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How to run 50% faster without external energy
Amanda Sutrisno and David J. Braun*

Technological innovations may enable next-generation running shoes to provide unprecedented mobility. But 
how could a running shoe increase the speed of motion without providing external energy? We found that the top 
speed of running may be increased more than 50% using a catapult-like exoskeleton device, which does not 
provide external energy. Our finding uncovers the hidden potential of human performance augmentation via 
unpowered robotic exoskeletons. Our result may lead to a new-generation of augmentation devices developed 
for sports, rescue operations, and law enforcement, where humans could benefit from increased speed of motion.

INTRODUCTION
The top speed of human running, 12.3 m/s (1), is near half the top 
speed of cycling, 21.4 m/s (2), despite both motions being human 
powered. The lower speed of running suggests that humans have 
untapped energy-supplying capability, which can be used in cycling 
but cannot be used for faster running. Cycling is faster than running 
partly because (i) the rolling motion of the wheels prevents collisional 
energy losses from stepping (3) but also because (ii) wheels can support 
the weight of the body in place of the legs (4, 5), while (iii) pedals 
enable the human to supply energy continuously in the air (5) instead 
of intermittently when the leg is on the ground (6). These three features 
enable the bicycle to double the top speed of running, despite supplying 
no external energy and adding weight to the human. The same 
features may lead to novel augmentation devices that could increase 
the running speed using untapped human power, without wheels or 
external energy.

Humans have attempted to surpass their natural running capability 
using springs for at least a century (7, 8). Springs cannot provide 
external energy but have been shown to reduce the energy cost of 
walking by 7.2 ± 2.6% (9), running by 4% (10) to 8 ± 1.5% (11), and 
jumping by 24% (12). However, the current top speed of augmented 
running, 11 m/s, achieved using a spring prosthesis in series with 
the legs (13), is 10% below the top speed of natural running. A spring 
in series with the legs can mitigate collisional energy losses but 
requires the legs to provide a large force to support the body, unlike 
the wheel of a bicycle (10, 13, 14). A spring in parallel with the legs 
can support the body and therefore enable the human to use all the 
leg force to push against the ground and accelerate (15, 16). However, 
regardless of whether a spring is used in series or in parallel with the 
legs, the ground contact time is reduced to 0.1 s at the top speed of 
natural running (1), which severely limits the amount of energy the 
legs can supply in high-speed running (6, 17–20). This fundamental 
limitation necessitates a different use of springs to bypass the top 
speed of natural running.

We conceive an unconventional means of running, which could 
allow the human to maximize top running speed by supplying energy 
in the air instead of on the ground (Fig. 1). This may be achieved by 
augmenting the human with variable stiffness springs attached to 
the limbs. In the air, the limbs supply energy by simultaneously 
compressing and increasing the stiffness of the springs (Fig. 1A). 
Upon touchdown, the stiff springs redirect the vertical motion of 

the human instead of the legs, while the energy stored in the springs 
is released to increase the horizontal running speed (Fig. 1B). In the 
proposed augmented running, (i) the energy supplied by the limbs 
is no longer limited by the short ground contact time, (ii) the springs 
support the body instead of the limbs, and (iii) the springs mitigate 
collision energy losses like the wheel of a bicycle. Therefore, the 
proposed means of augmented running confers defining features of 
cycling, which may enable humans to go beyond the top speed of 
natural running (movie S1).

RESULTS
Building exoskeleton devices (8) and performing human-in-the-loop 
experimental exploration (9, 21) are the mainstream and state-of-the-art 
approaches to develop novel human augmentation paradigms, although 
theoretical investigations may also be useful to uncover the benefits 
of previously unexplored augmentation methods (22). Simple 
spring-mass models (18, 19) have been previously used to provide 
useful theoretical predictions of the biomechanics of natural running 
(23, 24). These models use a point mass to represent the body and 
a spring to represent the biological limb, and assume symmetric 
ground contact while neglecting air resistance in natural running. Here, 
we use a similarly simple model (Fig. 1C) to explore the theoretical 
benefits of augmented running. In our model, the spring represents 
the augmentation device instead of the biological limb, we consider 
asymmetric ground contact motion, and we assume that air resistance 
is nonnegligible in high-speed running (17).

Our spring-mass model (Fig. 1C) discovers stable augmented 
running (fig. S2) and provides the following analytical predictions 
beyond the top speed of natural running (see Materials and Methods):

(i) The peak force F and the stiffness k of the spring on the ground 
increase nonlinearly with the running speed (c is a constant)

  F ∝  √ 
_

 k   ∝   1 ─ 
1 +  cv   −2 

    

(ii) The ground contact time is inversely proportional to the running 
speed, while the time available to swing the leg approaches the step 
duration T at high speeds

    t  g   ∝  v   −1  and   t  s   ≈ T  

According to these predictions, (i) surpassing the top speed of 
natural running requires a spring to provide force and stiffness 
beyond human limb capability and (ii) the time available for the 
legs to supply energy in the air approaches the continuous limit of 
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cycling. The model also predicts that the runner may supply energy 
during 96% of the step time (T = tg + ts) at the top running speed. 
If this were possible, the speed limit of running due to air resistance 
would be 97% of the air resistance limit in cycling 22.6 m/s. This 
prediction assumes the energy supply rate of 18 W/kg for the biological 
limb in running (25), which is slightly below the estimated energy 
supply rate of world-class sprint cyclists (26).

The theoretical top speed of augmented running is lower than 
the aforementioned air resistance limit and can be predicted by 
extending the model to account for the most substantial energy losses 
in addition to the biological limitation of the limb. Considering the 
collisional energy losses upon ground contact (27) due to the mass 
of the spring (Fig. 1C), the kinetic energy required to swing the stance 
leg with nonnegligible rotational inertia, and the limited stepping 
frequency of the current world record holder sprinter Usain Bolt 
(1), the model predicts 20.9 m/s. This speed is 2.4% below the current 
world record cycling speed (Fig. 2).

Figure 3 provides a detailed account of augmented running 
predicted by the model (solid lines) compared to the estimated and 
measured data from natural running and cycling (dashed lines) 
(fig. S7) (1, 2, 17). According to these predictions, the augmented 
running may reach the top speed of natural running   v max  

N    ≈ 12.3  m/s in 
10 steps and may require 150 steps to reach vmax ≈ 20.9 m/s. At the 
top speed, the time available to supply energy in the air ts ≈ 533 ms 
is six times longer than the ground contact time in natural running 
   t g  N  ≈ 90  ms and 1.5 times longer than the swing time in natural running 
   t s  N  ≈ 354  ms, while the ground contact time in augmented run-

ning tg ≈ 19.3 ms is more than four times shorter than the ground 
contact time in natural running (Fig. 3B). On the ground, the spring 
exerts a maximum force of F ≈ 21 kN, which is six times the maximum 
force exerted by the human FN ≈ 3.6 kN (Fig. 3C), while the stiffness 
of the spring k ≈ 234 kN/m is 11 times the stiffness of a human leg 
at the top speed of natural running kN ≈ 21 kN/m (Fig. 3D). The 
physical requirements in augmented running are beyond the capability 
of a biological limb but may be achieved using a robotic variable 
stiffness spring exoskeleton.

DISCUSSION
Emerging human augmentation technologies (22, 28, 29) promote 
active variable stiffness springs, where the stiffness is adjusted using 
an actuator that requires external energy (30–33). In augmented 
running (Fig. 2), the variable stiffness spring is an energetically 
passive device where the stiffness of the spring is adjusted by the 
human, without using external energy. In addition, the variable 
stiffness spring enables the human to supply energy when the legs 
are in the air, which makes the energy supplied by the legs independent 
of the short ground contact time. In this way, the spring could 
enable the human to bypass the fundamental physical limitation of 
natural running (6), despite providing no external energy.

The energy supplied by the human per step is the product of the 
average energy supply rate of the limbs, and the time available to 
supply energy  E =    ̄  E     

·
     t  E   . Assuming that the average energy rate of 

the limbs     ̄  E     
·
    is maximized by the human to achieve the top speed, 
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Fig. 1. Augmented running. The augmentation device is a robotic exoskeleton represented by a variable stiffness spring. (A) Swing. The leg is coupled to the spring. As 
the leg extends, the spring is compressed and the stiffness of the spring is increased. The latter can be achieved by a variable stiffness mechanism, which increases stiffness 
by decreasing the effective length of the spring [see (28, 30–32), Materials and Methods, and movie S1]. The exoskeleton provides mechanical advantage to the human 
such that large leg extension, small leg force, and small leg stiffness provide small spring compression, large spring force, and large spring stiffness. (B) Ground contact. 
The leg is decoupled from the spring and the mechanism that changes stiffness is locked. As the leg flexes, the spring extends while the stiffness of the spring stays 
constant. (C) Spring-mass model of augmented running.
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the only way to provide more energy is to increase the time to 
supply energy

    E ─  E  max     =     t  E   ─ T    

According to Fig. 3B, the proposed augmented running could 
theoretically enable the human to provide energy 96% of the total 
step time (black triangles), similar to what is analytically predicted 
by the spring-mass model (blue line). If that was possible, the time 
to supply energy in augmented running could be more than the 
20% in natural running and 50% in ice-skating and would be close 
to the continuous limit of 100% in cycling (Fig. 2).

In addition to increasing the time available for the human to 
supply energy, the variable stiffness spring is used as a catapult to 
release energy faster than the energy supply rate of the biological 
limb. To make use of the catapult action, an energy-storing element, 
for example, tendon in animals (16) or spring in robots (34), is first 
preloaded in the air by an actuator, muscle, or motor, and then used 
to push against the ground faster than the actuator could alone do. 
While a typical catapult that uses a fixed stiffness spring may amplify 
both the power and the force of a limb, it could not change its stiffness 
as required to redirect vertical motion and accelerate horizontal 
motion of the human at different speeds (Fig. 3A) (19, 20). Therefore, 
augmented running necessitates the use of a variable stiffness 
catapult (Fig. 3D).

To predict the top augmented running speed of 20.9 m/s (Figs. 2 
and 3), we have assumed that (i) the human can supply energy 
during the entire swing phase, i.e., 96% of the step; (ii) the energy 

supply rate of a human, 18 W/kg per leg (25), is comparable to the 
energy supply rate of world-class cyclists (19 W/kg) (26); and (iii) 
the spring transfers all the energy supplied by the legs in the air to 
accelerate the forward motion of the body on the ground. If these 
assumptions are not met, then the amount of energy provided by the 
legs will be reduced and the top speed will be lower than 20.9 m/s. 
However, even if energy is supplied only 60% of the total step time, 
the reduced top speed of augmented running, 18 m/s, remains 50% 
above the current top speed of natural running (Fig. 2).

To reach the theoretical top speed of 20.9 m/s in Fig. 2, the spring 
should (i) store 930 J energy and (ii) weigh no more than 1.5 kg and 
(iii) the stiffness of the spring should reach one order of magnitude 
beyond the maximum stiffness of the leg in natural running (Fig. 3D). 
Variable stiffness springs may be designed with a wide stiffness range 
(31), and carbon fiber–reinforced polymers or air-springs have high 
energy capacity while being lightweight (35). However, state-of-the-art 
fixed stiffness running springs made from carbon fiber offer only 
about 150 J/kg (36), which is an order of magnitude less than what 
is required to reach the predicted top speed of augmented running. 
A novel high-energy density variable stiffness spring design will be 
required to realize high-speed augmented running.

Current running exoskeletons use fixed stiffness springs in parallel 
with the legs to support the body (7) but require the human to supply 
energy while pushing against the ground, as in natural running (37, 38). 
The limitation of these exoskeletons, in reducing the metabolic energy 
cost of running, has been attributed to (i) the energy required to 
swing the legs with the added mass of the exoskeleton and (ii) the 
inefficient energy transfer between the human and the exoskeleton. 
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measured for world-class cyclists (26).
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These findings suggested that engineering innovations are required 
to improve the performance of exoskeletons developed for human 
augmentation (39). However, even if we hypothesize an ideal massless 
exoskeleton and consider perfect energy transfer between the human 
and the exoskeleton, the air resistance speed limit of the human 
augmented with a fixed stiffness spring remains 65% of the air resistance 
speed limit in cycling (see Materials and Methods). This is because 
the human augmented with a fixed stiffness spring could supply energy 
no more than 30% of the total step time when pushing against the 
ground as in natural running, which is less than the 96% in the proposed 
augmented running or the 100% in cycling (Fig. 2, dashed blue line). 
A fixed stiffness spring in parallel with the legs is similar to a bicycle 
without pedals; it helps to support the body in the vertical direction 
but does not help to accelerate the body in the horizontal direction 
(5). The variable stiffness spring supports the body, but it also provides 
an equivalent pedaling mechanism as it enables the human to supply 
energy beyond what is possible in natural running.

Historical data (fig. S7) show that the world record average speed 
in the 100-m sprint has increased 6% in the past 70 years, while the 
world record average speed in the 500-m speed skating and 200-m 
track cycling have increased as much as 23% in the same time period. 
The relatively large increase in skating and cycling speeds has been 
attributed to engineering advances, as decades of technical innovations 
were required before clap skates (40) allow the human to go considerably 
beyond the world record running speed, and racing bicycles (5) allowed 
the human to double the world record running speed (fig. S7). The 
development of variable stiffness spring exoskeletons for high-speed 
augmented running could follow a similar path.

MATERIALS AND METHODS
In this section, we first present the variable stiffness spring-mass model 
of augmented running, which takes into account air resistance, collision 
losses, and the limited power of the biological limb. We use this model 
to numerically predict the top speed of the augmented running motion. 
Subsequently, we derive an approximate spring-mass model of running 
to analytically predict the relations between the running speed, spring 
stiffness, spring force, and the ground contact time in high-speed 
running. Next, we provide a stability analysis of the augmented running 
motion using both of the previously derived models. Last, we derive 
(i) the air resistance speed limit of augmented running where the 
human does work in the air, as in cycling, and (ii) the air resistance 
speed limit of augmented running where the human does work on 
the ground, as in natural running.

Spring-mass model of augmented running
The spring-mass model of augmented running is depicted in Fig. 1C 
and fig. S1. The differential equations governing the flight phase 
and ground contact phase motions are given by

    (  M + 2m )   x ¨   = −  F  air,    y ¨   = − g   (1)
and

  (M + m ) ( l ̈   − l    ̇     2  ) = − (M + m ) g cos  + k( l  0   − l ) −  F  air   sin   (2)

  (J + (M + m )  l   2  )   ¨   + 2(M + m ) l l ̇    ̇   = (M + m ) gl sin  −  F  air   lcos   
(3)
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where (x, y) are the Cartesian coordinates of the body, l is the length 
of the spring,  is the rotation angle of the leg and the spring, M is 
the total mass of the human, m is the mass of the spring attached to 
one of the legs, J is the rotational inertia of the leg, Fair is the force due 
to air resistance, k is the stiffness of the spring during the ground 
contact phase, F is the force exerted by the spring against the ground, 
and g is the gravitational acceleration. We assume that the spring mass 
is concentrated at the foot, which is the worst-case mass distribution 
of the spring.

Furthermore, we assume that air resistance is proportional to the 
squared running speed (17)

   F  air   =  c  air     x ̇     2   (4)

where cair is an empirical constant. All parameters in Eqs. 1 to 4 are 
given in table S1.

The transition between the flight phase and the ground contact 
phase occurs at touchdown

   y  td   =  l  td   cos    td    

where ltd represents the length of the spring at touchdown, while 
td is the touchdown angle. We assume ideally plastic collision 
between the foot and the ground; therefore, based on momentum 
conservation, the velocity of the body changes according to the 
following relations

   
  l ̇   td  
+
   =   x ̇   td  −   sin  θ  td   +   y ̇   td  −   cos  θ  td  ,

    
   θ ̇   td  

+
   =   θ ̇   td  

−
   −   

(M + m )  l td  2  
 ─  

J + (M + m )  l td  2  
    (     θ ̇   td  

−
   +   y ̇   td  −     sin  θ  td   ─  l  td     −   x ̇   td  −     cos  θ  td   ─  l  td     )   

   

where (·)− and (·)+ denote the pre-impact and post-impact ve-
locities, respectively. We assume that the human does not supply 
energy to increase the angular velocity of the leg in swing; the angular 
velocity at touchdown     ̇   td  

−
    in the current step is the same as the 

angular velocity upon takeoff in the previous step. Because the mass 
of the spring is concentrated at the foot, the impact of the leg with 
the ground gives the highest energy loss at touchdown (27).

The transition between ground contact and flight occurs at 
the maximum length of the spring due to a hard stop (fig. S1) that 
prevents extension of the spring

   l  to   =  l  0    

where lto is the length of the spring at takeoff. When the hard stop is 
reached, a plastic collision takes place and the velocity of the body 
changes due to momentum conservation

   
   x ̇   to  +   =  (  1 −   m ─ M + 2m   sin   θ  to     2  )     x ̇   to  −   −   1 ─ 2     m ─ M + 2m     y ̇   to  −   sin2  θ  to  , 

      
   y ̇   to  +   =  (  1 −   m ─ M + 2m   cos   θ  to     2  )     y ̇   to  −   −   1 ─ 2     m ─ M + 2m     x ̇   to  −   sin2  θ  to   

    

The spring-mass model of augmented running accounts for air 
resistance, the rotational moment of inertia of the leg, the mass of 
the spring concentrated at the foot, and the collisional energy loses 
at touchdown and takeoff. These features extend prior spring-mass 
models of natural running (18, 19, 24, 41–43).

Touchdown angle of the human
We allow asymmetric ground contact with vertical and forward 
leaning leg touchdown (Fig. 1B)

     td   ≠ −    to  ,    td   ≥ 0  (5)

Forward leaning touchdown (td > 0) is required in the initial 
steps when the motion resembles the start of a sprint (44). Forward 
leaning or vertical leg touchdown can be used to avoid the braking 
phase (td < 0) in which the spring impedes the running motion. 
Last, a vertical leg touchdown (td = 0 Fig. 1B) minimizes the stiffness 
of the spring to redirect vertical motion upon landing and could 
allow the human to maximize the forward acceleration to reach 
higher speeds (25). Therefore, we assume that a vertical leg touchdown 
is desired in high-speed augmented running

     td   = 0  (6)

Energy supplied by the human
The extension of the leg in augmented running resembles the ped-
aling of a bicycle (Fig. 1, A and B). Therefore, we assume that the 
average energy supply rate of one leg in augmented running is (25)

    
    ̄  E     
·
    leg  

 ─ M   ≈ 18 W / kg  (7)

which is comparable to the average energy supply rate in world-
class sprint cycling (19 W/kg) (26). Relation 7 implies that the energy 
supplied by the legs during the swing phase in augmented running 
is three times the energy supplied by the legs during the ground 
contact phase of natural running

   E  leg   ≈     ̄  E     
·
    leg     t  s∞   ≈ 3  E leg  N   = 3    ̄  F     N    l s  

N  =   3 ─ 2    F max  N      l s  
N   (8)

where ts∞ is the swing time at the top speed of augmented running, 
   l s  

N   is the distance moved by the leg, and     ̄  F     N   is the average ground 
contact force in natural running (table S1) (13, 45). Similar to 
cycling (26), the legs could supply this energy using longer and slower 
extension compared to natural running, because the swing time in 
augmented running (ts ≥ ts∞ = 533 ms) is more than six times 
longer than the ground contact time in natural running (   t g  N  = 90  ms) 
(see Fig. 3B).

Variable stiffness spring
During swing (Fig. 1A), the leg extends to compress the spring and to 
simultaneously increase the stiffness of the spring. The stiffness of the 
spring is increased by coupling the leg to a variable stiffness mechanism, 
which decreases the effective length of the spring (28, 30, 32, 33). As a 
result, the force of the spring and the energy stored by the spring increase

  F = k(Δ  l  leg   ) Δl(Δ  l  leg   ) + O(Δ  l   3 ) and  E  spr   =  ∫0  
Δ l  max  

   FdΔl  

One of the simplest examples of such mechanism is a helical 
spring with changeable active length used in parallel with a fixed 
stiffness spring. The stiffness of that mechanism is given by

  k(  l  leg   ) =  k  0   + ( k  max   −  k  0   )    L  min   ─ L(  l  leg  )    
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where the active length of the spring is set by the motion of the leg 
L(lleg) ∈ [Lmin, Lmax] and k0 = (kminLmax − kmaxLmin)/(Lmax − Lmin). 
Movie S1 shows the augmented running motion driven by one such spring.

During ground contact (Fig. 1B), the spring is decoupled from 
the leg, while the variable stiffness mechanism is locked, rendering 
the stiffness constant

   ∀ Δ  l  leg   : F = kΔl + O (  Δ  l   3  )     (9)

Decoupling the spring from the leg and locking the variable stiffness 
mechanism can be performed with negligible energy cost via a clutch, 
because these operations neither supply energy for the running motion 
nor add energy to the spring (22). This is similar to changing gears on 
a bicycle, which can be performed with an effortless finger movement 
(46) because changing gears does not supply energy to move the bicycle.

Augmented running
The work cycle of the spring in augmented running is as follows. 
Upon takeoff (Fig. 1A), the leg extends to supply energy (Eq. 8) and 
the spring stores that energy

   E  spr   =  E  leg    (10)

On the ground (Fig. 1B), the energy stored by the spring is 
released to increase the horizontal kinetic energy of the body

   E  kx,to   −  E  kx,td   =  E  spr   −  E  loss    (11)

where Ekx,to and Ekx,td denote the kinetic energy of the horizontal 
motion of the body from touchdown to takeoff, while Eloss is the 
sum of the collisional loss at touchdown, the energy loss at takeoff, 
the energy loss due to air resistance, and the energy required to rotate 
the stance leg augmented with the spring.

Numerical prediction
Using the model Eqs. 1 to 3, and the parameters in table S1, we 
predicted the motion of the spring-mass system. The model was 
started from rest, tilted forward with one of the legs touching the 
ground to resemble the starting position of a runner in a 100-m 
sprint (fig. S6A)

  x(0) =  x  0  , y(0) =  y  0  ,  x ̇  (0) = 0,  y ̇  (0) = 0  

In the first step (fig. S6B), the force is provided by one of the legs. 
This force is set large enough to ensure that the leg can swing for-
ward before the subsequent touchdown  Δ  t  s   / 2 + Δ  t  g   / 2 = T / 2 ≥  f max  −1   
where fmax is the maximum stepping frequency defined by

  f ≤  f  max   =  f  max  N      (     J ─ 
J +  ml 0  2 

   )     
 1 _ 2 

   (12)

After the first step (fig. S6, B and C), the force on the ground is 
provided by the spring.

In the swing phase (Fig. 1A), we use the average energy rate of 
the leg in natural running      ̄  E   ̇    leg    (Eq. 8) and assume that the energy 
provided by the human at every step is limited by the energy the leg 
could provide at the top speed

   E  spr   =     ̄  E   ̇    leg     t  s∞   ≤     ̄  E   ̇    leg     t  s    

This is the most conservative estimate for the energy supplied in 
each step, as the swing time is the shortest at the top speed ts∞ ≤ ts.

We assume that the spring is linear during ground contact F = kl 
(Eq. 9) such that the stiffness of the spring k governing the ground 
contact phase motion is given by

   E  spr   =   1 ─ 2   k  l td  2   ⇒ k =   
2  E  spr   ─ 
  l td  2  

    (13)

while the compression of the spring ltd is defined by

  ℱ(  l  td  ,   x ̇    td   ) =  E  ky,td   −  E  ky,to   + Mg( y  td   −  y  to   ) = 0  (14)

The latter equation is derived by subtracting the equation that 
governs the ground contact phase motion of augmented running 
(Eq. 11) from the energy balance equation Ek,to + Mgyto = Ek,td + 
Mgytd + Espr − Eloss.

We solve Eq. 14 to find ltd by first assuming ltd, then solving 
the flight phase equations of motion (Eq. 1) analytically until ytd = l0 − 
ltd to find Eky,td at touchdown, and finally numerically simulating the 
ground phase motion (Eqs. 2 and 3) to find yto and Eky,to at takeoff. We 
find ltd that satisfies Eq. 14 using the bisection method. In particular, 
first we assume a vertical leg touchdown td = 0 (Eq. 6) and find ltd by 
solving Eq. 14. If no feasible spring compression   1 _ 2   l  0   ≤   l  td   ≤  l  0    
exists with vertical touchdown, then the touchdown angle is increased 
td > 0 (Eq. 5) until a feasible spring compression   1 _ 2   l  0   ≤   l  td   ≤  l  0    is 
found. In our simulations, vertical leg touchdown was feasible for 
high-speed augmented running, including the top speed of natural 
human running (fig. S6C). On the other hand, the legs had to be 
tilted forward during the starting steps to ensure feasible leg 
compression at low speeds (fig. S6B).

Spring-mass model of high-speed augmented running
Assuming that (i) the effect of air resistance is negligible during the 
short ground contact phase compared to the effect of air resistance 
during the substantially longer aerial phase of running, (ii) collisional 
energy losses are negligible compared to the kinetic energy at touchdown, 
(iii) the change in kinetic energy of the stance leg is negligible compared 
to the change of the translational kinetic energy of the body, and 
(iv) the mass of the spring is negligible compared to the mass of the 
body, the nonlinear model (Eqs. 2 and 3) reduces to the spring-mass 
model of natural running (18, 19, 24, 41, 42)

   M x ¨   =  F  x  (x, y) = k 
(

      l  0   x ─ 
 √ 
_

   x   2  +  y   2   
   − x 

)
     (15)

   M y ¨   =  F  y  (x, y) = k 
(

     
 l  0   y
 ─ 

 √ 
_

   x   2  +  y   2   
   − y 

)
   − Mg   (16)

where x is the horizontal distance between the body and the foot 
during ground contact.

Equations 15 and 16 have no known analytical solution, and 
nonlinear approximations have been previously used to facilitate 
in-depth analysis of these equations when considering natural 
running (42). In what follows, we present a nonlinear approximation 
of Eqs. 15 and 16 to investigate the essential physics of high-speed 
augmented running.
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First, we assume that the vertical position of the body is approximately 
constant in high-speed running

  y(t ) ≈  y  td   = const  (17)

Under this assumption, the forces in Eqs. 15 and 16 simplify to

   F  x  (Δx, y ) =  F  x  (Δx,  y  td   ) + O(y −  y  td  )  (18)

   F  y  (Δx, y ) =  F  y  (Δx,  y  td   ) + O(y −  y  td  )  (19)

Next, we apply a first-order Fourier series approximation of 
Eqs. 18 and 19, subject to three conditions

(i) The condition of vertical leg touchdown (Eq. 6)

  x(0 ) = 0  (20)

(ii) The conditions at touchdown and takeoff

    
 F  x  (0,  y  td  ) = 0,

  
 F  y  (0,  y  td  ) = k( l  0   −  y  td  ) − Mg,

     
 F  x  (  x  max  ,  y  to  ) = 0,

  
 F  y  (  x  max  ,  y  to  ) = − Mg

     (21)

(iii) The energy balance during ground contact

   E  kx,to   −  E  kx,td   =  ∫0  
 x  max  

     F  x  (x,  y  td   ) dx =  E   spr     (22)

The last condition is obtained from Eq. 11 by assuming that the 
energy loss during ground contact is negligible. This assumption is 
consistent with Eqs. 15 and 16.

Using the first-order Fourier series approximation of Fx(x, ytd) 
and Fy(x, ytd), together with Eqs. 20 to 22, we obtain an approximate 
spring-mass model of augmented running

   M x ¨   =    ̂  F    x  (x) ≈   
  E  spr   ─ 2  x  max     sin  (     x ─ 

  x  max     )     (23)

  M y ¨   =    ̂  F    y  (x) ≈ k( l  0   −  y  td  )   cos  (      ─ 2     x ─ 
  x  max     )   − Mg    (24)

According to fig. S4, the relative error between the forces in Eqs. 18, 
19, 23, and 24 is no more than 10% beyond the top speed of natural 
running. Next, we use the approximate model (Eqs. 23 and 24) to 
derive scaling laws for high-speed augmented running.

Spring stiffness and spring compression
The ground phase stiffness is given by Eq. 13

  k =   
2  E  spr   ─ 
   l td  2   

    (25)

where Eq. 14 defines the spring compression at touchdown ltd. Using 
Eq. 17, Eq. 14 reduces to

   E  ky,td   −  E  ky,to   ≈   1 ─ 2   M y ̇    (0)   2  −   1 ─ 2   M y ̇    (  x  max  )   2  = 0  (26)

To derive the analytical expression of Eq. 26 as a function of ltd, 
we will derive   y ̇  (x)  using Eqs. 23 and 24. First, we integrate Eq. 23 
to obtain the relation between the horizontal velocity and the hori-
zontal position

   x ̇  (x) =  x ̇  (x) ≈   x ̇    td     [  1 +   
2  E  spr   ─ 
M   x ̇   td  2  

   sin   (      ─ 2     x ─ 
  x  max     )     

2
  ]     

 1 _ 2 

   (27)

Next, we use Eq. 27 to integrate Eq. 24 and obtain the relation 
between the vertical velocity and the horizontal position

   

  y ̇  (Δ  x  max   ) ≈   y ̇    td   +    2    
1 _ 2   kΔ  l  td   Δ  x  max    ─ 

π  M    
1 _ 2    E spr   1 _ 2   

    sinh   −1  
[

     
(

     
2  E  spr   ─ 
M   x ̇   td  2  

   
)

     
 1 _ 2 

  
]

  − 

     

    
 2    

1 _ 2    M    
1 _ 2   gΔ  x  max  

 ─ 
 π  E spr   1 _ 2    

    sn   −1  
[

  1 |   −   
2  E  spr   ─ 
M   x ̇   td  2  

    
]

   

    

(28)

where sn(*∣*) is the Jacobi elliptic sine function

    x  max   ≈  (2  l  0     l  td   −   l td  2  )   
 1 _ 2 
   (29)

is the horizontal position of the center of mass with respect to the 
foot at takeoff

    y ̇   td  2   =   
2  E  y   ─ M   − 2g( l  0   −   l   td   )  (30)

is the vertical velocity at touchdown, while Ey is the total energy of 
the vertical motion. Using Eqs. 25 to 30, we obtain the approximate 
analytical expression of Eq. 26

   

ℱ(Δ  l  td  ,   x ̇    td   ) =   (     
2  E  y   ─ M   − 2g( l  0   − Δ  l  td   )  )     

 1 _ 2 

 −

        
 (2  E  spr  )    

1 _ 2    (2  l  0   − Δ  l  td  )    
1 _ 2  
  ────────────  

π  (MΔ  l  td  )    
1 _ 2  
    sinh   −1  

[
     
(

     
2  E  spr   ─ 
M   x ̇   td  2  

   
)

     
 1 _ 2 

  
]

  +      

   
gΔ  l td   1 _ 2     (2 l  0   − Δ  l  td  )    

1 _ 2  
  ───────────    x ̇    td       sn   −1  

[
  1 |   −   

2  E  spr   ─ 
M   x ̇   td  2  

   
]

   = 0 

    (31)

The approximate spring compression at touchdown    l  td   =   l  td  (  x ̇    td  )  
is the solution of Eq. 31.

Scaling laws
We derived closed-form relations between (i) the stiffness of the spring 
during ground contact k, (ii) the force of the spring at touchdown F, 
(iii) the ground contact time tg, and the forward speed at touch-
down  v =   x ̇    td   .

We assume that the horizontal kinetic energy of the body is much 
greater than the energy stored in the spring in high-speed running

  e =   
2  E  spr   ─ 
 Mv   2 

   ≈  e  min   =   
2  E  spr   ─ 

 Mv max  2  
   ≪ 1  (32)

Using Eq. 32, we transform Eq. 31 into

     (     Δ  l  td   ─  l  0     )     
2
  − ( b  0   +  b  1   e )  (     Δ  l  td   ─  l  0     )   −  c  1   e = O (  e   

Δ  l td  3  
 ─ 

 l 0  3 
   )     (33)

where b0, b1, and c1 are constants dependent on the top speed. We 
assume that the third-order term in Eq. 33 is negligible because the 
deformation of the spring ltd is smaller than the length of the leg

    1 ─ 2    l  0   ≤  y  td   =  l  0   −   l  td   ≤  l  0   ⇒ 0 ≤     l  td   ─  l  0     ≤   1 ─ 2    (34)
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and because ltd reduces as the running speed increases (fig. S6). 
Consequently, Eq. 33 can be analytically solved to predict the largest 
deformation of the spring at touchdown

      l  td  (e) ─  l  0     ≈   ( b  0   +  b  1   e ) +  √ 
_______________

   ( b  0   +  b  1   e)   2  + 4  c  1   e     ──────────────────  2    (35)

Substituting Eq. 35 into Eq. 25, we obtain the lowest stiffness 
that satisfies Eq. 31 and the maximum ground contact time when 
running at speed  v =   x ̇    td   . Near to saturation e ≈ emin, the compres-
sion of the spring obeys the following approximate relation

      l  td  (e) ─  l  0     ≈     l  td  ( e  min  ) ─  l  0     +   d ─ de     (       l  td  (e) ─  l  0     )   |    
 e  min  

  (e −  e  min  )  (36)

Using Eqs. 35 and 36, we obtain the scaling laws for high-speed 
augmented running

(i) The stiffness of the spring (Eq. 25) is given by

   √ 
_

 k   ∝     l  td  ( e  min  ) ─    l  td  (e)    ∝   1 ─ 
1 +  cv   −2 

    (37)

where  c =  v max  2     (1 − )   −1   and

    

α =  e  min     (     Δ  l  td  ( e  min  ) ─  l  0     )     
−1

    d ─ de     (     Δ  l  td  (e) ─  l  0     )   |    
 e  min  

   =

     
   
2  E  spr   ─ 

 Mv max  2  
     
[

     Δ  l  td   ─  l  0     
(

     
2  E  spr   ─ 

 Mv max  2  
   
)

   
]

     
−1

    d ─ de     
(

     Δ  l  td  (e) ─  l  0     
)

   |      2 E  spr   _ 
 Mv max  2  

 
  
   

(ii) The force of the spring at touchdown F = kltd is given by

  F ∝     l  td  ( e  min  ) ─    l  td  (e)    ∝   1 ─ 
1 +  cv   −2 

    (38)

(iii) The ground contact time is given by

    t  g   ∝   (     e ─  e  min     )     
 1 _ 2 
  ∝  v   −1   (39)

To derive Eq. 39, we computed the ground contact time by inte-
grating Eq. 27

    t  g   =    2    
1 _ 2    M    

1 _ 2     x  max   ─ 
   E spr   1 _ 2    

    e    
1 _ 2    sn   −1 (1 | − e)  (40)

and assuming Eqs. 29, 32, 36, and 40, together with e ≪ 1 (Eq. 32), 
such that sn−1(1∣ − e) ≈ /2.

Stability of the augmented running motion
The stability of the augmented running motion is characterized by 
a one-dimensional Poincaré return map (15, 47) of the forward ve-
locity at subsequent touchdowns   v  n   =   x ̇    td,n    and   v  n+1   =   x ̇    td,n+1   

   v  n+1   = P( v  n  )  (41)

The existence of a fixed-point vmax = P(vmax) implies the possi-
bility of augmented running. The stability of the fixed point is char-
acterized by the linear approximation of Eq. 41

  ( v  n+1   −  v  max   ) =      ∂ P ─ ∂ v   |    
v= v  max  

   

⏟
   

λ

    ( v  n   −  v  max  )  (42)

which implies locally asymptotic stability if the magnitude of the 
eigenvalue is less than unity, ∣∣<1. Local stability of the fixed 
point implies local orbital stability of augmented running (15, 47).

For the simplified spring-mass model, the composition of the 
swing and ground contact phase maps provides the relation be-
tween the vertical position and the horizontal velocity at subsequent 
touchdowns

   P  sg   =  P  s   ∘  P   g    : ( y  td,n  ,  v  n   ) → ( y  td,n+1  ,  v  n+1  )  (43)

We reduced this two-dimensional map to a one-dimensional map 
using the analytical relation between the spring compression and the 
horizontal velocity at touchdowns ℱ(ltd, v) = ℱ(l0 − ytd, v) = 0 (Eq. 31)

   P =  P  sg   ∣  
ℱ( l  0  − y  td,n  , v  n  )=ℱ( l  0  − y  td,n+1  , v  n+1  )=0

   :  v  n   →  v  n+1    

This one-dimensional map is represented by the following equation

  
G( v  n  ,  v  n+1   ) =  G( v  max  ,  v  max   ) +   ∂ G ─ ∂  v  n     |     v  n  = v  n+1  = v  max  

  ( v  n   −  v  max   ) +    ∂ G ─ ∂  v  n+1     |     v  n  = v  n+1  = v  max  
  ( v  n+1   −  v  max  )

      
                     + 𝒪 [    ( v  n   −  v  max  )   2 , ( v  n+1   −  v  max   )      2  ] = 0 

    

Using this equation, we define

  λ = −   
   ∂ G _ ∂  v  n    |     v  n  = v  n+1  = v  max  

  
 ─  

   ∂ G _ ∂  v  n+1    |     v  n  = v  n+1  = v  max  
  
    

Figure S5 summarizes the result of our stability analysis. The fig-
ure shows the set of feasible perturbations that would lead to orbit-
ally stable augmented running, i.e., ∣∣<1.

Air resistance limit of the top speed in augmented running
The upper limit of the top running speed occurs when the average 
energy supply rate of the human equals the average rate of energy 
dissipation due to air resistance

      ̄  E   ̇    hum   =  c  air    v max  3    (44)

The average energy supply rate of the human is

      ̄  E   ̇    hum   = 2     ̄  E   ̇    leg       t  E   ─ T    (45)

where      ̄  E   ̇    leg   =  E  leg   / Δ  t  s    is the average energy supply rate of one leg, 
while tE is the time used by the leg to provide energy during the 
total step time T. According to Eqs. 44 and 45, the air resistance lim-
it of the top speed of human-powered motion depends on the time 
available for the legs to supply energy (Fig. 2, dashed blue line)

   v  max   =   (     
2     ̄  E   ̇    leg  

 ─  c  air     )     
 1 _ 3 

    (       t  E   ─ T   )     
 1 _ 3 
   (46)

The time available for the legs to supply energy in augmented 
running is the time to swing the leg

      t  E   ─ T   =     t  s   ─ T   =   
T −   t  g   ─ T   = 1 −   1 ─ 2   f  t  g    (47)
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where f denotes the stepping frequency. The ground contact time is 
inversely proportional to the forward speed and is upper bounded by

    t  g   ≈    x  to   −  x  td   ─  v  max     ≤     x  max   ─  v  max     ≤    √ 
_

 3   ─ 2      l  0   ─  v  max      (48)

because Eqs. 5 and 34 imply

  0 ≤   x max  2   ≤  l 0  2  −  y min  2   ⇒ 0 ≤     x  max   ─  l  0     ≤    √ 
_

 3   ─ 2    

Consequently, Eqs. 47 and 48 lead to

      t  E   ─ T   ≥ 1 −    √ 
_

 3   ─ 4     
 l  0   f

 ─  v  max      (49)

According to Eqs. 44, 45, and 49, the air resistance limit of aug-
mented running can be approximated by the solution of the follow-
ing equation

   2     ̄  E   ̇    leg   (  1 −    √ 
_

 3   ─ 4     
 l  0   f

 ─  v  max     )   =  c  air    v max  3     (50)

The approximate solution of Eq. 50 is given by

   v max  run   ≈   
(

     
2     ̄  E   ̇    leg  

 ─  c  air     
)

     
 1 _ 3 

  −    √ 
_

 3   ─ 12    l  0   f  (51)

The difference between Eq. 51 and the exact solution of Eq. 50 is 
0.1% for the parameters in table S1. Following the same derivation, 
the air resistance limit in cycling is given by

   v max  cyc   ≈   
(

     
    ̄  E   ̇    leg  

 ─ 
 1 _ 2   c  air  

   
)

     
 1 _ 3 

   (52)

where we assume that the air resistance coefficient in cycling is ap-
proximately half the air resistance coefficient in running (48), and 
the legs only supply energy during extension and do not supply en-
ergy during the flexion phase of pedaling (49). On the basis of Eqs. 51 
and 52, we conclude that the air resistance limit of the top speed in 
augmented running is near to the air resistance limit of the top speed 
in cycling

     
 v max  run  

 ─ 
 v max  cyc  

   ≈ 1 −    √ 
_

 3   ─ 12   (     
 l  0    f max  N   

 ─ 
 v max  cyc  

   )   (     
f
 ─ 

 f max  N   
   )   ≥ 1 −    √ 

_
 3   ─ 12   (     

 l  0    f max  N   
 ─ 

 v max  cyc  
   )   ≈ 0.97   (53)

Last, we derive the air resistance limit of augmented running, as-
suming that the human supplies energy on the ground as in natural 
running, while the legs are augmented with fixed stiffness springs. In 
that case, the energy for the running motion is supplied on the ground, 
and therefore, the time available for the legs to supply energy is the 
ground contact time. To obtain the upper bound of the ground con-
tact time, we permit running with negative touchdown angles, with-
out assuming that such running technique would impede the motion 
of the runner. This assumption doubles the maximum distance moved 
by the body during the ground contact phase of the running motion 
and consequently doubles the ground contact time compared to run-
ning augmented with the proposed variable stiffness spring

      t  E   ─ T   =   
  t  g   ─ T   =   1 ─ 2   f  t  g   =   1 ─ 2   f   2x ─  v  max     ≤    √ 

_
 3   ─ 2     

 l  0   f
 ─  v  max      (54)

According to Eqs. 46 and 54, the air resistance limit of natural 
running augmented with a fixed stiffness spring is given by

   v max FS  run   =   (      √ 
_

 3   ─ 2    l  0   f )     
 1 _ 4 
    (     

2     ̄  E   ̇    leg  
 ─  c  air     )     

 1 _ 4 

   (55)

On the basis of Eqs. 52 and 55, we conclude that the air resist-
ance limit of the top speed when the human does work on the 
ground cannot exceed 65% of the air resistance limit in cycling

    
 v max FS  run  

 ─  v max  cyc     =   (      √ 
_

 3   ─ 2     
 l  0    f max  N   

 ─  v max  cyc     )     
 1 _ 4 

    (     
f
 ─ 

 f max  N   
   )     

 1 _ 4 

  ≤   (      √ 
_

 3   ─ 2     
 l  0    f max  N   

 ─  v max  cyc     )     
 1 _ 4 

  ≈ 0.65  (56)

The reduced air resistance limit (Eq. 56) compared to the air resist-
ance limit of the proposed augmented running (Eq. 53) is because the 
maximal duration for the legs to supply energy on the ground is less than 
30% of the total step time tE/T ≤ 0.3 (Eq. 54) compared to the more 
than 96%, tE/T ≥ 0.96 (Eq. 49), in the proposed augmented running.
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