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P H Y S I C S

Strongly correlated multielectron bunches from 
interaction with quantum light
Suraj Kumar1†, Jeremy Lim2†, Nicholas Rivera3, Wesley Wong1, Yee Sin Ang2,  
Lay Kee Ang2, Liang Jie Wong1*

Strongly correlated electron systems are a cornerstone of modern physics, being responsible for groundbreaking 
phenomena from superconducting magnets to quantum computing. In most cases, correlations in electrons arise 
exclusively because of Coulomb interactions. In this work, we reveal that free electrons interacting simultane-
ously with a light field can become highly correlated via mechanisms beyond Coulomb interactions. In the case of 
two electrons, the resulting Pearson correlation coefficient for the joint probability distribution of the output elec-
tron energies is enhanced by more than 13 orders of magnitude compared to that of electrons interacting with the 
light field in succession (one after another). These highly correlated electrons are the result of momentum and 
energy exchange between the participating electrons via the external quantum light field. Our findings pave the 
way to the creation and control of highly correlated free electrons for applications including quantum information 
and ultrafast imaging.

INTRODUCTION
The interaction of free electrons with light forms the basis of im-
portant imaging paradigms such as cathodoluminescence micros-
copy (1–4), electron energy- loss spectroscopy (1, 3–12), and, 
photon- induced near- field microscopy (PINEM) (3, 4, 11, 13–24). 
In addition to revealing the most fleeting dynamics of matter and 
radiation down to subatomic length scales, free electron–light in-
teractions have also been leveraged as a versatile method for shap-
ing both the output free electron wave function (3, 11, 13–20, 
25–37) and the emitted radiation (2, 38–56).

Recent works have shown that it is possible to induce electron- 
electron entanglement (47), realize nontrivial quantum states of 
light (e.g., squeezed states and displaced Fock states) (57), use ex-
change mechanisms between free electrons to possibly create single 
attosecond electron pulses (58), and entangle distant photons (54) 
by subjecting photonic states to multiple successive interactions 
with quantum electron wave packets (QEWs) in quantum PINEM 
(QPINEM) setups. It should be emphasized that in these cases, each 
QPINEM interaction involves only a single- electron QEW. Recently, 
correlations between multiple QEWs arising as a result of Coulomb 
interactions have been explored theoretically and experimentally 
(59, 60). However, Coulomb interactions leads to only one specific 
type of correlation in which the electrons repel each other in physi-
cal space as much as possible. The question arises as to whether 
there might be complementary ways of tailoring correlations be-
tween multiple free electrons.

Here, we show that strong correlations between multiple QEWs 
can be created and tailored when multiple QEWs interact with a 
quantized photon field—even in the absence of Coulomb interac-
tions. Instead, the quantized energy of the external photon field un-
expectedly becomes a means of interparticle interaction between 

the individual electrons. The individual electrons can thus trade 
quanta of momentum and energy with each other even when they 
are too far spaced for Coulomb interactions to matter—we refer to 
this phenomenon as simply “interelectron momentum exchange” in 
the rest of this paper for brevity. We show that interelectron mo-
mentum exchange results in output electrons that are highly corre-
lated in energy. Specifically, we show that the Pearson correlation 
coefficient (PCC) of the energies of the participating electrons is 
enhanced by more than 13 orders of magnitude compared to the 
correlation that already exists from the free electrons interacting 
with the photon mode in succession (one after another) where PCC 
is a measure of linear correlation which takes on values between −1 
and 1. A PCC value close to 1 indicates strong linear correlation 
between two quantities i.e., increasing one also increases the other. 
A PCC value close to −1 on the other hand indicates that increasing 
one quantity is correlated with the decrease in the other. Last, we 
show that postselecting an electron in a multi- QEW interaction 
with quantum light is a robust way of tailoring electron- electron 
correlations in energy. The electrons after interaction exhibit varied 
correlation patterns. Our findings show that interelectron momen-
tum exchange could provide the means to correlate and entangle 
large numbers of electrons with a photon field and shape free elec-
tron correlations for applications like ultrafast imaging and quan-
tum information science.

RESULTS
We consider an interaction with N QEWs interacting with a single 
photon mode. We make the assumptions (conventional for PINEM 
and other free electron–light interactions) that the electrons are (i) 
monoenergetic (unshaped), (ii) traveling through a charge- free re-
gion ignoring Coulombic effects, and that (iii) their momenta are 
much stronger than the electromagnetic vector potential �⃗A (14). To 
model an interaction between N QEWs with a single- photon mode, 
we use the interaction Hamiltonian (in the Schrodinger picture, 
see Methods)
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∑
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where the subscript μ ∈ ℤ
+ indicates that the respective quantity is 

associated with the electron μ and gμ is the electron- photon coupling 
strength. The photon ladder operators â and â† act on Fock states 
in the usual way: â ∣n⟩ =

√

n ∣n − 1⟩ , â† ∣n⟩ =
√

n + 1 ∣n + 1⟩ , 
where n is the number of photons in the Fock state. The ladder operator 

b̂μ ( ̂b
†

μ
 ) decrements (increments) the electron state ∣ j 〉: b̂ ∣ j ⟩ =∣ j − 1⟩ , 

b̂
†
∣ j ⟩ =∣ j + 1⟩ where an electron in eigenstate ∣ j 〉 has energy Ej = E0 + 

jℏω0, j ∈ ℤ, E0 is the initial electron energy and ℏω0 is the photon 
energy. It should be noted that the electron ladder operators commute 

with each other: [b̂, b̂
†
] = 0 . The corresponding scattering operator 

(see Methods) is given by

where Gμ≡−i
gμτ

ℏ
 is the dimensionless electron- photon coupling 

strength term and τ is the interaction time. In the case of two QEWs, 
this reduces to

where Ŝ2 acts on the three- body (one photon and two electrons) 
state ∣n, j, k〉, n is the number of photons, and j (k) labels the units of 
energy gain for electron 1 (electron 2). For an arbitrary initial state 
∑
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 . Here, 

S
nf ,jf ,kf
ni ,ji ,ki

≡ ⟨nf, jf, kf�Ŝ2�ni, ji, ki ⟩ is the S- matrix element (see Eq. 11 in 
Methods for full expression), and the subscripts “i” (“f ”) denote the 
initial (final) quantities. Note that Eq. 3 is nonperturbative in the 
electron- photon coupling strength.

In addition to the usual interaction terms (overbraced terms in 
Eq. 3) found in QPINEM interactions that describe electron- photon 
energy exchange, it is noteworthy that terms describing interelec-
tron momentum exchange arise (underbraced terms in Eq. 3). This 
implies that both electrons can affect each other even in the absence 
of Coulomb interactions. Physically, the interelectron momentum 
exchange terms can be understood as such: Both electrons separate-
ly emit and absorb photons, resulting in changes to the photon field 
itself. In turn, these changes allow both electrons to affect each oth-
er. Because each of the interelectron momentum exchange terms 
scales as ∣G1G2∣, we expect the exchange terms to become compa-
rable in strength to the QPINEM terms when ∣G1∣ ~ ∣G2∣ ~ ∣G1G2∣ ~ 
1—this is the regime we explore. Physically, this corresponds to the 
regime in which the electron has a high probability of emitting or 
absorbing one photon, and so there is also a substantial probability 

of one electron absorbing/emitting a photon generated by the other 
electron. We compare the photon and electron distributions for 
one- QEW and two- QEW interactions with quantized light in the 
Supplementary Materials, section S1.

In this regime, we can study the effects of interelectron momen-
tum exchange in interactions between multielectron pulses and 
quantized light. In Fig. 1, we have considered the case where two 
electrons interact with a quantized photon field successively in Fig. 1 
(A and B) and then simultaneously in Fig. 1 (C and D). Unlike the 
successive QEWs, the simultaneous QEWs exchange energy and 
momentum mediated via the light field. The corresponding joint 
probability distribution map of final energies of the QEWs is shown 
for the successive and simultaneous cases in Fig. 1 (B and D, respec-
tively). We observe a symmetrical joint probability distribution map 
in electron energies in the case of simultaneous electrons due to in-
terelectron momentum exchange, resulting in a PCC (see Methods 
for definition) that is more than 13 orders of magnitude greater than 
that of the case with successive electrons. Furthermore, the high 
PCC due to interelectron momentum exchange is a purely quantum 
phenomenon in the sense that the high PCC manifests only when 
light is treated as a quantum object. The low values are not a nu-
merical artifact but a manifestation of nonzero correlation. Some 
correlation would generally exist in the successive case, except in the 
limit of an infinite number of photons, because the finite number of 
photons in the mode generally leads to altered photon statistics seen 
by electron 2, after electron 1 has interacted with the mode. In other 
words, because the interaction of electron 1 with the photon field 
determines the photon field that electron 2 then interacts with, it is 
not unexpected that a nonzero (though generally residual) correla-
tion exists between electron 1 and electron 2 even in the successive 
case. The upper limit of any PCC is always one. PCC = 1 is in prin-
ciple possible, but the conditions to realize this remain a topic of 
future research. Our findings suggest that we can design an optical 
mode and electron energy distribution to increase PCC using nu-
merical optimization techniques—by varying parameters such as 
the coupling strength, the initial photon number and the interaction 
time. We compare the PCC for two- QEW simultaneous interactions 
when light is a nonquantized field and when light is quantized as 
shown in Fig. 1 (E and F). We observe that the interaction with non-
quantized light does not generate high PCC. In contrast, when the 
light field is treated as a quantum object, we observe high PCC. For 
the derivation of the scattering matrix element for a two- QEW in-
teraction with a classical light field, refer to Supplementary Materi-
als section S2.

Let us now answer the question: Under what conditions would 
the quantized light case approach the case of interacting with non-
quantized light, causing interelectron momentum exchange in-
duced correlations to vanish? We can define the nonquantized 
limit for a quantum multielectron interaction with a light field as 
one where the energy exchanged by the electrons does not sub-
stantially alter the light field state; thus, the light field behaves as a 
reservoir. This corresponds to Np ≫ ∣G∣2 where Np is the number 
of photons and G is the electron- photon dimensionless coupling. 
In Fig. 2, we see that for large Np and low G, both the case with 
simultaneous electrons in Fig.  2A and the case with successive 
electrons in Fig. 2B correlations approach a similar squarish pat-
tern, which is also what is obtained when performing the simula-
tions with the nonquantized light field. Supplementary Materials 
section S3 contains a more detailed comparison of the quantized 
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and nonquantized light field cases and how the latter approaches 
the former in the limit of low Np and large G. We also notice that cor-
relation of the QEWs for simultaneous QEW interactions (Fig. 2A) 
is strong for low Np and large G.

Apart from getting high PCC as a result of interelectron momen-
tum exchange between QEWs, we can further tailor correlations by 

postselecting one of the participating QEWs. In Fig. 3, we show a 
schematic to postselect an electron (or more) in a simultaneous in-
teraction between N QEWs and a photon Fock state. As shown in 
Fig. 3A, we can postselect QEW 1 to be at a certain energy corre-
sponding to normalized energy gain k1 and then measure the cor-
relation in energy between QEW 2 and QEW 3. Figure 3 (B to D) 

A B

C

E

D

F

×

Fig. 1. Simultaneous interaction of two free electron QEWs with quantized light produces highly correlated electrons. We consider a light field prepared in the 
vaccum Fock state, through which two QeWs are passed. these QeWs, hereafter referred to as QeW 1 and QeW 2, couple to photons with dimensionless strengths G1 = 2 
and G2 = 2, respectively. (A) in a quantum two- electron–light interaction without interelectron momentum exchange, the QeWs pass through an electromagnetic envi-
ronment one after the other successively. QeW 1 exchanges energy with the quantized light field with the restriction that the final photon number be non- negative. QeW 
2 then interacts with the changed light field, and we measure the energy of both electrons. (B) the joint probability distribution of the energy gain of QeW 1 and QeW 2, 
respectively, is shown here for the successive case. We see that because of the restriction on QeW 1, the probability is zero for any increase in its energy (beyond pink dot-
ted line). the distribution is also asymmetrical and the Pcc is of the order 10−16. (C) in the simultaneous case, the two QeWs interact simultaneously with the quantized 
light field. (D) We show the QeW energy gain joint distribution for the simultaneous case. the joint distribution shows symmetry along the pink dotted line. the Pcc is 0.67 
in magnitude and 15 orders of magnitude larger compared to the successive case. (E and F) We compare the correlation in energy between QeW 1 and QeW 2 for simul-
taneous interaction with (e) quantized light and (F) nonquantized light, showing that the phenomenon of enhanced Pcc by interelectron momentum exchange is en-
abled by the quantum nature of light. here, we have fixed the average photon number to be 9 and the coupling constant to be G = 1.5.
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shows that postselection of QEW 1 results in highly correlated 
QEWs whose joint probability distribution map can be modified. 
For instance, postselecting for higher QEW 1 energies shifts the 
distribution map in favor of larger photon number and larger QEW 
energy loss. The resulting pattern of the energy correlation is also 
distinct from what we can obtain from the two- QEW cases consid-
ered in Fig. 2. In Fig. 3 (E and F), we postselect two QEWs of four 
QEWs that interact simultaneously with the light field and show 
the varied patterns that emerge for different postselected energies. 
In Supplementary Materials section S4, we show that the postselec-
tion result remains the same if the energies of two postselected 
QEWs are interchanged, which is not a surprise because the QEWs 
are indistinguishable.

It should be noted that the two- electron interaction theory in 
(47) is the study of the sequential interaction of electrons with a 
quantized light field where one cannot observe interelectron mo-
mentum exchange between the electrons. The interaction of the 
electrons with the quantized light field studied in this work general-
izes the interaction theory in (47) to any number of free electrons 

interacting with the quantized light field and investigates the result-
ing phenomenon of interelectron momentum exchange. Our re-
sults show that the photon and QEWs are entangled with each 
other, a conclusion also reached by recent works for the case of 
sequential free electrons interacting with a quantized light field 
(47) and for the case of a single free electron interacting with mul-
tiple quantized light fields used to predict previously unknown 
quantum optical states by (57). Our results here show that the en-
tanglement persists even in our case when the free electrons inter-
act simultaneously with quantized light fields. Thus, entanglement 
occurs even if the electrons are interacting with the light field at 
the same time instead of in succession.

DISCUSSION
It is important to note that the high correlations due to field- 
mediated interelectron momentum exchange terms have no equiv-
alent in theory that considers a nonquantized field (Supplementary 
Materials, section S2). This is consistent with our theory when we 

A

B

C

D

Fig. 2. Stronger correlations in the output electrons are favored by lower initial photon numbers and larger interaction strengths. (A) We show the case of simul-
taneous electrons with interelectron momentum exchange and plot the colormap for the Pcc with varying coupling strength G and initial photon number. note that 
because all Pcc values here are negative, we plot the absolute value. (B) We display energy correlation plots after interaction for the case of two QeWs interacting with 
quantized light as we vary the interaction strength and photon number in the presence of interelectron momentum exchange. We see that as photon number increases, 
especially for low interaction strength, the plots approach the nonquantized limit and become more square- like. however, for larger interaction strength, it takes a much 
larger photon threshold for the plot to approach the nonquantized light case. (C) For completeness, we show the case without interelectron momentum exchange with 
the corresponding joint probability distribution map for the Pcc. (D) We observe that for low interaction strength and high photon number, the plot similar to (B) ap-
proaches the nonquantized light case. We can thus designate a regime for which both cases tend to the behavior expected from interactions with nonquantized light. At 
higher interaction strengths, the plots deviate from the nonquantized light case as expected. in general, the correlation grows weaker as we increase average photon 
number and grows stronger as we increase interaction strength.
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consider an initial photon distribution described as a coherent 
state ∣α〉 in the limit ∣α∣2 = nav ≫ 1 and ∣G∣2 ≪ 1 (proof in Supple-
mentary Materials, section S3). However, within the strong- coupling 
regime (high coupling strength) of interaction of free electrons 
with quantized light, our results show that these interelectron mo-
mentum exchange terms give rise to substantial enhancements in 
the correlations (as measured by PCC) between participating 
QEWs. We note that the strong coupling regime is currently seen 
as a promising regime in which highly nonclassical states of light 
can be generated, shaped, and probed by free electrons (54–57), 
and the effect of simultaneous interaction on the production of 
such optical states is an exciting direction of inquiry. While we 
have used the example of Fock state for the light field in all our 

simulations in the main text, Supplementary Materials section S5 
contains simulations for the cases where the light field is a co-
herent or thermal light field with the correlations still remain-
ing strong.

Crucially, a recent experiment (61) has shown that two- 
electron QEWs can already be generated using currently avail-
able electron sources (62–66). This suggests that our scheme 
involving two- electron QEWs is already within experimental 
reach. Advances in electron source technologies, coupled with the 
results we present here, motivate the study of unprecedented non- 
Coulombic effects in QPINEM and other free electron–light inter-
actions involving multielectron QEWs with quantum states of light. 
In Supplementary Materials section  S6, we present experimental 

A

B C D

E F G

Fig. 3. Tailoring strong correlations between electrons in energy space via postselection. (A) We show the schematic of a multi- QeW interaction with inter-
electron momentum exchange. We postselect a subset of the QeWs for certain energies. note that in the case of interelectron momentum exchange, all electrons 
are identical as far as the interaction is concerned. We then measure the rest of the QeWs and plot their energy correlations. eelS, electron energy- loss spectro-
scopy. (B to D) We plot the correlation plots in the case of interelectron momentum exchange when we postselect any one of three electrons, i.e. QeW 1 with energy 
k1 to gain 0, 2, and 6 quanta of energy, respectively. We observe that postselection in the presence of interelectron momentum exchange can produce highly cor-
related symmetric correlations between free electrons. Moreover by changing the postselected energy we can shift the correlations along the symmetry axis of the 
distribution. the coupling strengths for all cases has been set to 1 and the initial photonic state is the vaccum Fock state. (E to G) We postselect any two QeWs (here 
QeW 3 and QeW 4) for energies k3 and k4, respectively, and plot energy correlations between QeW 1 and QeW 2 for k4 = −1, k3 = −1, 0, 1.
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plans for demonstrating interelectron momentum exchange under 
currently achievable experimental parameters.

In the field of quantum computing, the strong nonlocal en-
tanglement of particles has been studied as part of an effort to 
realize scalable quantum computation systems that enable paral-
lel quantum computing (67). We note that interelectron momen-
tum exchange is a phenomenon that is nonlocal compared to say, 
Coloumb interactions, and can potentially entangle an arbitrarily 
large number of electrons with a single photon field—which is not 
possible with Coulomb interaction because of the repulsive na-
ture of Coulomb forces that limits the number of electrons that 
can be placed in a limited volume of space. The use of free elec-
trons for quantum computing has several unique advantages over 
using photon- based or bound electron–based systems. Free elec-
trons readily propagate information across macroscopic distances 
and are thus a potential candidate for “flying qubits” (68, 69), for 
instance via the phenomenon of free electron–polariton block-
ade, made possible by leveraging quantum recoil (70, 71). These 
flying qubits are a core component of designing a potential quan-
tum network or quantum internet, which has motivated imple-
mentations thus far in semiconductor systems and bound- electron 
systems (68). The photon- mediated interelectron momentum ex-
change mechanism we introduce in this work then empowers the 
paradigm of using free electrons as flying qubits, by providing a 
way to correlate multiple flying qubits and potentially to design 
free electron–based protocols complimenting recent work that 
have used free electron–light interactions to implement a free 
electron–based protocol (72). In our photon- mediated interelec-
tron momentum exchange mechanism, the control of the photon 
mode is crucial as the statistics of the initial photon mode pro-
vides an extra degree of freedom in controlling the entanglement. 
Using free electrons as flying qubits, we could impart information 
to stationary qubits in the form of photonic states, as has already 
been shown in the literature (22, 57).

In this work, we have considered examples with up to four 
electrons; however, our theory accommodates an arbitrary num-
ber of electrons interacting with light. We note that there arises an 
interelectron momentum exchange term for each electron pair in 
a multi- QEW interaction. As the number of electrons in a multi-
electron pulse increases, Coulombic pairwise interactions may 
also increasingly become substantial. Recent work (59, 63) has 
shown that electron- electron correlations arising from Coulombic 
interactions can affect shot noise, electron drift, etc. in the absence 
of a light field. In the regime where these Coulombic interactions 
are substantial, they will coexist with interelectron momentum 
exchange. In such cases, the relative magnitude of the electron- 
light coupling to the electron- electron coupling will determine 
which phenomenon dominates. In low- photon simultaneous in-
teractions with quantum light, we expect electron correlations to 
favor the electrons losing energy as opposed to the expectation 
from Coloumbic interactions alone. Above all, we note that the 
physical origins of Coulomb interactions and interelectron mo-
mentum exchange are very distinct in nature: Coulomb interac-
tions arise from the exchange of virtual photons between QEWs, 
whereas interelectron momentum exchange arises from the ex-
change of physical photons.

The impact of shaping the QEWs on the interelectron exchange 
phenomenon is an intriguing prospect for future work. Shaping 
the QEWs introduces quantum interference (24), which should 

also coexist with interelectron momentum exchange and poten-
tially lead to even more versatility in shaping electron- electron 
correlations and entanglement compared to the unshaped case.

In summary, we show that simultaneous interactions involving 
multielectron QEWs allow us to tailor electron- electron energy cor-
relations in ways that go beyond what successive single- electron 
QEW interactions are capable of. Specifically, the use of multielec-
tron pulses result in the appearance of interelectron momentum 
exchange—the exchange of energy and momentum between QEWs 
even in the absence of Coulombic forces. We have shown that inter-
electron momentum exchange is a purely quantum phenomenon, 
manifesting only in regimes where the quantum nature of light is 
relevant. As a result of interelectron momentum exchange, outgoing 
two- QEW pulses have PCC more than 13 orders of magnitude larg-
er than those obtained when the QEWs interact with the photon 
mode in succession. We have also shown that interelectron momen-
tum exchange is a robust means of creating and tailoring strong 
many- QEW correlations in energy, especially with the use of post-
selection techniques. The photon- mediated interelectron momen-
tum exchange we have studied thus provides an unprecedented 
means of strongly correlating large numbers of free electrons in 
energy- momentum space, even if these electrons are spaced far 
apart enough that Coulombic interactions are no substantial. Our 
findings fill an important gap in the understanding of multielectron 
interaction with photons and pave the way toward many- electron 
entanglement techniques for applications like quantum informa-
tion and ultrafast imaging.

METHODS
Physical model for interaction of multiple QEWs 
with photons
Here, we derive the scattering operator describing the nonpertur-
bative interaction between N paraxial QEWs simultaneously in-
teracting with a common photon mode, as well as the S- matrix 
element. We assume that all electrons do not interact directly 
through the Coulomb near- field, which is justified for electron 
pulses with low electron densities. We also assume there are no 
other external charges and that the electromagnetic vector potential 
is much smaller than the electron energies. The full Hamiltonian 
is given by

where ℋ̂total is the complete Hamiltonian, ℋ̂l is the Hamiltonian 
term for the light field alone, ℋ̂e is the Hamiltonian term for the 
N electrons, and ℋ̂int is the interaction Hamiltonian term. The ex-
pressions for the light and electrons’ Hamiltonian terms in the Sch-
rodinger picture are given by

where â(â† ) is the annihilation(creation) photon operator satisfying 
[â, â

†
] = 1 , ω0 is the frequency of the light field, and P̂μ and vμ are the 

momentum operator and speed of the electron indexed by μ. The 
interaction Hamiltonian, which we use to compute the scattering 
operator, is given by Eq. 1. We obtain the scattering operator from 
the interaction Hamiltonian as

ℋ̂total = ℋ̂l + ℋ̂e + ℋ̂int (4)

�ℋl =
(

�a
†
�a +

1

2

)

ℏω0, ℋe =
∑

μ

�Pμvμ (5)
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Using the Baker- Campbell- Hausdorff formula and separating 
the hermitian conjugate terms, we obtain Eq. 3. Reducing this to 
the case of two electrons (N = 2), we recover Eq. 3. Note that inter-
electron momentum exchange occurs between both electrons de-
spite no interaction between them due to Coulombic forces. The 
interelectron momentum exchange factors arise as a direct result 
of the nonvanishing commutator [â, â†] = 1 , and implies that the 
interelectron momentum exchange is mediated by the photon 
field. We now assume that the two electrons QEW 1 and QEW 2 
are monoenergetic with initial energies jiℏω and kiℏω, respectively, 
with ji and ki being the quantum numbers defining the electron 
energies. In the examples used in the text, we also assume that the 
light field is initially in a Fock state with number of photons given 
by ni. The initial state of the three- body system is thus given by ∣ni, 
ji, ki〉. Similarly, we indicate the final state of the system as ∣nf, jf, 
kf〉. We define the S- matrix element used to calculate the transition 
probability between the initial and final states to be

where ni is the initial number of which we solve by expanding the 
exponential operators in their series expansions. We obtain

where integers l, m, p, q, r, s ∈ [0, …, ∞). Here, we have split the in-
ner product on the three- body space as the product of two other 
inner products on the QEWs’ space and photon space, respectively, 
for legibility. The inner products are Kronecker deltas that enforce 
the following conditions

Here, Δk ≡ kf − ki, Δj ≡ jf − ji, and Δn ≡ nf − ni are the differ-
ences between the initial and final quantum numbers. Using all 
three relations gives us the energy conservation relation

From the first two conditions in Eq. 10, all dependencies on indi-
ces q and l vanish, allowing us to obtain the final expression for the 
S- matrix element

Note that because q, l ≥ 0, it follows that (p − Δk − s + r) ≥ 0 and 
(s − r + m − Δj) ≥ 0. For computational efficiency, we find it favor-
able to use the S- matrix expression with â† terms on the left hand 
side and the â terms on the right hand side (c.f. Eq. 3)

Repeating the steps above, we arrive at

where r, s ∈ [0, …, ∞), and the other indices have the following bounds

The first relation comes from the requirement that (nf − m − p) ≥ 
0. Because p ≥ 0, it follows that nf − m ≥ 0, which is the second rela-
tion. The third relation is obtained by imposing (Δj + m + s − r) ≥ 
0 and (Δk + p + r − s) ≥ 0. We see that three indices are bounded 
from above as opposed to Eq. 11, where only r- s is bounded. Hence, 
Eq. 13 affords us much greater computational efficiency.

We can show that Eq. 11 reduces to the expression for a single- 
QEW interaction with quantum light (47)

subject to the energy conserving relation 

which is consistent with the expression presented in (47).
The PCC is a measure of linear correlation between two quantities 

(in our case, the electrons’ final energies). A high PCC—namely, a 
large linear correlation—implies that measuring one of the electrons 
would result in a high probability of knowing the other electron’s 

SN = e

N
∑

μ=1

(Gμb̂μâ
†
−G∗

μ
b̂
†

μ
â) (6)

S
nf ,jf ,kf
ni ,ji ,ki

≡ ⟨nf, jf, kf ∣ Ŝ2 ∣ni, ji, ki ⟩ (7)

S
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2
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energy. Our choice of PCC thus serves two purposes: first, as a funda-
mental characteristic of interelectron momentum exchange, which 
can serve as the signature of this phenomenon in an experimental 
measurement; second, as a valuable property that can be leveraged in 
applications such as coincidence detection, which uses correlations 
between multiple particles to reduce or eliminate the background 
noise in a measurement. Coincidence detection setups involving cor-
related photon pairs and correlated photon- electron pairs have been 
previously proposed and demonstrated in the literature (73–76). 
Here, our ability to generate highly correlated electron- electron pairs 
paves the way to a coincidence measurement scheme based on these 
correlated electrons. The large, 13 order- of- magnitude difference im-
plies that the difference in PCC would be relatively easy to measure, 
requiring a low electron count of about 30, and that the PCC would 
thus serve as an easily observable, distinctive signature of the inter-
electron momentum exchange phenomenon.

Given two probability distributions P(x) and Q(x) defined over 
the same space X where x ∈ X, we define the PCC as

where σP is the standard deviation of distribution P and 〈P〉 is the 
expectation value of distribution P.

In the context of our work, the relevant distributions are the en-
ergies of the final QEWs. The two quantities we are concerned with 
are QEW 1’s energy gain and QEW 2’s energy loss after interacting 
with quantized light denoted by jf and −kf. We thus calculate the 
PCC as follows

where PCCe1,e2 is the PCC for the two electrons’ final energies, jf, kf 
are the final electron energies of QEW 1 and QEW 2, respectively. 
The PCC can vary from −1 to +1, and a zero PCC indicates no lin-
ear correlation. A negative correlation indicates that QEW 1 gaining 
energy is correlated with QEW 2 also gaining energy and vice versa.
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