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Abstract

Urticaria is a common skin disorder characterized by the rapid appearance and disappear-

ance of local skin edema and flares with itching. It is characterized by various macroscopic

skin eruptions unique to patients and/or subtypes of urticaria with respect to shape, size,

color, and/or duration of eruptions. Nevertheless, the mechanism underlying multifarious

eruptions in urticaria is largely unknown. The eruptions are believed to be evoked by hista-

mine release from mast cells in the skin. However, the majority of visible characteristics of

urticaria cannot be explained by a simple injection of histamine to the skin. To explain the

multifarious eruptions of urticaria, we developed a single reaction-diffusion model suggest-

ing the self-activation and self-inhibition regulation of histamine release from mast cells.

Using the model, we found that various geometrical shapes of eruptions typically observed

in patients can be explained by the model parameters and randomness or strength of the ini-

tial stimuli to mast cells. Furthermore, we verified that the wheal-expanding speed of urti-

caria, which is shown to be much smaller than that of the intradermal injection experimental

system may be explained by our model and a simple diffusion equation. Our study suggests

that the simple reaction-diffusion dynamics, including the independent self-activating and

-inhibitory regulation of histamine release, may account for the essential mechanism under-

lying the formation of multifarious eruptions in urticaria.

Author summary

Urticaria is a common skin disease but the mechanism underlying wheal formation is not

well understood. Our mathematical model suggests that not only the self-activation of his-

tamine production via mast cells, but also self-inhibition of histamine dynamics plays a

critical role in generating the wide-spread wheal patterns observed in urticaria; this has

not been previously considered in medicine. The study findings may increase the under-

standing of the pathogenesis of urticaria and may aid decision-making for appropriate

treatments. It may also open an entirely new avenue for mathematical approaches to
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analyze various skin diseases with geometric eruptions and predict the effectiveness of

treatments through in silico experiments.

Introduction

Urticaria is a common skin disorder characterized by the transient and repetitive appearance

of eruptions, i.e. wheal and flare response with itching on the skin. It affects about 20% of peo-

ple (one in 5 people) at some point in their lives and globally about 56/100000 population suf-

fer from urticaria daily [1, 2]. Urticaria is classified as the chronic type when it lasts for 6 weeks

or longer, and is further divided into chronic spontaneous urticaria (CSU) and chronic induc-

ible urticaria [3, 4]. Chronic urticaria has a significant impact on quality-of-life due to regular

recurrence of disfiguring eruptions with itching, and unknown etiology [1, 5]. Moreover, urti-

caria may be a symptom of anaphylaxis that seriously affects the patient’s life. Urticaria is

induced by vasoactive mediators, such as histamine, released from mast cells into the tissue,

which then induces dilatation and hyperpermeability of the microvasculature (Fig 1A) [3, 6].

Mast cells release their mediators not only in response to antigens that crosslink the high affin-

ity IgE receptors (FcεRI) on their surface, but also to a variety of stimuli, including neuropep-

tides, adenosine triphosphate (ATP), anaphylatoxins and chemicals, such as polymyxin B [7–

10]. The crucial role of histamine in the pathogenesis of urticaria has well been demonstrated

by mast cell degranulation revealed by histological inspections [11]; increase of histamine

together with other mast cell-derived mediators, such as tryptase in the tissue fluid of lesional

tissue and/or plasma [12, 13], and the marked effects of antihistamines observed in many

patients [14, 15]. Moreover, intradermal injection of histamine induces flares and wheals that

resemble the eruptions that are observed in urticaria [16].

Nevertheless, the underlying mechanism of mast cell activation in the clinical setting has

remained largely unclear. The eruptions of certain types of urticaria may be induced by spe-

cific antigens, drugs or physical stimuli, such as mechanical scratch or cold. However, wheals

of CSU, the most common subtype of urticaria, develop without apparent stimuli. Moreover, a

simple injection of histamine by intradermal injection or electrophoresis in healthy individuals

does not result in wheals reminiscent of the various shapes and dynamics observed in CSU

[17]. On the other hand, eruptions of urticaria developing in individual patients tend to show

a certain pattern of shape and kinetics, such as small dots, round, annular and flower-like

appearances with various durations ranging from shorter than an hour to almost a day or even

longer [18]. Moreover, the efficacy of antihistamines in urticaria is extremely variable, and not

necessarily determined by the clinical severity of urticaria. [3, 19]. Therefore, morphological

analysis of such eruptions of urticaria may reveal the mechanism of action of histamine in

more detail, especially with respect to its diffusion with kinetics, and offer a clue for more per-

sonalized treatment. Nevertheless, current recommendations in the guidelines for urticaria do

not distinguish the eruptions of urticaria with respect to the treatment, and the mechanism

that induces such multifarious eruptions has never been explored.

Because the detailed underlying molecular mechanism of urticaria is still not clear, we first

approached the problem using mathematics in order to find a possible principle of the multi-

farious eruptions of urticaria and its fundamental mechanism. Medically, skin reactions to

mast cell activation are believed to be evoked by the cascaded positive feedback of histamine

release from mast cells and actions of sensory nerves in the skin (Fig 1A) [4, 20]. This may be

captured by a reaction and diffusion dynamics of histamine. Reaction-diffusion equations are

one of a well-known pattern-forming system based on the dynamics of two (or more)

A single reaction-diffusion equation for the multifarious eruptions of urticaria
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biochemicals, each of which often plays a role as an activator and inhibitor [21]. Such pattern-

forming systems suggest that self-activation and inhibition play a key role in creating spatial

heterogeneity. In fact, mast cells may also play an inhibitory role in the development of skin

inflammation. Mast cells release various mediators, including proteases together with hista-

mine. Some of them may either further activate mast cells via protease-activated receptor

(PARs) on mast cells, or inhibit mast cell activation by reducing thrombin activity which is

enhanced by histamine [22, 23]. The only known medical hypothesis to date regarding the

action of mast cells in urticaria is the positive feedback of histamine release, namely, activation

dynamics of histamine via mast cells [4, 20]. This is likely to induce the simultaneous increase

of histamine over the whole space because mast cells are distributed over the whole skin [11].

Thus, in order to find a mechanism for histamine to create macro-scale’s spatial heterogeneity,

we have introduced an unestablished but potential mechanism of inhibition regulatory in

Fig 1. Histamine dynamics and expanding speed of wheals in experiments vs wheals observed in patients with chronic spontaneous urticaria. (A)

The process of urticarial development. Dermal mast cells are stimulated and degranulate, releasing mediators including histamine (a, b). Released

histamine acts on vascular endothelial cells and sensory neurons to induce the formation of intercellular gaps (c) and the release of neuropeptides which

activate mast cells in the vicinity (d). The blood plasma exudates through the gap and wheals develop (e). (B) The upper left panel shows photographic

images of a wheal induced by the intradermal injection of histamine and the lower left panel shows wheals observed in a patient with chronic

spontaneous urticaria (CSU) over a time course. Right panels show the evolution of wheals in terms of their size, showing that wheals in CSU expand

much slower than those induced by a bolus injection of histamine. (C) Comparison of the radial expansion velocities of wheals that developed in

patients with CSU and of those induced by a bolus intradermal injection of histamine. The maximum radial expanding velocity of wheals induced by

intradermal injections of histamine was calculated as the average velocity during the initial 15 minutes after the injection, and that in CSU was

calculated as the fastest of the average velocity during the observational time of two adjacent points. The radial expanding velocity of histamine-induced

wheals at the indicated concentrations was at least 7 times greater than that of wheals developed in CSU.

https://doi.org/10.1371/journal.pcbi.1007590.g001
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histamine dynamics by formulating a conceptional mathematical model suggesting the self-

activating and self-inhibitory regulation of histamine release by mast cells. Using the model,

we succeeded in regenerating wheal formations in comparison with those observed in real

patients and explaining various geometrical shapes of eruptions by model parameters and the

spatial randomness or strength of initial stimuli to mast cells. Furthermore, we verified that

the wheal expanding speed of urticaria, which is shown to be much smaller than that of the

intradermal injection experiment, may be explained by our self-activating and self-inhibitory

model and a simple diffusion equation. Our study proposes not only the possible underlying

mechanism of urticaria for multifarious eruptions, but also a novel pattern-forming dynamics

based on pattern transition and a hidden possibility of single reaction-diffusion equation as a

pattern-formation framework.

Results

Expanding speed of wheals in experiments vs wheals observed in patients

with chronic spontaneous urticaria

To understand difference in the dynamics of urticaria and the dynamics of a simple intrader-

mal injection of histamine, we first evaluated the velocity of wheal expansion in the skin of

healthy individuals in response to 20 μl of intradermal histamine injections at concentrations

of 3, 10, and 30 μg/ml and compared them with the wheals observed in CSU. The size of the

wheals reached a plateau in approximately 15 minutes, and the initial velocity increased in a

dose-dependent manner for the injected histamine (mean±SE; 15.6±1.3, 18.8±1.1, 23.8±2.3)

(Fig 1B upper panels and Fig 1C). In contrast, wheals that developed in patients with CSU con-

tinued to expand over hours at velocities much smaller than those induced by histamine injec-

tion (Fig 1B lower panels and Fig 1C). These results indicate that neither pin-point release of

histamine followed by its diffusion to the surrounding tissues nor simultaneous release of his-

tamine from whole mast cells in the lesion can explain a full-fledged structure and dynamics of

wheals development in CSU. Furthermore, the histamine dynamics in the skin cannot be

explained by the cascaded positive feedback alone of histamine release from mast cells.

Development of mathematical model

To find a possible underlying mechanism that explains the dynamics of the multifarious erup-

tions in urticaria, we developed a simple conceptional mathematical model. A certain number

of mast cells and blood vessels are sufficiently and uniformly distributed in the skin, as wheals

observed in urticaria are not less than a few millimeters in diameter, where tens of mast cells

reside [11]. Thus, we assume that mast cells are distributed spatially homogeneously in a simu-

lation space ½0; L� � ½0; L� � R2. Next, we formulate the following reaction-diffusion equation

by taking the concentration of histamine that represents mediators released from mast cells in

the dermis as u(x,t) (x ¼ ðx; yÞ 2 R2
) such that

@u
@t
¼ Dur

2uþ factivation uð Þ � ginhibition uð Þ þ m � a0u ð1Þ

where Du is the diffusion coefficient of histamine that has been quantitatively estimated from

the experiments utilizing intradermal injection (See Methods in detail), μ is the basal release

rate of histamine by mast cells, and α0 is basal decay rate of histamine. The key feature of our

model is that the dynamics of mediators represented by histamine are regulated by two inde-

pendent regulatory loops (Fig 2A). One is the self-activation loop of histamine (factivation(u)).

Medically, wheals observed in urticaria is considered to develop by the cascaded positive

A single reaction-diffusion equation for the multifarious eruptions of urticaria
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feedback of histamine release from mast cells (Fig 1A) [4, 20], but the detailed network of

molecular mechanism is still unknown. Thus, we assume the simplest feedback, such that his-

tamine released from a mast cell induces further release of histamine via activating surround-

ing mast cells, which contain a limited amount of histamine [24]. Thus, we assume factivation(u)

as

factivationðuÞ ¼ guwðUÞ;

where γ is the rate of histamine release from a mast cell, and χ(U) is given by

wðUðx; tÞÞ ¼
1 if Uðx; tÞ ¼

R t
0
guðx; tÞdt � Utot

0 else
:

(

Fig 2. Model assumptions and simulation result. (A, B) Self-activation and self-inhibition loops of histamine via a mast cell, and the detailed functions of the loops.

The example graphs are drawn for γ = 0.008, α1 = 0.4, α2 = 5.0 in model (1). (C) A representative simulation result of the model (1) for wheals and histamine. The

parameter is assigned to Table 1 (Set I). The initial condition is shown in the figure at t = 0 for histamine. (D-G) Parameter spaces for wheal development with respect to

Pmin are plotted by the color bar. Uniform development is the region where wheals are uniformly developed in the area corresponding to no pattern state. Fine-tuning is

the region where wheals developed as very fine dots with diameters less than 3 mm and were widely spread over the area corresponding to eruptions shown in Fig 3. q0,

qa1
; qa2

; qa0
, qμ, qγ, qF, qU are labels of parameter values chosen in the simulation results in (Fig 3A–3F).

https://doi.org/10.1371/journal.pcbi.1007590.g002
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U(x,t) indicates the total sum of released histamine from a mast cell during [0,t] and Utot is

the total amount of histamine contained initially in the mast cell (Fig 2B Left and see Methods

for more details of model formulation). The other is the inhibition loop (ginhibition(u)) where

we assume that histamine inhibits the activity of skin mast cells in a dose-dependent manner

which results in the decrease of histamine concentration in dermis when it is less than a

threshold, but this effect decreases once the amount of histamine becomes larger than the

threshold. Thus, we assume ginhibition(u) in the simplest form as

ginhibition uð Þ ¼
a2u

a1 þ u2

where α1 is the positive constant implying the histamine concentration where the inhibition

effect is the highest, and α2 is the positive constant determining the highest level of inhibition

effect (Fig 2B Right). For the inhibitory regulation, we assume that there exists a self-inhibition

mechanism which is directly regulated in a histamine concentration-dependent manner via

mast cells [23,25,26]. That is, the production of the inhibitory mediator is activated and the

self-inhibitory effect increases in a concentration-dependent manner when the histamine con-

centration is less than a threshold, but is suppressed and the self-inhibitory effect decreases,

once the amount of histamine becomes larger than the threshold. The specific inhibitory sub-

stance that directly acts on histamine dynamics via mast cells is still unknown, and the detailed

form of inhibitory function above is fully a model assumption. However, certain substances

derived from mast cells inhibit the release and/or effect of histamine synthesized by mast cells

as referred in the Introduction section and will be discussed in more detail in the Discussion

section [22, 23, 25].

Next, we set up an initial stimulus implying an external stimulus, such as allergens. Since

we consider the urticaria occurred in a wide region of body by non-local stimulus, the mathe-

matical setup for initial condition is given to a spatially perturbed function around the mini-

mal homogeneous steady state (u�
0
) of histamine concentration u(x,t) such that

u x; 0ð Þ ¼ u�
0
þ r

�ðxÞ þ scðxÞ
1þ s

where ϕ(x) is the perturbation function given to random values within [0, 1] and ψ(x) is the

weight function defining a long-range spatial distribution of the stimulus. For ψ(x), we used

the following equation:

c xð Þ ¼
cos npx

L

� �
cos mpy

L

� �
þ 1

2

where n andm are integers and L×L is the length of simulation space. r and s are positive

parameters representing the (maximal) length of given perturbation (stimulus size) and weight

strength, respectively. We also defined the strength of initial stimulus by Pr such that

Pr ¼
r

Maximal concentration of histamine
%ð Þ;

and the minimal strength of initial stimulus at which urticaria develops by Pmin. Since urticaria

is a phenomenon confined within the human body, we assumed zero flux boundary

conditions.

Finally, we define the wheal state function. The averaged estimation of wheal radius devel-

opment has shown that the size of the wheal converges to a constant value and the expansion

speed becomes almost zero (Fig 1B and S1B Fig). This indicates that there is a threshold value

of histamine concentration (denoted by ur) for wheal development. That is, when the
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histamine concentration is less than ur, the wheal expansion does not occur. Based on these

features, we defined a function transferring the histamine concentration to wheal state under

the following two assumptions: The first is that the wheal dynamics are simply reflected by the

histamine dynamics, and we neglected the delay between the histamine and wheal dynamics.

Thus, we assumed that the time scale of wheal dynamics in the skin is supposed to be similar

to that of histamine dynamics in the dermis. The other assumption is that a wheal notably

appears when the histamine concentration exceeds a threshold concentration [27]. Based on

these assumptions, we defined the wheal state function that can directly reflect the dynamics of

histamine as follows.

H uð Þ ¼
1

1þ exp½� bðu � urÞ�

where β is a positive constant. This function allows two states of wheal states, namely, wheal

present (1) /absent (0), and wheals appear when the histamine concentration is larger than the

threshold, ur.

Regeneration of CSU by self-activation and self-inhibition regulations

Using the mathematical model, we first found the dynamics of wheals that were similar to

those observed in real patients in a clinical setting (Fig 2C and S1 Movie), where the annular

pattern was observed, and the small ring patterns grew up and fused, resulting in an uneven

and irregular pattern. We also found that there is a threshold value of initial stimulus that

causes urticaria to develop (S1 Text and S3A Fig). We, thus, explored how a minimal size of

stimulus, Pmin at which urticaria develops, is related to the parameters in the model (1). We

found that Pmin varies depending on the parameters (Fig 2D–2G) and that wheals do not tend

to emerge when the parameters of positive feedback (γ,μ) are low and the parameters of nega-

tive feedback (α0,α2) are high. By using numerical and linear stability analysis, we also found

that wheals do not emerge when γ−α0<0. This condition includes the case of γ = 0, namely,

activation absent case (S1 Text and S3B and S3C Fig), implying that the self-activation effect is

indispensable for the wheal development of urticaria. Moreover, when the inhibition rate (α2)

is low, wheals develop with very small Pmin (the parameter region of uniform development).

With no inhibition effect (namely, α2 = 0), our model becomes a linear equation and the hista-

mine increases exponentially without spatial heterogeneity, once wheals emerged (γ−α0�0)

(S1 Text and S3E Fig). Taken together, we concluded that the activating regulation plays an

important role in the emergence of wheal, while the inhibitory dynamics of histamine plays a

key role in the spatial heterogeneity of wheals in urticaria.

Multifarious eruptions of urticaria explained by model parameters and

initial stimulus

Next, we investigated how the geometry of wheals may be affected by the parameter choice.

The representative simulation results are shown in Fig 3A–3F and the chosen parameters were

labelled as q(parameter) in Fig 2D–2G. We found that the visible appearances of wheals could be

classified into five types; large annular pattern, small annular pattern, broken annular pattern,

circular pattern and dots pattern, corresponding to real eruptions observed in urticaria. When

we decreased α1 or increased α2 from the representative parameter sets used in Fig 2C (q0 in

Fig 2E), a large annular pattern was observed without change in the time course (Fig 3A). In

contrast, a small annular pattern appeared when the histamine release rate (γ) was small (Fig

3B, S2 Movie and qγ in Fig 2D). When the basal secretion rate (μ) decreased, the wheals were

partially broken in their shape (Fig 3C, S3 Movie and qμ in Fig 2F). When the basal decay rate

A single reaction-diffusion equation for the multifarious eruptions of urticaria
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(α0) was small, a circular pattern appeared (Fig 3D, S4 Movie and qa0
in Fig 2G) and showed

very slow extinction (S1 Text and S4 Fig). Moreover, there was a common region (gray regions

shown in Fig 2D–2G) for all parameters where α2 was large and the Pmin was large, and the

wide-spread small dots pattern appeared (Fig 3E). When the strength of stimulus is large, the

wheal pattern becomes very similar to that observed in cholinergic urticaria (Fig 3E right fig-

ure and S5 Movie). In contrast, with parameters in the region of uniform development (Fig

2D–2G), very fine patterning of histamine occurs and the wheals develop in an indistinguish-

able manner with high density (S1 Text and S3E Fig), resembling homogenous eruptions often

found in patients with anaphylactic shock (Fig 3F).

Next, we investigated how the strength of the stimulus (Pr) and spatial heterogeneity of the

stimulus influenced the pattern of wheals. We found that the density of wheal patterning is

sensitively dependent on the strength of the stimulus (Fig 3G). When the strength of the stimu-

lus increased slightly, the density of wheal pattern notably increased. Moreover, the spatial

Fig 3. Multifarious eruptions of urticaria and simulation results. (A-F) Patterns of representative urticaria eruptions developed in patients (lower or right panels),

and patterns simulated (upper or left panels) by parameters notated by (q0), ðqa1
Þ, ðqa2

Þ, ðqa0
Þ, (qμ), (qγ), (qF), (qU) in (Fig 2D–2G) were assigned to similar eruptions

developed in real patients with urticaria. The right-hand side figure in C was generated with a stronger initial stimulus than that in the left-hand side figure. The time of

simulation result is notated in each figure. (G) Wheal patterns for the increase in the strength of the stimulus (Pr). The density of wheals is notably increased. (H) Wheal

patterns are shown with respect to two different weight functions of ψ(x) with the fixed Pr. α2 = 5.0,u� = 0.181, and the other parameters chosen were listed in Table 1

(Set I) for (G) and (H).

https://doi.org/10.1371/journal.pcbi.1007590.g003
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heterogeneity of the stimulus can induce a large scale of flower patterning (Fig 3H and S6

Movie). The wheals developed first in the place where the stimulus was administered, and then

small dots rapidly fused and formed large-scale islands.

Estimation of expanding speed of wheals in urticaria vs intradermal

injection experiment

To explore how the activating and inhibitory mechanisms in our model can explain the differ-

ence in wheal expanding speeds observed in CSU and those in response to bolus intradermal

injection of histamine, we compared the mathematically-estimated speed of wheal expansion

by intradermal injection of histamine (Fig 1B and S1 Fig) and that in CSU by our mathemati-

cal model (Fig 4 and see Methods for detailed analysis) with those observed in real cases of

urticaria and the intradermal injection experiments shown in Fig 1B and 1C. Our analysis

showed that the expanding speed of wheal developed by intradermal injection decreased in

monotone and the maximal speed of expansion is determined by the concentration of hista-

mine given in the initial stage of injection (Fig 4A). In contrast, our model showed that the

wheal expanding speed of CSU is constant (0.25 mm/hr) (Fig 4B and 4C) and much smaller

than that by bolus injection of histamine. The estimated speeds are also very similar in scale to

the results of the experiments and clinical observations shown in Fig 1C and S1 Fig.

When we consider the dynamics as a traveling wave, the expanding speed (c) can be analyti-

cally obtained such as

c � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D g �
a2ða1 � u�2l Þ
ða1 þ u�2l Þ

2
� a0

 !v
u
u
t

where u�l is the unstable equilibrium in the model (See Supporting Information for the detailed

analysis). It suggests that the expanding speed of wheal is increased as the rate of histamine

release (γ) increases, but it is deceased as the basal decay rate of histamine (α0) or the highest

level of inhibition effect (α2) increase. This result indicates that the inhibitory dynamics of his-

tamine may account for the notable difference of wheal expanding speeds between those in the

intradermal injection experiments and those observed in patients with urticaria.

Discussion

Urticaria is a common skin disease but the underlying mechanism of the wheal formation has

not been well understood. Our mathematical model suggests that not only a self-activation of

histamine production via mast cells, but also its combination with self-inhibition in histamine

dynamics plays a critical role in generating a wide-spread patterning of the wheal observed in

urticaria, and that the balance of parameters may determine various geometries of the wheals.

In contrast, the size and density of wheal patterns may be determined by the strength and ran-

domness of the initial stimulus. In our model, the self-activation effect induced the increase of

histamine and spread around cell with diffusion. If this positive feedback acts alone, the wheals

emerge spatially uniformly by an external stimulus and all the skin will develop into the gen-

eral rash condition as typically observed in anaphylaxis [28,29]. By contrast, the presence of

self-inhibition may develop various spatial variations with the increase of histamine (Fig 2 and

S3 Fig).

The presence of self-activation and self-inhibition mechanisms are supported by our

recently published in vitro studies. Namely, histamine not only induces dilatation and hyper-

permeability of the skin microvessels by itself at high concentrations, but it also triggers the

extrinsic coagulation pathway in synergy with toll-like receptor agonists via the expression of
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tissue factor on vascular endothelial cells at low concentrations [25,26]. This reaction induces a

small gap formation between endothelial cells in the presence of plasma coagulation factors

[25,26]. This brings various histamine releasing factors to the blood, such as activated coagula-

tion factors to activate protease activating receptor (PAR) on mast cells, autoantibodies against

IgE or the high affinity IgE receptor (FcεRI) and autoantigens for IgE to the tissue. These fac-

tors should induce further release of histamine from mast cells in the vicinity, as well as neuro-

peptides released from free nerve endings in the skin by histamine [20, 30–35]. On the other

hand, the expression of tissue factor on endothelial cells and histamine release from mast cells

are consequentially suppressed by adenosine derived from ATP which is released from mast

cells together with histamine [25,26]. Moreover, adenosine inhibits mast cell degranulation by

itself [23].

We also found that a threshold of initial stimulus for the development of wheals, namely

Pmin, varies depending on the parameters. Since Pmin is defined as the ratio of histamine release

rate from mast cells to the maximal concentration of histamine, histamine release over the

threshold is necessary for the development of wheals in the initial phase. It is noteworthy that

only a few percent release of the histamine released from mast cells may reach Pmin and trigger

wheal formation in this model. In a clinical setting, antihistamines compete with histamine

and completely abolish the development of wheals for a large number/proportion of patients

with urticaria, especially for those with CSU. This effectiveness is well explained by the reduc-

tion of histamine activity to a level lower than Pmin. In the case of the dot pattern wheals in

which Pmin is large, histamine concentration that evoked wheal formation must be high, and

thus antihistamines may not compete with the activity of histamine to fall the levels below

Pmin, resulting in no or only a small quantitative decrease in eruptions. Therefore, urticaria,

such as cholinergic urticaria, that presents wheals of the dot pattern nature and presumably

those of other types of inducible urticaria may be intractable with respect to treatment with

antihistamines [36]. Thus, the characteristic of wheal patterning of individual patients could

be a measure to classify the pathophysiology of urticaria, and the values of wheal parameters

may be considered with respect to the choice of treatment for individual patients.

In this mathematical formula, we assumed histamine to be a mediator that is released from

and acts on mast cells by itself. However, any substance that is released from mast cells

together with histamine and that acts to both activate and inhibit may be plausibly included in

Fig 4. Comparison of the expanding speed of wheals developed by intradermal injection with that in urticaria using the mathematical model. (A) The expanding

speed approximated by the Eq (4) for the injection of 10 μg/ml histamine. The maximal speed is determined in the initial stage. (B) Expanding radius of the wheal in the

model (1). The parameters chosen were listed in Table 1 (Set I) (C) The expanding speed calculated from (B).

https://doi.org/10.1371/journal.pcbi.1007590.g004
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the model assumption. In fact, histamine is released from mast cells in parallel to ATP, which

is metabolized to adenosine, and consequentially inhibits mast cell activation both directly and

indirectly as described above [25,26].

Our model is still conceptual at present and might not yet be directly applicable to real clini-

cal management. Moreover, we did not take into account the synthesis of histamine which

increases the amount of intracellular histamine. Nevertheless, the analysis of various clinical

appearances of urticaria in accordance with this model and fine-tuning of the model should be

a basis for understanding the pathogenesis of urticaria and aid decision-making for appropri-

ate treatments. Moreover, the model may be extended to include skin structures using particle

model [37] and the dynamics of immune system.

Urticaria is a common skin disease, and various factors are known to be associated with the

onset and/or the aggravation of urticaria. Recent development of biologics, such as omalizu-

mab, humanized monoclonal antibody against IgE, have largely improved its treatment

[38,39]. However, many patients still do not benefit from or tolerate such therapies, and the

molecular mechanism of wheal formation in urticaria is poorly understood [1,2,5]. It is largely

due to a lack of proper experimental, small animal models for urticaria. Our mathematical

model suggests a new possible mechanism of histamine to cause urticaria at a molecular level

and may explain multifarious eruptions by two key dynamics; self-activating and self-inhibit-

ing regulation of histamine. Moreover, our modeling framework suggests a new potential of a

single reaction-diffusion equation as a new type of pattern-forming dynamics which creates

diverse pattern transitions. The combination of a mathematical model with machine learning

for pattern recognition may also help such procedures. Further studies of urticaria with spe-

cific parameters using our mathematical model may classify symptoms of urticaria in terms of

characteristics of the underlying mechanisms of wheal formation, and be applicable to better

precision medicine for individual patients.

We believe that our study could lead to a promising route to find molecules which may play

a role as an inhibitory regulator in the pathogenesis of urticaria. It may also help in developing

new treatments of skin diseases from a geometrical point of view through in silico experiments

which has not been previously tried in medicine.

Methods

Time courses of wheals induced by the intradermal histamine injection

Eight healthy volunteers (M:F 7:1; mean age 36.8, range 28–59) were recruited in this experi-

ment. No volunteers took anti-histamines. Wheals were induced on their forearm by the intra-

dermal injection of 0.02ml histamine at concentrations of 3, 10 and 30 μg/ml, and recorded on

a digital camera at the indicated time points over 20 minutes (S1A Fig). The area of wheal (Aw)

was calculated from the number of pixels occupying the target wheal on the digital image with

reference to the number of pixels in the standard area near the wheal. The radius of wheal (Rw)

was acquired by substituting Aw into the equation of Aw = π(Rw)2. The regression analysis was

applied to the Rw plotted in chronological order on a graph by the statistic software, Graphpad

prism7 (GraphPad Software, Inc., CA, USA). Finally, the derivative of the regression curve of

Rw(dRw/dt) was defined as the radial expansion velocity of the wheal.

Time courses of wheals in patients with CSU

Forty-nine wheals in 14 patients with chronic spontaneous urticaria (M:F 5:9; mean age 52.4,

range 22–71) were analyzed under the approval by the ethics committee at Hiroshima Univer-

sity Hospital. Wheals spontaneously emerging on patients were recorded on a digital camera

over multiple time points. The area of the urticarial wheal (Auw) was calculated from the
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number of pixels occupying the target wheal on the digital image with reference to the number

of pixels in the standard area. Then, the radius of the wheal (Ruw) was acquired by substituting

Auw into the equation of Auw ¼ pðR
u
wÞ

2
. The radial expansion velocity of wheal was calculated as

the average during the observation time of two adjacent points.

Model assumption for self-activation loop of histamine (factivation(u))

Let us denote the concentration of histamine contained in a mast cell at x and time t by ucell(x,

t). Then, the concentration of histamine contained in a mast cell at x and time t can be written

by

ucellðx; tÞ ¼ ucellðx; t � DtÞ � Dt½Released histamine amount from a mast cell per unit time�:

We here assume that the released histamine amount from a mast cell per unit time is pro-

portional to the concentration of extracellular histamine at x and time t. That is, we assume

that the time interval between the time that a mast cell is stimulated and the time that hista-

mine is released from a mast cell by the stimuli is sufficiently short and can be negligible.

Then, the formula above can be written by

ucellðx; t � DtÞ � ucellðx; tÞ
Dt

¼ gu x; tð Þ

where γ is a proportional constant. We here can define γ as the release rate. Therefore, with

Δt!0, the total released histamine amount from a mast cell during [0, t�] at each mast cell is

given to

Z t�

0

ucellð�; tÞ
dt

�
�
�
�

�
�
�
�dt ¼

Z t�

o
guð�; tÞdt:

Note that the left side term implies the total amount of released histamine from a mast cell

during [0, t�]. Because the amount of histamine contained in a mast cell is limited, we obtain

the following condition

Z t�

o
guð�; tÞdt � Utot:

The variation amount of extracellular histamine by the release from a mast cell at x is also

given to

duðx; tÞ
dt

¼ �
ucellðx; tÞ
dt

¼ gu x; tð Þ:

Quantitative analysis for estimation of diffusion coefficient of histamine

To estimate the diffusion coefficient of histamine in the dermis, we used the data from intra-

dermal injection experiments of histamine (Fig 1B and 1C, S1 Fig and S1 Table). In the intra-

dermal injection experiments, wheals do not spread around the whole body but remained

localized, indicating that mast cells are not stimulated at single site so that the effects of self-

activating and self-inhibiting loops in our model can be neglected. We also assume that the

basal release and decay rates are in the equilibrium state and are maintained because the hista-

mine injection is sufficiently localized. Thus, we assume that the disperse dynamics of hista-

mine by intradermal injection is dominated by the diffusion equation. Because the formation

of wheals by histamine injection in dermis is rapid, we assume that the dispersal of wheals

occurs in a similar time scale with the dispersal of histamine in the dermis. Thus, we detected
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the diffusion coefficient of histamine by using the dynamics of the wheal. Let us assume that

the dynamics of histamine in intradermal injection satisfies the diffusion equation as follows.

@u
@t
¼ Du

@2u
@x2
þ
@2u
@y2

� �

: ð2Þ

With the initial condition u(x,0) = u0δ(x), the solution of the Eq (2) is given to

u r; tð Þ ¼
u0

4Dupt
exp �

r2

4Dut

� �

ð3Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
.

Let us define the radius of histamine wave at which the concentration of the histamine is ur
by r� (S2A Fig). Then we can see that r� has a critical value (r�max) at some time t� (S2B Fig),

implying that the wheal in the intradermal injection experiment disperses, but stops in a lim-

ited size. That is,

ur ¼
u0

4Dupt�
exp �

r�max2

4Dut�

� �

ð4Þ

is hold. Therefore, using the quantitative data and the Eq (4), we can estimate Du if we can

measure the values of ur, t� and r�max. However, detecting ur is not easy in the intradermal

experiments. We thus have estimated Du without knowing the detailed value of ur in the fol-

lowing method.

First, to find t� we have estimated the averaged graphs of Aw,Rw,dRw/dt of the intradermal

injection experiment from calculating the averaged values of fitting functions for each subjec-

tive (S2C Fig), which is given by S1 Table. Using these data, we next have estimated t� and r�max

as the following steps.

(A) Finding the time t� at which the wheal expansion stops. t� is given to

t� ¼ min
t>0

tj
dRw
dt
� �

� �

because
d
dt

dRw
dt

� �

< 0:

where � is sufficiently small. We chose � = 0.005(mm/min) which has been approximated by

the smallest size of pixels in imaging analysis of the intradermal injection data.

(B) Calculate r�max using r�max ¼ Rwðt
�Þ.

(C) Estimate Du using the analytical solution (3) for each case: 3, 10, and 30 (μg/ml) as the

following; let us denote the diffusion coefficients of 3, 10, and 30 (μg/ml) cases by D1,D2,D3.

Because ur should be same for the cases of 3, 10, and 30 (μg/ml), we have the following equa-

tions.

3ðmg=mlÞund
4D1pt�3ðmg=mlÞ

exp �
r2

4D1t�3ðmg=mlÞ

 !

¼
10ðmg=mlÞund
4D1pt�10ðmg=mlÞ

exp �
r2

4D1t�10ðmg=mlÞ

 !

3ðmg=mlÞund
4D2pt�3ðmg=mlÞ

exp �
r2

4D2t�3ðmg=mlÞ

 !

¼
30ðmg=mlÞund
4D2pt�30ðmg=mlÞ

exp �
r2

4D2t�30ðmg=mlÞ

 !

10ðmg=mlÞund
4D3pt�10ðmg=mlÞ

exp �
r2

4D3t�10ðmg=mlÞ

 !

¼
30ðmg=mlÞund
4D3pt�30ðmg=mlÞ

exp �
r2

4D3t�30ðmg=mlÞ

 !

where und is the scaling parameter for the initial concentration of histamine. By taking the
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mean of D1,D2, and D3 solved from the above equations, we estimated Du. The detailed values

which we estimated by above steps are given in S2 Table.

S2D Fig shows how much the estimated diffusion coefficient of histamine fits the patient

data. Using the Eq (4) and the initial wheal size (r0) in the intradermal experiment data, we

obtained the evolution graph of the wheal radius as the following.

r�max tð Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dut log
u0

4Dupurt

� �s

þ r0; ð5Þ

in which the detailed value of ur was calculated from the Eq (4) with data of S2 Table (ur =

0.003748). In S2D Fig, we have approximated u0 = 0.3. In fact, from this approximation we can

also obtain und = 0.03 (ml/μm) because u0�und×10 (μg/ml). Thus, we can also obtain r�maxðtÞ
graphs for 3 (μg/ml) and 30 (μg/ml) cases.

Analysis of expanding speed of wheal vs intradermal injection experiment

using mathematical models

From the Eq (5) and the detailed parameter values used in S2D Fig, we can directly calculate

the expanding speed of the wheal radius (dr�max=dt) of the 10(μg/ml) intradermal injection

experiment. This is likely to be explained by that the histamine dynamics of intradermal injec-

tion that can be assumed as a simple diffusion equation, where the expanding speed depends

on the initial amount of histamine given in a local area (Eq (5) and Fig 4A).

In the mathematical model, we investigated the expanding speed of annular patterns (Fig

4B). We gave a Pmin stimulation in the center of simulation space and calculated the expanding

radius after the wheal has approached in a measurable size (Fig 4B). We found that the expand-

ing speed is determined constantly until the total amount of histamine in a mast cell has been

released out all (Fig 4C). Similarly, with the experimental result of Fig 1B, the wheal expanding

speed in our model also showed much smaller speed than the maximal speed of intradermal

injection case, and the value of speed was in a feasible range as shown in urticaria data (Fig 1C).

Choice of model parameters

In order to visualize the global dynamics of wheals, we have chosen the spatial length scale as

27.4 cm×27.4 cm in the numerical simulations with the time scale of 250 seconds. We have

quantitatively estimated the diffusion coefficient of histamine by using mathematical model

and intradermal injection experiment data (See Methods). On the other hand, the details of

kinetic parameters are completely unknown. Thus, we have investigated the model dynamics

Table 1. The representative parameter values used in simulations.

Parameters Dimensionless value Dimensional value Set I

Spatial length (L×L) 1×1 27.4×27.4 (cm2) 27.42 (cm2)

Time scale (t) 1.0 250 (sec) 250 (sec)

Diffusion rate (Du) 4.7×10−6 1.412×10−5(cm2/sec) 1.412×10−5(cm2/sec)

Histamine

release rate (γ)

[0.0, 6.0] [0.0, 0.012] (sec-1) 4.0 (0.008 sec-1)

Parameter affecting the gradient of inhibition rate (α1) [0.0, 0.7] [0.0, 0.028] (sec-1) 0.4 (0.0016 sec-1)

Parameter affecting the maximal inhibition rate (α2) [0.0, 6.0] [0.0, 0.024] (sec-1) 4.5 (0.018 sec-1)

Basal decay rate of histamine (α0) [0.0, 3.0] [0.0, 0.012] (sec-1) 0.7 (0.0028 sec-1)

Basal secretion rate of histamine (μ) [0.0, 2.5] [0.0, 0.1] (sec-1) 1.5 (0.06 sec-1)

Total amount of histamine (Utot) [100, 600] [5×104,3×105] (sec) 150(7.5×104sec)

https://doi.org/10.1371/journal.pcbi.1007590.t001
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for the wide range of parameter values and qualitatively compared the model dynamics with

real clinic data of urticaria. The representative range of parameters are given in Fig 2D–2G

and the details of parameter values we used for specific figures in this paper are shown in

Table 1.
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sentative time course of wheals induced by intradermal histamine injection, observed in a

healthy volunteer (M.M.). Photographic images were arranged according to a time course and

histamine concentrations. (B) The expansion of wheal radius (Rw) was estimated from the area

of wheal in (A) (See Methods). The solid lines are the averaged line for several numbers of sub-

jects which have been obtained by regression analysis. The wheal radius was plotted by time

and fitted into the curve of Y = Y0+(P−Y0)(1−e−αt). The maximum wheal radius increased in a

dose-dependent manner of histamine concentration. The detailed fitting functions are shown

in S1 Table. (C) The wheal state function. To represent that the complete recovery of skin

takes time, we chose β to be smaller in case the histamine was in increasing state (red line)

rather than the case that histamine concentration was in a decreasing state (green line),

because the wheal disappears with the decrease of histamine concentration while complete

recovery to the original skin state requires more time.
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S2 Fig. Data of histamine injection experiments and diffusion estimation. (A) The solution

of the diffusion equation du/dt =Dr2u, u(x,0) = u0δ(x) for t = t1,t2(t1<t2). r�(t) is defined by the

radius at which uðr; tÞ ¼ urðr ¼
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x2 þ y2
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Þ. (B) The graph of r�(t). There exists the maximal

value r�max of r�(t). t� is the time when r�ðtÞ ¼ r�max. (C) The averaged values ofAw (the area of wheal

Rw), (the radius of wheal), dRw/dt (the speed of wheal expansion) for histamine injection experi-

ment. (D) Comparison between the experiment data of CSU subjects (1 to 7) for 10 μg/ml and the

radius of wheals (Rw) obtained from the diffusion rate estimated from the experimental data (See

Methods). The lines are given by the estimated equation Rw ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dt logðu0=4DpurtÞ

p
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D = 0.08474977(mm2/min), ur = 0.003748, u0 = 0.3, and r0 is given to the initial wheal size obtained

in the experiment. The black bold line is r0 = 3.20875, and the thin blue lines are r0 = 3.20875

±0.42342. Each point indicates the experiment data of CSU patients.
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S3 Fig. Mathematical structure for urticaria emergence. (A) Wheal emergence/non-emer-

gence depending on Pr. The same parameters have been given for two simulations except for

Pr. γ = 4.0, α1 = 0.4,α2 = 5.0,α0 = 0.7,μ = 1.5 are chosen as nondimensional parameters. The ini-

tial condition was given with s = 0. (B) The example graphs of du/dt (i.e. the case of Du = 0) for

the size relation between histamine release rate (γ) and basal decay rate (α0). u�
0

and u�� are two

positive equilibria. The white and black circles indicate a stable and unstable state in the given

equilibrium, respectively. Arrows indicate the direction of histamine concentration around
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equilibria. (C) Parameter space for developing urticaria. In the black shaded region, uniform

urticaria develops without a pattern. α1 = 0.4, μ = 1.5 are chosen in a nondimentional parame-

ters. γ,α2,α0 are plotted with nondimensional scale. (d1) is (2.0, 3.0), (d2) is (5.0, 1.0), and (d3)

is (5.0, 2.92). (D) The graphs of du/dt for each case, (d1), (d2) and (d3). (E) Time course of

wheals and histamine distributions simulated by the parameter set of (d1) in C.
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S4 Fig. Wheal differences and temporal dynamics for circular wheal pattern. (A) The reac-

tion terms of the equation (1.3) for annular patterns (red line) and circular patterns (green

line). Shaded circle implies a stable equilibrium and blanked circle implies an unstable equilib-

rium. (B) The reaction term of the equation (1.3) for circular patterns with respect to the value

of α0. u− and u+ are stable equilibria. (C) Temporal dynamics for the case of qa0
in Fig 3E.
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