓10,1

≈
𝑓10,2

≈
𝑓10,3

≈
𝑓10,4

𝑅11
≈
𝑓11,1

≈
𝑓11,2

≈
𝑓11,3

≈
𝑓11,4

𝑅
≈
𝑓

≈
𝑓

≈
𝑓

≈
𝑓
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Table 10

Weighted decision matrix.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1
≈
𝑣11

≈
𝑣12

≈
𝑣13

≈
𝑣14

𝑅2
≈
𝑣21

≈
𝑣22

≈
𝑣23

≈
𝑣24

𝑅3
≈
𝑣31

≈
𝑣32

≈
𝑣33

≈
𝑣34

𝑅4
≈
𝑣41

≈
𝑣42

≈
𝑣43

≈
𝑣44

𝑅5
≈
𝑣51

≈
𝑣52

≈
𝑣53

≈
𝑣54

𝑅6
≈
𝑣61

≈
𝑣62

≈
𝑣63

≈
𝑣64

𝑅7
≈
𝑣71

≈
𝑣72

≈
𝑣73

≈
𝑣74

𝑅8
≈
𝑣81

≈
𝑣82

≈
𝑣83

≈
𝑣84

𝑅9
≈
𝑣91

≈
𝑣92

≈
𝑣93

≈
𝑣94

𝑅10
≈
𝑣10,1

≈
𝑣10,2

≈
𝑣10,3

≈
𝑣10,4

𝑅11
≈
𝑣11,1

≈
𝑣11,2

≈
𝑣11,3

≈
𝑣11,4

𝑅12
≈
𝑣12,1

≈
𝑣12,2

≈
𝑣12,3

≈
𝑣12,4

Table 11

Rankings of weighted valued decision matrix.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1 𝑅𝑎𝑛𝑘( ≈
𝑣11) 𝑅𝑎𝑛𝑘( ≈

𝑣12) 𝑅𝑎𝑛𝑘( ≈
𝑣13) 𝑅𝑎𝑛𝑘( ≈

𝑣14)
𝑅2 𝑅𝑎𝑛𝑘( ≈

𝑣21) 𝑅𝑎𝑛𝑘( ≈
𝑣22) 𝑅𝑎𝑛𝑘( ≈

𝑣23) 𝑅𝑎𝑛𝑘( ≈
𝑣24)

𝑅3 𝑅𝑎𝑛𝑘( ≈
𝑣31) 𝑅𝑎𝑛𝑘( ≈

𝑣32) 𝑅𝑎𝑛𝑘( ≈
𝑣33) 𝑅𝑎𝑛𝑘( ≈

𝑣34)
𝑅4 𝑅𝑎𝑛𝑘( ≈

𝑣41) 𝑅𝑎𝑛𝑘( ≈
𝑣42) 𝑅𝑎𝑛𝑘( ≈

𝑣43) 𝑅𝑎𝑛𝑘( ≈
𝑣44)

𝑅5 𝑅𝑎𝑛𝑘( ≈
𝑣51) 𝑅𝑎𝑛𝑘( ≈

𝑣52) 𝑅𝑎𝑛𝑘( ≈
𝑣53) 𝑅𝑎𝑛𝑘( ≈

𝑣54)
𝑅6 𝑅𝑎𝑛𝑘( ≈

𝑣61) 𝑅𝑎𝑛𝑘( ≈
𝑣62) 𝑅𝑎𝑛𝑘( ≈

𝑣63) 𝑅𝑎𝑛𝑘( ≈
𝑣64)

𝑅7 𝑅𝑎𝑛𝑘( ≈
𝑣71) 𝑅𝑎𝑛𝑘( ≈

𝑣72) 𝑅𝑎𝑛𝑘( ≈
𝑣73) 𝑅𝑎𝑛𝑘( ≈

𝑣74)
𝑅8 𝑅𝑎𝑛𝑘( ≈

𝑣81) 𝑅𝑎𝑛𝑘( ≈
𝑣82) 𝑅𝑎𝑛𝑘( ≈

𝑣83) 𝑅𝑎𝑛𝑘( ≈
𝑣84)

𝑅9 𝑅𝑎𝑛𝑘( ≈
𝑣91) 𝑅𝑎𝑛𝑘( ≈

𝑣92) 𝑅𝑎𝑛𝑘( ≈
𝑣93) 𝑅𝑎𝑛𝑘( ≈

𝑣94)
𝑅10 𝑅𝑎𝑛𝑘( ≈

𝑣10,1) 𝑅𝑎𝑛𝑘( ≈
𝑣10,2) 𝑅𝑎𝑛𝑘( ≈

𝑣10,3) 𝑅𝑎𝑛𝑘( ≈
𝑣10,4)

𝑅11 𝑅𝑎𝑛𝑘( ≈
𝑣11,1) 𝑅𝑎𝑛𝑘( ≈

𝑣11,2) 𝑅𝑎𝑛𝑘( ≈
𝑣11,3) 𝑅𝑎𝑛𝑘( ≈

𝑣11,4)
𝑅12 𝑅𝑎𝑛𝑘( ≈

𝑣12,1) 𝑅𝑎𝑛𝑘( ≈
𝑣12,2) 𝑅𝑎𝑛𝑘( ≈

𝑣12,3) 𝑅𝑎𝑛𝑘( ≈
𝑣12,4)

Table 12

Ranking values of weighted valued decision matrix.

Alternatives 𝐶1 𝐶2 𝐶3 𝐶4

𝑅1 8.95 9.78 8.71 8.32
𝑅2 8.24 9.07 6.54 8.58
𝑅3 7.65 9.78 8.28 7.88
𝑅4 7.79 9.03 8.28 6.12
𝑅5 7.65 9.15 8.93 7.88
𝑅6 7.25 9.15 8.98 6.14
𝑅7 7.66 9.82 9.28 7.21
𝑅8 7.65 9.14 7.86 6.15
𝑅9 7.65 9.78 8.60 7.88
𝑅10 7.25 9.54 8.84 6.59
𝑅11 7.79 9.78 8.88 8.32
𝑅12 7.25 8.91 8.31 7.65

𝜙−
𝑗 =min(𝑅𝑎𝑛𝑘(𝑣𝑖𝑗 ))∀𝑖 = 1,2,… ,12

Step-14 Calculate the specific group utility and the individual regret. Based on the novel distance measure, calculate the specific 
group utility 𝑆𝑖 and the individual regret 𝑅𝑖 of the 𝑖𝑡ℎ alternative by calculating the distance between the best value and the 𝑖𝑡ℎ
alternative as: By using the specific group utility and the individual regret, calculate the aggregating index of each alternative as:

𝑄𝑖 = 𝜎
𝑆𝑖 −𝑆∗

𝑆+ +𝑆− + (1 − 𝜎)
𝑅𝑗 −𝑅−

𝑅+ +𝑅−

where, 𝑆+ = max𝑖 𝑆𝑖, 𝑆− = min𝑖 𝑆𝑖, 𝑅+ = max𝑖 𝑅𝑖, 𝜎 0 ≤ 1 is the weight of the specific group utility, and 1 − 𝜎 is the weight of 
individual regret.
Step-15 Assign the rankings by ascending order. Based on the ranking orders, obtain the compromised solution where 𝑅1 is ranked 
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7.4. Alternatives and attributes

TB is a potentially serious infectious disease that primarily affects the lungs but can also affect other parts of the body. It is caused 
by mycobacterium tuberculosis. TB spreads through the air when an infected person coughs, sneezes, or talks, releasing tiny infectious 
particles known as droplet nuclei. Several factors can increase the risk of developing TB. These risk factors can vary depending on 
individual circumstances and the prevalence of TB in the community. Some common risk factors include:

1. Diabetes: Diabetes can weaken the immune system, making individuals more susceptible to infections, including TB. High blood 
sugar levels can impair the function of various immune cells, such as macrophages and T-cells, which play a crucial role in 
defending the body against TB bacteria. Diabetes can complicate the diagnosis and management of TB. Symptoms of TB may 
be masked or mistaken for complications of diabetes, leading to delays in diagnosis and treatment initiation [46]. Additionally, 
diabetes-related complications, such as neuropathy and nephropathy, can make it more challenging for individuals to adhere to 
TB treatment regimens.

2. Immune problem: Individuals with immunodeficiency disorders, whether congenital (present from birth) or acquired (developed 
later in life), have weakened immune systems [27]. This impairment affects the body’s ability to fight off TB bacteria effectively. 
TB primarily affects the lungs, and a robust immune response is crucial for containing the infection in the lungs and preventing 
its spread to other parts of the body.

3. Malnutrition: Malnutrition compromises the immune system, making individuals more susceptible to infections, including TB. 
Essential nutrients, such as vitamins (e.g., vitamin A, vitamin D) and minerals (e.g., zinc, iron), play crucial roles in maintaining 
a robust immune response against pathogens like the TB bacteria. Deficiencies in these nutrients can impair immune function, 
reducing the body’s ability to contain TB infection and increasing the risk of progression to active TB disease [40]. Malnutrition 
can lead to structural and functional abnormalities in the respiratory system, including reduced lung capacity and impaired 
mucociliary clearance. These changes make individuals more vulnerable to respiratory infections, such as TB, as the bacteria can 
more easily establish an infection in the lungs and cause disease.

4. Alcohol: Alcohol consumption is a well-established risk factor for TB. Chronic alcohol consumption weakens the immune system, 
impairing the body’s ability to fight off infections, including TB. Alcohol disrupts immune cell function and decreases the pro-
duction of immune mediators, making individuals more susceptible to TB infection and progression to active disease. Alcohol use 
increases the risk of TB infection by impairing the lung’s natural defenses against TB bacteria [50]. Alcohol damages respiratory 
epithelial cells and cilia, which are essential for clearing pathogens from the airways. This makes it easier for TB bacteria to 
establish an infection in the lungs.

5. Active smoking: Smoking tobacco weakens the immune system, making individuals more susceptible to infections, including TB. 
Smoking impairs the function of immune cells, such as macrophages and T-cells, which are essential for containing TB infection 
and preventing its progression to active disease. Smokers who develop active TB disease are more likely to experience severe 
forms of TB, such as cavitary TB or disseminated TB [19]. Smoking exacerbates lung inflammation and tissue damage caused by 
TB infection, leading to more extensive lung damage and poorer treatment outcomes.

6. Crowded places: Crowded places often have inadequate ventilation, which can further enhance TB transmission. Poor ventilation 
allows TB bacteria to remain suspended in the air for longer periods, increasing the risk of inhalation by susceptible individuals 
[32]. Proper ventilation, including natural ventilation and mechanical ventilation systems, is crucial for reducing TB transmission 
in crowded settings.

7. HIV infection: HIV infection increases the risk of latent TB infection (LTBI) reactivation, where TB bacteria that have been 
dormant in the body become active and cause TB disease. The weakened immune response in individuals with HIV allows TB 
bacteria to reactivate and multiply unchecked, leading to the development of active TB disease [1].

8. Air pollution: Air pollution has been shown to suppress the immune system, making individuals more susceptible to infections, 
including TB. Exposure to air pollutants can reduce the function of immune cells in the respiratory tract, impairing the body’s 
ability to control TB infection and prevent disease progression [28]. Air pollution can increase the risk of respiratory infections, 
including TB, by damaging the respiratory epithelium and impairing mucociliary clearance. These changes make it easier for TB 
bacteria to establish an infection in the lungs and cause active TB disease.

9. Kidney disease and Cancer: Both kidney disease and cancer can weaken the immune system, making individuals more sus-
ceptible to infections, including TB. Chronic kidney disease (CKD) and cancer can impair the function of immune cells, such 
as T-cells and macrophages, which are crucial for controlling TB infection and preventing disease progression. Treatments for 
kidney disease and cancer, such as immunosuppressive medications, chemotherapy, and radiation therapy, can suppress the 
immune system and increase the risk of TB [49]. Immunosuppressive treatments weaken the body’s ability to mount an effective 
immune response against TB bacteria, making individuals more susceptible to TB infection and disease progression.

10. Health care worker: Healthcare workers interact closely with patients in healthcare settings, including hospitals, clinics, and 
TB treatment facilities [52]. This close contact increases the risk of exposure to patients with active TB disease who may be 
coughing, sneezing, or talking, releasing infectious droplets into the air.

11. Medical treatments such as corticosteroids and organ transplant: Corticosteroids and immunosuppressive medications used 
in organ transplantation suppress the immune system, reducing its ability to fight off infections, including TB. Immunosuppression 
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12. Silicosis: Silicosis causes scarring and inflammation in the lungs, leading to structural changes and impaired lung function. This 
lung damage creates an environment conducive to TB infection and disease progression, as TB bacteria can more easily establish 
an infection in damaged lung tissue.

8. Discussion

TB remains a global health concern, particularly in developing nations. It is one of the top 10 global causes of mortality. Improved 
health and reduced mortality rates associated with this infection are significant benefits of addressing the risk factors of tuberculosis. 
Consequently, the objective of this investigation is to identify the most significant risk factors for tuberculosis in the general popula-
tion. Initially, the risk factors of TB diseases are selected as an alternative, and the intensity of the disease is selected as the criterion 
for analyzing the highly vulnerable risk factors. Healthcare professionals and TB association departments are the sources of the data. 
Even though the data was collected in linguistic variables, it was transformed into the T2IVTrFN using a linguistic scale that offers 
both uncertainty and assurance perspectives. Then, we employ the Fuzzy TOPSIS method, Hybrid method, Fuzzy VIKOR method, 
T2IVTrFEWA, and T2IVTrFEWG to determine the ranking of the risk factors of TB. The research indicates that diabetes 𝑅1 is the 
most significant risk factor. Because diabetes diminishes the body, it becomes increasingly challenging for the body to defend against 
tuberculosis. In nearly all of the methods, Diabetes (𝑅1), Immune problems (𝑅2), Malnutrition (𝑅3), and Alcohol (𝑅4) were regarded 
as high-risk factors for tuberculosis. The least risk factors were silicosis (𝑅12), medical treatments (𝑅11), and crowded locations 𝑅6. 
The remaining alternatives are juggled in between rankings. It is now more common for individuals with TB-DM co-morbidity to 
have TB than TB-HIV co-infection, and those with DM are at a threefold increased risk of developing TB. Additionally, comparative 
and sensitivity analyses establish the validity of the obtained result.

8.1. Sensitivity analysis

The sensitivity analysis is explained through Fig. 8, which offers an in-depth examination of how changes in variables affect 
the outcome of a model decision. This analysis is important for understanding the robustness and reliability of the results, as it 
helps identify which risk factors have the most significant impact on the output. In arithmetic, geometric aggregation operators 
𝜆 = 2, 5, 10, 100 are substituted and verify the relationship between each alternative. The results indicated that changes in the input 
values led to variations in the outcomes ranging from [0, 1], while adjustments in criteria weights influenced the results by all risk 
factors and it is shown in the Tables 16, 17, 18, 19. Additionally, modifications in fuzzy parameters caused outcome shifts within 
the range of [0, 1]. These findings confirm that the model is robust and reliable, with the most significant influences identified, 
ensuring that the decision-making conclusions are not excessively sensitive to minor input variations. The Spearman rank coefficients 
analysis illustrated in Fig. 6 demonstrates that the proposed framework is highly compatible with other state-of-the-art approaches. 
Nevertheless, the proposed set of ranking values is more logical, as it also includes intricate ambiguous information and sub-attributes.

8.2. Comparative analysis

The result of this work provided 98% accuracy of the risk factors of TB according to the WHO report [42]. Comparison Table 15
is proving that type-2 fuzzy trapezoidal numbers make an accurate result when compared with type-1 fuzzy numbers.

The type-1 fuzzy ranking on risk factors of TB was analyzed by [11], with ten risk factors. Through Table 15, readers can understand 
that diabetes got first place which means it is a dangerous risk factor compared with others. The second place is the same at the type-1 
and type-2 fuzzy ranking algorithm and the risk factor is an immune problem. In the result of the type-1 fuzzy MCDM method HIV 
infection got first place, but the WHO report and the type-2 fuzzy values given that it may be a risk factor within five ranks. In type-1 
fuzzy MCDM work, they didn’t consider the risk factors of organ transplant and silicosis. However, WHO reports that these two are 
also important risk factors. Through this work, they got eleventh and ninth positions respectively. Fig. 7 refers to understanding the 
values of risk factors and refers to knowing about the rankings of the TOPSIS technique and integrated technique that is the weights 
got from the AHP technique integrated with TOPSIS values. Fig. 9 refers to comparing the rankings of type-1 and type-2 fuzzy MCDM 
techniques. Hence, this type-2 fuzzy hybrid MCDM technique explains that AHP and TOPSIS provide accurate results compared with 
type-1 fuzzy MCDM techniques. For a clear understanding of the rankings of the TOPSIS method and the VIKOR method shown in 
Tables 13, 14. Figs. 5a, 5b, 5c, 5d, 5e and 5f providing the perfect rankings with values of every method. This conclusion is also 
corroborated by the articles [47], [24], [51], [44], [24].

8.3. Limitations

This work has few limitations. Such as,

• 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 with Einestein aggregation operator introduces a higher level of complexity compared to traditional type-1 fuzzy 
sets. This complexity can make it challenging to interpret and apply the results.

• The computation involved in processing 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 can be intensive, especially when dealing with large datasets in MCDM 
frameworks. This can limit the scalability of the approach to a larger population’s decision scenarios.

• Implementing MCDM methods with 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 and Einstein aggregation operators can be computationally intensive, espe-
18
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Table 13

Distance measures by TOPSIS.

Alternatives 𝑑+(𝑦𝑗 ) 𝑑−(𝑦𝑗 ) 𝐶(𝑦𝑗 ) Rank

𝑅1 0 3.348 1.00 1
𝑅2 0.968 2.423 0.71 2
𝑅3 1.205 2.211 0.64 4
𝑅4 0.902 2.476 0.73 3
𝑅5 1.851 1.557 0.46 8
𝑅6 3.266 0.269 0.07 12
𝑅7 1.87 1.78 0.49 5
𝑅8 2.470 1.151 0.32 10
𝑅9 1.879 1.787 0.48 6
𝑅10 1.940 1.609 0.45 7
𝑅11 3.043 0.615 0.17 11
𝑅12 1.245 2.152 0.46 9

Table 14

Finding 𝑄𝑖 value for rankings of 
VIKOR.

Alternatives 𝑄𝑖 Rank

𝑅1 0.376 1
𝑅2 0.412 2
𝑅3 0.461 4
𝑅4 0.454 3
𝑅5 0.721 8
𝑅6 0.821 11
𝑅7 0.523 5
𝑅8 0.743 9
𝑅9 0.662 6
𝑅10 0.683 7
𝑅11 0.758 10
𝑅12 0.823 12

Table 15

Final rankings of risk factors.

RF T1F T2F-TOPSIS T2 F-Hybrid T2 F-VIKOR T2IVTrFEWA T2IVTrFEWG FIR

𝑅1 5 1 1 1 1 1 1
𝑅2 2 2 2 2 2 2 2
𝑅3 4 4 4 4 4 4 4
𝑅4 10 3 3 3 3 3 3
𝑅5 6 8 9 8 8 8 8
𝑅6 8 12 11 11 11 11 11
𝑅7 1 5 6 5 5 5 5
𝑅8 9 10 10 9 9 9 9
𝑅9 7 6 7 6 6 6 6
𝑅10 3 7 5 7 7 7 7
𝑅11 - 11 12 10 10 10 10
𝑅12 - 9 8 12 12 12 12

Table 16

Ranked using the aggregated values from T2IVTrFWA with 𝜆 = 2.

RF TOPSIS VIKOR AHP & TOPSIS T2IVTrFEWA T2IVTrFEWG

𝑅1 1 1 1 1 1
𝑅2 2 2 2 2 2
𝑅3 4 4 4 4 4
𝑅4 3 3 3 3 3
𝑅5 8 8 9 9 9
𝑅6 12 11 11 11 11
𝑅7 5 5 6 6 6
𝑅8 10 9 10 10 10
𝑅9 6 6 7 7 7
𝑅10 7 7 5 5 5
𝑅11 11 10 12 12 12
𝑅 9 12 8 8 8
19
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Fig. 5. Comparison of rankings obtained from different methods for evaluating the alternatives.
20



Heliyon 10 (2024) e35997R.M. Sheela and S. Dhanasekar

Table 17

Ranked using the aggregated values from T2IVTrFWA with 𝜆 = 5.

RF TOPSIS VIKOR AHP & TOPSIS T2IVTrFEWA T2IVTrFEWG

𝑅1 1 1 1 1 1
𝑅2 2 2 2 2 2
𝑅3 4 4 4 4 4
𝑅4 3 3 3 3 3
𝑅5 8 8 9 9 9
𝑅6 12 11 11 11 11
𝑅7 5 5 6 6 6
𝑅8 10 9 10 10 10
𝑅9 6 6 7 7 7
𝑅10 7 7 5 5 5
𝑅11 11 10 12 12 12
𝑅12 9 12 8 8 8

Table 18

Ranked using the aggregated values from T2IVTrFWA with 𝜆 = 10.

RF TOPSIS VIKOR AHP & TOPSIS T2IVTrFEWA T2IVTrFEWG

𝑅1 1 1 1 1 1
𝑅2 2 2 2 2 2
𝑅3 4 4 4 4 4
𝑅4 3 3 3 3 3
𝑅5 8 8 9 9 9
𝑅6 12 11 11 11 11
𝑅7 5 5 6 6 6
𝑅8 10 9 10 10 10
𝑅9 6 6 7 7 7
𝑅10 7 7 5 5 5
𝑅11 11 10 12 12 12
𝑅12 9 12 8 8 8

Table 19

Ranked using the aggregated values from T2IVTrFWA with 𝜆 = 100.

RF TOPSIS VIKOR AHP & TOPSIS T2IVTrFEWA T2IVTrFEWG

𝑅1 1 1 1 1 1
𝑅2 2 2 2 2 2
𝑅3 4 4 4 4 4
𝑅4 3 3 3 3 3
𝑅5 8 8 9 9 9
𝑅6 12 11 11 11 11
𝑅7 5 5 6 6 6
𝑅8 10 9 10 10 10
𝑅9 6 6 7 7 7
𝑅10 7 7 5 5 5
𝑅11 11 10 12 12 12
𝑅12 9 12 8 8 8

8.4. Future work

To rectify the limitations of this work, the future works provided in the following way such as

• Developing more efficient algorithms for handling 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 within MCDM frameworks is essential to reducing computa-
tional complexity and enhancing scalability. Future research should focus on algorithmic optimization and the integration of 
parallel computing techniques to streamline processing and manage large datasets effectively.

• In future works 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁𝑠 and Einstein aggregation operators involve developing efficient algorithms tailored for large 
datasets and exploring parallel computing and cloud-based solutions to optimize computational workflows.

• The fuzzy aggregation method can be applied to create more personalized treatment plans for TB patients. By considering 
individual patient data and various risk factors, the method can help healthcare providers tailor treatments to the specific needs 
of each patient, potentially improving treatment outcomes. Future research could explore the integration of this method into 
21

electronic health records systems to facilitate personalized healthcare.
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Fig. 6. Spearman correlation values.

Fig. 7. Comparison of rankings.

• Effective management of healthcare resources is crucial in TB control programs. Future research could investigate the use of fuzzy 
aggregation methods in optimizing resource allocation, such as the distribution of medication, diagnostic tools, and healthcare 
personnel. This approach can help ensure that resources are used efficiently, particularly in areas with high TB prevalence.

9. Conclusion

TB is one of the deadly diseases that has not been investigated by any researchers through MCDM in the type2 interval-valued 
trapezoidal fuzzy context with Einstein aggregation operations. Therefore, this gap is filled by analyzing the high-risk factors of TB 
disease through TOPSIS, Hybrid, VIKOR, FEWA, FEWG, and FIR in a 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 with Einstein aggregation operators. These methods 
used a type 2 fuzzy approach to handle unclear information from the uncertainty of uncertainty. In contrast to crisp numbers and 
type-1 fuzzy numbers, the linguistic scale of interval type-2 fuzzy set was employed to convey the experts’ assessment of alternatives in 
terms of criteria and the weights of each criterion. The decision process is significantly more practicable when type-2 interval-valued 
fuzzy sets are employed. Fuzzy simple additive weighting was implemented to determine the weights of the criteria, and the fuzzy 
ranking method was implemented to rank the alternatives of risk factors. The proposed method effectively resolves multi-criteria 
decision-making issues associated with risk factors by capturing the ambiguity of human thinking style. Additionally, a novel ranking 
algorithm was developed to defuzzify the 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 into a precise number. Various risk factors of tuberculosis were regarded as 
alternatives, and its symptoms were regarded as criteria. Diabetes (𝑅1) was identified as a more significant risk factor for tuberculosis 
based on the results of the proposed method. The least risk factor is Silicosis (𝑅12) and Crowded Places (𝑅6). More risk factors for 
22

tuberculosis are the combination of diabetes (𝑅1) immune problems (𝑅2), malnutrition (𝑅3), and alcohol (𝑅4). The sensitivity of the 
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Fig. 8. Sensitivity Analysis.

Fig. 9. Comparison of rankings with 𝑇 2𝐼𝑉 𝑇 𝑟𝐹𝑁 .

outcomes was assessed by adjusting the criteria weights in a variety of scenarios, and a comparative analysis was conducted against 
various MCDM methods.
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