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Abstract

Motivation: Gene regulatory network (GRN) inference is a complex task aiming to unravel regulatory interactions between genes in a cell. A
major shortcoming of most GRN inference methods is that they do not attempt to find the optimal sparsity, i.e. the single best GRN, which is
important when applying GRN inference in a real situation. Instead, the sparsity tends to be controlled by an arbitrarily set hyperparameter.

Results: In this paper, two new methods for predicting the optimal sparsity of GRNs are formulated and benchmarked on simulated
perturbation-based gene expression data using four GRN inference methods: LASSO, Zscore, LSCON, and GENIE3. Both sparsity prediction
methods are defined using the hypothesis that the topology of real GRNs is scale-free, and are evaluated based on their ability to predict the
sparsity of the true GRN. The results show that the new topology-based approaches reliably predict a sparsity close to the true one. This ability
is valuable for real-world applications where a single GRN is inferred from real data. In such situations, it is vital to be able to infer a GRN with

the correct sparsity.

Availability and implementation: https://bitbucket.org/sonnhammergrni/powerlaw_sparsity/ and https://codeocean.com/capsule/4393635/.

1 Introduction

Gene regulatory network (GRN) inference has found many
applications in systems biology, for instance, to characterize
mechanisms in diseases such as cancer (Lopes-Ramos ef al.
2018, Secilmig et al. 2020) or COVID-19 (Guzzi et al. 2020).
Nevertheless, methods used for GRN inference (GRNI) vary
in mathematical and biological model assumptions as well as
the usage of the experiment design as input data (Segilmis
et al. 2022a). What these methods tend to have in common,
however, is the use of a hyperparameter to control the spar-
sity, i.e. the average node degree in the GRN. In a real biolog-
ical application, it is important to estimate the single most
correct GRN, which can be used to visualize and analyze the
regulatory mechanisms and serve as a guide for further
experiments. It has been shown that networks in living sys-
tems are typically sparse, leading to explorability and stabil-
ity (Busiello et al. 2017). Hence, it is crucial to estimate a
proper sparsity while inferring a GRN. This problem has
been recognized and approached as part of the inference step
with GRNI methods such as C3NET (Altay and Emmert-
Streib 2010) where sparse GRNs are inferred by choosing
interactions with significant mutual information. However,
in practice the level of significance still serves as a hyperpara-
meter and the problem of accurately optimizing the spar-
sity remains.

Choosing the hyperparameter value that best recreates the
true GRN is a challenge due to a number of factors, such as
not knowing the true sparsity of the real GRN, not being able

to consistently measure prediction accuracy, e.g. via cross-
validation, and the general lack of knowledge about the true
interactions. Examples of previous methods for selecting op-
timal sparsity include the SPA workflow (Secilmis et al.
2022b) where a GRN information criterion (GRNIC) was
formulated and tested on small GRNs with low sparsity, and
an approach based on leave one out cross optimization
(Tjarnberg et al. 2013). Both of these approaches suffer from
instability issues, however, especially when the noise levels
are high.

Although there are many unknown factors connected to
any given GRN, a general assumption regarding the topology
of GRNs is that they are scale-free (Zhu et al. 2007, Ouma
et al. 2018). This has been shown to hold for real GRNs from
several different sources (Garbulowski et al. 2024). The
scale-free topology can be described by an approximate dis-
crete power law distribution where the node out-degrees
(number of regulatory interactions) are compared against
their frequencies, and such a topology frequently appears in
networks generated by nature (Rak and Rak 2020). We
therefore decided to exploit the assumption of scale-freeness
as the foundation for two sparsity selection methodologies to
select the best GRN in terms of topology.

The goal of this study was to develop algorithms that in-
crease the selection accuracy of GRN inference based on net-
work topology. We propose two approaches: “goodness of
fit” and “logarithmic linearity.” They both use adherence of
the node out-degree distribution to a power law distribution
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as the main principle but use different statistical models. As
the power law distribution should not involve the in-degree
of nodes in GRNs (Almaas and Barabdsi 2006), only the out-
degree was considered. We benchmarked these algorithms
against gold standard GRNs for varying noise levels, spar-
sities, and inference methods. The results of the benchmark
indicate that both algorithms are capable of selecting the
GRN with a close to correct sparsity.

Most GRN inference algorithms do not address the issue
of sparsity but instead infer a fully connected GRN. This
GRN can be made sparser by setting all links with a score be-
low a cutoff value to zero, but there is no guideline for how
to choose the cutoff. It is to this end that we developed the
two new algorithms presented here. In a real-world applica-
tion, such as the inference of a GRN from cancer data, it is vi-
tal to be able to infer a GRN with the correct sparsity to
represent the biological GRN most faithfully and to avoid
false negatives and positives as much as possible. As GRN
analysis of biological processes is becoming an increasingly
popular tool in the omics era, this capability will be highly
useful when using real data with the goal to identify new
mechanisms that cause biological phenomena such as can-
cerogenesis. At the same time, the presented algorithms are
only selecting GRNs from a range of varying sparsities, hence
the accuracy of the selected GRN can only be as good as the
applied inference method. With the continued development
of better GRN inference methods, the new sparsity selection
methods will improve our ability to correctly infer GRNs
from real data, which will lead to new insights of the underly-
ing regulatory mechanisms and ultimately to better therapies.

2 Materials and methods

The discrete power law distribution approximately describing
the scale-free topology is defined by the following probability
function px(k) (Barabdsi 2009):
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is the Hurwitz Zeta function with parameters a and k,;;;,. In
this study, k represents the out-degree of a node (gene) in a
GRN and k,,;, is set to 1, assuming a discrete power law dis-
tribution for all positive node out-degrees.

One interesting property of the discrete power law distri-
bution follows from taking the logarithm of the probability
function defined in Equation (1)

g (1)) =l g7k~ ) = =alog()~log(c k)
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This proportional relationship reflects what is often consid-
ered to be a scale-free topology—there is a negative linear
trend between the logarithm of the observed frequencies of
nodes with a given number of links and the logarithm of the
number of links per node.
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Two methods are formulated below to test the potential of
the hypothesis of true GRNs being scale-free in sparsity selec-
tion. They are both based on the same hypothesis but use dif-
ferent approaches.

2.1 The goodness of fit metric

The goal of GRNI is to infer a GRN as close as possible to
the true one. A GRN is represented by the interaction matrix
A € R"*" where n is the number of genes in the GRN and the
element in the ith row and jth column of A represents the reg-
ulatory effect of gene i on gene j. Given a GRNI method with
a set of hyperparameter values A, € {1,...,4g} that control
the sparsity of the prediction, A, is the inferred GRN gener-
ated with hyperparameter value A,. For such a GRN, the ob-
served out-degree distribution can be obtained by counting
the number of nonzero elements per row of Ay

n

¥ =" |sign(a®)| (4)
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where c ) is the out- degree of gene i, n is the number of genes
in the system and a( %) is the element in row i and column j of
A Next, count the frequency of out-degrees xff) accord-

ing to

xf) = 3 Lale) (5)

where 1<d<n is the range of out-degrees. Basic statistical
theory (Jackson Hall and Oakes 2023) says that if the node
out-degree of the GRN represented by A, follows a discrete
power law distribution, the goodness of fit statistic
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will be approximately 4 distributed, where 7 is the number
of genes in A, with a positive observed out-degree:
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where (XE\/I)L is an approximation of the Maximum Likelihood

estimator of a for GRNAg, given by (Clauset et al. 2009):
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Even though the GRN topology is not assumed to exactly fol-
low a discrete power law distribution, it can be assumed to
do so asymptotically. The goodness of fit metric Q, will
therefore take on small values for GRNs with link degrees
close to such a distribution. The idea therefore is to investi-
gate if the equation:
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holds any merit for predicting sparsity, i.e. if A is the inferred
GRN closest in sparsity to the true one.

2.2 Logarithmic linearity metric

The logarithmic property shown in Equation (3) can also be
used as a measure for the topology of the inferred GRN.
Instead of the goodness of fit approach, one can look at how
the logarithm of the observed frequencies of out-degree in the
GRN relates to the logarithm of the out-degree. If the ob-
served distribution is close to a power law, there should be a
negative linear trend between the two. To measure the linear-
ity, Pearson's correlation coefficient 7(x,y) is used. This is de-
fined for two stochastic variables X and Y as
x‘ -X)

r(x,y) = \/ \/Z

With the notation used in the goodness of fit method, the cor-
relation coefficient of interest becomes

r(a®, p&)) = deD® (12)
> (e -aly |37 (5 -5
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where a log( ) ﬂd =log(d) and D@ = {d : x((ig) >0}.

Since a close to scale-free GRN should show a negative
trend in the logarithmic setting, a coefficient value
r(a®,®) = -1 would be optimal. However, there is a risk
that the correlation metric is close to —1 even for inferred
GRNs with a lower sparsity than the true one due to the de-
creasing number of data points in D®). To tackle this issue
the P-value, p,, of the correlation metric r(a®, @) is used.
Here the P-value is the probability of the null hypothesis that
there is no linear relationship between the data series. To fil-
ter out GRNs that generate a strong positive correlation only
cases where the correlation is less than —0.5 are considered.
The objective becomes to investigate if the equation

~

A = argmin;; D> 50 that 7(a® p®) < -0.5 (13)

holds any merit for predicting the sparsity. This is done in the
same fashion as with the goodness of fit approach.

2.3 Workflow

To test the robustness of the new methods, we benchmarked
them on GRNs inferred by four different GRNI methods:
Least Absolute Shrinkage and Selection Operator (LASSO),
Zscore, Least Squares Cut-Off with Normalization
(LSCON), and GEne Network Inference with Ensemble of
trees 3 (GENIE3), which are included in the GeneSPIDER
package (Tjarnberg et al. 2017). LASSO uses a linear model
L1 regularization (Tibshirani 1996), Zscore is a distance-
based inference that relies on a Z-score approach (Secilmig
et al. 2022a), LSCON utilizes normalized least square

regression (Hillerton et al. 2022), and GENIE3 applies a tree-
based ensemble method (Huynh-Thu ez al. 2010). All these
methods use the perturbation design matrix (so-called P-
based approaches) during the inference as it was shown that
such supervised methods outperform non P-based ones
(Secilmis et al. 2022a). For each method, the inference was
made on GRNs of two sparsities: 3 and 5 links per node on
average (Martinez-Antonio et al. 2008, Marbach et al. 2012).
Networks were created by using the scale-free network simu-
lation tool included in GeneSPIDER with the datastruct.sca-
lefree function where number of genes was set to 100 and
sparsity was set to 3 or 5. For each sparsity two different
signal-to-noise ratios (SNRs) were tested: 0.1 and 0.01, since
real biological datasets are usually noisy (Eling, Morgan, and
Marioni 2019) with SNR values that vary between 0.1 and
0.01 (Morgan et al. 2019, Secilmis et al. 2020). In this study,
SNR is defined according to

v~ 2(a, NM)4

SNR = (14)

where X, is the smallest singular value, Y the measured fold
change in gene expression, y ~2(a, NM) the quantile of the in-
verse y? distribution at level « with NM degrees of freedom
(number of genes x number of experiments) and 1 is the vari-
ance of the Gaussian noise (Hillerton et al. 2022).

From this definition of SNR, gene expression data Y €
RN*M can be simulated using the equation

Y= -A"'P+Esng (15)

where A € RN*N s the interaction matrix representing the
GRN, with eigenvalues with a negative real part, P € RN*M
is the matrix of the perturbation design, i.e. defining which
gene is perturbed in which experiment (0 or 1 values) and
Esng € RNV*M is 2 matrix containing Gaussian noise with a
standard deviation based on the chosen SNR.

For each combination of the GRN/data properties, three
different GRNs were generated and tested. The GRNs con-
tained 100 genes, and the data was generated using three rep-
licates for each perturbed gene. The workflow is described
in Fig. 1.

To measure accuracy the F-beta score (Goutte and
Gaussier 2005) was used. This metric represents a weighted
harmonic mean of precision and recall and is defined by
the equation

(14 f?) - precision - recall

Fy = 16
/ p* - precision + recall (16)
where
.. true positives
precision = — — (17)
true positives + false positives
recall — true positives (18)

true positives + false negatives

A value of > 1 increases the influence of recall while the op-
posite increases the influence of precision. A value of =2
was chosen to increase the weight of the recall because false
positives far outnumber true positives in a sparse GRN.
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Figure 1. The general workflow of the analysis. Given a true GRN, data is
simulated and GRNs are inferred. For all inferred GRNs the goodness of
fit and logarithmic linearity metrics of power law adherence are calculated
and used to predict the GRN with the optimal sparsity. These GRNs are
then compared to the true GRN in terms of sparsity and accuracy.

3 Results
3.1 Evaluation on simulated data

To evaluate the proposed sparsity selection methods, we cre-
ated benchmarking datasets with varying properties. For
each sparsity, 3 and 5 links per node, three different GRNs
containing 100 genes each were generated using
GeneSPIDER, giving a total of six different GRNs. For each
GRN, gene expression data was simulated for two different
SNR levels, 0.1 and 0.01, using a perturbation design where
each gene was knocked down in three replicates. Four differ-
ent GRNI methods: LASSO, Zscore, LSCON, and GENIE3
were applied to each dataset, resulting in a total of 48 combi-
nations of dataset and inference method. For each such com-
bination the sparsity selection methods “goodness of fit” and
“logarithmic linearity” were applied to evaluate the
topology-based approach to optimal sparsity selection.

We first provide a detailed showcase presentation of the
sparsity selection methods tested on GRNs inferred with
LASSO and LSCON. The complete results on all methods
and datasets are available in Supplementary Data, and are
summarized later on. The methods were evaluated according
to their ability to predict the best GRN in terms of sparsity
and F2 score.

For visualization purposes, all goodness of fit metric values
>104 were limited to this value, after which all values were
min-max scaled, resulting in values between 0 and 1. As this
is an optimization problem, the performance of the sparsity
selection methods should be assessed based on the alignment
between the sparsity at a metric minimum and either the true
sparsity or the sparsity with the maximum F2 score.

The results for LASSO are shown in Fig. 2. It can be seen
that there sometimes is a considerable difference in sparsity
between the inferred GRN that is best in terms of sparsity
and the one with the highest F2 score. The goodness of fit
metric behaves much smoother and with a better defined
minimum, which leads to increased performance. In all cases
it selected a GRN with a more correct sparsity, and in three
out of four cases a higher F2 score than the logarithmic line-
arity method.

Lundquvist et al.

The results from GRNs inferred with LSCON (Fig. 3)
show the same pattern as the case with LASSO. However, the
difference between the goodness of fit and logarithmic linear-
ity methods in terms of sparsity prediction is slightly smaller.

To give an overview of the performance of both sparsity se-
lection methods, we made summary scatter plots across all in-
ference methods and datasets, see Fig. 4. Here each GRN
selection is marked by a point showing the difference from
the true sparsity versus the difference in accuracy relative to
the inferred GRN closest in sparsity to the true GRN. We
note that both metrics are well-balanced in terms of sparsity
deviation, but that the goodness of fit metric is overall much
closer to the optimum both in terms of sparsity and accuracy.
A few outliers are present where the method selects a very
dense GRN, indicating that in rare situations the metric can
fail. This only happened once for the goodness of fit metric
but 5-6 times for the logarithmic linearity metric. The spar-
sity of the true GRN has a strong influence on accuracy for
the logarithmic linearity metric, in that the sparser true
GRNs are predicted more correctly.

In order to investigate the performance of our algorithms
with regards to GRNI method, we calculated the median ab-
solute difference in sparsity between the predicted network
and the inferred network with a sparsity closest to the true
one, as shown by Table 1. We observe that LASSO has the
best performance for both sparsity selection methods, while
the relative performance of the other GRNI methods depends
on the sparsity selection method. For example, GENIE3 has
the poorest performance for goodness of fit while it is the sec-
ond best method for logarithmic linearity.

We further compared our two algorithms to the SPA
method by measuring the difference between predicted and
true sparsity. This was done on all GRNs, SNRs, and GRNI
methods. By default, SPA only selects among inferred GRNs
with a sparsity between 1 and 5, hence we performed the
comparison both with this limitation and without it (Fig. 5).
Without the limitation, SPA is dramatically outperformed by
the new proposed metrics, but with the limitation the differ-
ence is relatively small. While all algorithms exhibit some
errors in predictions, goodness of fit is the best among all
methods, as its deviation from true sparsity is the smallest.
We note that SPA has a strong tendency to overesti-
mate sparsity.

3.2 Application to real datasets

3.2.1 DREAMS E. coli dataset

To test how the metrics perform on GRNs inferred from pub-
lic real data, we applied them to the GRN inferred with
GENIE3 on the DREAMS challenge E. coli dataset (Marbach
et al. 2012) containing gene expression data for 4511 genes.
Since the gold standard GRN contains 1081 genes with non-
zero in- or out-degrees, we only considered these genes. From
the GENIE3 GRN we created 100 GRNs of different spar-
sity, ranging from the maximum to the minimum, by varying
the threshold of minimum link confidence. The scale-free
property of GRNs is linked to stability, and it has been
shown that GRNs require a dominant negative diagonal (rep-
resenting degradation or self-inhibition) to be stable
(Zavlanos et al. 2011). Consequently, this was added to the
inferred GRN and the gold standard. The sparsity selection
methods were then applied using the same evaluation design
as used on simulated data. As seen in Fig. 6, both methods
predict GRNs with sparsities close to the true one. Similar to
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Table 1. Summary comparison of sparsity selection performance for
different GRNI methods.?

LASSO Zscore LSCON GENIE3
Goodness of fit 0.75 0.92 0.915 1.085
Logarithmic linearity 1.775 3.46 2.635 2.234

* To summarize all the results in Fig. 4, the median of absolute
difference in sparsity between selected GRNs and the GRNs closest to the
true sparsity is shown. GRNs were inferred by LASSO, Zscore, LSCON
and GENIE3, and GRN selection was done with goodness of fit and
logarithmic linearity.

the results from simulated data, the GRN with the maximum
F2 score is not optimal in terms of sparsity. However, the dif-
ference in F2 score between the two optimal GRNs is small.

3.2.2 ENCODE datasets

To further test the metrics, we used publicly available
ENCODE datasets with gene expression of the HepG2 and
K562 cell lines (ENCODE Project Consortium 2012, Davis
et al. 2018). As the real data lack a gold standard GRN, we
here scored the GRN selected by the two metrics in terms of
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scale-freeness and average outdegree (Littman et al. 2023).
This was done using the same GRNI methods as with the
simulated data. For comparison, we marked the value of
these properties in the human reference GRN from the
TRRUST database (version 2) (Han et al. 2018). We observe
that the selected GRNs have scale-free properties similar to
TRRUST’s (Fig. 7A). This confirms the assumptions made
for our metrics. However, logarithmic linearity tends to select
GRNs with lower scale-freeness than goodness of fit. The
mean outdegree for GRNs selected with the goodness of fit
method is close to the TRRUST GRN (Fig. 7B), but logarith-
mic linearity tends to select denser GRNs. In the case of

GRNs inferred with Zscore for HepG2, the goodness of fit
selected the least scale-free GRN, while the logarithmic line-
arity selected a much more scale-free GRN. This is a good ex-
ample of using these two approaches complementarily.

4 Discussion

The main result of this study is the development of two ro-
bust GRN selection metrics based on the scale-free topology
hypothesis. We demonstrate that given a set of GRNs in-
ferred at varying sparsities, the metrics can be used to accu-
rately select a single GRN with a sparsity in the close vicinity
of the true GRN that was used to generate the data for the in-
ference. This is useful when real data is used for inferring a
GRN, since a gold standard GRN is then normally lacking
and the sparsity of a single best GRN needs to be estimated.
Our method can thus support researchers in selecting a GRN
near the biologically relevant sparsity, which is important for
its biological properties and stability (Busiello ez al. 2017).

As can be observed with both simulated and real data, by
comparing the estimated sparsity metrics to the F2 score and
true sparsity, the inferred GRN with the most correct sparsity
does not in general obtain the highest F2 score. Using the F1
score the disparity was even larger. This effect may be caused
by high noise that leads to false positive and negative links
which can disrupt the alignment of accuracy and sparsity and
make it impossible for a metric to predict the most correct
GRN in terms of both the F2 score and sparsity. To some
degree the sparsity selection method is only as effective as the
applied GRNI method, meaning that the hypothesis of a scale-
free topology is not as valid if the collection of inferred GRNs
are poor. The ultimate goal of finding the true sparsity is only
possible if the inference method is robust enough to ensure
equivalence between maximum accuracy and true sparsity.

When comparing the performance at different noise levels,
the goodness of fit metric in general isolates a much narrower
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Figure 7. Evaluation of the two sparsity selection metrics goodness of fit (GOF) and logarithmic linearity (LL) applied to ENCODE expression data for cell
lines HepG2 and K562. (A) Scale-freeness measured as the R-squared of the log-log distribution of out-degrees using linear regression (B) The average
node out-degree. Dashed horizontal lines indicate a given property value for the TRRUST GRN.

set of plausible GRNs for high noise compared to low noise
(Fig. 2), while such behavior cannot be seen for the logarith-
mic linearity metric. This could in part explain why the good-
ness of fit metric overall is the more reliable method.

A future direction might be to combine several metrics to
obtain a more reliable consensus prediction, using e.g. a rule-
based or neural network framework. Given the success of the
presented methods, they can both serve as templates for fu-
ture refinements.
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