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Metal-organic frameworks (MOFs), which possess a high degree of crystallinity
and a large surface area with tunable inorganic nodes and organic linkers, exhibit
high stimuli-responsiveness and molecular adsorption selectivity that enable various
applications. The adsorption in MOFs changes the crystalline structure and elastic
moduli. Thus, the coexistence of adsorbed/desorbed sites makes the host matrices
elastically heterogeneous. However, the role of elastic heterogeneity in the adsorption—
desorption transition has been overlooked. Here, we show the asymmetric role
of elastic heterogeneity in the adsorption—desorption transition. We construct a
minimal model incorporating adsorption-induced lattice expansion/contraction and
an increase/decrease in the elastic moduli. We find that the transition is hindered
by the entropic and energetic effects which become asymmetric in the adsorption
process and desorption process, leading to the strong hysteretic nature of the
transition. Furthermore, the adsorbed/desorbed sites exhibit spatially heterogeneous
domain formation, implying that the domain morphology and interfacial area between
adsorbed/desorbed sites can be controlled by elastic heterogeneity. Our results provide
a theoretical guideline for designing soft porous crystals with tunable adsorption
hysteresis and the dispersion and domain morphology of adsorbates using elastic
heterogeneity.

soft porous crystals | metal-organic frameworks | coarse-grained lattice model |
adsorption-desorption hysteresis | elastic heterogeneity

Nature utilizes the mechanical flexibility of porous materials to control their functionality.
For example, liquid-liquid phase separation is suppressed by elastic stress exerted by
polymer networks, where the elastic modulus of the network is an important factor
determining nucleation temperature and droplet size (1). This suppression is crucial in
biological cells, where the viscoelastic chromatin network slows down the formation and
diffusion of biomolecular condensates (2). Molecular adsorption in soft porous materials
is also crucial in industrial applications. Metal-organic frameworks (MOFs) possess
controllable mechanical flexibility and pore size due to a high degree of crystallinity
and a large surface area with tunable inorganic nodes and organic linkers (3, 4).
Their mechanical flexibility is utilized to control stimuli responsiveness and molecular
adsorption selectivity that enables diverse applications, including gas separation, storage,
and release (5), sensors (6), biomedicines and enzyme protection (7, 8), catalysts (9),
supercapacitors (10), and actuators (11). From a thermodynamic perspective, the
mechanical deformation of MOFs is governed by their elastic moduli and their
dependencies on the pressure, temperature, and adsorption of gas/solvent molecules (12).
Therefore, elucidating the physical mechanisms connecting the macroscopic elasticity to
the microscopic interaction of MOFs is of growing interest to develop guidelines for
designing MOFs with desired chemomechanical functions.

Because adsorbed molecules strongly interact with inorganic nodes and organic linkers,
the crystalline structure and elastic moduli change upon molecular adsorption (3, 13).
Although there have been extensive studies on structural transformation, its connection
with the controllability of the adsorption transition remains elusive. There have also been
studies on changes in elastic moduli upon homogeneous molecular adsorption (14-17),
focusing on the mechanical stability of MOFs. However, their effect on the transition has
not been investigated. Furthermore, adsorbed molecules are distributed heterogeneously
in MOFs (18, 19), implying that the local lattice constant and elastic moduli of the
substances become heterogeneous even without the disorder, depending on the spatial
distribution of the adsorbates. The difference in the local lattice constant between the
adsorbed and desorbed sites induces a lattice mismatch. Other elastically heterogeneous
systems, such as phase-separating alloys, martensites, ferromagnets with elastic coupling,
and spin-cross-over solids, also exhibit the lattice mismatch. In such systems, the lattice
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mismatch is relaxed by the emergence of heterogeneous lattice
distortion reflecting the local elastic moduli, affecting the phase
behavior, transformation kinetics, and domain morphology (20—
23). Similarly, it is crucial to reveal the role of elastic het-
erogeneity in MOFs. Because elastic interactions have a long-
range nature (12), a large system size is required in numerical
simulations to examine the role of elastic heterogeneity; thus,
quantum-chemical calculations (24) and ab initio molecular
dynamics simulations (25) require vast computational resources
and costs. Furthermore, data-driven approaches (26) are currently
inefficient because data on adsorption-induced changes in the
elastic moduli are scarce. Therefore, a coarse-grained molecular
model needs to be studied (16, 27, 28) to elucidate the long-range
nature of elastic heterogeneity with manageable computational
costs.

In this study, we elucidate the role of elastic heterogeneity in
the adsorption/desorption of guest molecules in a soft porous
framework. By constructing a minimal model incorporating
the adsorption-induced lattice expansion/contraction and hard-
ening/softening, we reveal that elastic heterogeneity exhibits
different roles in gas adsorption and desorption. We mainly
study the adsorption-induced lattice expansion and hardening
case as a prototypical example. In gas adsorption, the shape of
the adsorbed domains is limited to isotropic shapes, reducing
the entropy of the growing domains. In contrast, softer desorbed
domains are flattened in the gas desorption to reduce elastic
energy, increasing the interfacial energy. Thus, the growth
of the adsorbed/desorbed domains is entropically/energetically
hindered, leading to a robust hysteresis. This result is qualitatively
unchanged in other cases: Hysteretic adsorption—desorption
transition occurs because the domains with larger/smaller elastic
modulus have isotropic/anisotropic shapes, respectively. Our
findings shed light on the utilization of elastic heterogeneity for
capturing and distributing guest molecules.

Results

Minimal Model Incorporating Elastic Heterogeneity. We con-
struct a two-dimensional square-lattice model, as shown in
Fig. 1A. As discussed below, this simplified model can capture the

essential role of elastic heterogeneity. A guest particle is adsorbed
and desorbed in a flexible host matrix, inducing lattice displace-
ment due to the interaction between the host and guest particles
(Fig. 1B). Each plaquette (unit cell) can accommodate only one
guest particle, and the plaquette expands/contracts isotropically
by adsorbing the guest particles. This process is mathematically
expressed in Fig. 1C. Each host particle interacts with the nearest-
neighbor (NN) and next-nearest-neighbor (NNN) sites such
that the square lattice configuration is stable. In Fig. 1C, the
interaction with NN (NNN) sites is noted by four horizontal and
vertical (two diagonal) springs. The NN and NNN potentials of
distance 7 are %O(Eo —7)? and %0(\/530 — 7)2, respectively, with
elastic constant 4y and natural length of the square plaquette
£y. For simplicity, the NN and NNN interactions have the
same spring constant kg (see also Discussion). Hereafter, all
quantities are expressed in units of £y (length unit) and koﬂé
(energy unit). Thus, the potential energy of a plaquette J reads
Vi({riea)) = § 2wl = 7)* + 3 X (V2 = 75)?, where
{r,c} represents the position of the lattice sites at the vertices of
the plaquette . The interaction between the host and guest par-
ticles is incorporated as additional potential energy V2 ({r;c}) =
kg (14 @ = 7) + 5 Y (V2(1 + @) = 7)), where

is the relative energy scale of the host—guest interaction,
and @ represents the amplitude of the plaquette deformation.
Thus, when guest particles are adsorbed homogeneously, the
equilibrium lattice constant and rigidity become 1 + ka /(1 + k)
and 1 + &, respectively. If k@ > 0, the adsorption of the
guest particles induces lattice expansion. This has been observed
for various MOFs, including MIL-88 (29), narrow pore (np)
to large pore (lp) transition in MIL-53 (Cr) (30), and gate-
opening-type MOFs (31). In contrast, if A& < 0, adsorption
induces the contraction of the matrix. This has also been
observed experimentally in open pore to closed pore transition
in DUT-49 (32), [Zny(terephthalate); (triethylenediamine)],
upon accommodation of #rans-azobenzene (33), and a uranium
MOF (34). Moreover, COF-300 expands (contracts) when
tetrahydrofuran (water) molecules are adsorbed (35). Thus,
the sign of ka depends on the substance and adsorbate. In
the following, we mainly focus on the case of k& > 0 and

1+«

Fig. 1. Schematic description of the proposed model. (A) Guest particles (dark blue spheres) are adsorbed/desorbed into the host matrix formed by the
host particles (orange), inducing isotropic swelling/contraction of the host matrix locally. (B) An adsorbed particle strongly interacts with the host particles.
(C) Mathematical representation of A and B. Interaction potential V, arises from the filling of the guest particle in addition to the original host's potential V;.
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k > 0, such that the lattice expands and becomes more rigid by
particle adsorption. Contrary to the swelling/contraction studies,
those on adsorption-induced hardening/softening are scarce.
Although several studies have reported adsorption hardening for
zeolites (36), MOF-74-Zn (17), ZIF-4 (to be precise, softening
upon evacuation of the framework) (37), and ZIF-8 (14), and
softening for MIL-53 (Cr) by the np to lp transition (38),
and model microporous materials (16), the role of adsorption
hardening/softening on the adsorption—desorption transition has
been overlooked (see Discussion for estimated values of 4 and «
for some MOFs).

Because we focus on isotropic swelling by particle adsorption,
it is sufficient to adopt an osmotic ensemble (39) where the
hydrostatic pressure P is controlled instead of the anisotropic
stress tensor. The other control parameters in this ensemble
are the temperature 7', the chemical potential of the guest
particle adsorption p,4s, and the number of particles in the
host framework M,o. The osmotic grand potential is defined
as Q = U — TS + PV — padsNads>» where U is the energy, S
is the entropy, V' is the volume, and /V,¢; is the number of the
adsorbed particles. Hence, its differential form reads

dQ = —SdT + VdP — Nygsd pads + Hhose@Nhoso> (1]
where ppos is the chemical potential of the host particles. In this
study, we fix P = 0 and Nyoe = L X L, where L is the linear
system size of the square lattice. Hereafter, we denote p,4s and
Nhose as ¢ and N, respectively. The Hamiltonian H comprises
the lattice site positions 7; (i = 1,2, ..., V) and guest variables
on the plaquettes o (0 =1, 2, ..., N) taking 1 (presence) or 0
(absence). Thus,

N
H= Z [Vl({"ieD}) +oa[Va({rica}) — ”]] 2]
O=1

We impose periodic boundary conditions in x and y directions
with variable systems size to examine the bulk properties without
the influence of the surface (see Materials and Methods for details).
We perform standard Monte Carlo (MC) simulations to examine
transitions with hysteretic behavior, and multicanonical MC
simulations using the Wang-Landau (WL) method to study
the equilibrium phase transition (see Materials and Methods for
details).

T
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Thermodynamics. We mainly present the results of adsorption
expansion and hardening case, i.e., # > 0 and k¢ > 0. First,
we examine the effect of adsorption hardening on the phase
diagram. Hereafter, the temperature 7" and chemical potential
u are expressed in units of /eoﬁé//qg and /eoeg, where kg is the
Boltzmann constant. The (7, y) phase diagram is presented in
Fig. 2, where (£, ) = (5, 0.6) in Fig. 24 and (3, 2/3) in Fig. 2B.
The equilibrium swelling ratio is the same when all sites adsorb
guest particles, but the adsorbed state becomes more rigid in
Fig. 2A. Adsorbed and desorbed phases are realized in the red and
blue regions, respectively. They are independent of the simulation
protocols, whereas hysteretic behavior is observed in the yellow
region. The equilibrium phase boundary obtained by the WL
simulations crosses the middle of the hysteretic region. Below
(above) the equilibrium phase boundary in the yellow region,
the adsorbed (desorbed) phase is not thermodynamically stable.
Alternatively, they become metastable that are stable against in-
finitesimal fluctuation. The critical pointsare (7, u) >~ (0.7, 2.6)
in Fig. 24 and (7, p) =~ (0.53, 2.2) in Fig. 2B (see SI Appendix,
Fig. S1 for the cases of other # and «). The critical temperature
increases and the hysteretic region becomes broader for larger
k, implying that the phase transition between the adsorbed and
desorbed phases becomes strongly first-order when adsorption
hardening occurs. Note that the transition temperature is almost
unchanged when L > 24 adopted in this study, while strong
size dependencies are observed for smaller system sizes (40) (S
Appendix, Fig. S2). Thus, from a microscopic (macroscopic)
perspective, the hysteretic response can be controlled by changing
the magnitude of the host—guest interaction (differences in the
elastic moduli between the adsorbed and desorbed phases). We
focus on strong elastic heterogeneity £ = 5 and @ = 0.6 because
the role of elastic heterogeneity becomes noticeable.

Next, we examine the thermal stability of the adsorbed and
desorbed phases. In the standard MC calculations, the transition
between the adsorbed and desorbed states exhibits large hysteresis.
The temperature and chemical potential dependencies of the
adsorption fraction N,4s/IN (N,ds is the number of the adsorbed
particles) and volume per site V'//N are presented in Fig. 3 A and
B, respectively. Discontinuous changes are confirmed around the
transition temperatures for 4 = 1.7 and 2.2. As yu increases,
the discontinuity weakens and eventually vanishes above the
critical point. By increasing the temperature above the transition
temperature, the adsorption fraction gradually increases to 0.5

T T
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L=24

+T ]
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Fig. 2. Phase diagram. (A) Phase diagram of the model with k = 5 and « = 0.6. The solid curve represents the equilibrium phase boundary between the

adsorbed and desorbed phases, determined from the specific-heat peaks obtained by the WL method. The transition point uc =

3ka?/(1 + k) at T =0 is

determined analytically by comparing the minimum energy of V4 and V4 + V5, — u. The boundaries between different colors are determined from the specific-
heat peaks obtained by quasi-equilibrium protocols: heating (4T), cooling (—T), increasing chemical potential (+), and decreasing chemical potential (—u).
(B) Phase diagram for k = 3 and « = 2/3. The equilibrium swelling ratio is the same as A, but the hysteresis shrinks. The system size L = 24.
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Fig. 3. Thermodynamics of the adsorption/desorption transition. (A and B) Temperature dependencies of the adsorption fraction and the volume per site
obtained by the WL method, heating (+T) and cooling (—T) protocols for k = 5, « = 0.6, and L = 24. (C) Probability distribution of the total energy around the
first-order transition point T = 0.2883, x = 1.7. The Inset shows the temperature dependencies of thermally averaged energy. (D) The osmotic grand potential
AQ(Nygs/N) = Q(Nygs/N) — Qmin at T = 0.19, 0.20, T¢, 0.36, 0.37 for x4 = 1.7, where Qqi, is the minimum value at each T (see Materials and Methods for the

definitions of P(E/N) and AQ). The error bars in A and B represent the SE.

because the entropy with respect to the distribution of the guest
molecules maximizes. The system volume behaves in the same
manner as N,gs, as shown in Fig. 3B. We also note that MC
simulations with varying chemical potential protocols exhibit
a similar tendency (S Appendix, Fig. S3). We also perform
MC simulations for the other combinations of the signs of ka
and £, i.e., adsorption-induced lattice expansion and softening,
contraction and softening, and contraction and hardening cases.
Although the slope of the phase boundaries is different for these
cases, hysteretic behavior is observed in all cases (SI Appendix,
Fig. S4).

To examine the nature of the first-order transition more
deeply, we also perform WL calculations in the osmotic ensem-
ble (41) (see Materials and Methods for details). The computed
probability distribution of energy £ and the thermal average of
the total energy are presented in Fig. 3C. From the [nser, we
obtain the equilibrium transition temperature 7¢ = 0.2883 at
which the isobaric specific heat Cp is maximized. At 7" = T,
the probability distribution exhibits two peaks at £/N = —0.45
and 0.25, corresponding to the adsorbed and desorbed states,
respectively. The probability distribution of metastable states
decreases dramatically when the temperature changes slightly
to 7 = 0.290 and T = 0.285. Nevertheless, they remain
finite over a broad temperature range, which is consistent
with the appearance of the hysteresis loop. Fig. 3D shows the
osmotic grand-potential landscape with respect to the adsorption
fraction at y = 1.7. At T = Tg the landscape exhibits
a doubly degenerate structure, indicating the coexistence of
adsorbed and desorbed phases in equilibrium. The degeneracy
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lifts by temperature change and eventually, the metastability
of the desorbed (adsorbed) phase vanishes below 77 = 0.20
(above 7" = 0.36). These spinodal points coincide with the
transition temperatures in the standard MC simulations within
our simulation time (see Materials and Methods for the simulation
protocols), implying that the nucleation is strongly suppressed
in metastable states. When we take longer simulation time,
the transition temperature departs from the spinodal point (§7
Appendix, Fig. S2). By decomposing the osmotic grand poten-
tial into energetic and entropic contributions, a conspicuous
asymmetry between the adsorption transition and desorption
transition is observed, as shown in Fig. 4. The entropy decrease is
much larger than the energy decrease in the metastable desorbed
state in the cooling process, whereas the energy increase is more
significant than the entropy decrease in the metastable adsorbed
state. This suggests that the entropic (energetic) contribution
is responsible for the adsorption (desorption) transition. In
a subsequent section, we discuss that the robustness of the
hysteresis and asymmetric transition behavior result from elastic
heterogeneity.

The multicanonical MC simulation result explains the slope
of the equilibrium phase boundary between the adsorbed and
desorbed phases presented in Fig. 2. At (u, T) = (1.7, Tf),
the osmotic grand potential difference vanishes, and the energy
difference per particle is 0.7, leading to the entropy difference
AS/N = 0.7/T¢ The Clausius—Clapeyron equation in the
T — u plane (Fig. 2) at y = 1.7 reads (du/dT) =
—AS/AN,4 = (0.7/0.2883)/0.9 ~ 2.7, where the subscript cx

denotes differentiation along the coexistence curve (see Materials
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Energetic and entropic contributions to the osmotic grand potential. We decompose the osmotic grand-potential landscape AQ(N,qs/N)/N into

energetic £/N (the solid curves) and entropic 7S/N = (—AQ + E)/N (the broken curves) contributions. (A) Energetic and entropic contributions close to the
adsorption transition point in the cooling process. The inside of the frame represents the metastable desorbed state, which becomes unstable for T < 0.20.
(B) Energetic and entropic contributions close to the desorption transition point in the heating process. The inside of the frame represents the metastable
adsorbed state, which becomes unstable for T > 0.36. y = 1.7, k = 5,and « = 0.6.

and Methods, Eq. 1). Although the slope is always positive when
lattice expansion and hardening are induced by adsorption, the
situation changes in other cases (S Appendix, Fig. S4). The slope
can be positive and negative by varying 4 and a, implying that
the sign of the entropy difference AS depends on systems.

Elastic Heterogeneity Determines the Distribution of Adsor-
bates. Now, let us investigate the origin of the robustness of
the hysteresis and asymmetric energy-entropy contributions by
examining the role of elastic heterogeneity. Fig. 54 shows a
snapshot at (7, y) (0.20,1.7) in the metastable desorbed
state, slightly above the adsorption transition temperature. At
this point, the adsorbed fraction is N,gs/N = 0.08. Since
the adsorption of the guest particles induces lattice expansion,
a lattice mismatch between the adsorbed and desorbed sites
emerges. Indeed, the cell volume of the adsorbed (desorbed)
sites becomes 2.02 = 0.04 (0.80 &= 0.08), while their natural sizes
are (1 + ka/(1 + k))? = 2.25 and 1, respectively. The lattice
mismatch relaxes by the deformation of the harder adsorbed
sites (~10% contraction) and softer desorbed sites (~20%
contraction), with the latter undergoing a larger deformation
to reduce the overall elastic energy. The characteristic adsorbate
distribution arises from elasticity-mediated long-range interac-
tions between them. The interaction between the two adsorption

A Cooling: T =0.20, p=1.7
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sites is strongly anisotropic. They are repulsive when diagonally
adjacent, whereas they are attractive when horizontally and
vertically adjacent (S Appendix, Fig. S5A). This anisotropy results
in energetic frustration between three adsorbates. In this case,
the trimer formation is energetically unfavorable. Alternatively, a
configuration in which a dimer and a monomer are separated by
one desorbed site is energetically stable (SI Appendix, Fig. S5B).
The situation becomes more complicated in the case of clusters
larger than tetramer. If the cluster’s shape is not isotropic,
the energy becomes higher than that of dispersed monomers
(81 Appendix, Fig. S6A). In phase ordering without elasticity,
cluster aggregation reduces the energy because the surface area
decreases (21, 42). This cannot be adopted in our case since
the deviation of the domain shape from the isotropic form is
inhibited. This feature is reminiscent of the inclusion problem
in phase-separating alloys, where it was shown by Eshelby
that hard domains embedded in a soft matrix prefer isotropic
shapes (20, 21, 43). Since the adsorbed domains are more rigid
due to the presence of V5, Eshelby’s argument holds in our
system (SI Appendix, Fig. S7A). The isotropic domains appear
selectively, reducing the number of stable domain morphology,
hence reducing the entropy. Thus, the growth of the adsorbed
domains is hindered entropically. The interdomain interaction is
also constrained due to the energetic frustration arising from the
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Fig. 5. Heterogeneous distribution of the adsorbates and the elastic energy. (A) Snapshot of an equilibrated desorbed state obtained at (7, ) = (0.20,1.7)
slightly above the adsorption transition temperature in the cooling process. (B) an equilibrated adsorbed state obtained at (7, u) = (0.36, 1.7) slightly below the
desorption transition temperature in the heating process. Circles denote the adsorbed sites. The color in the desorbed sites represents their energy. Short-time
averaging over 1,000 MCSs with fixed adsorbate distribution is performed to obtain the average lattice distortion and elastic energy. k = 5, « = 0.6, and L = 96.
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long-range nature of the elastic interaction. Thus, the entropy of
stable domain dispersion states also decreases as the temperature
is lowered, leading to spinodal instability.

In the heating process, on the other hand, the morphology
of the desorbed domains in the adsorbed state differs from that
of the adsorbed domains in the desorbed state. A snapshot at
(7, 4) = (0.36,1.7) in the metastable adsorbed state, slightly
below the desorption transition temperature, is displayed in
Fig. 5B. At this point, the desorbed fraction is 1 — N4s/N =
0.12. Contrary to the cooling process, the desorbed domains
preferentially form narrow channels. This can be understood
by examining the interaction between desorbed sites. Similar
to the case of adsorbed sites, two desorbed sites prefer to
aggregate to reduce the elastic energy (S/ Appendix, Fig. S5C).
For three desorbed sites, they also prefer to aggregate; however,
a notable difference arises. The formation of a straight channel
is energetically favored (SI Appendix, Fig. S5D). This tendency
also holds for larger domains, while other configurations are also
more favorable than the vacancies-separated state (S/ Appendix,
Fig. S6B). This is because the desorbed domains are softer than
the surrounding adsorbed region. It was also shown by Eshelby
that a soft inclusion in a harder matrix changes its shape to
a flat domain to reduce the elastic energy (20, 21, 43) (S/
Appendix, Fig. S7B). The flattening of the domain morphology
increases the interfacial area compared with isotropic domains,
resulting in an increase in the interfacial energy. The stability
of the desorbed domain is reduced energetically, preventing
domain growth. Thus, we may conclude that elastic heterogeneity
controls the domain growth and morphology asymmetrically,

25 1 , =

stabilizing the metastable desorbed (adsorbed) states against
nucleation entropically (energetically) in the cooling (heating)
processes.

The role of elastic heterogeneity becomes conspicuous in
transformation kinetics. We examine the MC kinetics of the
time evolution of adsorption (desorption) during the cooling
(heating) process across the transition temperature. In Fig. 64
and B, the time evolution of the adsorption and desorption
fraction and the size of the largest domain are displayed. The
largest domain grows steeply around # = 400 MC steps (MCS)
in Fig. 64, and r = 100 MCS in Fig. 6B, respectively, though
the adsorption density gradually changes even before the steep
growth. This result implies that domain growth occurs due to the
abrupt coalescence of small domains. The boundary length per
site y of the largest domain increases when the domain exhibits an
anisotropic shape. Fig. 6Cindicates that y becomes larger for the
desorbed domain in the heating process than for the adsorbed
domain in the cooling process, characterizing the anisotropic
(isotropic) domain growth in the heating (cooling) process. The
anisotropy of the growing desorbed domains at the transient state
is illustrated in Fig. 6D, where the desorbed sites form percolated
domains (see Movie S1 for the spatial pattern evolution during
the transformation). In the cooling process, on the other hand,
dispersed domains grow isotropically, which eventually coalesce
to form a single large adsorbed domain (Movie S2). Thus, elastic
heterogeneity leads to the asymmetric growth kinetics of the
adsorbed and desorbed domains.

Such intermediate adsorption states can also be obtained by
simulations under the fixed adsorption fraction. It is confirmed
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Fig. 6. Kinetics of the transition between the adsorbed and desorbed phases. (A and B) The time evolution of the adsorption fraction N,4/N and the growing
maximum domain sizes Smax/N at the spinodal points in the cooling process (A) and heating process (B). Initially, the metastable desorbed state at T = 0.2 (A)
and metastable adsorbed state at T = 0.36 (B) are equilibrated. Then, the transition kinetics into adsorbed (4) and desorbed (B) states by changing temperature
to T = 0.19 (A) and 0.37 (B) are examined. (C) The boundary length per site y of the growing maximum size domain with respect to the domain size Smax
averaged over 150 independent runs for both cooling and heating processes. (D) Typical snapshot in the transition process. The notation is the same as Fig. 5.
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that harder/softer domains form isotropic/anisotropic shapes in
four cases: lattice expansion and hardening, lattice expansion
and softening, lattice contraction and softening, and lattice
contraction and hardening conditions (SI Appendix, Fig. S7),
indicating that Eshelby’s argument generally holds.

Discussion

In our model, an effective guest—guest interaction due to elastic
heterogeneity results in an adsorption/desorption transition with
hysteresis. In real soft porous crystals (SPCs), however, direct
guest—guest interactions such as van der Waals and electrostatic
forces also exist, which are not incorporated into our model. From
thermodynamic arguments for general adsorption problems, it
has been shown that hysteretic adsorption/desorption can occur
when guest—guest intermolecular interactions are strong (47—
49). Therefore, in this section, we provide an order estimation
of the effective interactions arising from elastic heterogeneity in
real SPCs and discuss the relevance of the elasticity-mediated
interactions on hysteretic adsorption/desorption.

The effective interaction between guest particles due to elastic
heterogeneity depends on the model parameters # and a and
energy unit /eoﬁé, where ky and € are the spring constant and
lattice constant of the host matrix in the desorbed phase. By taking
the second derivative in the Hamiltonian, the bulk modulus
in our model reads ky and (1 + £)ky in the fully desorbed
and adsorbed phase, respectively. The model parameters can
be estimated from the ratio of the bulk modulus between the
desorbed and adsorbed phases and the ratio of the lattice constants
reported in the literature (Table 1). Since the bulk modulus of

the fully desorbed phase in our model is B = k, the energy
unit koﬁé becomes the bulk modulus B multiplied by the

unit cell volume V48

o in the desorbed phase. Thus, the energy
scale of the effective interaction mediated by elasticity is given

by Eefr = Uege(k, o) x Bles Vc‘i‘ff, where Ueg(k, @) is a numerical
factor depending on 4 and a. We envisage U.f(#4, @) as the elastic
energy difference (in the unit of /eoﬁg) between an adsorption
dimer and two completely isolated adsorption sites. Uef(4, @) is
typically of the order of 1072, proportional to a? and behaves
nonmonotonically with respect to & (5] Appendix, Fig. S8).
Now, we consider MIL-53(M = Al, Cr) and DUT-49, whose
lattice parameters and bulk modulus have been reported (25, 30,
32, 38, 44-46). These substances exhibit adsorption/desorption
transition with structural transformation by gas loading. The
small and large pore phases are termed the narrow pore (np) and

large pore (Ip) for MIL-53 and the closed pore (cp) and open

Table 1.

pore (op) for DUT-49. The fully desorbed phase is the Ip and
op phase in MIL-53 and DUT-49, respectively. As increasing
the loading, a structural phase transition to the np and cp states
occurs. By further increasing the loading, they return to the Ip
and op states. That is, the lp and op (np and cp) phases are
the desorbed (adsorbed) phases in the former, whereas adsorbed
(desorbed) phases in the latter. Therefore, we estimate E.g both
in np (cp) to lp (op) phases and Ip (op) to np (cp) phases, as
shown in Table 1. From the table, E.g is the smallest in MIL-
53(Al) because || is the smallest. Even in this substance, the
elasticity-mediated interaction E.f is comparable to the van der
Waals force, which is the order of 1072!] (50). MIL-53(Cr)
and DUT-49 have much larger E.g. Thus, the effect of elastic
heterogeneity should be prominent, which may lead to large
hysteresis, though electrostatic guest—guest interactions can be
stronger when adsorbed molecules are polarized [e.g., hydrogen-
bond interaction is ~30 (1072!]) for water molecules (50)].
In contrast, some other SPCs, such as ZIF-8 (51), exhibit small
structural deformation during the adsorption transition, resulting
in very small ||. Elastic heterogeneity would be less relevant in
these substances.

Finally, we discuss the dependency of our result on model
parameters and dimensionality. In this study, we assume that
the NN and NNN interactions have the same spring constant
ko. In real systems, their ratio can deviate from unity. However,
the qualitative feature of the phase diagram remains unchanged
when the NNN interaction is weaker than NN, though the
hysteretic region shrinks as the NNN interaction becomes
weak (SI Appendix, Fig. S9). In three-dimensional systems,
furthermore, we confirm that similar hysteresis is observed
when our model is extended to a three-dimensional simple
cubic lattice (S Appendix, Fig. S10). Compared to the two-
dimensional model, a broad hysteresis is observed for smaller £
and a in the three-dimensional model. According to the statistical
mechanical argument, this may arise from the suppression of
thermal fluctuations as the number of interacting pairs increases
in higher dimensions. Thus, the effect of elastic heterogeneity
would be pronounced in real three-dimensional SPCs.

Summary

In conclusion, we elucidated the asymmetric role of elastic
heterogeneity—the difference in the lattice constant and me-
chanical rigidity—on the adsorption—desorption transition. The
result that the domain shape depends on the difference in the
elastic stiffness suggests promising applications. If adsorption
hardening occurs, the domain favors a compact isotropic shape,

Mechanical parameters of three soft porous crystals estimated from experiments and density functional

theory: B and V| represent the bulk modulus and unit cell volume adopted from the literature, where np (cp) and

Ip (op) represent the narrow (closed) pore and large (open) pores, respectively

np (cp) Ip (op) np (cp) — Ip (op) Ip (op) — np (cp)
Material B (GPa) Vel A3)  B(GPa) Ve (A3) k a Eefs (10721)) k a Eefe (10721))
MIL-53(Al)  10.7* 939.92"  0.35F 1423.81  —0.967 —0.0051 0.90 306  —0.155 2.10
MIL-53(Cr) 4.29%,10* 987.2F 2F 1,486 -0.53 —-0.13 24.1 1.15 -0.27 25.0
DUT-498 5.6 46,070 7.5 96,047 0.34 1.09 8771.7 -0.25 0.83 18008.8

k and « regarding structural transformations are calculated from B and V. Eoff is the energy scale of the effective guest-guest interactions due to elastic heterogeneity, estimated from
B, Vi1, k, and a. We apply B = 4.29 for bulk modulus in the np phase of MIL-53(Cr) to evaluate k, «, and Eq¢s.

*Taken from ref. 44. B and Vel are determined by fitting experimental data by using the Murnaghan equation of state.
TTaken from ref. 45. B and Vel are measured at room temperature.

*Taken from ref. 38. B is extracted from mercury intrusion-extrusion, and Veel is determined from crystallography.
S$Taken from ref. 46. B and Vg are obtained by density functional theory at T = 0 (K).
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implying strong confinement and dispersion of the adsorbates
inside host crystals. This can be applied to gas storage with-
out leakage, enzyme immobilization, and supports inclusions
such as nanoparticles without sintering. If adsorption softening
occurs, on the other hand, the domain prefers a flattened
shape, increasing the surface area. A large interfacial area between
the adsorbed and desorbed sites can be utilized to enhance
catalytic reactions. Moreover, enhancing the intrusion and
transport of the adsorbates would be possible since they prefer
to form percolated domains, though further molecular dynamics
investigation should be conducted to reveal the transport kinetics.
Thus, controlling elastic heterogeneity can provide a guideline
for practical applications. In this study, we focused on isotropic
swelling, preserving the crystalline nature of the substances
under gas adsorption and desorption. Incorporating anisotropic
deformation and elastic moduli (20, 21, 52) and disorder (53—55)
to examine the impact of elastic heterogeneity should be a further
research direction. Finally, from the theoretical viewpoint, our
model exhibits phase transitions with respect to a nonconserved
order parameter (the adsorption fraction in this study) coupled
with crystal elasticity. This feature is not limited to MOFs but
can also be applied to other elastic systems such as magnetic
skyrmions, where elastic softening occurs around the topological
phase transition (56). We believe that our method provides a
route to examine the role of the elastic heterogeneity on phase
transitions in these systems.

Materials and Methods

Average Swelling Ratio and Volume. Because the average size of the
simulation cell varies with the gas adsorption/desorption, the system volume
V also varies during the simulations. Therefore, we impose periodic boundary
conditionsinxand y directions such that the system becomes periodicunder the

translation ofal. Here,a = /V/Vj isthe average swelling ratio, and Vy = Neg
is the reference system volume.

Unit MC Step. The unit MC step consists of one Metropolis sweep for the
adsorption/desorption of guest particles {o7}, L iterations of Metropolis sweeps
for the lattice sites {r;}, and L iterations of Metropolis updates for the affine
displacement of the system to change a = /V/V;. Thus, the unit MC step
consists of N + L x N + L Metropolis updates. The updates of r; and a are
restricted to |Ar;| < 0.1 and |Aa| < 0.07, respectively. During the updates
of the lattice sites {r;}, displacements causing bond intersects are prohibited to
preserve the square lattice configuration without folding.

Standard MC Simulation. To capture the hysteretic behavior ofthe adsorption-
desorption transitions, we perform a standard MC simulation, where the
temperature T and chemical potential x are varied quasistatically. Inthe standard
MC simulations, we iterate 104 MC steps for equilibration and, subsequently,
10* MC steps for obtaining a thermal average at each T and Hads- Subsequently,
we incrementally change the temperature and chemical potential AT = 0.01
and Ay = 0.01, respectively. In the cooling simulations, we prepare the initial
configurations at a sufficiently high temperature T = 1. In the heating and
decreasing u simulations, we construct the initial configuration such that all
the plaquettes are occupied by the guest particle, and the elastic energy is
minimized. In the increasing u simulations, we prepare the initial configuration
suchthatall plaquettes are not occupied and the elastic energy is minimized. We
perform five independent runs for each protocol and evaluate statistical errors.

Multicanonical MC Simulation. To examine the equilibrium phase transitions
shown in Figs. 2 and 3, the equilibrium probability distribution of the energy
E and the adsorption density n = N,q4,/N as a function of § = 1/kgT and
V = y4s/T must be obtained (we fix the pressure P = 0 as described
in the main text). For this purpose, we adapt multicanonical MC simulations

https://doi.org/10.1073/pnas.2302561120

employing the WL method (41, 57, 58). In the WL method, we calculate the
probability distribution function of energy E. Let us consider the probability
P(x) of the microscopic state x. If P(x) is uniform, every microscopic state
is sampled with equal probability. However, it is computationally inefficient to
calculate the probability distribution function of £ by uniform P(x). Alternatively,
in the WL method, P(x) is proportional to e=9(E), where g(E) is a weight
function. By performing the preliminary run described below, we obtain g(£) =
S(E) + const., where S(E) is the entropy. Hence, the energy histogram H(E) =
2 H(x)=£ P() becomes uniform with respect to the energy according
to statistical mechanics (59), where H is the Hamiltonian defined in Eq. 2.
This weighted probability enables us to calculate the probability distribution
function of energy efficiently. The obtained P(x) is utilized to calculate the
equilibrium probability distribution of (£, n) and the thermal average of the
physical quantities at arbitrary temperatures.
The preliminary run in this study comprises seven steps.

1. Dividetheenergyrange Egs /N4 (1—Egs/N)/200 < E/N < Tinto 1,000
bins, where £gg is the ground state energy. For each bin, the histogram H;
and g; are initialized to 0 (i is the index of a bin). We also set the increment
Agtobe 1.

2. The unit MC step described above is performed. At each Metropolis update
in the unit MC step, the energy range to which the energy of the trial
state belongs is noted as i. The acceptance rate of the trial state reads

min{1, e—(g/—g,)}’ where the subscript j stands for the state before the
update. The trial state with its energy being outside the energy range
defined in step 1 s also rejected. If accepted, we update H; — H; + 1and
gi — g; + Ag; otherwise, we update H; — H; + 1and g; — g; + Ag.

. Continue the update until min; H; > (4/5) >"; H;/1,000 is satisfied.

. Hiforalliissetto0,and Ag s divided by 2.

. Steps 2 to 4 are repeated until Ag becomes less than 10~°.

. Sample the energy histogram H; using g; for all i with 5 x 106 MC steps.

. Correct the weight function as g; = g; + log H;.

~NOo o bW

By performing the preliminary run, the histogram H becomes almost uniform;
hence, g; = S(E;) + const.

To compute the equilibrium probability distribution of (£, n), we divide the
energy range Egs/N + (1 — Egs/N)/200 < E/N < 1into 1,000 bins and
the adsorption fraction 0 < n < 1 into 100 bins. In each bin, the averages of
physical quantities AE’.,,,}. (A'is the energy, adsorption density, and volume per

site) and the histogram H(E;, n;) are calculated by 5 x 106 MC steps, where the
Metropolis algorithm using P(x) is adopted. Thus, the equilibrium probability
distribution reads

H(Ei' nj)e_ﬂfi+g(Ei)

G(E)’ [3]
ZE,,nj H(E;, nj)e—ﬂEerg(Ef)

Pg',;/(fi, nj) =

where the chemical potential term is included in E;, as shown in Eq. 2. The
marginal distributions of the energy and adsorption fraction read

PIV(E ZP’“ Ei 1) [4]
PO (n)) = Z PLY (i my). (5]
E

The former is presented in Fig. 3C in the main text. Thermal average of the
physical quantities is given by

(A)ﬂ,\/ = ZAE,,HJP?:(EI/ n]) [6]
E,-,nj

They are displayed in Fig. 3A (A = Nyg4s/N), B(A = V/N), and the Inset of C
(A = E/N)in the main text. The osmotic grand-potential landscape, presented
in Fig. 3D in the main text, can be obtained as follows:

AQ(nj) = —kgT[log Pﬁ’v(nj) — rr;);n log Pﬁ"’(nj)]. (71
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We also calculate the energy landscape against the adsorption fraction to
decompose the osmotic grand potential into energetic and entropic terms,
as shown in Fig. 4. The conditional probability formula yields

_ ZE,' EE,‘,nj Pglr;/(Ell nj)

E(n
P (m)

! . [8]

We perform five independent runs and evaluate the statistical errors. However,
the standard errors are negligible. Thus, they are omitted from the figure.

Simulations of the Conserved Adsorption-Fraction System. To examine
the role of elastic heterogeneity more deeply, we also perform simulations
with a fixed adsorption fraction N,4s/N (SI Appendix, Fig. S7). Since the
number of adsorbed particles is conserved, we replace the Metropolis sweep
for guest adsorptions with the Kawasaki dynamics in the unit MC step (58).
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Two nearest neighboring plaquettes TJ and O’ are randomly selected, and
then, a trial exchange of o7 and oy is evaluated under the Metropolis
rule.
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